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Preface

This is the first of two volumes containing peer-reviewed research and survey
papers based on invited talks at the International Conference on Modern Analysis
and Applications. The conference, which was dedicated to the 100th anniversary
of the birth of Mark Krein, one of the greatest mathematicians of the 20th century,
was held in Odessa, Ukraine, on April 9–14, 2007. The conference focused on the
main ideas, methods, results, and achievements of M.G. Krein.

This first volume is devoted to the operator theory and related topics. It opens
with the biography papers about M.G. Krein and a number of survey papers about
his work. The main part of the book consists of original research papers presenting
the state of the art in operator theory and its application.

The second volume of these proceedings, entitled Differential Operators and
Mechanics, concerns other aspects of the conference. The two volumes will be of
interest to a wide-range of readership in pure and applied mathematics, physics
and engineering sciences.

The editors are sincerely grateful to the persons who contributed to the
preparation of these proceedings: Sergei Marchenko, Myroslav Sushko,
Kostyantyn Yusenko and Vladimir Zavalnyuk.



Mark Grigorievich Krein, 1907–1989



Operator Theory:
Advances and Applications, Vol. 190, xi–xx
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Mark Grigorievich Krein
(on his 100th birthday anniversary)

V.M. Adamyan, D.Z. Arov, Yu.M. Berezansky, V.I. Gorbachuk,
M.L. Gorbachuk, V.A. Mikhailets and A.M. Samoilenko

April 3, 2007, is the l00th anniversary of the birth of Mark Grigorievich Krein,
one of the most celebrated mathematicians of the 20th century, whose whole life
was closely connected with Ukraine. He was born in Kÿıv to a family of modest
income and with seven children. His father had a timber selling business which,
after the 1917 Revolution, he had to leave.

Mark Grigorievich first exhibited his extraordinary mathematical talents dur-
ing his teens. Beginning at the age of 14, he started to systematically attend
lectures of D.O. Grave, scientific seminars of Grave and B.M. Delone in Kÿıv Uni-
versity, and lectures of Delone at Kÿıv Polytechnic Institute. At the age of 17,
influenced by the autobiographical work of M. Gorky “My Universities”, he de-
cided that it was time to start his own “universities”. Together with a friend, he
went to Odessa to join one of its many circus troupes, for he had a dream of
becoming an acrobat.

However, fate had its way and produced for the world, in the person of
M.G. Krein, not an acrobat but a prominent mathematician whose influence on
the development of mathematics can not be overestimated. The acrobat’s job for
which he applied had already been filled. While waiting for a new opening, he
met N.G. Chebotarev, a famous algebraist and a wonderful person, to whom he
had a recommendation letter from D.O. Grave. At that time, Chebotarev was
conducting research at Odessa University. Sensing through their conversations that
this young person had mathematical gifts, he convinced Krein to abandon his
dreams of performing in a circus and proposed that he pursue a PHD in a school of
mathematics. Together with a colleague, S.I. Shatunovski, he succeeded in getting
the young man admitted to a Doctorate Program, even though Krein was then
only 19 and did not have even a high school diploma, to say nothing about a
university degree. In this way, he became a PhD student at Odessa University with
Chebotarev’s guidance. Since then, M.G. Krein always had a photograph of N.G.
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Chebotarev over his desk. In his “Mathematical Autobiography”, Chebotarev,
talking about the 17 year old Krein, recalled that he ”without having graduated
from a high school, had brought to him a personal work with a very distinguished
content”. Chebotarev was very proud of his first student and regarded him as “one
of the best mathematicians in Ukraine”.

A well-known specialist in mechanics, G.K. Suslov, also became interested
in working with Krein. Together with F.R. Gantmacher, Krein attended Suslov’s
seminar at the Odessa Polytechnic Institute. Krein’s later interests were formed
under the direct influence of Chebotarev and Suslov. Chebotarev instilled in him
a love for algebraic techniques and for algebra in general, an interest in various
problems in the theory of functions, in particular, the problem of distribution of
zeros for some classes of functions, interpolation and extension theory. At the same
time Krein’s interest in Mechanics came from working with G.K. Suslov and this
interest can be traced in many of his mathematical works.

In 1928, Chebotarev moved to Kazan’ and became a Professor of Kazan’
University. A year after that, Krein finished his Doctoral studies and started to
teach at the Donetsk Mining Institute, where he had been working for two years.
At the time, he was already married; in 1927 he had happily married Raisa L’vovna
Romen, a faithful friend who was his assistant for sixty years. She specialized in
ship architecture, having graduated from the Odessa Marine Institute. Their only
child, a daughter Irma, obtained a PhD degree in Philosophy, became a specialist
in Cybernetics, and founded a new branch of the discipline called “Humanitarian
Cybernetics”. Their only grandson Alexey, who graduated from the Department
of Mathematics in Odessa University and worked in the theory of systems, died at
a very early age from a blood illness, which greatly influenced the health of both
Krein and his wife, with whom he lived all his short life. The only great grandson
they had, also a mathematician, now lives outside of Ukraine.

In 1931, Krein returned to Odessa for an appointment as Professor at Odessa
University. He worked together with B.Ya. Levin, with whom he had friendly
relations starting with their first meeting and until his last days. In 1934, at the
age of 31, Krein obtained a Doctoral degree in Physics and Mathematics from
Moscow University without submitting a thesis, and shortly after that, in 1939, he
was elected a corresponding member of the Academy of Sciences of the Ukrainian
Soviet Socialist Republic.

The early flourishing of Krein’s talent as a scientist was accompanied by an
equally early recognition of his pedagogical talents. At the age of 25, he started at
Odessa University, a scientific seminar that soon became one of the leading centers
for research in functional analysis, a young branch of mathematics at the time that
became the main area of his research. During this period, M.G. Krein’s mathemat-
ical interests included oscillation matrices and kernels, geometry of Banach spaces,
the Nevanlinna–Pick interpolation problem, extension of positive definite functions
and their applications. His first students were A.V. Artemenko, M.S. Livshic, D.P.
Mil’man, M.A. Naimark, M.A. Rutman, S.A. Orlov, V.L. Shmul’yan. Works of
these mathematicians became an indispensable part of modern mathematics.
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At the same time, Krein also worked in the Research Institute at Khar’kov
University (1934–1940), and during the periods 1940–1941 and 1944–952, he was
the Head of the Department of Algebra and Functional Analysis at the Institute
of Mathematics of the Academy of Sciences of the Ukrainian SSR (one of the
researchers working here during the period of 1940–1941 was the great S. Banach
with whom Krein had maintained scientific contacts since his trip to L’vov in
1940). Many of the results he obtained at that time, as well as those obtained with
his students, friends and colleagues, including N.I. Akhiezer and F.R. Gantmacher,
have now become classic and can be found in major monographs and textbooks
on functional analysis.

During World War II, Krein headed the Chair of Theoretical Mechanics at
Kuibyshev Industrial Institute (Russia). He had preferred working there as op-
posed to the Chair of Mathematics, since for a technical school, it deals with more
scientific directions and gives wider possibilities.

In 1944, he returned to Odessa and never left it again. He loved this city,
knew the history of its streets, and was fond of the local “Odessa language” and
Odessa jokes; he often visited the Odessa Operetta. However, very soon Krein was
dismissed from Odessa University along with his closest friend B.Ya. Levin. These
dismissals were a consequence of the anti-Semitic politics of the Stalin regime and
the corruption of the University administration. A principal scientific attitude of
these scientists, their opposition to pushing through illiterate doctoral theses, was
regarded as an indication of Zionism. The official dismissal was given to him on the
day of his fortieth year anniversary as a “present” from his director who favored
“more reliable” staff, taking into account the political situation in the country
and the “new personnel policy” in the 1940s, which was conducted under the the-
sis of fighting Zionism and Cosmopolitanism. This meant an end of the center
of functional analysis in Odessa University, and an end of the official scientific
career of M.G. Krein.

In 1944–1954, Krein worked in the Department of Theoretical Mechanics
in the Odessa Marine Institute. Regardless of the difficulties pertaining to these
times, he initiated a number of important new directions in mathematics and
mechanics and became a world famous scientist. Together with the theoretical
value of his results, their applied importance had also increased, especially those
related to parametric resonance. V. Veksler, a renowned physicist, has remarked
that “without works of M.G. Krein, we would not have a synchrophasotron”. In a
popular book of N. Wiener, the father of cybernetics, “I Am a Mathematician”, the
name of M.G. Krein is associated with the name of A.M. Kolmogorov, which was
a way to acknowledge the value of their researches, published in the Proceedings
of the Academy of Sciences of the USSR, in prediction and control theories during
and shortly after the war. New official and unofficial students of M.G. Krein are
the renowned mathematicians and physicists I.Ts. Gohberg, I.S. Iokhvidov, I.S.
Kats, A.A. Kostyukov, G.Ya. Lyubarskii, A.A. Nudel’man, G.Ya. Popov, V.G.
Sizov, and Yu.L. Shmul’yan.
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In 1952, Krein again suffered dismissal, this time from the Institute of Mathe-
matics of the Academy of Sciences of the Ukrainian SSR, where he had also founded
a school of functional analysis, representatives of which are Yu.M. Berezansky,
Yu.L. Daletsky, G.I. Kats, M.A. Krasnosel’skii, B.I. Korenblyum, and S.G. Krein.
The official explanation was that he lived in Odessa but not in Kiev. However, as
I.Ts. Gohberg recalls in his memoirs, “it is easy to twig: at this time there was a
known tragedy with Jewish doctors”.

Starting in 1954 and until his retirement, Mark Grigorievich held the Chair
of Theoretical Mechanics at the Odessa Institute of Civil Engineering. At the
end of his life, he worked as a consultant in the Institute of Physical Chemistry
of the Academy of Sciences of the Ukrainian SSR. A younger generation of his
students includes V.M. Adamyan, D.Z. Arov, H. Langer, F.E. Melik–Adamyan,
I.E. Ovcharenko, Sh.N. Saakyan, I.M. Spitkovskii, V.A. Yavryan, and others.

M.G. Krein wrote or co-authored more than 300 papers and monographs all
of which with no exception were published abroad in translation, some of them
several times. These works are of an excellent analytic level and quality, broad
in topic, and have opened a number of new directions in mathematics, while sig-
nificantly enriching traditional directions. They initiated and continue to inspire
many mathematicians, engineers, and physicists throughout the world. The fol-
lowing is an incomplete list of branches of mathematics where M.G. Krein’s re-
search became fundamental and, to an extent, have determined the direction for
a later development: oscillation kernels and matrices, the moment problem, or-
thogonal polynomials and approximation theory, cones and convex sets in Banach
spaces, operators on spaces with two norms, extension theory for Hermitian op-
erators, the theory of extension of positive definite functions and spiral arcs, the
theory of entire operators, integral operators, direct and inverse spectral problems
for inhomogeneous strings and Sturm–Liouville equations, the trace formula and
scattering theory, the method of directing functionals, stability theory for differen-
tial equations, Wiener–Hopf and Toeplitz integrals and singular integral operators,
the theory of operators on spaces with an indefinite metric, indefinite extension
problems, non-selfadjoint operators, characteristic operator-valued functions and
triangular models, perturbation theory and the Fredholm theory, interpolation the-
ory and factorization theory, prediction theory for stationary stochastic processes,
problems in elasticity theory, the theory of vessel waves and wave resistance. A
characteristic feature of his works is a deep inner unity, an interlacing of abstract
and geometric ideas with concrete analytic results and their applications. Since
the range of mathematical interests of Mark Grigorievich Krein is very broad, let
us consider only the main, in our opinion, directions of his research.

An important role in the development of functional analysis and its appli-
cation was played by Krein’s papers on geometry of Banach spaces and linear
topological spaces, and operators that act on them. We note first of all an intro-
duction to and study of Banach spaces with a fixed cone of vectors and dual to
them, spaces with two norms, convex sets and weak topologies in Banach spaces.
Two theorems that became very famous are the Krein–Mil’man theorem on ex-
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treme points of convex sets, and the Krein–Kakutani theorem on an isomorphism
of an abstract Banach space with identity and endowed with a vector structure to
the space of continuous functions on a compact Hausdorff space.

A unification of algebraic and geometrical methods is clearly seen in Krein’s
studies in the theory of topological groups and homogeneous spaces. Harmonic
analysis on a locally compact commutative group and finding a duality-like princi-
ple for compact noncommutative groups (for commutative groups, the dual object
becomes the group of characters), in particular, the fact that the structure of a
homogeneous compact space is completely determined by the algebra of harmonic
functions on it, had a significant impact on the subsequent development of abstract
harmonic analysis.

Krein completely described positive selfadjoint extensions of positive symmet-
ric operators and developed their classification. An essential role here is played by
two extreme extensions, the strict (Friedrichs extension) and the mild extensions,
later called the Krein–von Neumann extension. These results were applied to a
study of boundary-value problems for ordinary differential equations. Using and
expanding the theory of analytic functions, he studied Hermitian operators with
equal deficiency indices and found a new interesting class of operators, which he
called entire, in the theory of which he found analogues of main constructions in
the classical moment problem in the undetermined case. This theory permitted
connection of the following problems, distinct at a first glance: the moment prob-
lem, the problem of continuation of positive definite functions and spiral arcs, a
description of spectral functions of a string, and others, and, in some sense, this
permitted solution of these problems completely. The theory also led to the dis-
covery and solution of new original problems in the theory of analytic functions,
and once more confirmed the foresight of M.G. Krein who said that “significant
successes in functional analysis can be achieved by involving the broader modern
machinery of the theory of analytic functions; in its turn functional analysis, as
‘a customer’, will stimulate the latter”.

Krein developed a general method of directing functionals with which he
obtained an eigenfunction decomposition of ordinary selfadjoint differential opera-
tors. This has extended the research over many years of J. Sturm, J. Liouville, V.A.
Steklov, and H. Weyl on second-order equations to include differential equations
of an arbitrary order. The theory also provided a basis for developing a theory of
integral representations of positive definite kernels in terms of elementary ones. As
particular cases, it led to well-known theorems of S. Bochner, S.N. Bernstein, etc.
on integral representations of functions that are positive definite, exponentially
convex, and other classes of functions. Here again, Mark Grigorievich has shown
his extraordinary ability to see behind almost any concrete problem “an impressive
thing, some selfadjoint unbounded operator” such that its spectral decomposition
solves the problem.

For many years, Mark Grigorievich put much effort into working on problems
connected with stability of solutions of differential equations, although he never
regarded himself as a specialist in this field. He considered this as something like a
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hobby. The theory of stability zones, developed by A.M. Lyapunov for second-order
equations, was finally generalized by M.G. Krein, after a 50 year intermission due to
serious problems, to canonical systems with periodic coefficients using methods of
functional analysis. A foundation of stability theory that he created for differential
equations in a Banach space made it possible to achieve this goal in a simpler way
and, sometimes, in a more complete form even in the case of a system with one
degree of freedom.

Krein made a significant contribution to the theory of inverse problems for a
Sturm–Liouville equation, a more general equation of a string, and canonical sys-
tems of differential equations. In particular, he solved the problem of recovering a
Sturm–Liouville equation from two spectra, and a canonical system from its spec-
tral function or from a scattering matrix. This work used the analytic machinery
developed when studying entire operators and the theory of systems of Wiener–
Hopf equations. The state of the theory at the time was not satisfactory for Krein,
and he succeeded to go far ahead in constructing a general theory of such systems.
This theory has achieved perfection and completeness in the series of his publica-
tions honored by the Krylov Prize in 1979. The theory was constructed on the basis
of factorization of matrix-valued functions. Factorization problems for matrix- and
operator-valued functions were always interesting to Krein in themselves. Let us
also mention that, in the course of these studies, the theory of accelerants ap-
peared, a theory that can be considered in the case of canonical systems with two
unknown functions as a continuous analogue of orthogonal polynomials on the
circle. Developing further the methods that he proposed for solving the inverse
spectral problem for a string, Krein and his students solved the problem of recov-
ering a string, possibly singular, with friction at one end, from the sequence of
eigenfrequencies as well as function theory problems related to such a string, and
considered the existence problem for a special representation of a polynomial that
is positive on a system of closed intervals. This problem and also the extremal
problems for polynomials, which he solved, generalize the corresponding problem
of A.A. Markov who worked with only one interval.

Krein’s ideas and methods have also deeply penetrated the theory of non-
selfadjoint operators. They helped this theory, which was considered in his talk
at the congress in Moscow in 1966 as one of the links of a “certain connected
set of events taking place in the area of Hilbert spaces”, to look nowadays like
a real mountain chain that has its own architecture, its own analytic tools and,
one can even say, a special calculus, all of which have unexpected applications in
different areas of analysis. So, here again, M.G. Krein has achieved his “Cape of
Good Hope”, which we can also call his “Cape of Previsions”.

Krein was one of the creators of the theory of operators on spaces with indefi-
nite metric. His idea of a defining polynomial and the method of directing function-
als created a foundation for the theory of integral representations and continuation
of Hermitian-indefinite functions with a finite number of negative squares, the the-
ory of spectral decompositions of selfadjoint and unitary operators on Πκ-type Pon-
tryagin spaces, which now has achieved a level of development similar to the one of
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the corresponding theory on a Hilbert space. The geometry of spaces named after
Krein and operators on these spaces have attracted increasingly more attention of
both theorists and practitioners. On the basis of the obtained results, generalized
classes of Schur functions, Carathéodory functions, and Nevanlinna functions were
investigated, which are generalized in the sense that the quadratic forms connected
with them have a finite number of negative squares. In these classes, the corre-
sponding generalizations of classic discrete and continuous problems were studied,
such as the trigonometric and power moment problems, the Schur problem, the
Nevanlinna–Pick problem, and others. For this case the theory of accelerants, con-
tinuous analogues of orthogonal polynomials, and spectral theory of canonical
systems, constructed earlier in the definite situation, were developed. A next step
is a continuous version of Nehari’s problem for rectangular contracting matrix-
valued functions on the real axis, and an application for solving matrix-continuous
analogs of the Schur problem and the Carathéodory–Toeplitz problem.

In the problems described above, and in other problems of harmonic analy-
sis, a description of solutions of the problem is given in terms of a fractional-linear
transformation over a class of contracting analytic matrix-valued functions such
that the coefficient matrix of the transformation has certain properties. This for-
mula became a starting point for finding solutions with an extremal value of the
so-called entropy functional that plays a special role in a number of applications.

Close ties between theoretical and applied aspects in the work of M.G. Krein
were reflected in multiple applications of his results in numerous branches of sci-
ence and technology. As we have already mentioned, his studies of the moment
problem were connected with optimal control problems with distributed param-
eters, the theory of extensions of positive definite functions was related to linear
predictions for stationary processes, the proposed method for determining critical
frequencies in the parametric resonance phenomenon is used in the synchropha-
sotron theory. Let us also recall, in this connection, his results in the theory of
vessel waves and wave resistance. His method of calculating the number of negative
eigenvalues of an extension of a positive Hermitian operator is used for studying
stability of structures. Contact problems in elasticity theory and the theory of
molecular interactions also use results of Mark Grigorievich. His studies of topo-
logical groups were recently applied in graph theory, and the Krein algebras are
used in modern combinatorial analysis. We also would like to recall a number of
works that developed Krein’s ideas, written together with his students, on infinite-
dimensional Hankel matrices and the generalized Schur problem (Nehari’s prob-
lem), which gave an impulse to a new direction in control theory, the H∞-optimal
control. Nowadays it is a subject of many papers, monographs and conferences.

M.G. Krein was not only a prominent scientist but an excellent pedagogue.
He has taught many world famous scientists among whom there are 20 Doctors
of Sciences and 50 Doctoral Candidates. He generously shared his knowledge and
plans with them as well as with his other colleagues. For more than half a cen-
tury, Krein has been conducting a City Mathematical Seminar that he created,
which was held in the House of Scientists in Odessa for a long time, and then
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in the Institute of Civil Engineering, and still later in the Southern Science Cen-
ter. Older and younger scientists, Krein’s students and friends, participated in the
work of the Seminar. They included V.M. Adamyan, D.Z. Arov, M.P. Brodskii,
Yu.P. Ginzburg, I.Ts. Gohberg, G.M. Gubreyev, I. S. Iohvidov, I.S. Kats, K.R.
Kovalenko, G. Langer, F.E. Melik–Adamyan, S.M. Mkhitaryan, A.A. Nudel’man,
I.E. Ovcharenko, G.Ya. Popov, Sh.N. Saakyan, L.A. Sakhnovich,I.M. Spitkovskii,
Yu.P. Shmul’yan, V.A. Yavryan. Giving a talk at this seminar was considered
an honor for a mathematician in the former Soviet Union. Also Krein conducted
smaller seminars at the institutes where he worked. In the Odessa Marine Insti-
tute, he organized a seminar on hydrodynamics. Among the participants there
were Yu.L. Vorob’iev, A.A. Kostyukov and V.G. Sizov. In the Kuibyshev Indus-
trial Institute, there was a seminar, which he headed, with G.Ya. Lyubarskii,
O.V. Svirskii, and A.V. Shtraus participating in its work. Also, as was already
mentioned, while working in the Institute of Mathematics of the Academy of Sci-
ences of the Ukrainian SSR, he headed a seminar on functional analysis, where
also worked Yu.M. Berezansky, Yu.L. Daletsky, G.I. Kats, B.I. Korenblyum, M.A.
Krasnosel’skii, S.G. Krein. Almost every year, Mark Grigorievich gave a course
of lectures to students and young researchers, based on his new results. Many of
them remain unpublished. Only in 1997 were notes of his lectures on the theory of
entire operators, given at Odessa Pedagogical Institute, made available by V.M.
Adamyan and D.Z. Arov, prepared and enlarged by V.I. Gorbachuk and M.L. Gor-
bachuk, and published by Birkhäuser with the support of I.Ts. Gohberg. A similar
thing happened with his course of lectures given at Moscow State University, where
he discussed his results on the theory of forecasting for many-dimensional stochas-
tic processes, where Yu.A. Rozanov was one of the participants. Later his notes
became a part of his review published in “Uspekhi Matematicheskikh Nauk”. The
courses of lectures that he gave at USSR mathematical schools, namely, “On some
new investigations in perturbation theory” (Kanev, 1963), “An introduction to ge-
ometry of indefinite J-spaces and a theory of operators on it” (Katsiveli, 1964)
left an unforgettable impression with its depth and the number of posed prob-
lems. At the International Mathematical Congress (Moscow, 1966), his one-hour
talk “Analytic problems and results of the theory of operators on a Hilbert space”
was followed with loud applause from a large overcrowded auditorium, to which
L.V. Kantorovich, the head of the session, responded that even the most famous
actors do not always get such an ovation.

Mark Grigorievich was a benevolent, fair person, although demanding of oth-
ers and himself. The level of his scientific ethics is shown by the following example.
When studying entire operators with the deficiency index (1, 1), it is important to
consider the resolvent matrix, the use of which gives a description of all spectral
functions of such operators. Krein had shown that this matrix is a monodromy
matrix of a certain canonical system, and made a hypothesis that there is a unique
Hamiltonian of this system, with a certain normalization, which he proved only
for positive operators. In the general case, this was proved by Louis de Branges
with a use of functional but not operator methods. During one of his talks at a
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meeting of the Moscow Mathematical Society, Mark Grigorievich gave the follow-
ing account of the work of Louis de Branges: “I consider it brilliant. In a short
time he (Louis de Branges) has succeeded in finishing the distance that took me so
many years. Louis de Branges has repeated many of my propositions but the final
result belongs to him. I was heading to it but never reached it”. From the ethi-
cal point of view, these words can be compared with those of Euler about solving
the isoperimetrical problem by Lagrange. In a letter to LaGrange, he wrote “Your
analytic solution of the isoperimetrical problem contains everything that one can
wish. I am quite happy that the theory I work on almost by myself is brought by
you to the highest level of perfection”.

Krein’s scientific achievements were widely acknowledged by the interna-
tional mathematical community. He was one of four Soviet mathematicians who
was elected a foreign member of the American Academy of Arts and Sciences,
a member of the US National Academy of Sciences, a member of many mathe-
matical societies and editorial boards of leading mathematical journals. In 1982,
Mark Grigorievich was awarded with the International Wolf Prize in Mathemat-
ics, which is an analogue of the Nobel Prize in mathematics. The foreword to the
prize contains the words: “His work is the culmination of the noble line of research
begun by Tchebycheff, Stieltjes, S. Bernstein, and Markov, and continued by F.
Riesz, Banach, and Szegö. Krein brought the full force of mathematical analysis to
bear on problems of function theory, operator theory, probability and mathemati-
cal physics. His contributions led to important developments in the applications of
mathematics to different fields ranging from theoretical mechanics to electrical en-
gineering. His style in mathematics and his personal leadership and integrity have
set standards of excellence”. One of the best books of well-known American math-
ematicians P. Lax and R. Phillips “Scattering theory for automorphic functions”
(Princeton University Press and University of Tokyo Press, 1976) was dedicated to
Mark Grigorievich Krein, “one of the giants in mathematics of the 20th century,
as an homage to his extraordinarily broad and deep contribution to mathematics”.

Regardless of all this, his scientific career in his own country, we have already
said, was finished already in 1939. Accused of Jewish nationalism and cosmopoli-
tanism, in that he cited foreign authors very often and conversely, of being cited
by foreign mathematicians (Krein is one of the most cited authors in the world),
he never became a member of the Academy of Sciences of the Soviet Union nor
of the Academy of Sciences of the Ukrainian SSR. It may seem that the stan-
dards required by them were “too high” for Krein. Many of his students could
not obtain, from the Highest Attestation Committee, a confirmation of their PhD
degree. Multiple proposals by the Moscow Mathematical Society and other influ-
ential mathematical institutions and individual mathematicians such as P.S. Alek-
sandrov, A.N. Kolmogorov, and I. G. Petrovsky for awarding Mark Grigorievich
the State Prize or any other prestigious prize always ended, despite all their ar-
guments, by excluding the name of M.G. Krein from the list of candidates for
the prize. No state or governmental institution supported him, so the presidents
of neither the Academy of Sciences of the Soviet Union nor the Academy of Sci-
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ences of the Ukrainian SSR did anything for him, although they were well aware
of the level of his research. The President of the Academy of Sciences of the So-
viet Union, M.V. Keldysh, would ask the President of the Academy of Sciences of
the Ukrainian SSR, B.E. Paton, why the most famous mathematician of Ukraine
is still not a member of the Academy, although Paton could address the same
question to Keldysh.

He was never permitted to leave the Soviet Union. During all his life he never
crossed the border of the country. He was not even allowed to personally receive
the Wolf Prize. One time he obtained a permission to take part in a conference in
Hungary (near the Balaton lake), however he did not use the visa because there
was a cholera epidemic in Odessa at this time and he could not leave the city for
public health reasons. When I.Ts. Gohberg, who participated in the conference,
informed B.Sz.-Nagy, the head of the Organizing Committee, about the reason for
Krein not coming to the conference, knowing the attitude of the officials to the
subject he said with a smile, “So now it is called cholera, is it?”. That was the only
time when the reason of M.G. Krein’s absence was true. Also, no foreign scientist
who wished to meet him could travel to Odessa. This happened, for example, to
J. Helton and R. Phillips. All this was attributed to the technicality that there is
no branch of the Academy of Science in Odessa.

During the Perestroika times, the situation changed for the better. Mark
Grigorievich, together with N.N. Bogolyubov, was awarded the State Prize in
the area of Science and Technology in 1987. During the years of independence, the
Institute of Mathematics of the National Academy of Sciences of Ukraine published
a three volume collection of his works that had appeared in not easily accessible
journals. In 2006 the Presidium of the National Academy of Sciences of Ukraine
decided to found the M.G. Krein Prize to be given for distinguished achievements
in functional analysis. It is a pity that Mark Grigorievich did not see the day
when a country called the USSR had disappeared from geographical maps and
Ukraine became independent. He died on October 17, 1989, and did not see the
Pomarancheva (Orange) Revolution. It is certain that, in his thoughts, he would
be in the Square (Maidan), together with his daughter Irma, with his “scientific
children and grand children”.

However, regardless of all the problems he experienced in his time, Mark
Grigorievich was a happy person, since happiness is granted only to those who
know a lot, and the more the person knows the stronger and distinctly he sees the
poetry in the world where one with a poor knowledge may never find it. Looking
into a puddle in the dusk some people see the water, others see the stars. Mark
Grigorievich saw the stars. We are happy to be his contemporaries.
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c© 2009 Birkhäuser Verlag Basel/Switzerland

Mark Grigorievich Krein
(on his 100th birthday anniversary)

I. Gohberg

It is a great pleasure and a special honor to participate in this conference dedicated
to the 100th birthday of a great mathematician of our time, Mark Grigorievich
Krein. The conference was organized in the wonderful Southern town of Odessa,
the town that he regarded with love and affection. The main organizer of this con-
ference is Odessa University, the university where M.G. was a doctoral student,
where he completed his studies under the instructorship of the famous N.G. Chebo-
taryov. In the thirties Krein created one of the strongest centers of functional anal-
ysis throughout the world at Odessa University. Many of his results of this period,
as well as joint results with his friends, colleagues and outstanding students are
now characterized as classical and appear in all textbooks on functional analysis.

During the years after World War Two the situation in Odessa and at the
university changed to the worse. M.G. had to contend with hostile elements, which
fought against him using the officially supported anti-Semitism which was very rife
in Odessa. He was accused of Jewish nationalism. This accusation was certainly
included in his classified file and was held against him all his life. M.G. was not
allowed to have Jewish students and was deprived of a University base. He was
dismissed from Odessa University and this university was not any more an interna-
tional center of mathematics. Nevertheless the famous Krein center of functional
analysis and its applications continued to live and work battling hostilities on his
way. The group around M.G. (of which I was also a member) existed almost on a
private basis, holding many of his meetings in his house or in the Odessa Scientists
Club. M.G. and his group continued to have a great impact on the development
of mathematics and its applications throughout the World. Even though he was
never allowed to travel abroad his brilliant work knew no borders. M.G. Krein
is the author and coauthor of hundreds papers and monographs of unsurpassed
breadth and quality. His work opened up new areas of mathematics and greatly
enriched the more traditional ones. He educated dozens of brilliant students at
home and inspired the work of many mathematicians, engineers and physicists
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all over the world. This conference may serve as a witness of the popularity and
influence of M.G. Krein’s work. It also witnesses that the situation and political
atmosphere changed considerably. The National Academy of Sciences of Ukraine
recently announced the inauguration of a new prize: Krein’s prize, and the Odessa
university opened a memorial plaque. It is a great pity that Mark Grigorievich
cannot see all of this and benefit of it.

The work of M.G. continues to be highly appreciated. Here is the citation for
M.G. prestigious Wolf prize awarded to him in Jerusalem in 1982: “His work is the
culmination of the noble line of research begun by Chebyshev, Stieltjes, Bernstein
and Markov and continued by Riesz, Banach and Szegö. Krein brought the full
force of mathematical analysis to bear on problems of function theory, operator
theory, probability and mathematical physics. His contributions led to important
developments in the applications of mathematics to different fields ranging from
theoretical mechanics to electrical engineering. His style in mathematics and his
personal leadership and integrity had set standards of excellence.” Krein was a
very fine pedagogue and lecturer. He was known for his scientific generosity and
enthusiasm, as well as kindness and attention to young mathematicians. The au-
thor of these lines was very privileged to have during many years such a teacher,
coauthor and friend. He will always remember M.G. Krein with gratitude, affection
and admiration.

I would like to end this note by remembering the time when two of us were
ending the work on the monographs on nonselfadjoint operators. This work took
a very long time and our friends made fun of us. Some jokes were circulating in
Odessa and I.S. Iohvidov wrote a little poem in Russian (translated into English
by C. Davis)

Around the festive table, all our friends
Have come to mark our new book’s publication

The fresh and shiny volume in their hands,
They offer Izya and me congratulations.
The long awaited hour is here at last.

The sourest skeptic sees he was mistaken.
And, smiling comes to cheer us like the rest,

And I am so delighted. . . , I awaken.
From M.G. Krein’s dream, New Year’s Eve, 1963

The interest to Krein’s work and achievements is growing. This conference
will certainly show how high is appreciated and successfully continued and de-
veloped Krein’s mathematical inheritance today. The high number of partici-
pants from all the world gives already a clear indication for this. Professor Vadim
Adamyan a former outstanding student of Mark Grigorievich successfully contin-
ues the work and activities of M.G. in Odessa university. Allow me to thank him
for the excellent organization of this conference.
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Modified Krein Formula and
Analytic Perturbation Procedure
for Scattering on Arbitrary Junction

V. Adamyan, B. Pavlov and A. Yafyasov

To the memory of Mark Grigorjevich Krein

Abstract. The single-electron transport through a junction of quantum net-
work is modeled as a specific scattering problem for the Schrödinger operator
on the system of semi-infinite cylindrical domains (quantum wires) short-
circuited by a compact domain (quantum well or dot). For calculation of the
one-body scattering parameters of any junction having form of a compact
domain with piece-wise smooth boundary and attached thin wires a semi-
analytic perturbation procedure based on a specially selected intrinsic large
parameter is suggested. The approximate scattering matrix of a thin junction
obtained in this way is the scattering matrix of the corresponding solvable
model.

Mathematics Subject Classification (2000). Primary 35P25, 35Q40, 47A40; Sec-
ondary 47A10, 47A55.

Keywords. Schrödinger operator, scattering matrix, quantum network, junc-
tion, Dirichle-to-Neumann.

1. Introduction

In this paper we denote by Ωs the vertex domains (the quantum wells) and by ωm

the quantum wires of equal width δ connecting the wells to each other or extending
to infinity. It is convenient to assume, that the domains and the leads are separated
from each other by imaginable orthogonal bottom sections γm, ∪m γm = Γ, see
Fig. 1 below. The dynamic of single electron on the network Ω : {∪sΩs}∪{∪mωm}
is determined by the one-particle Schrödinger equation which is transformed, after

This work was partially supported by the US Civilian Research and Development Foundation
(CRDF) and the Government of Ukraine under Grant UM2-2811-OD06.
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separation of time and scaling of energy E → λ = 2m0E�−2, to the spectral
problem for the Schrödinger operator L on the network:

Lψ = − 1
2μ

∇2ψ + Vψ = λψ, (1.1)

where m0 is the bare electron mass, and μ = m∗/m0 is the ratio of the effective
mass and the bare mass. The potential V is a real constant Vδ on the wires and
it is a piecewise continuous function Vs on the quantum wells Ωs. We consider
hereafter a star shaped network – a junction – with a single well Ωint (the inner
part of the network), and few quantum wires ωn attached to it. Hereafter we
denote by ω := ∪n ωn = Ω\Ωint the “exterior part” of the network.

Theoretical analysis of the electron transport through the junction is usually
reduced to one-electron scattering problem, see [1–3], for the pair of Hamiltonians:
the one electron Schrödinger operator L on the whole junction Ω and the splitting
of it L → Lint ⊕ lω := L0 which is an orthogonal sum of Lint = L|L2(Ωint) and
lω = L|L2(ω), obtained via imposing of additional zero boundary condition – a
mathematical version of the “solid wall” – on Γ. The part

lω := −2μ−1 � +Vδ

of the split operator on the exterior part of the junction plays a role of a stan-
dard unperturbed Hamiltonian in the above scattering problem. This scattering
problem is a sophisticated perturbation problem for the operator L0 which has
embedded eigenvalues. Under the perturbation – removing the solid wall on Γ –
the standing waves in the vertex domain Ωint are bred with the running waves
in the wires, resulting in resonances which define the resonance character of the
transmission across the junction. Analytical calculation of the scattering matrix
of the two-dimensional junction is a difficult mathematical problem concerning
perturbation of embedded eigenvalues. For practical needs of mathematical design
of quantum networks with prescribed transport properties physicists substitute
the networks by quantum graphs, with an appropriate boundary condition at the
vertices, see [3, 4, 5]. Validity of such a solvable model was confirmed by smooth
approximation of the graph by thin manifold shrinking to the graph, see for in-
stance [6, 7]. This analysis showed that, in particular, for uniform shrinking, the
eigenvalues, at the lower spectral threshold, λ = 0 of the two-dimensional Laplace
equation on the manifold – the “fattened graph”, with Neumann boundary condi-
tions, – converge to the eigenvalues of the one-dimensional Schrödinger equation
on the graph, with the boundary condition at the vertex a :

∑
s

dψs

dx (a) = 0, called
conditionally “Kirchhoff”. This mathematical result is proved in [7], and remains
valid for various spectral problems on fattened graphs, in particular, for the spec-
tral problem of diffusion, where the spectral properties of the relevant second-order
partial differential operator near the threshold λ = 0 are important.1

1Note that in [8] a violation of some version of Kirchhoff boundary condition is noticed for
electrons on a quantum network.
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Contrary to diffusion, scattering of electrons in quantum networks for low
temperatures is observed on the small interval of essential spectra centered at the
Fermi level [9], which can be situated well above the lower threshold. In [10, 11]
the resonance mechanism of conductance across the junction is considered. For
thin junction the role of main detail of the transmitting mechanism is played
by the resonance eigenfunction ϕ0, which corresponds to the eigenvalue λ0 of the
Schrödinger operator on the vertex domain, which is the closest to the scaled Fermi-
level ΛF . The magnitude of the transmission coefficient is defined by the shape of
the resonance eigenfunction of the Schrödinger operator on the vertex domain of
the junction. The resonance mechanism permits to interpret the phenomenological
parameter in the boundary condition suggested by Datta ([2]) for T-junction.

In this paper we suggest a modified analytic perturbation procedure for cal-
culation of the scattering matrix of arbitrary junction, on a given interval of the
essential spectrum centered at the Fermi level and containing no spectral thresh-
olds. For thin junction the role of the first step – “jump-start” – in this analytic
perturbation procedure is played by the solvable model of the junction which is
completely based on spectral data of the Schrödinger operator on the vertex do-
main of the junction.

2. Scattering in quantum networks

Consider a junction Ω constructed of the vertex domain – a quantum well Ωint –
and the straight leads – quantum wires ωm, of equal width δ connecting the well to
the infinity, ∪mωm := ω. It is convenient to assume, that the domain Ωint and the
wires ωm are separated from each other by imaginable orthogonal bottom sections
γm, ∪mγm = Γ, see (2).

The dynamic of a single electron on the network is governed by the Schrödin-
ger equation which becomes equivalent, after separation of time and scaling of
energy E → λ = 2m0E�−2, to the spectral problem for the Schrödinger operator
L on Ω, see below (1.1).

We assume that the temperature is low and the Fermi level ΛF = 2m0EF �−2

lies deep enough below the potential on the complement R3\Ω, to assume that ψ
vanishes on the boundary ∂Ω of the network. The above one-electron Hamiltonian
L is selfadjoint in the Hilbert space L2(Ωint ∪ω) of all square-integrable functions.
The transport properties of the junction are determined by the structure of the
scattered waves – the eigenfunctions of continuous spectrum of L. We consider also
the Schrödinger equation Lintψ = λψ, on the quantum well Ωint with Lint defined
by the the potential and additional zero boundary condition on Γ. The one-body
transport problem for the quantum network is solved on the spectral interval Δ
if all scattered waves are constructed for the values of energy λ ∈ Δ. For given
temperature T an essential spectral interval ΔT := Δ is centered on the scaled
Fermi level, see [9], EF → ΛF = 2m0E

F �−2, as

Δ =
[
ΛF − Θ , ΛF + Θ

]
, Θ � 2m0κT �−2. (2.1)
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Figure 1. A junction.

Hereafter we assume that neither of spectral thresholds π2l2δ−2 +Vδ is situated on
the Δ. For given scaled Fermi level the spectral branches σl :=

[
π2l2δ−2 + Vδ,∞

)
can be classified into two categories: open branches [π2l2δ−2,∞), corresponding
to the lower group of thresholds

π2l2δ−2 + Vδ < ΛF ,

and closed branches, corresponding to the upper group of thresholds

π2l2δ−2 + Vδ > ΛF .

These branches are characterized by the behavior of the corresponding exponential
modes on the leads for λ ∈ Δ.

1. Oscillating modes:

χl
±(x) := exp

(
±i

√
λ − Vδ − π2l2δ−2 x‖

)
el(x⊥),

in open branches of the wires, λ − Vδ − π2l2δ−2 > 0, with cross-section eigen-
functions el(x⊥) =

√
2/δ sin πlx⊥/δ l = 1, 2, . . . , 0 < x‖ < ∞, 0 < x⊥ < δ for

x = (x⊥, x‖) ∈ ωm, and
2. Similar exponentially decreasing modes

ξl(x) := exp
(
−
√

π2l2δ−2 + Vδ − λ x‖
)

el(x⊥),

in closed branches of the wires π2l2δ−2 + Vδ − λ > 0.
The above modes satisfy formally the differential equation:

Lχl
± = λχl

±, Lξl(x) = λξl(x),
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and vanish on both shores of the leads. The scattered waves are obtained via
matching on Γ :=

{
x : x‖ = 0

}
of the solution of the Schrödinger equation Lintψ =

λψ in Ωint, ψ

∣∣∣∣
∂Ωint\Γ

= 0, to the scattering Ansatz ψ(x, λ) = {ψm
l (x, λ)} in the

wires ωm. The scattering Ansatz on the exterior part ω := ∪mωm of the network
is combined of the above exponential modes as

ψm
l (x) =

{
χl

+(x) +
∑

π2r2/δ2<λ Sm,m
l,r χr

−(x) +
∑

π2r2/δ2>λ sm,m
l,r ξr(x), x ∈ ωm∑

π2r2/δ2<λ Sm,n
l,r χr

−(x) +
∑

π2r2/δ2>λ sn,m
l,r ξr(x), x ∈ ωn, n 
= m.

(2.2)
The subspaces ∨

π2l2δ−2+Vδ−ΛF <0

el := E+ ⊂ L2(Γ),

∨
π2l2δ−2+Vδ−ΛF >0

el := E− ⊂ L2(Γ)

are called the subspaces of open and closed channels, respectively, E+ ⊕ E− =
L2(Γ). The subspaces H± := E±×L2(0,∞) ∈ L2(ω) are called the channel spaces
of the open and closed channels. They may be interpreted as invariant subspaces
of the unperturbed Schrödinger operator lω in L2(ω), defined by the restriction of
the differential expression L onto L2(ωout) with zero boundary condition (“solid
wall”) on Γ and zero boundary conditions on both shores of the leads.

Matching on Γ the scattering Ansatz ψ to the solution of the Schrödinger
equation inside the quantum well gives an infinite linear system for the coefficients
Sn

lr, s
n
lr, see [12]. Formally this system can be solved, if the Green function Gint

(resolvent kernel) of the Schrödinger operator Lint on Ωint, with zero boundary
condition, and Meixner conditions at the inner corners of the boundary, is known.

Really, according to general theory of the second-order linear partial equa-
tions, see [13], for regular points λ of Lint the solution u of the boundary problem

with the data u

∣∣∣∣
Γ

= uΓ is represented by the Poisson map with the kernel:

u(x) =
∫

Γ

Pint(x, γ)uΓ(γ)dγ = −
∫

Γ

∂Gint(x, γ)
∂nγ

uΓ(γ)dγ

∣∣∣∣
Γ

.

The corresponding boundary current is calculated formally as

∂u

∂n

∣∣∣∣
Γ

= −
∫

Γ

∂2Gint(x, γ)
∂nx∂nγ

uΓ(γ)dγ

∣∣∣∣
Γ

:= DN intuΓ.

The operator DN int is called Dirichlet-to-Neumann map of Lint. It is correctly
defined on the appropriate Sobolev class on Γ, see [14, 15]. Besides, it is a Nevan-
linna analytic operator function in λ on the set of regular points of Lint. In par-
ticular, DN int takes self-adjoint values for real regular λ. More about modern
DN-techniques and its applications in spectral analysis can be found in [16, 17,
18, 19, 20]. In this paper we study connection between the one-body scattering
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matrix and the DN-map on the two-dimensional junction. For “thin” junctions the
connection is used in transport problems in [11, 21, 22].

Denoting by K± the exponents of the above Ansatz in the open and closed
channels in the wires and by the tables S, s the coefficients in front of the cor-
responding exponentials, we represent the Ansatz for the scattered wave on the
leads in form

Ψ(x, ν) = eiK+x ν + e−iK+x Sν + e−K−x sν. (2.3)

In fact only the oscillating component of the scattered wave in the open channels
contains an essential information on details of the scattering process. The direct
problem of scattering is: to find the coefficients S in front of the oscillating expo-
nentials e−iK+x Sν – the scattering matrix. In case when the solid wall is erected
on the bottom sections Γ = ∪mγm of the wires, the scattering matrix is −I. The
removal of the wall results in breeding of the standing waves on the quantum well
with the running exponential waves in the wires. This breeding generates the ex-
ponentially decreasing “evanescent waves” e−K−x sν, which do not contribute to
results of scattering at infinity, but affect the shape of the oscillating modes and
add serious computational obstacles, see for instance [12].

The difficulty of the direct scattering problem is defined by the fact, that the
above matching is a major perturbation of

LΩint ⊕ lω := L0 −→ L,

caused by the removal of the “solid wall” on Γ via replacement of the zero bound-
ary condition by the matching condition. It is a typical perturbation problem on
continuous spectrum, for an operator L0 which has embedded eigenvalues. Breed-
ing of the standing waves in the quantum well with the running waves in the wires
gives non-square-integrable resonance states, which define resonance character of
the transmission across the quantum well. Unfortunately this breeding can’t be
interpreted only in terms of the spectral theory of self-adjoint operators. Never-
theless we are able to suggest an algebraic version of the analysis of this breeding,
based on the corresponding Krein formula.

3. Krein formula for the scattering matrix

Krein formula for the scattering matrix which corresponds to the generalized re-
solvent of a general symmetric operator was obtained first in [27]. In [28] this
formula was used in analysis of zero-range solvable models. In [3] the Krein for-
mula is used for analysis of the one-dimensional model of the quantum network
in form of a quantum graph. In this paper we aim at the problem of fitting of the
model suggested in [3].

We begin with derivation of the Krein formula for the scattering matrix of
a realistic two-dimensional junction. The parameters of the fitted solvable model
of the junction can be selected based on comparison of the special representation
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of the Krein formula of the junction, see next section, Theorem 3.1, with the
corresponding formula of the model.

Consider the decomposition of the cross-section subspace E := L2(Γ) into
an orthogonal sum of the entrance subspaces E± of the open and closed channels.
Assuming that the Dirichlet-to-Neumann map DN int of the Schrödinger opera-
tor Lint is known, construct the matrix representation of DN int with respect to
the orthogonal decomposition E = E+ ⊕ E−, denoting by P± the corresponding
orthogonal projections I = P+ ⊕ P−:

DN int =
(

P+DNP+ P+DNP+

P−DNP+ P−DNP−

)
:=

(
DN++ DN + −
DN−+ DN−−

)
. (3.1)

The Cauchy data of the scattering Ansatz on the bottom sections Γ are:

Ψ(ν)
∣∣∣∣
Γ

= (I + S)ν + sν,

Ψ′(ν)
∣∣∣∣
Γ

= iK+(I − S)ν − K−sν. (3.2)

Inserting the boundary values of the scattering Ansatz on the bottom sections into
the DN-map, we obtain:

DN {[I + S]ν + sν} = iK+[I − S]ν − K−sν.

The orthogonal components of the result in E± are equal to

DN++[I + S]ν + DN+−sν = iK+(I − S)ν,
DN−+[I + S]ν + DN−−sν = −K−sν,

(3.3)

respectively.

Proposition 3.1. The operator DN−− + K− is invertible in E− on a complex
neighborhood of the essential spectral interval.

Proof. The claim of proposition follows immediately from the Krein formula for
the generalized resolvent of the concerned Schrödinger operator L. Indeed, let
gext,z(x, y) be the Green function (resolvent kernel) of the self-adjoint operator
lω − zI, Imz 
= 0, on wires and ĝz be the operator from L2(Γ) into L2(ω) defined
the expression

(ĝzu)(x) := −
∫

Γ

∂gext,z(x, γ)
∂nγ

uΓ(γ)dγ

∣∣∣∣
Γ

, uΓ ∈ L2(Γ).

We write P− for the orthogonal projector onto E− in L2(Γ) and π− for the
orthogonal projector onto subspace H− in L2(Ω). Then the Krein formula for
π−(L − z)−1|H− can be written in the form

π−(L − z)−1|H− = (lω − z)−1|H− − ĝzP− (DN−− + K−)−1
P−ĝ∗z̄ |H− .

Hence, (DN−− + K−)−1 cannot have non-real singularities. The real singularities
(poles) serve eigenvalues of the corresponding intermediate Hamiltonian, see [22].

�
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Therefore
sν = − I

DN−− + K−
DN−+[I + S]ν,

which implies the following Krein formula for the scattering matrix:

S =
[
iK+ −DN F

]−1 [
iK+ + DN F

]
, (3.4)

where
DN F := DN++ −DN+−

I

DN−− + K−
DN−+. (3.5)

DN F has a structure typical for the classical Krein formula and can be interpreted
as a Dirichlet-to-Neumann map of an intermediate Hamiltonian and (3.4) has
form of the scattering matrix for the one-dimensional scattering systems, see for
instance [23]. Similar formula plays an important role in modern approach to the
one-dimensional inverse spectral problem, see [24, 25]. It is worth mentioning that
S is K+-unitary, that is

S∗K+S = K+. (3.6)
To transform the Krein formula (3.4) of the two-dimensional scattering sys-

tem to the convenient quasi-one-dimensional form, we have to analyze the expres-
sion (3.5) in details.

The intermediate Hamiltonian was introduced in [11, 21, 22] as a component
LF of the splitting

L −→ lF ⊕ LF

of L defined by an additional “partial” zero boundary condition imposed at the
bottom sections ∪mγm := Γ onto the elements from the domain of L:

P+u

∣∣∣∣
Γ

= 0. (3.7)

Here lF , LF are selfadjoint operators in H+, H− ⊕L2(Ωint) respectively, see [22].
The absolutely continuous spectra of lF , LF coincide with the union of all open
and closed branches σl =

[
π2 l2

δ2 + V∞, ∞
)

respectively:

σ(lF ) = ∪open σl, σac(LF ) = ∪closed σl.

It is proven in [22], that the restriction

PL2(Ωint)[LF − λI]−1PL2(Ωint)⊕H−

of the resolvent of LF , acting as an operator from L2(Ωint)⊕H− onto L2(Ωint) can
be represented by an integral operator with a kernel GF . Then the statement (3.4)
can be verified based on the Poisson formula for the solution of an intermediate
boundary problem for the Schrödinger equation

Lu − λu = 0, P+u(x) = 0 if x > 0, P+u

∣∣∣∣
Γ

= u+ ∈ E+.

u(x) = −
∫

Γ

∂GF

∂nγ
(x, γ) u+dΓ, x ∈ Ωint.
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Then, denoting by u± the components of u

∣∣∣∣
Γ

in E±, and taking into account that

P− ∂u
∂nγ

= −K−u−, we obtain:

(
DN++ DN + −
DN−+ DN−−

)(
u+

u−

)
=

(
P+

∂u+
∂nγ

−K−u−

)
.

One can see that the expression (3.5) is the Schur complement, see [26], of the
matrix (

DN++ DN + −
DN−+ DN−− + K−

)
.

This implies the announced statement, once we define the DN-map of the inter-
mediate Hamiltonian as

P+
∂u+

∂nγ

∣∣∣∣
Γ

:= DNF u+. (3.8)

The DN-map of the selfadjoint operator LF has a negative imaginary part in the
upper half-plane �λ > 0 and simple poles at the eigenvalues of LF . Practically,
for relatively thin wires, see [22], we are able to substitute the DN-map DNF in
the above Krein formula (3.4) for the scattering matrix by an appropriate rational
approximation

DNF −→ DN F
Δ (3.9)

on the essential spectral interval Δ, with the same poles and residues on Δ. The
corresponding approximate scattering matrix takes the form

S(λ) → SΔ(λ) =
iK+ −DN F

Δ

iK+ + DN F
Δ

. (3.10)

Rational expressions of the above form (3.10) are typical for one-dimensional scat-
tering systems. Sometimes they can be interpreted as scattering matrices of zero-
range solvable models with “Inner Hamiltonian”, see [27, 28]. These zero-range
models are automatically fitted on the essential spectral interval Δ, once DN F

Δ

serves a rational approximation of DNF on Δ.
The above expression (3.10) is scattering matrix for a solvable model if the

rational approximation DNF
Δ does not contain a polynomial part. To develop

the corresponding perturbation technique for arbitrary junction we need explicit
expression for the poles and residues of the DN-map DN F of the intermediate
Hamiltonian. While the corresponding data for Lint can be obtained via straight-
forward computing with standard programs, the similar problem for the interme-
diate Hamiltonian appears to be more difficult. Fortunately, for “relatively thin”
junctions, the spectral data can be obtained via special analytic perturbation pro-
cedure based on a certain “modified” representation of the Krein formula (3.5).
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4. Analytic perturbation procedure for the Krein denominator
and compensation of singularities

Both terms in the left side of (3.5) have singularities on the spectrum of the non-
perturbed operator Lint. It is normally expected, that the singularities of the first
and second term at the eigenvalues of Lint compensate each other, so that only the
zeros of the denominator DN−−+K− arise as singularities of DN F . In this section
we produce analysis supporting this statement, see a one-dimensional version of
the statement in [31]. But we obtain in course of the relevant calculation even more
important “byproduct”: we derive an algebraic equation for the eigenvalues of the
intermediate Hamiltonian and calculate the residues at the corresponding poles of
the intermediate DN-map. Then we are able to do the first step announced above,
calculating, based on (3.4), the scattering matrix of a “relatively thin” junction.

For given temperature T we consider an essential spectral interval ΔT := Δ,
see (2.1). We assume that the temperature is low, so that Δ is situated inside the
conductivity band ΔF between the lower threshold λmin of the closed channels
and the upper threshold λmax of the open channels

Δ ⊂ (λmax, λmin) = ΔF .

Our aim is: to construct on Δ a convenient local “quasi-one-dimensional” represen-
tation of the intermediate DN-map and for the scattering matrix of the junction,
(3.4), with compensated singularities inherited from the Lint. Later, in next section,
we will use this construction as a basement for an analytic perturbation procedure,
with an “intrinsic” large parameter, to calculate approximately the scattering ma-
trix of arbitrary junction.

Let us present the DN-map DN of Lint on the essential spectral interval as
a sum

DN int =
∑

λs∈Δ

∣∣∣∂ϕs

∂n

〉〈
∂ϕs

∂n

∣∣∣
Γ

λ − λs
+ K := DNΔ + K (4.1)

of the rational expression constituted by the polar terms with singularities at the
eigenvalues λs ∈ Δ of the operator Lint and an analytic operator-function K on
GΔ. We will also use the operators obtained from DN int via framing of it by the
projections P±, for instance:

P+DN intP− = P+DNΔP− + P+KP− = DNΔ
+− + K+−.

We introduce also the linear hull EΔ =
∨

s {ϕs} - an invariant subspace of Lint

corresponding to the essential spectral interval Δ and the part

LΔ :=
∑

λs∈Δ

λs | ϕs〉〈ϕs |

of Lint in it.
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To calculate the intermediate DN-map (3.5) in terms of the standard DN-map
of Lint we have to solve the equation:

[DN−− + K−]u = DN−+g (4.2)

on the essential spectral interval Δ. It can be solved based on Banach principle if
K− can play a role of a large parameter, so that the operator

[K−− + K−]−1 (4.3)

exists on Δ. Then, due to continuity of K−−, K− there exist also a complex neigh-
borhood of Δ where the inverse exists. We assume that this complex neighborhood
is GΔ. The junction, for which the condition (4.3) is fulfilled, we call relatively thin
junction, based on the following motivation. The DN-map of Lint is homogeneous
degree −1. It acts from W

3/2
2 (Γ) to W

1/2
2 (Γ), see [14]. If Ωint has a small diam-

eter d then, the norm of the correcting term K is estimated as Const 1/d. The
same estimate remains true for P−KP− := K−−. The exponent K− also acts from
W

3/2
2 (Γ) to W

1/2
2 (Γ) and the norm of its inverse is estimated as Const δ. Then

the W
3/2
2 − norm of K−1

− K−− is estimated as Const δ/d. Hence, in particular,
K− + K−− = K−

[
I + K−1

− K−−
]

is invertible if δ/d � 1, see more comments in
[22]. Notice, that for an arbitrary junction the auxiliary Fermi level ΛF

1 := Λ1 can
be selected such that the condition (4.3) is fulfilled. We will use this option in the
following section, when calculating the scattering matrix. Now we proceed in this
section assuming that (4.3) is fulfilled.

Denoting by T the map

T =
∑

λs∈ΔT

|ϕs〉
〈

∂ϕs

∂n

∣∣∣∣ , and T
I

K−− + K−
T + := Q(λ) : EΔ → EΔ.

We also denote (
P+ −K+−

I

K−− + K−
P−

)
:= J (λ).

Then we discover, after some cumbersome calculation, that all singularities in the
Krein formula, arising from the eigenvalues λs of Lint are compensated.

Theorem 4.1. The Krein formula (3.5) for the intermediate DN-map, can be re-
written, for a thin junction, on the essential spectral interval, as:

DN F = K++ −K+−
I

K−− + K−
K−+ + J T +〉 I

λI − LΔ + Q(λ)
〈TJ+. (4.4)

The representation (4.4) remains valid on a complex neighborhood GΔ of the es-
sential spectral interval.

Remark 4.2. The announced representation (4.4) of the Krein formula (3.5) for
the DN-map of the intermediate Hamiltonian, has on the essential spectral in-
terval only non-compensated singularities, at the eigenvalues of the intermediate
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Hamiltonian, calculated as zeros of the denominator λIΔ − LΔ + Q(λ) := D(λ):

D(λF
s ) νF

s = 0.

These singularities coincide with the eigenvalues of the intermediate Hamiltonian.
We call the above formula (4.4) for DNF the modified Krein formula. Insert-

ing (4.4) into the above formula (3.4) gives a convenient representation for the
scattering matrix of the relatively thin junction, which permits, in particular, to
calculate the resonances based on eigenvalues of the intermediate operator.

In case of one-dimensional zeros of the denominator D the corresponding
residues are calculated as projections onto the subspaces

EF
s = J (λF

s )T + νF
s .

For multidimensional zeros of the denominator, D(λF
s )NF

s = 0, dim NF
s > 1 the

residues are projections onto the images of the corresponding null-spaces NF
s =∨

s νN
s

EF
s = J (λF

s )T + NF
s .

Proof. We begin with the standard Krein formula (3.5) for the DN-map of the
intermediate Hamiltonian LF on the essential spectral interval Δ. Denote by DNΔ

the component of the DN-map of Lint on Δ defined by the formula (4.1), and
introduce similar notations for the matrix elements of DN with respect to the
orthogonal decomposition E = E+ ⊕ E−, for instance

DN+− = DNΔ
+− + K+−.

To calculate explicitly the second addendum in (3.5), we re-write (4.2)as:[
DNΔ

−−u + (K− + K−−)
]
u =

[
DNΔ

−+ + K−+

]
g.

If (K− + K−−) is invertible on Δ, then the above equation is equivalent to:

I

K− + K−−
DNΔ

−−u + u =
I

K− + K−−

[
DNΔ

−+g + K−+g
]
. (4.5)

Denote
〈∂ϕs

∂n , u〉
λ − λs

:= vs,
∑

s

ϕs〉vs =
I

λIΔ − LΔ
Tu := v,

and take into account that

DNΔ
−+ = P−T + I

λIΔ − LΔ
TP+.

Then multiplying (4.5) by T we obtain an equation for v:[
λIΔ − LΔ + Q(λ)

]
v = Q

I

λIΔ − LΔ
TP+g + T

I

K− + K−−
K−+g.

This gives the following representation for v

v =
I

λIΔ − LΔ + Q(λ)

[
Q

I

λIΔ − LΔ
TP+g + T

I

K− + K−−
K−+g

]
.
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and permits to calculate, based on (4.5)

u = − I

K− + K−−
T +v +

I

K− + K−−
T + I

λIΔ − LΔ
TP+g

+
I

K− + K−−
K−+g

= − I

K− + K−−
T + I

λIΔ − LΔ + Q(λ)

×
[
Q

I

λIΔ − LΔ
TP+g + T

I

K− + K−−
K−+g

]
+

I

K− + K−−
T + I

λIΔ − LΔ
TP+g +

I

K− + K−−
K−+g.

Now we substitute this expression into the formula (3.5):

DN F g = DNΔT
++g + K++g −DNΔT

+−u −K+−u (4.6)

= P+T + I

λIΔ − LΔ
TP+g + K++g − P+T + I

λIΔ − LΔ
TP−u −K+−u

: = I1 + I2 + I3 + I4,

where

I3 = −P+T + I

λIΔ − LΔ
TP−u

= −P+T + I

λIΔ − LΔ
Q(λ)

I

λIΔ − LΔ
TP+g

− P+T + I

λIΔ − LΔ
T

I

K− + K−−
K−+g

+ P+T + I

λIΔ − LΔ
Q

I

λIΔ − LΔ + Q
Q

I

λIΔ − LΔ
TP+g

+ P+T + I

λIΔ − LΔ
Q

I

λIΔ − LΔ + Q
T

I

K− + K−−
K−+g

= I31 + I32 + I33 + I34,

and

I4 = −K+−u

= K+−
I

K− + K−−
T + I

λIΔ − LΔ + Q(λ)
Q

I

λIΔ − LΔ
TP+g

+ K+−
I

K− + K−−
T + I

λIΔ − LΔ + Q(λ)
T

I

K− + K−−
K−+g

+ −K+−
I

K− + K−−
T + I

λIΔ − LΔ
TP+g −K+−

I

K− + K−−
K−+g

= I41 + I42 + I43 + I44.
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Insert these results into the above formula (4.6) and collect the terms in the right
side which contain the second power of [λIΔ − LΔ]−1:

I31 + I33 = −P+T + I

λIΔ − LΔ
Q(λ)

I

λIΔ − LΔ
TP+g

+ P+T + I

λIΔ − LΔ
Q

I

λIΔ − LΔ + Q
Q

I

λIΔ − LΔ
TP+g

= −P+T + I

λIΔ − LΔ

I

λIΔ − LΔ + Q
TP+g.

(4.7)

This result, combined with I1 yields:

P+T + I

λIΔ − LΔ
TP+g − P+T + I

λIΔ − LΔ

I

λIΔ − LΔ + Q
TP+g

= P+T + I

λIΔ − LΔ + Q
TP+g := J1g. (4.8)

Now we combine the terms I32 + I34 and I41 + I43 containing [λIΔ − LΔ]−1:

I32 + I34 = −P+T + I

λIΔ − LΔ

[
−I + Q

I

λIΔ − LΔ + Q

]
T

I

K− + K−−
K−+g

= −P+T + I

λIΔ − LΔ + Q
T

I

K− + K−−
K−+g := J2g, (4.9)

I41 + I43 = K+−
I

K− + K−−
T +

[
−I +

I

λIΔ − LΔ + Q
Q

]
TP+g

= −K+−
I

K− + K−−
T + I

λIΔ − LΔ + Q
TP+g := J3g. (4.10)

We see that no terms left in the right side of (4.6) with singularities [λIΔ −LΔ]−1

inherited from the unperturbed operator – all these singularities are compensated.
Assembling separately the terms J1g, J2g, J3g, I43 containing [λIΔ − LΔ + Q]−1

and regular terms I2, I44, we obtain the announced expression DN F g

DNF g = P+T + I

λIΔ − LΔ + Q
TP+g

− P+T + I

λIΔ − LΔ + Q
T

I

K− + K−−
K−+g

−K+−
I

K− + K−−
T + I

λIΔ − LΔ + Q
TP+g

+ K+−
I

K− + K−−
T + I

λIΔ − LΔ + Q(λ)
T

I

K− + K−−
K−+g

+ K++g −K+−
I

K− + K−−
K−+g
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= P+T + −K+−
I

K− + K−−
T +〉 I

λIΔ − LΔ + Q(λ)
〈TP+

− T
I

K− + K−−
K−+g + K++g −K+−

I

K− + K−−
K−+g. (4.11)

The announced expression (4.4) for DN F is obtained from the above formula
by introducing the notation P+ − K+− I

K−+K−−
:= J . The derived formula is

extended onto the complex neighborhood GΔ of the essential spectral interval due
to analyticity. Further analytical continuation is possible as well, but the estimates
of leading and subordinate terms are obviously lost. �

The scattering matrix of the original problem on the essential spectral in-
terval may be obtained via replacement in (3.4) the intermediate DN-map by the
expression (4.4) with compensated singularities. This substitution is possible for
thin junctions, when the exponent K− in closed channels can play a role of a large
parameter, compared with the error K−− of the rational approximation DNΔ of
DN . This condition may be not satisfied for given Fermi level Λ := Λ0.

Remark 4.3. If the rational approximation of the intermediate DN-map (4.4) does
not contain a polynomial part, but only a real poles, then it can be interpreted
as a DN-map of a solvable model, see [30]. In case when a polynomial part is
present, one may hope to interpret the corresponding scattering matrix as one of
the solvable model in a Pontryagin space.

5. Intrinsic large parameter and an analytic perturbation
procedure for the scattering matrix of an arbitrary junction

In previous section the existence of the inverse [K−− + K−]−1 was guaranteed by
the presence of the large parameter λmin − λ, with λmin selected as the nearest
to ΛF threshold π2n2δ−2 > ΛF . In fact the choice of the “technical” Fermi level
ΛF := Λ0 is in our hands, so we are able to select another value Λ1 � Λ0, such that
the condition (4.3) is fulfilled. The corresponding splitting of the original Hamil-
tonian would be defined by the orthogonal decomposition of the entrance space
E =

[
E0

+ ⊕ E1
+

]
⊕ E1−, such that few closed channels with thresholds V∞ + π2l2

δ2

situated between Λ0 and Λ1 are formally included into the lower group of channels,
with an extended entrance subspace E0

+ ⊕ E1
+ := E+. We will use hereafter the

intermediate DN-map DN 1 of the operator L1, defined by the semi-transparent
boundary condition hight Λ1 associated with the above decomposition of the en-
trance space L2(Γ) =

[
E0

+ ⊕ E1
+

]
⊕ E1−.

P+u

∣∣∣∣
Γ

= 0, with P+ := PE0
+⊕E1

+
.

Denote by K0
+, K1

± the exponents of the oscillating and decreasing solutions of
the Schrödinger equation in the channels associated with E0

+, E1
±, respectively.
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Consider the orthogonal decomposition E = E0
+ ⊕ E1

+ ⊕ E1
− and represent the

DN-map DN of Lint by the matrix

DN =

⎛⎝ DN 00
++ DN 01

++ DN 01
+−

DN 10
++ DN 11

++ DN 11
+−

DN 10
−+ DN 11

−+ DN 11
−−

⎞⎠ := DN. (5.1)

Hereafter we consider the Schrödinger operator (1.1) on an arbitrary junction
Ω = Ωint ∪ ω, assuming that the compact domain Ωint has a piecewise smooth
boundary and the Meixner conditions are imposed at the inner corners of the
boundary of Ωint. Consider the rational approximation of the DN-map of the
Schrödinger operator Lint on the essential spectral interval Δ:

DN = DN (Δ) + K,

including into DN (Δ) the polar terms corresponding to the eigenvalues λs ∈ Δ:

∑
λs∈Δ

∣∣∣∂ϕs

∂n

〉 〈
∂ϕs

∂n

∣∣∣
λ − λs

=: DN (Δ),

with a properly selected self-adjoint operator CΔ and denote appropriately the
corresponding matrix elements, for instance:

DN 00
++ = DN (Δ)00++ + K00

++.

Now we select, for the junction Ω, the technical Fermi-level Λ1 from the condition,
that the junction is thin, with respect to the new Fermi level Λ1:

Definition 5.1. We say that the the quantum network is relatively thin on the level
Λ1 if the operator K11

−− + K1
− is invertible on some complex neighborhood GΔ of

the essential spectral interval Δ.

This condition may be substituted by a stronger, but more convenient condition

sup
λ∈GΔ

‖ K00
+−(λ) ‖<

√
ΛF

1 − ΛF − 2m0κT �−2. (5.2)

If Λ1 is defined from (5.2), we construct the corresponding decomposition E =
E+ ⊕ E−, with E+ =

[
E+ ⊕ E1

+

]
, E− = E1−

E =
[
E0

+ ⊕ E1
+

]
⊕ E1

−.

and define the intermediate Hamiltonian L1 as a non-trivial component of the
corresponding splitting of L:

L = L1
F ⊕ lF1 , (5.3)

obtained by imposing on Γ the additional boundary condition

P+u

∣∣∣∣
Γ

= 0.
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Note that the trivial part lF1 of this splitting contains additional channels in the
“lover” group of channels : E+ = E0

+ ⊕E1
+, which correspond to exponentially de-

creasing modes e−K1
+xν. The matrix (5.1) connects the boundary data Ψ(0), Ψ′(0)

of the scattering Ansatz

Ψ(x, λ) = eiK+xν + e−iK+xSν + e−K1
+xs1

+ν + e−K1
−xs1

−ν, (5.4)⎛⎝ iK+(ν − Sν)
−K1

+s1
+ν

−K1
−s1

−ν

⎞⎠ = DN

⎛⎝ (ν + Sν)
s1
+ν

s1
−ν

⎞⎠ .

Eliminating s1
−ν from the last equation,

s1
−ν =

I

DN 11
−− + K1−

[
DN 01

−+(ν + Sν) + DN 11
−+s1

+ν
]

we obtain a finite-dimensional equation for the components of the scattering Ansatz
in E0

+ ⊕ E1
+ (

iK+(ν − Sν)
−K1

+s1
+ν

)
= D̃N

(
(ν + Sν)

s1
+ν

)
.

Here

D̃N :=

(
D̃N 00

++ D̃N 01

++

D̃N 10

++ D̃N 11

++

)
,

where
D̃N 00

++ = DN 00
++ −DN 01

+−
I

DN 11
−− + K1−

DN 10
−+,

D̃N 01

++ = DN 01
++ −DN 01

+−
I

DN 11
−− + K1−

DN 11
−+,

D̃N 10

++ = DN 10
++ −DN 11

+−
I

DN 11
−− + K1−

DN 10
−+,

D̃N 11

++ = DN 11
++ −DN 11

+−
I

DN 11
−− + K1−

DN 11
−+.

Eliminating s1
+ν from the second equation we obtain a finite-dimensional

expression for the Scattering matrix of the junction

S(λ) =
iK+ −

[
D̃N 00

++ − D̃N 01

++
I

D̃N11
+++K1

+
D̃N 01

++

]
iK+ +

[
D̃N 00

++ − D̃N 01

++
I

D̃N11
+++K1

+
D̃N 01

++

] , (5.5)

with the denominator preceding the numerator. The ultimate representation (5.5)
of the scattering matrix is completely finite-dimensional, hence more convenient
for the computational process. The large parameter Λ1 permits to eliminate the
infinite-dimensional part K1− of K− and obtain a completely finite-dimensional
formula (5.5) for the scattering matrix, without any additional assumptions on
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geometrical or physical parameters of the network. Actually essential details of the
analytic perturbation process which are still present in (5.5) are mostly reloaded by
(5.5) on the direct computing with finite matrices. Hence the formula (5.5) opens,
in particular, a semi-analytic way of calculating of transmission coefficients across
any junction. Comparison of the formula (5.5) with (3.4) implies the equation

D̃N 00

++ − D̃N 01

++

I

D̃N 11

++ + K1
+

D̃N 01

++ = DN F . (5.6)

The terms of (5.6) contain sophisticated singularities inherited from the operator
Lint. Again, we are able to transform this expression to another form, with all
singularities compensated. We observe first the compensation singularities in DN,
representing it in Krein’s form. Denote

T+ =
∑

λs∈Δ

|ϕs〉
〈

P 0
+

∂ϕs

∂n
+ P 1

+

∂ϕs

∂n

∣∣∣∣ ,
T− =

∑
λs∈Δ

|ϕs〉
〈

P 1
−

∂ϕs

∂n

∣∣∣∣ ,
and consider the rational approximation of DN

DN = DN(Δ) + K :

DN++ :=
(

DN 00
++ DN 01

++

DN 10
++ DN 11

++

)
= T +

+

I

λIΔ − LΔ
T+ +

(
K00

++ K01
++

K10
++ K11

++

)
,

DN+− :=
(

DN 00
+− DN 01

+−
DN 10

+− DN 11
+−

)
= T +

+

I

λIΔ − LΔ
T− +

(
K01

+−
K11

+−

)
,

DN−+ :=
(

DN 10
−+ DN 11

−+

DN 10
−+ DN 11

−+

)
= T +

−
I

λIΔ − LΔ
T+ +

(
K10

−+,K11
−+

)
.

Consider the Krein formula for D̃N

D̃N = DN++ − DN+−
I

DN 11
−−(Δ) + K11−− + K1−

DN−+. (5.7)

Compensation of singularities in (5.7) inherited from the spectrum of Lint can be
observed in the same way as the compensation of singularities in (3.5). Introduce

T+−
I

K−− + K−
T +
−+ := Q(λ) : EΔ → EΔ,

and

P+ −
(

K01
+−

K11
+−

)
I

K11−− + K1−
P− := J (λ).
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Theorem 5.2. The Krein formula (4.11) for the D̃N can be re-written on the
essential spectral interval, as:

D̃N =
(

K00
++ K01

++

K10
++ K11

++

)
−

(
K01

+−
K11

+−

)
I

K11−− + K1−

(
K01

−+, K11
−+

)
+ J T+〉 I

λI − LΔ + Q(λ)
〈TJ+ = KF

Δ + DN F
Δ,

(5.8)

with

KF
Δ :=

(
K00

++ K01
++

K10
++ K11

++

)
−

(
K01

+−
K11

+−

)
I

K11−− + K1−

(
K01

−+, K11
−+

)
and

DN F
Δ := J T +〉 I

λI − LΔ + Q(λ)
〈TJ+ =

∑
λF

s

φF
s 〉 〈φF

s

λ − λF
s

. (5.9)

Here λF
s are the eigenvalues of the intermediate Hamiltonian which arose from the

eigenvalues of Lint on the essential spectral interval, and φF
s are the projections of

the boundary currents of the corresponding normalized eigenfunctions ϕF
s of the

intermediate Hamiltonian LF onto the entrance subspace E+ of the open channels,

φF
s = P+

∂ϕF
s

∂n

∣∣∣∣
Γ

.

The summation on s in the above formula (5.9) is spread over all (vector-) zeros of
LΔ−λIΔ +Q(λ) which arose from the eigenvalues of Lint on the essential spectral
interval. The representation (4.11) remains valid on some complex neighborhood
GΔ of the essential spectral interval.

Note that the expression (5.6) is the Schur complement, see [26], of the matrix

D̃N +
(

0 0
0 K1−

)
=

(
DN 00

++ DN 01
++

DN 10
++ DN 11

++ + K1−

)
.

Absence of singularities at the spectrum of Lint in (5.8) is inherited by the Schur
complement. Inserting the Schur complement into (5.5) gives an explicit formula
for the scattering matrix of the junction in form:

S(λ) =
{
iK+ −

[
DN F

Δ + KF
Δ

]} {
iK+ +

[
DN F

Δ + KF
Δ

]}−1
, (5.10)

with the denominator preceding the numerator. The details of this representation
can be recovered, if needed, from the above theorem 5.2. We leave this calculation
to the reader. Note that the above expression (5.10) for the scattering matrix can
be simplified if some additional assumption is imposed on K+, KF

Δ.

Definition 5.3. We call the junction Ω thin in open channels on the essential spec-
tral interval if

‖ K
−1/2
+ ‖ ‖ K

−1/2
+ KF

Δ ‖< 1.
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Theorem 5.4. If the junction Ω is thin in open channels on the essential spectral
interval, then it can be obtained by the analytic perturbation procedure from the
essential scattering matrix

Sess(λ) = [iK+ −DN F
Δ][iK+ + DN F

Δ]−1, (5.11)

where denominator precedes the numerator and the intermediate DN-map DN F =
DN F

Δ + KF
Δ is substituted by the essential polar part DN F

Δ.

Proof. Represent the numerator and the denominator of the right side of (5.10)
as:

iK+ −
[
DN F

Δ + KF
Δ

]
=

(
iK+ −DN F

Δ

) [
I −

(
iK+ −DN F

Δ

)−1 KF
Δ

]
iK+ +

[
DN F

Δ + KF
Δ

]
=

(
iK+ + DNF

Δ

) [
I +

(
iK+ + DN F

Δ

)−1 KF
Δ

]
.

Notice that
sup
λ∈Δ

‖
(
iK+ + DNF

Δ

)−1 KF
Δ ‖< 1, (5.12)

if
‖ K

−1/2
+ ‖ ‖ K

−1/2
+ KF

Δ ‖< 1

Indeed, denote DN F
Δ := A, KF

Δ := B. Then

‖ I

iK+ + A
Bu ‖ ≤‖ K

−1/2
+

I

iI + K
−1/2
+ AK

−1/2
+

K
−1/2
+ Bu ‖

≤‖ K
−1/2
+ ‖ ‖ I

iI + K
−1/2
+ AK

−1/2
+

K
−1/2
+ Bu ‖

≤‖ K
−1/2
+ ‖ ‖ K

−1/2
+ Bu ‖≤‖ K

−1/2
+ ‖ ‖ K

−1/2
+ KF

Δu ‖ .

This result implies (5.12). Now we can represent the scattering matrix as a product
of three factors:

S(λ) =
[
I +

(
iK+ + DN F

Δ

)−1 KF
Δ

]−1

Sess(λ)
[
I −

(
iK+ −DN F

Δ

)−1 KF
Δ

]
. (5.13)

The central factor coincides with the essential scattering matrix, and the left and
right factors contain the small parameter

(
iK+ ±DN F

Δ

)−1 KF
Δ. Hence the first

factor can be decomposed into the geometrically convergent series. Thus the scat-
tering matrix can be obtained from the essential scattering matrix via standard
analytic perturbation procedure, with the above small parameter. �
Remark 5.5. Denote by λ0 the vector zero of the numerator of the essential scat-
tering matrix: [

iK+ −DN F
Δ

]
e0 = 0.

For the network which is sufficiently thin on the open channels the estimate

sup
λ∈Σε

‖
[
iK+ −DN F

Δ

]−1 KF
Δ ‖< 1

is valid on a small circle Σε = {|λ − λ0| = ε} centered at λ0. Then, due to the
operator-valued Rouche theorem, [34] the numerators of the original and the es-
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sential scattering matrices have equal total multiplicity of vector zeros inside Σε,
because

sup
Σε

‖ I −
[
iK+ −DN F

Δ

]−1 [
iK+ −DNF

Δ −KF
Δ

]
‖

= sup
Σε

‖
[
iK+ −DNF

Δ

]−1 KF
Δ ‖< 1.

Thus the zeros of the original scattering matrix – resonances – of the thin junction
are situated close to the zeros of the essential scattering matrix. A relevant pertur-
bation procedure may be developed for calculation of the resonances. Localization
of zeros is important for estimation of speed of transition processes in the junction,
if it is used as a switch.

Remark 5.6. The above statement (5.11) and the formula (5.13) permits to substi-
tute, on the essential spectral interval, the scattering matrix of a thin junction by
the essential scattering matrix. According to [30], the essential scattering matrix
can be interpreted as a scattering matrix of a solvable model.

6. Conclusion: role of solvable models in analytic perturbation
procedure and a relevant realization problem

The solvable model of thin junction fitted on a certain essential spectral interval
can serve as a first step – a jump-start, see [29] – of the modified analytic per-
turbation procedure which is applied to perturbation of embedded eigenvalues,
see extended comments in [22]. The proposed jump-start procedure confirms the
hypothesis of H. Poincaré, about the role of resonances in analytic perturbation
procedure: elimination, due to the chain-rule for the scattering matrices, of res-
onances on the essential spectral interval Δ permits to construct a convergent
analytic perturbation procedure. Unfortunately none finite degree of precision in
our approximations for the scattering matrix allows to construct the solvable model
with exactly the same resonances on Δ as in original scattering problem. Never-
theless one can say, that zero-range solvable models of the quantum system, see
for instance [36, 37, 38, 39] could, after appropriate fitting, play a role of the jump
start. Our jump-start solvable models, see also [29, 30, 40, 41, 22] are automati-
cally fitted, because the corresponding scattering matrix serves an approximation
of the whole scattering matrix of the original perturbed operator.

It may be interesting that Nobel Prize winner 1972 Iliya Prigogine, see [42],
inspired by the above-mentioned idea of H. Poincaré, [35], about the role of res-
onances in analytic perturbation procedure, attempted to construct an “interme-
diate operator” – a version of our jump-start – as a tool of analytic perturbation
procedure on continuous spectrum. His attempt was not successful, because he
imposed, in advance, too strong conditions on the object of his search. In partic-
ular, he assumed that the intermediate operator should be a function of the non-
perturbed Hamiltonian. Our jump-start is obtained based on local rational approx-
imation of the corresponding DN-map, and it is constructed via finite-dimensional
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perturbation of the original Hamiltonian, with the same leading resonances on the
essential spectral interval.

We were able, see Sections 4, 5 and references therein, to construct a solvable
model of a thin junction in the Hilbert space with a standard positive metric. We
conjecture, that a similar solvable model can be constructed for arbitrary junction
when using operators in Pontryagin space based on the corresponding realization
theorems, see for instance [43]. Note that solvable models in Pontryagin space are
more flexible, but yet reduce to a standard selfadjoint operators in the positive
invariant subspace of scattered waves, see for instance [40, 41].
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Acta 70 (1997), no. 1-2, 66–71.
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1. Introduction

In the papers [4] and [5] the Schur transformation for generalized Nevanlinna func-
tions with a reference point z1 in the open upper half-plane was considered. An
analogous transformation for Nevanlinna functions (for the definition of a Nevan-
linna function see Section 2) and for the reference point ∞ is defined in [1, Lemma
3.3.6], see [3]. This transformation or a simple modification of it we call here the
Schur transformation for Nevanlinna functions, and it is the starting point for the
present paper. To give more details, we consider a Nevanlinna function n which
has for some integer p ≥ 1 an asymptotic expansion of order 2p + 1 at ∞, for
example

n(z) = −s0

z
− s1

z2
− · · · − s2p

z2p+1
+ o

(
1

z2p+1

)
, z = iy, y → ±∞. (1.1)

The Schur transform n̂ of n is the function

n̂(z) := − s0

n(z)
− z +

s1

s0
; (1.2)

the relation between n and n̂ can also be written as

n(z) = − s0

z − s1

s0
+ n̂(z)

.

The transformed function n̂ =: n1 is again a Nevanlinna function, but in general
with an asymptotic expansion of the form (1.1) of lower order 2p− 1, and if p > 1
the Schur transformation can be again applied to n1 etc. As a result we obtain a
finite sequence of Nevanlinna functions n1 = n̂, n2 = n̂1, . . . , np = n̂p−1; this is the
sequence of functions that appears in the asymptotic expansion of n by continued
fractions, see [1, Section 3.3.6].

The transformation (1.2) is closely related to the finite Hamburger moment
problem. We recall that the Nevanlinna function n with an asymptotic expansion
(1.1) admits an integral representation

n(z) =
∫ ∞

−∞

dσ(t)
t − z

, z 
= z∗,

where σ is a bounded non-decreasing function on R. The coefficients sj in (1.1)
are the moments of the function σ:

sj =
∫ ∞

−∞
tj dσ(t), j = 0, 1, . . . , 2p. (1.3)

The moment problem we have in mind is the problem to determine all Nevanlinna
functions n with an expansion (1.1) and given coefficients sj , j = 0, 1, . . . , p, see
[1, Theorem 3.2.1].

An essential feature in our studies are operator representations or so-called
realizations of Nevanlinna functions, see [14], [11], and [10]. In fact, if the Nevan-
linna function n admits an asymptotic expansion (1.1) its operator representation
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takes the simple form

n(z) =
(
(A − z)−1u, u

)
, z 
= z∗, (1.4)

with some Hilbert space H with inner product (·, ·), u ∈ H, and a self-adjoint
operator A in H. We study the corresponding operator representation of the Schur
transform n̂, and also of the functions n2, . . . , np. For example, the function n̂

admits an operator representation of the form (1.4) with a Hilbert space Ĥ, an
operator Â, and an element û which are the orthogonal complement of the element
u in H, the compression of A to Ĥ, and a multiple of the projection of Au onto
Ĥ, respectively. After applying the Schur transformation p times, the resulting
function np admits an operator representation of the form (1.4) with the space

H′
p = H�Hp, Hp := span {u, Au, . . . , Ap−1u},

the operator that is the compression of A to this space, and an element which is
a multiple of the projection of Apu onto H′

p.
Since np is obtained by subsequent application of fractional linear transfor-

mations of the form (1.2), there is a fractional linear relation between the function
n and the transformed function np. We derive an explicit form for the defining
2×2 matrix function V of this relation in three ways: By calculating the resolvent
of the operator A in its 2 × 2 block matrix operator form corresponding to the
decomposition H = Hp ⊕H′

p, by means of the description of all generalized resol-
vents of a certain symmetric restriction of A with defect one in the space Hp+1,
and via reproducing kernel methods using the non-negative Nevanlinna kernel

Ln(z, w) =
n(z) − n(w)∗

z − w∗ , z, w ∈ C \ R, z 
= w∗.

For the Nevanlinna function n with an asymptotic expansion (1.1), polyno-
mials ej and dj , j = 1, 2, . . . , p, of first and second kind can be defined by the
well-known formulas, see [1, Chapter I]. Recall that ej is a polynomial of degree
j, and that dj is a polynomial of degree j − 1. We show that the polynomials êj

of first kind of the transformed function n̂ coincide, up to constant factor, with
the polynomials dj+1(z) of second kind for the given function n, whereas the poly-
nomials d̂j of second kind for n̂ are linear combinations of ej+1 and dj+1. As a
consequence, the polynomials of second kind for n are orthogonal with respect to
the measure generated by the non-decreasing function σ̂ in the representation of
the form (1.4) of the Nevanlinna function n̂; in this statement n̂ can be replaced
by the function −1/n. As in the classical moment problem, the 2× 2 matrix func-
tion V , which determines the fractional linear relation between n and np, can be
represented by the polynomials of first and second kind.

A short synopsis is as follows. The Schur transformation is defined in the
next section. We start with weaker forms of the asymptotic expansion (1.1), for
example

n(z) = −s0

z
− s1

z2
+ o

(
1
z2

)
, z = iy, y → ±∞,
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and consider also a weaker form of the Schur transformation. In Section 3 we men-
tion three concrete forms of the operator representation of n. The basic result of
this section is Theorem 3.1 which describes the operator model for the transformed
function. Higher-order approximations and the corresponding polynomials of first
and second kind are introduced in Section 4. In the operator model an asymptotic
expansion (1.1) can be characterized by the fact that u ∈ domAp. The main result
of this section is the relation between the polynomials of first and second kind
of n and n̂ which was mentioned above. The reduction via a p-dimensional sub-
space, that corresponds to p subsequent applications of the Schur transformation,
is given in Section 5 by means of a block operator matrix representation of A. In
Section 6 the corresponding transformation matrix V is expressed in terms of the
polynomials of first and second kind. Although the final formulas are well known
(see for example [1]) this approach seems to be new.

In Section 7, applying the theory of u-resolvent matrices, we derive a repre-
sentation of a transformation matrix in an explicit form by means of the given
moments; it corresponds to Potapov’s formula for the solution matrix of the
Nevanlinna–Pick problem, compare also [2]. Finally, in Section 8 we explain the
connection between n and np through some basic results from the theory of resol-
vent invariant reproducing kernel spaces, and give another proof for the represen-
tation of the transformation matrix by orthogonal polynomials.

2. The Schur transformation

1. A Nevanlinna function is a complex function n which is defined and analytic in
the upper half-plane C+ and has the property

z ∈ C+ =⇒ Im n(z) ≥ 0.

We always suppose that n is extended to the lower half-plane C− by the relation

n(z) = n(z∗)∗, z ∈ C−, (2.1)

and to those points of the real axis into which it can be continued analytically.
The set of all Nevanlinna functions is denoted by N0. Recall that n ∈ N0 if and
only if n is analytic in C \ R and the kernel

Ln(z, w) =
n(z) − n(w)∗

z − w∗ , z, w ∈ C \ R, z 
= w∗,

is positive definite.
Let n ∈ N0 and consider the following properties of n:

(10) n(z) = −s0

z
+ o

(
1
z

)
, (20) n(z) = −s0

z
+ O

(
1
z2

)
,

(30) n(z) = −s0

z
− s1

z2
+ o

(
1
z2

)
,
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where here and in the following, the limit relations are understood to hold for
z = iy, y → ±∞. The assumption (2.1) implies that s0 and s1 are real numbers.
Evidently, (30) =⇒ (20) =⇒ (10). The function n satisfies the assumption (10)
if and only if it belongs to the class (R0) of [13], which means that it admits an
integral representation

n(z) =
∫ +∞

−∞

1
t − z

dσ(t), z ∈ C \ R, (2.2)

where σ is a bounded non-decreasing function on R. Then∫ +∞

−∞
dσ(t) = s0,

hence s0 ≥ 0, and if s0 = 0 then n(z) ≡ 0. With the representation (2.2) of n the
assumption ∫ ∞

−∞
|t| dσ(t) < ∞ (2.3)

implies that (30) is satisfied. Indeed, (2.3) implies that

s1 =
∫ ∞

−∞
t dσ(t)

exists and with z = iy

z2
(
n(z) +

s0

z
+

s1

z2

)
=

∫ ∞

−∞

t2

t − z
dσ(t) =

∫ ∞

−∞

t2 + iyt

t2 + y2
t dσ(t) = o(1).

The assumptions (10), (20), and (30) are all different. To see that (10) 
=⇒ (20)
we show that if n ∈ N0 has the representation (2.2) with supp σ ⊂ [0,∞) and∫ ∞

0

dσ(t) < ∞,

∫ ∞

0

t dσ(t) = ∞,

then (20) does not hold: Let c > 0 be given arbitrarily (large) and choose K > 0

such that
∫ K

0

t dσ(t) ≥ c. If y is chosen large enough then for 0 ≤ t ≤ K we have

y2

t2 + y2
≥ 1

2
,

and hence ∫ ∞

−∞

y2t

t2 + y2
dσ(t) ≥ c

2
,

and therefore, with z = iy,

z2
(
n(z) +

s0

z

)
= z

∫ ∞

−∞

t

t − z
dσ(t) =

∫ ∞

−∞

−y2t + iyt2

t2 + y2
dσ(t) 
= O(1),
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which implies that (20) does not hold. Thus, for example, the function

n(z) =
−1

z −
√
−z

=
∫ ∞

0

1
t − z

dt

π(t + 1)
√

t

satisfies (10) but not (20).
Let n be the Nevanlinna function, defined in the upper half-plane by

n(z) =
−s0

z + γ + f(z)
, z ∈ C+,

where s0 is a positive real number, γ is a complex number with Im γ > 0, and f
is a Nevanlinna function such that f(z) = o(1). It has the properties

lim
z=iy, y→∞

z2
(
n(z) +

s0

z

)
= γs0, lim

z=iy, y→−∞
z2

(
n(z) +

s0

z

)
= γ∗s0,

and hence n satisfies (20) but, since the two limits are different (and non-real), it
does not satisfy (30).

Instead of the assumption (30) also the assumption

n(z) = −s0

z
− s1

z2
+ O

(
1
z3

)
(2.4)

seems reasonable. However, according to [14, Bemerkung 1.11], (2.4) implies the
existence of a real number s2 such that

n(z) = −s0

z
− s1

z2
− s2

z3
+ o

(
1
z3

)
; (2.5)

this relation will be considered in Section 4 as assumption (11). The implication
(2.4) =⇒ (2.5) can also be seen from the integral representation (2.2) of n: (2.4)
implies

z3

(∫ ∞

−∞

1
t − z

+
1
z

dσ(t) +
s1

z2

)
= O(1),

and hence with z = iy

−
∫ ∞

−∞

y2t(t + iy)
t2 + y2

dσ(t) + iys1 = O(1), y → ∞.

Taking the imaginary part we see that

s1 = limy→∞
∫ ∞

−∞

y2t

t2 + y2
dσ(t)

and taking the real part we see that there exist real numbers C and y0 such that∫ ∞

−∞

y2t2

t2 + y2
dσ(t) ≤ C, y ≥ y0.

This implies that

s2 :=
∫ ∞

−∞
t2 dσ(t) < ∞,
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hence ∫ ∞

−∞
|t| dσ(t) < ∞

and
s1 =

∫ ∞

−∞
t dσ(t).

Now (2.5) easily follows from the integral representations of n and the expressions
for the real numbers s0, s1, and s2: With z = iy we have

z3
(
n(z) +

s0

z
+

s1

z2
+

s2

z3

)
=

∫ ∞

−∞

t3

t − z
dσ(t) =

∫ ∞

−∞

t4 + it3y

t2 + y2
dσ(t) = o(1).

2. Now we define the basic transformations considered this paper.

Definition 2.1. If n ∈ N satisfies the assumption (10) or (20), the Schur type
transform ñ of n is the function

ñ(z) =
−s0

n(z)
− z, (2.6)

if n ∈ N satisfies the assumption (30) the Schur transform n̂ of n is the function

n̂(z) =
−s0

n(z)
− z +

s1

s0
. (2.7)

The difference between the formulas (2.6) and (2.7) is just in the additive
real constant s1/s0: under the stronger assumption (30) this constant assures that
the transform tends to zero if z tends to ±∞ along the imaginary axis, see (2.10)
below.

The relations (2.6) and (2.7) can also be written as a first step of a continued
fraction expansion

n(z) = − s0

z + ñ(z)
, or n(z) = − s0

z − s1
s0

+ n̂(z)
.

Theorem 2.2. The following equivalences hold:

n ∈ N0 and satisfies (10) ⇐⇒ ñ ∈ N0, ñ(z) = o(z), (2.8)

n ∈ N0 and satisfies (20) ⇐⇒ ñ ∈ N0, ñ(z) = O(1), (2.9)

n ∈ N0 and satisfies (30) ⇐⇒ n̂ ∈ N0, n̂(z) = o(1). (2.10)

Proof. We have

ñ(z) = n̂(z) − s1

s0
= −s0 + zn(z)

n(z)
.

A straightforward calculation yields

Im ñ(z) = Im n̂(z) =
Im z

|n(z)|2
(

s0
Im n(z)

Im z
− |n(z)|2

)
,

and the estimate

|n(z)|2 =
∣∣∣∣∫ +∞

−∞

dσ(t)
t − z

∣∣∣∣2 ≤
∫ +∞

−∞

dσ(t)
|t − z|2

∫ +∞

−∞
dσ(t) =

Im n(z)
Im z

s0
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implies ñ, n̂ ∈ N0. The asymptotic properties of ñ follow in case (2.8) from the
relation

ñ(z)
z

= − s0

zn(z)
− 1 = o(1),

in case (2.9) from the relation

ñ(z) = −s0 + zn(z)
n(z)

=
z O

(
1
z

)
zn(z)

,

and for n̂(z) in case (2.10) in a similar way or from [1, Lemma 3.3.6].
Conversely, starting from ñ(z) as in (2.8), the relation

z
(
n(z) +

s0

z

)
= s0

ñ(z)
z

1 +
ñ(z)

z

implies that from ñ(z) = o(z) it follows that n satisfies (10). The corresponding
proofs for (2.9) and (2.10) are similar. �

3. Self-adjoint operator representations

A function n ∈ N0 admits a self-adjoint operator representation or realization with
a self-adjoint relation A in some Hilbert space H of the form

n(z) = n(z0)∗ + (z − z∗0)
((

I + (z − z0)(A − z)−1
)
v, v

)
(3.1)

with z0 an arbitrary non-real number z0 and an element v ∈ H, see [14], [11], and
[10]. If v is chosen to be a generating element for A, which means that

H = span
(
{v} ∪

{
(A − z)−1v

∣∣ z ∈ C \ R
} )

and which is always possible, then the operator representation (3.2) is called min-
imal and then it is unique up to unitary equivalence. We have the following equiv-
alences, see [17]:

A is an operator ⇐⇒ n(z) = o(z),

v ∈ domA ⇐⇒ limy→∞y Im n(iy) < ∞;

for n ∈ N0 the latter limit always exists: it is either a non-negative number or ∞.
If the Nevanlinna function n satisfies the assumption (10) (or any of the

assumptions (20), (30)) the representation (3.1) can be simplified to

n(z) =
(
(A − z)−1u, u

)
, z ∈ C \ R, (3.2)

where A is a self-adjoint operator in some Hilbert space H, u ∈ H, (u, u) = s0. If
u is chosen to be a generating element for A, or equivalently,

H = span
{
(A − z)−1u

∣∣ z ∈ C \ R
}
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which is always possible, then the operator representation (3.2) is also called min-
imal and then it is unique up to unitary equivalence. The representation (3.2)
follows from (3.1) and the above-mentioned equivalences by taking u = c(A− z0)v
with some unimodular complex number c.

Here are three examples for a more concrete choice of the triplet H, A, u in
(3.2) for the given function n ∈ N0 with integral representation (2.2).

(1) H = L2(σ), A is the operator of multiplication with the independent variable,
and u(t) ≡ 1, t ∈ R.

(2) H is the completion of the linear span of the functions rz , z ∈ C \ R:

rz(t) :=
1

t − z
, t ∈ R,

with inner product defined by

(rz , rζ) =
n(z) − n(ζ)∗

z − ζ∗
, z, ζ ∈ C \ R, z 
= ζ∗,

A is the operator of multiplication by t, and u(t) ≡ 1, t ∈ R.
(3) H is the reproducing kernel Hilbert space L(n) with reproducing kernel

Ln(z, w) =
n(z) − n(w)∗

z − w∗ , z, w ∈ C \ R, z 
= w∗,

A is the self-adjoint operator whose resolvent (A − z)−1 is the difference-
quotient operator Rz :

(Rzf)(ζ) =
f(ζ) − f(z)

ζ − z
, f ∈ L(n),

and take u = n; this function belongs to the space L(n), since n satisfies
the condition (10). Recall that the reproducing property of the kernel Ln is
reflected in the inner product of the space L(n):

〈f, Ln( · , z)〉L(n) = f(z), f ∈ L(n), z ∈ C \ R.

That (3.2) holds follows from

(Rzn)(ζ) = Ln(ζ, z∗)

and the reproducing property of the kernel Ln:

〈(A − z)−1u, u〉L(n) = 〈Rzn, n〉L(n)

= 〈n, Ln( · , z∗)〉∗L(n) = n(z∗)∗ = n(z).

The unitary equivalence of the representations in (1) and (2) follows easily
from the relation

(rz , rζ) =
∫ ∞

−∞

dσ(t)
(t − z)(t − ζ∗)

, z, ζ ∈ C \ R,
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and the fact that the functions rz , z 
= z∗, form a total set in L2(σ). The unitary
equivalence between the two representations of n in (2) and (3) is given by the
mapping U :

U(rz) = Ln( ·, z∗);
in particular, we have Uu = n where u is the function u(t) ≡ 1, t ∈ R. The space
L2(σ) (or the equivalent space in (2)) we denote also by H(n). We mention that the
definition of the spaces in (2) and (3) can also be used for generalized Nevanlinna
functions, whereas in this case the space L2(σ) need not be defined. In Sections
4–7 we will prove theorems using the representation of n in (1), in Section 8 we
reprove some of these results using the representation in the reproducing kernel
Hilbert space L(n).

Since, according to Theorem 2.2, the functions ñ and n̂ in Definition 2.1
belong to the class N0 and are o(z) for z = iy, y → ∞, they admit again an
operator representation of the form (3.1), for example,

n̂(z) = n̂(z0)∗ + (z − z∗0)
(
(Â − z0)(Â − z)−1v̂, v̂

)
(3.3)

with a self-adjoint operator Â in some Hilbert space Ĥ, z0 an arbitrary non-real
number, and an element v̂ ∈ Ĥ. Clearly, as the difference between the functions ñ
and n̂ is just an additive real constant, the operator representation for ñ can be
chosen the same, that is, in (3.3) n̂ can be replaced by ñ.

Theorem 3.1. Let n ∈ N0 satisfying the condition (10) and with operator repre-
sentation (3.2) be given, and let

n̂(z) =
−s0

n(z)
− z +

s1

s0

be the Schur transform of n from (2.7). Then in the operator representation (3.3)
of n̂ we can choose Ĥ = {u}⊥, Â in Ĥ as the compression of A to Ĥ : Â = P̂A|Ĥ,
where P̂ is the orthogonal projection in H onto Ĥ, and the element v̂ as

v̂ =
‖u‖

((A − z0)−1u, u)
P̂ (A − z0)−1u.

If n̂ also satisfies the condition (10)1, then

n̂(z) =
(
(Â − z)−1û, û)

)
, û :=

P̂Au

‖u‖ .

Remark 3.2. The resolvent of Â is given by

(Â − z)−1 = (A − z)−1 − ((A − z)−1 · , u)
((A − z)−1u, u)

(A − z)−1u,

1This is the case when n satisfies condition (11) defined in Section 4, see Lemma 4.1.
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and

v̂ =
‖u‖(A − z0)−1u − ((A − z0)−1u, u)

u

‖u‖
|((A − z0)−1u, u)| .

Note that
(
(A − z0)−1u, u

)
= n(z0) 
= 0, otherwise n(z) ≡ 0.

Proof of Theorem 3.1. (1) Suppose that n satisfies (10). Then we have ‖u‖ =
√

s0

and

n̂(z) − n̂(z0)∗ = −‖u‖2

r(z)
− z +

‖u‖2

r(z0)∗
+ z∗0 , (3.4)

where we have put r(z) := ((A− z)−1u, u). It remains to show that the expression
on the right-hand side of (3.4) equals

(z−z∗0)
(
(Â − z0)(Â − z)−1)v̂, v̂

)
= (z−z∗0)‖v̂‖2+(z−z∗0)(z−z0)

(
(Â − z)−1v̂, v̂

)
.

This is a straightforward calculation, we only indicate some formulas:

(z − z0)(Â − z)−1v̂ =
‖u‖

|r(z0)|

(
r(z0)
r(z)

(A − z)−1u − (A − z0)−1u

)
,

‖v̂‖2 = ‖u‖2 ‖(A − z0)−1u‖2

|r(z0)|2
− 1,

and

(z − z∗0)(z − z0)
(
(Â − z)−1v̂, v̂

)
= ‖u‖2

(
1

r(z0)∗
− 1

r(z)
− (z − z∗0)‖(A − z0)−1u‖2

|r(z0)|2
)

.

(2) Now assume that n̂ satisfies (10). Then v̂ ∈ dom Â ⊂ domA and the equality

v̂ =
‖u‖
r(z0)

(A − z0)−1u − u

‖u‖

shows that also u ∈ domA. If we take û = −(Â− z0)v̂, then (see after (3.2)) n̂ has
the asserted representation. It remains to show that û = P̂Au/‖u‖. We have

û = −(A − z0)v̂ =
1

‖u‖(A − z0)u − ‖u‖
r(z0)

u.

Taking the inner product of both sides with u and using (û, u) = 0, we see that

‖u‖
r(z0)

=
((A − z0)u, u)

‖u‖3

and hence

û =
1

‖u‖(A − z0)u − ((A − z0)u, u)
‖u‖3

u =
1

‖u‖

(
Au − (Au, u)

‖u‖2
u

)
=

1
‖u‖ P̂Au. �
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4. Higher-order asymptotics. Orthogonal polynomials

1. For n ∈ N0 and some integer p ≥ 1 we introduce the assumptions

(1p) n(z) = −s0

z
− s1

z2
− · · · − s2p

z2p+1
+ o

(
1

z2p+1

)
,

(2p) n(z) = −s0

z
− s1

z2
− · · · − s2p

z2p+1
+ O

(
1

z2p+2

)
,

(3p) n(z) = −s0

z
− s1

z2
− · · · − s2p+1

z2p+2
+ o

(
1

z2p+2

)
.

Again, (3p) =⇒ (2p) =⇒ (1p), and by [14, Satz 1.10] for the operator represen-
tation the assumption (1p) is equivalent to u ∈ domAp. That is, for the above
representation with the space H(n) the functions

tk(t) := tk, k = 0, 1, . . . , p,

belong to H(n) and the first p of these elements, t0, t1, . . . , tp−1, belong to domA.
Moreover, the formal relation

(A − z)−1 = −
2p∑

j=0

Aj

zj+1
+

A2p+1

z2p+1
(A − z)−1

implies easily

n(z) =
(
(A − z)−1u, u

)
= −

p∑
j=0

(Aju, u)
zj+1

−
2p∑

j=p+1

(Anu, Aj−pu)
zj+1

+
1

z2p+1

(
A(A − z)−1Apu, Apu

)
.

It follows that

sj =

{
(Aju, u) if j = 0, 1, . . . , p,

(Apu, Aj−pu) if j = p + 1, p + 2, . . . , 2p.

Therefore the above assumptions are equivalent to the following relations for the
operator A and the generating element u:

(1p) ⇐⇒ u ∈ domAp,

(2p) ⇐⇒ u ∈ domAp, z(A(A − z)−1Apu, Apu) = O(1),

(3p) ⇐⇒ u ∈ domAp, z(A(A − z)−1Apu, Apu) + α = o(1) with α ∈ R;

(4.1)

in fact, in the last equivalence we have α = s2p+1.
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Now we consider a function n ∈ N0 with the property (1p) for some p > 1.
For 0 ≤ k ≤ p, by Sk we denote the (k + 1) × (k + 1) Hankel matrix

Sk :=

⎛⎜⎜⎜⎝
s0 s1 · · · sk

s1 s2 · · · sk+1

...
...

...
sk sk+1 · · · s2k

⎞⎟⎟⎟⎠ ; (4.2)

it is the Gram matrix associated with the k + 1 functions t0, t1, . . . , tk, and we
introduce the Gram determinants

Dk := detSk =

∣∣∣∣∣∣∣∣∣
s0 s1 · · · sk

s1 s2 · · · sk+1

...
...

...
sk sk+1 · · · s2k

∣∣∣∣∣∣∣∣∣ , k = 0, 1, . . . p. (4.3)

Further, for k = 1, . . . , p, Hk denotes the k-dimensional subspace

Hk := span {t0, t1, . . . , tk−1}
of H(n). Evidently, the subspace Hk is non-degenerated if and only if Dk−1 
= 0.

In the rest of this section we suppose that Dp−1 
= 0, that is, the subspace
Hp is non-degenerated. If Dp = 0, then the function n with the given asymptotics
(jp) is uniquely determined and rational of Mac Millan degree p, in fact, see [1,
pp. 22, 23]

n(z) = −dp(z)
ep(z)

,

where the polynomials ep of degree p and dp of degree p− 1 are defined below. To
exclude this (simple) case we often suppose that even Dp 
= 0; clearly, this implies
Dp−1 
= 0.

As a basis in Hp we choose a system of elements ek ∈ H(n) = L2(σ), k =
0, 1, . . . , p − 1, which is obtained from the system t0, t1, . . . , tp by the Gram–
Schmidt orthonormalization procedure. This so-called system of orthogonal poly-
nomials of first kind, associated with the function n is defined by the following
properties, j, k = 0, 1, . . . , p − 1:

1. e0(z) ≡ 1/
√

s0,
2. ek(z) is a real polynomial of degree k with positive leading coefficient,
3. (ej , ek) = δjk.

Then, see [1, (1.4)],

ek(z) =
1√

Dk−1Dk

∣∣∣∣∣∣∣∣∣∣∣

s0 s1 · · · sk

s1 s2 · · · sk+1

...
... · · ·

...
sk−1 sk · · · s2k−1

1 z · · · zk

∣∣∣∣∣∣∣∣∣∣∣
, k = 1, 2, . . . , p − 1, (4.4)
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and by this formula with k = p also a polynomial ep can be defined. Evidently,
ep ∈ H[⊥]

p , and

span {t0, t1, . . . , tk} = span {e0, e1, . . . , ek}, k = 0, 1, . . . , p.

The orthogonal polynomials ej, j = 0, 1, . . . , p, satisfy the difference equations

bk−1ek−1(z) + akek(z) + bkek+1(z) = zek(z), k = 0, 1, . . . , p − 1, (4.5)

with real numbers ak, k = 0, 1, . . . , p − 1, b−1 = 0, and positive numbers bk, k =
1, . . . , p− 1, and the ‘initial condition’ e0(z) = 1/

√
s0. Explicit formulas for ak, bk

can be given, see [1]; we note that

a0 =
s1

s0
, b0 =

√
s2s0 − s2

1

s0
. (4.6)

The relation (4.5) implies that with respect to the basis e0, e1, . . . , ep−1 of
the space Hp the compression Ap of the operator A to Hp is given by the Jacobi
matrix

Ap :=

⎛⎜⎜⎜⎜⎜⎝
a0 b0 0 · · · 0 0
b0 a1 b1 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · ap−2 bp−2

0 0 0 · · · bp−2 ap−1

⎞⎟⎟⎟⎟⎟⎠ , (4.7)

and that

Aep−1 = bp−2ep−2 + ap−1ep−1 + bp−1ep.

The latter relation means for the orthogonal polynomials

bp−2ep−2(z) + ap−1ep−1(z) + bp−1ep(z) = zep−1(z),

therefore, the eigenvalues of Ap are the zeros of the polynomial ep. For later use
we write the last p − 1 difference equations (4.5) explicitly in the form⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

b0e0 + a1e1 + b1e2 = ze1

b1e1 + a2e2 + b2e3 = ze2

b2e2 + a3e3 + b3e4 = ze3

...
bp−2ep−2 + ap−1ep−1 + bp−1ep = zep−1;

(4.8)

this system of homogeneous equations for e0, e1, . . . , ep determines the orthogonal
polynomials uniquely if we add the initial conditions

e0(z) =
1√
s0

, e1(z) =
z − a0

b0
√

s0
; (4.9)

the second condition is just the first equation in (4.5).
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The polynomials of second kind, associated with the function n ∈ N0, are the
functions dk, k = 0, 1, . . . , p, defined as follows:

dk(z) =
√

s0

(
ek(z) − ek(·)

z − · , e0

)
=

(
ek(z) − ek(·)

z − · , u

)
, k = 0, 1, . . . , p. (4.10)

Hence d0(z) = 0 and dk is a polynomial of degree k − 1, k ≥ 1. The definition of
dk and the relation (4.5) imply that

bk−1dk−1(z) + akdk(z) + bkdk+1(z) = zdk(z), k = 1, . . . , p − 1. (4.11)

Therefore the polynomials ek and dk satisfy for k = 1, 2, . . . , p− 1 the same differ-
ence equations but with different initial conditions:

d0(z) = 0, d1(z) =
√

s0

b0
. (4.12)

For later use we write the difference equations (4.11) in the form⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

a1d1 + b1d2 = zd1

b1d1 + a2d2 + b2d3 = zd2

b2d2 + a3d3 + b3d4 = zd3

...
bp−2dp−2 + ap−1dp−1 + bp−1dp = zdp−1.

(4.13)

For any two solutions u0, . . . , up and v0, . . . , vp of the difference equations
(4.5) with b−1 = 0:

zuk(z) = bk−1uk−1(z) + akuk(z) + bkuk+1(z),

ζvk(ζ) = bk−1vk−1(ζ) + akvk(ζ) + bkvk+1(ζ),
k = 0, 1, . . . , p − 1,

the Christoffel–Darboux formulas hold:
p−1∑
k=m

(z − ζ)uk(z)vk(ζ) = bp−1

(
up(z)vp−1(ζ) − up−1(z)vp(ζ)

)
−bm−1

(
um(z)vm−1(ζ) − um−1(z)vm(ζ)

)
;

(4.14)

in particular,

dp(z)ep−1(z) − ep(z)dp−1(z) =
1

bp−1
. (4.15)

2. In this subsection we assume that n ∈ N0 satisfies the assumption (1p) for
some p ≥ 1, and we consider its Schur transform n̂ from (2.7). For the following
lemma see [9, Lemma 2.1], we sketch the proof.

Lemma 4.1. Suppose that n satisfies (1p) for some p ≥ 1 :

n(z) = −s0

z
− s1

z2
− · · · − s2p

z2p+1
+ o

(
1

z2p+1

)
,

then its Schur transform n̂ satisfies (1p−1) :

n̂(z) = − ŝ0

z
− ŝ1

z2
− · · · − ŝ2p−2

z2p−1
+ o

(
1

z2p−1

)
,
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with for j = 0, 1, . . . , 2p − 2

ŝj =
(−1)j+1

sj+2
0

∣∣∣∣∣∣∣∣∣∣∣

s1 s0 0 · · · 0 0
s2 s1 s0 · · · 0 0
...

...
. . . . . .

...
...

sj+1 sj sj−1 · · · s1 s0

sj+2 sj+1 sj · · · s2 s1

∣∣∣∣∣∣∣∣∣∣∣
. (4.16)

Proof. Write

n̂(z) = z

(
1 +

s1

s0z
+

s2

s0z2
+ · · · + s2p

s0z2p
+ o

(
1

z2p

))−1

− z +
s1

s0
.

If we set

q(z) =
s1

s0z
+

s2

s0z2
+ · · · + s2p

s0z2p
+ o

(
1

z2p

)
,

then

1
1 + q(z)

= 1 − q(z) + · · · − q(z)2p−1 +
q(z)2p

1 + q(z)

= 1 − q(z) + · · · − q(z)2p−1 + o
(

1
z2p−1

)
and

n̂(z) =
z

1 + q(z)
−

(
z − s1

s0

)
1 + q(z)
1 + q(z)

=
(
−zq(z) +

s1

s0
(1 + q(z))

)
1

1 + q(z)

=
(
−z

(
s2

s0z2
+ · · · + s2p

s0z2p
+ o

(
1

z2p

))
+

s1

s0
q(z)

)
1

1 + q(z)

=
(
− s2

s0z
− · · · − s2p

s0z2p−1
+ o

(
1

z2p−1

)
+

s1

s0
q(z)

)
1

1 + q(z)
,

which is of the needed form. Formula (4.16) for the coefficients ŝj can be obtained
by equating powers of z from both sides of the equality

n(z)
(

z − s1

s0
+ n̂(z)

)
= −s0. �

Now we can formulate the main result of this subsection. See also [16, Corol-
lary 6.4] for a similar formula in the continuous case and [8, Theorem 6.2.5] for a
related result.

Theorem 4.2. Let n ∈ N0 satisfy condition (1p) for some p ≥ 2. If ek and
dk, k = 0, 1, . . . , p, denote the polynomials of first and second kind associated
with the function n, and êk and d̂k, k = 0, 1, . . . , p − 1, denote the polynomi-
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als of first and second kind associated with the Schur transform n̂ of n, then for
k = 0, 1, . . . , p − 1 the following relations hold:

êk(z) =
1√
s0

dk+1(z), (4.17)

d̂k(z) = −√
s0ek+1(z) +

1√
s0

(
z − s1

s0

)
dk+1(z)

(4.18)
= b0

(
ek+1(z) − ek+1(·)

z − · , e1

)
=

1√
s0

(
ek+1(z) − ek+1(·)

z − · , · − a0

)
.

Remark 4.3. (i) Here we write ê and d̂ for the polynomials of first and second kind
associated with the Schur transform n̂ of n, but the reader is reminded that these
functions are not the Schur transforms of the polynomials e and d.
(ii) If ěk and ďk stand for the polynomials of first and second kind associated with
the Nevanlinna function −1/n, then for k = 0, 1, . . . , p − 1

ěk(z) = dk+1(z), ďk(z) = −ek+1(z) +
1
s0

(
z − s1

s0

)
dk+1(z).

The first equality readily follows from the fact that the spectral functions of n̂ and
−1/n only differ by a factor s0. The second equality can be obtained by tracing
the proof below; the only difference lies in (4.19): with evident notation, it should
be replaced by

š0 =
s0s2 − s2

1

s3
0

.

Proof of Theorem 4.2. For the function n̂, again with evident notation, we have

ŝ0 =
s0s2 − s2

1

s2
0

(4.19)

and, as a consequence of Theorem 3.1,

Âp−1 =

⎛⎜⎜⎜⎜⎜⎜⎝
â0 b̂0 0 · · · 0 0
b̂0 â1 b̂1 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · âp−3 b̂p−3

0 0 0 · · · b̂p−3 âp−2

⎞⎟⎟⎟⎟⎟⎟⎠=

⎛⎜⎜⎜⎜⎜⎝
a1 b1 0 · · · 0 0
b1 a2 b2 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · ap−2 bp−2

0 0 0 · · · bp−2 ap−1

⎞⎟⎟⎟⎟⎟⎠ .

(4.20)
For the êj , j = 0, . . . , p − 1, we find

ê0(z) =
1√
ŝ0

=
s0√

s0s2 − s2
1

=
1
b0

=
1√
s0

d1(z)
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and ê1, ê2, . . . , êp−1 follow from the equations (see (4.5)):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

a1ê0 + b1ê1 = zê0

b1ê0 + a2ê1 + b2ê2 = zê1

b2ê1 + a3ê2 + b3ê3 = zê2

...
bp−2êp−3 + ap−1êp−2 + bp−1êp−1 = zêp−2.

Since these equation coincide with (4.13) we obtain

êj = c dj+1, j = 0, 1, . . . , p − 1.

The constant c can be determined from the initial condition ê0 = c d1, which gives
c = 1/

√
s0. Therefore

êj(z) =
1√
s0

dj+1(z), j = 0, 1, . . . , p − 1,

and (4.17) is proved.
For the polynomials of second kind d̂j we obtain in a similar way

d̂0(z) = 0, d̂1(z) =
√

ŝ0

b̂0

,

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

â1d̂1 + b̂1d̂2 = zd̂1

b̂1d̂1 + â2d̂2 + b̂2d̂3 = zd̂2

b̂2d̂2 + â3d̂3 + b̂3d̂4 = zd̂3

...
b̂p−3d̂p−3 + âp−2d̂p−2 + b̂p−2d̂p−1 = zd̂p−2

(one equation less than in (4.13)). These equations can be written as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

a2d̂1 + b2d̂2 = zd̂1

b2d̂1 + a3d̂2 + b3d̂3 = zd̂2

b3d̂2 + a4d̂3 + b4d̂4 = zd̂3

...
bp−2d̂p−3 + ap−1d̂p−2 + bp−1d̂p−1 = zd̂p−2.

(4.21)

The last p − 3 equations of this system coincide with the last p − 3 equations of
(4.8) and (4.13). Therefore a solution vector (d̂j)

p−1
1 of the last p− 3 equations of

(4.21) can be obtained as a linear combination of the solution vectors (ej)
p
2 and

(dj)
p
2 of the last p − 3 equations in (4.8) and (4.13):

d̂j = γej+1 + δdj+1, j = 1, 2, . . . , p − 1.
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Now γ, δ have to be found such that these relations hold also for j = 0 with

d̂0(z) = 0, and for j = 1 with d̂1(z) =
√

ŝ0

b̂0

. Since d̂0(z) = 0 it follows that

0 = γe1(z) + δd1(z) = γ
z − a0

b0

1√
s0

+ δ

√
s0

b0
= γ

z − s1

s0

b0

1√
s0

+ δ

√
s0

b0
,

which is satisfied for

γ = −ε, δ = ε

(
z

s0
− s1

s2
0

)
.

The relation d̂1(z) =
√

ŝ0

b̂0

implies

d̂1(z) = ε

(
−e2(z) +

(
z

s0
− a0

s0

)
d2(z)

)
= ε

(
− (z − a1)e1 − b0e0

b1
+

z − a0

s0

(z − a1)d1

b1

)

= ε

⎛⎜⎜⎝−
(z − a1)

z − a0

b0

1√
s0

− b0
1√
s0

b1
+

z − a0

s0

(z − a1)
√

s0

b0

b1

⎞⎟⎟⎠
= ε

b0

b1
√

s0
=

√
ŝ0

b̂0

=
b0

b̂0

,

hence

ε =
b1

b̂0

√
s0.

According to (4.20) we find ε =
√

s0. This proves the first equality in (4.18). The
remaining equalities follow from (4.10) and the second equality in (4.9). �

3. In this subsection we give a second proof of Theorem 4.2 using asymptotic
expansions, see [1, (1.34b)]. Assume that n ∈ N0 satisfies (1p) for some p ≥ 2,
that is,

n(z) = −s0

z
− s1

z2
− · · · − s2p

z2p+1
+ o

(
1

z2p+1

)
,

then

−dp(z)
ep(z)

= −s0

z
− s1

z2
− · · · − s2p−1

z2p
+ O

(
1

z2p+1

)
. (4.22)

According to [1, the second to last formula on p. 22] the function −dp/ep is a
Nevanlinna function and by [14, Bemerkung 1.11] there is a real number t2p such
that −dp/ep has the asymptotic expansion

−dp(z)
ep(z)

= −s0

z
− s1

z2
− · · · − s2p−1

z2p
− t2p

z2p+1
+ o

(
1

z2p+1

)
. (4.23)
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By Lemma 4.1,

n̂(z) = − ŝ0

z
− ŝ1

z2
− · · · − ŝ2p−2

z2p−1
+ o

(
1

z2p−1

)
,

and hence by (4.22)

− d̂p−1(z)
êp−1(z)

= − ŝ0

z
− ŝ1

z2
− · · · − ŝ2p−3

z2p−2
+ O

(
1

z2p−1

)
. (4.24)

By Lemma 4.1, the Schur transform of the function −dp/ep in (4.23) has the
asymptotic expansion(̂

−dp

ep

)
(z) =

s0ep(z)
dp(z)

− z +
s1

s0
=:

r(z)
dp(z)

= − ŝ0

z
− ŝ1

z2
− · · · − ŝ2p−3

z2p−2
− t̂2p−2

z2p−1
+ o

(
1

z2p−1

)
, (4.25)

= − ŝ0

z
− ŝ1

z2
− · · · − ŝ2p−3

z2p−2
+ O

(
1

z2p−1

)
,

where only the number t̂2p−2 depends on t2p according to formula (4.16). Here the
polynomial r, defined via the second equality sign, is given by

r(z) = s0ep(z) −
(

z − s1

s0

)
dp(z)

and its degree is ≤ p. Comparing (4.24) with (4.25), we find that

r(z)
dp(z)

− d̂p−1(z)
êp−1(z)

= O
(

1
z2p−1

)
.

The degree of the product dp êp−1 equals 2p − 2 and hence

r(z)
dp(z)

=
d̂p−1(z)
êp−1(z)

,

which readily implies that for some number k 
= 0

êp−1(z) = kdp(z), d̂p−1(z) = k

(
s0ep(z) −

(
z − s1

s0

)
dp(z)

)
. (4.26)

We claim k = 1/
√

s0. With the proof of the claim the proof of the theorem is
complete.

To prove the claim we note that the leading coefficient of the polynomial ek

is equal to
√

Dk−1/Dk and that, by (4.5),√
Dk

Dk+1
=

1
bk

√
Dk−1

Dk
.

Hence √
Dp−1

Dp
=

1
bp−1

· · · 1
b1

√
D0

D1
=

1
bp−1

· · · 1
b1

1
b0

1√
s0

,
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and, similarly, because of (4.20) and (4.19),√
D̂p−2

D̂p−1

=
1

b̂p−2

· · · 1

b̂0

1√
ŝ0

=
1

bp−1
· · · 1

b1

1
b0

.

From (4.26) we obtain

1
k

√
D̂p−2

D̂p−1

= lim
z→∞

dp(z)
zp−1

= s0 lim
z→∞

ep(z)
zp

= s0

√
Dp−1

Dp
,

that is,
√

s0
1

bp−1
· · · 1

b1

1
b0

=
1
k

1
bp−1

· · · 1
b1

1
b0

.

Therefore, k = 1/
√

s0 and the claim holds.

5. Reduction via a p-dimensional subspace

Let again n ∈ N0 with the property (1p) be given. We decompose the space H(n)
with Hp = span {t0, t1, . . . , tp−1} as follows:

H(n) = Hp ⊕H′
p. (5.1)

Then, evidently, ep ∈ H′
p. The corresponding matrix representation of the operator

A is

A =
(

A0 B̃
B D

)
(5.2)

with A0 given by the Jacobi matrix A0 from (4.7),

B = bp−1( · , ep−1)ep, B̃ = bp−1( · , ep)ep−1.

The operator A0 is bounded and self-adjoint in Hp, and D is self-adjoint (possibly
unbounded) in H′

p. In the following theorem we express the function n by means
of the entries of the matrix in (5.2). We set

a00(z) :=
(
(A0 − z)−1u, u

)
, a11(z) := ((A0 − z)−1ep−1, ep−1),

a(z) := ((A0 − z)−1u, ep−1) = ((A0 − z)−1ep−1, u), (5.3)

and

ř(z) :=
∣∣∣∣ a00(z) a(z)

a(z) a11(z)

∣∣∣∣ .
The last equality in (5.3) follows from a(z∗)∗ = a(z), in fact, by Cramer’s rule,
a(z) =

√
s0/(a0 − z) if p = 1 and a(z) = (−1)p−1√s0 b0 . . . bp−2/det (A0 − z) if

p ≥ 2.
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Theorem 5.1. Suppose that the function n ∈ N0 satisfies for some p ≥ 1 one of
the assumptions (jp), j = 1, 2, 3, and that Dp 
= 0, see (4.3). Then

n(z) =
ř(z)np(z) − a00(z)
a11(z)np(z) − 1

, (5.4)

where np(z) := ((D − z)−1up, up) with up := bp−1ep. The function np belongs to
N0 and satisfies the assumption (j0). Moreover, for k ≥ 1 we have

u ∈ domAp+k ⇐⇒ up ∈ domDk, (5.5)

and n satisfies the assumption (jp+k) if and only if np satisfies the assumption (jk).

Remark 5.2. If the operator representation (3.2) of n is n(z) =
(
(A−z)−1u, u

)
with

the space H = H(n), then, according to Theorem 3.1, the operator representation
of n1 = n̂ is given by

H′
1 = H� {u}, A1 = PH′

1
A|H′

1
, u1 =

PH′
1
Au

‖u‖ ,

the operator representation of n2 = n̂1 by

H′
2 = H� {u, Au}, A2 = PH′

2
A|H′

2
, u2 =

PH′
2
A2u

‖u‖‖u1‖
,

and, via induction, the operator representation of np = n̂p−1 by

H′
p = H� {u, Au, . . . , Ap−1u}, Ap = PH′

p
A|H′

p
, up =

PH′
p
Apu

‖u‖‖u1‖ . . . ‖up−1‖
.

Note that ‖u‖ =
√

s0 and, by Theorem 5.1, ‖uj‖ = bj−1, j = 1, . . . , p.

Proof of Theorem 5.1. With the matrix (5.2), the equation (A− z)x = u becomes

(A0 − z)x1 + bp−1(x2, ep)ep−1 = u, (5.6)

bp−1(x1, ep−1)ep + (D − z)x2 = 0,

where x is written as x =
(
x1 x2

)
 according to the decomposition (5.1). The
second equation implies

x2 = −bp−1(x1, ep−1)(D − z)−1ep.

We insert this into (5.6) and apply (A0 − z)−1 to get

x1 = (A0 − z)−1u + b2
p−1(x1, ep−1)

(
(D − z)−1ep, ep

)
(A0 − z)−1ep−1. (5.7)

Now take the inner product with ep−1 and solve the obtained equation for
(x1, ep−1):

(x1, ep−1) =

(
(A0 − z)−1u, ep−1

)
1 − b2

p−1 ((D − z)−1ep, ep) ((A0 − z)−1ep−1, ep−1)
.

Observing that n(z) =
(
(A − z)−1u, u

)
= (x1, u), the relation (5.7) yields (5.4).

To prove (5.5), denote by P ′ the orthogonal projection onto H′
p in (5.1). If k = 1,

then u ∈ domAp+1 is equivalent to v := Apu ∈ domA. Since D is the only
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entry in the matrix of (5.2) which is possibly unbounded (B and B̃ are even one-
dimensional), v ∈ A is equivalent to the fact that the non-zero component P ′v,
which is a multiple of ep, belongs to domD. If k = 2 we observe that

A2 =

(
A2

0 + B̃B A0B̃ + B̃D

BA0 + DB BB̃ + D2

)
. (5.8)

Since ep ∈ domD the operators DB and B̃D and hence all the entries in the
matrix representation of A2 except possibly D2 are bounded. Now u ∈ domAp+2

is equivalent to v = Apu ∈ domA2, and hence, by (5.8), P ′v ∈ domD2. The claim
for arbitrary k follows by induction.

The last claim of the theorem for j = 1 follows immediately from (5.5) and
the first equivalence in (4.1). For j = 2, 3 we also use the equivalences in (4.1). A
simple calculation yields

(A − z)−1 =
(

R11(z) R12(z)
R12(z∗)∗ R22(z)

)
(5.9)

with

R11(z) = S1(z)−1, R12(z) = −bp−1

(
(D − z)−1 · , ep

)
S1(z)−1ep−1,

R22(z) = (D − z)−1 + b2
p−1

(
S1(z)−1ep−1, ep−1

) (
(D − z)−1 · , ep

)
(D − z)−1ep,

where S1(z) := A0 − z− b2
p−1

(
(D − z)−1ep, ep

)
( · , ep−1)ep−1, the first Schur com-

plement. It is easy to see that for f, g ∈ Hp we have

lim
y→∞ iy

(
S1(iy)−1f, g

)
= −(f, g).

Now we observe the relation

A(A − z)−1 =

(
A0R11(z) + B̃R12(z∗)∗ A0R12(z) + B̃R22(z)

BR11(z) + DR12(z∗)∗ BR12(z) + DR22(z)

)
and the fact that for z = iy, y → ∞, for example zA0R11(z) = zA0S1(z) has a
limit,

zA0R12(z) = −zbp−1

(
(D − z)−1·, ep

)
A0S1(z)−1ep−1 = o(1),

zDR22(z) = zD(D−z)−1 + zb2
p−1

(
S1(z)−1ep, ep

)(
(D−z)−1·, ep

)
D(D−z)−1ep

= zD(D − z)−1 + o(1),

etc. These relations imply for example with v = Ap+ku

z
(
A(A − z)−1v, v

)
= z

(
D(D − z)−1P ′v, P ′v

)
+ O(1).

Since P ′v ∈ span{ep, ep+1, . . . , ep+k}, ep, ep+1, . . . , ep+k−1 ∈ domD and hence

z
(
D(D − z)−1x′, x′) = O(1) for x′ ∈ span{ep, ep+1, . . . , ep+k},

and since P ′v has a non-zero component in the direction of ep+k the claim follows
from (4.1). �
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6. Representation of the transformation matrix
by orthogonal polynomials

The 2 × 2 matrix function which generates the fractional linear transformation
(5.4) we denote in the following by V :

V (z) :=
1

a(z)

(
ř(z) −a00(z)

a11(z) −1

)
. (6.1)

In this section we express V by the polynomials of first and second kind. To
this end, the elements of Hp are considered as column vectors with respect to the
basis e0, e1, . . . , ep−1.

First we solve the equation (A0 − z)x = ep−1 in Hp. With the Jacobi matrix
A0 from (4.7) this equation becomes

A0x − zx = ep−1,

or

(A0 − z)

⎛⎜⎜⎜⎝
ξ1

...
ξp−1

ξp

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0
...
0
1

⎞⎟⎟⎟⎠ .

According to the definition of the orthogonal polynomials of first kind, the solution
of the system with the 1 in the last component of the vector on the right-hand side
replaced by −bp−1ep(z) is the vector with components e0(z), e1(z), . . . , ep−1(z). It
follows that

ξj = − ej−1(z)
bp−1ep(z)

, j = 1, 2, . . . , p,

and hence (
(A0 − z)−1ep−1, ep−1

)
= (x, ep−1) = − ep−1(z)

bp−1ep(z)
,

(
(A0 − z)−1ep−1, e0

)
= (x, e0) = − e0(z)

bp−1ep(z)
,

that is,

a11(z) = − ep−1(z)
bp−1ep(z)

, a(z) = − 1
bp−1ep(z)

. (6.2)

Next we solve the equation (A0 − z)x = u =
√

s0 e0. As above, in matrix form it
becomes

(A0 − z)

⎛⎜⎜⎜⎝
ξ1

ξ2

...
ξp

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
√

s0

0
...
0

⎞⎟⎟⎟⎠ .
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According to the definition of the polynomials of the second kind and because of
b0 d1(z) =

√
s0 we have

(A0 − z)

⎛⎜⎜⎜⎜⎜⎝
0

d1(z)
...

dp−2(z)
dp−1(z)

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝

√
s0

0
...
0

−bp−1dp(z)

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝

√
s0

0
...
0
0

⎞⎟⎟⎟⎟⎟⎠− bp−1dp(z)

⎛⎜⎜⎜⎜⎜⎝
0
0
...
0
1

⎞⎟⎟⎟⎟⎟⎠ .

It follows that⎛⎜⎜⎜⎝
ξ1

ξ2

...
ξp

⎞⎟⎟⎟⎠ = (A0 − z)−1

⎛⎜⎜⎜⎝
√

s0

0
...
0

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0

d1(z)
...

dp−1(z)

⎞⎟⎟⎟⎠− dp(z)
ep(z)

⎛⎜⎜⎜⎝
e0(z)
e1(z)

...
ep−1(z)

⎞⎟⎟⎟⎠
and hence

a00(z) =
(
(A0 − z)−1u, u

)
= −dp(z)

ep(z)
. (6.3)

Inserting the expressions from (6.2) and (6.3) into (5.4) and observing the relation
(4.15) we find that V can be written as

V (z) =
(
−dp−1(z) −bp−1dp(z)
ep−1(z) bp−1ep(z)

)
,

and hence we obtain the following theorem.

Theorem 6.1. If, for some integer p ≥ 1, the Nevanlinna function n satisfies one
of the assumptions (jp), j ∈ {1, 2, 3}, and Dp 
= 0 then the following relation holds:

n(z) =
(
(A − z)−1u, u

)
= −dp−1(z)np(z) + bp−1dp(z)

ep−1(z)np(z) + bp−1ep(z)
, (6.4)

where np(z) =
(
(D − z)−1up, up

)
, up = bp−1ep.

Remark 6.2. (i) Using (4.12) and (4.6) we obtain from (6.4) with p = 1:

n(z) = − s0

z − s1

s0
+ n1(z)

and hence, because n1(z) = o(1), n1 is the Schur transform of n: n1 = n̂. For p ≥ 2
we obtain from (6.4) and (6.4) with p replaced by p− 1 and with the help of (4.5)
and (4.15) that

np−1(z) = −
b2
p−2

z − ap−1 + np(z)
,

hence

np−1(z) = −
b2
p−2

z
−

ap−1b
2
p−2

z2
+ o

(
1
z2

)
and np = n̂p−1.
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(ii) From (6.4), (4.17), (4.18), and (4.20), we obtain

n̂(z) = − s0

n(z)
− (z − a0) = − d̂p−2(z)np(z) + b̂p−2d̂p−1(z)

êp−2(z)np(z) + b̂p−2êp−1(z)
.

Since, according to Theorem 4.2, d̂k and êk are the polynomials of first and second
kind associated with n̂ , this formula implies that the function np is the p − 1-th
Schur transform of n̂.

The 2 × 2 matrix polynomial V , which generates the fractional linear trans-
formation (6.4), has the property

detV (z) = bp−1 (dp(z)ep−1(z) − ep(z)dp−1(z)) = 1.

With

J =
(

0 1
−1 0

)
,

V is J-unitary on the real line, that is,

V (z)JV (z)∗ = J, z ∈ R.

Therefore V (z)−1 exists for all z ∈ C and we can form the polynomial matrix
function

V0(z) = V (z)V (0)−1 =

(
p
(p)
1 (z) p

(p)
0 (z)

q
(p)
1 (z) q

(p)
0 (z)

)
with

p
(p)
0 (z) = bp−1

(
dp(z) dp−1(0) − dp−1(z) dp(0)

)
,

p
(p)
1 (z) = bp−1 (dp(z) ep−1(0) − dp−1(z) ep(0)) ,

q
(p)
0 (z) = bp−1 (ep−1(z) dp(0) − ep(z) dp−1(0)) ,

q
(p)
1 (z) = bp−1 (ep−1(z) ep(0) − ep(z) ep−1(0)) .

A straightforward calculation leads to the relation

n(z) ≡
(
(A − z)−1u, u

)
=

p
(p)
1 (z)hp(z) + p

(p)
0 (z)

q
(p)
1 (z)hp(z) + q

(p)
0 (z)

,

where

hp(z) = −dp−1(0)np(z) + bp−1dp(0)
ep−1(0)np(z) + bp−1ep(0)

. (6.5)
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With relation (4.14), the following formulas can be obtained, compare [1, I.2.4]:

p
(p)
0 (z) = z

p−1∑
k=0

dk(z) dk(0),

p
(p)
1 (z) = 1 + z

p−1∑
k=0

dk(z) ek(0),

q
(p)
0 (z) = 1 − z

p−1∑
k=0

ek(z) dk(0),

q
(p)
1 (z) = −z

p−1∑
k=0

ek(z) ek(0).

7. Transformation by means of a u-resolvent matrix

Given again a function n ∈ N0 with one of the properties (jp), j = 1, 2, 3. Besides
the decomposition (5.1) we consider the decomposition

H(n) = Hp+1 ⊕H′′, Hp+1 = span{Hp, ep} = span{e0, e1, . . . , ep},
and in the space Hp+1 the restriction

S := A|Hp =
(

A0

B

)
.

This restriction is a non-densely defined symmetric operator in Hp+1 with defect
index (1, 1), and, evidently, the given function n =

(
(A − z)−1u, u

)
is one of the

u-resolvents of this operator S. Hence n can be represented as a fractional linear
transformation of some function g ∈ N0 by means of the u-resolvent matrix W =
(wk
)2k,
=1 of S:

n(z) =
w11(z)g(z) + w12(z)
w21(z)g(z) + w22(z)

. (7.1)

Such a u-resolvent matrix W can easily be calculated. To this end we fix
a self-adjoint extension of S in Hp+1, which means that we fix some γ ∈ R in
the right lower corner of the matrix representation of S with respect to the basis
e0, e1, . . . , ep of Hp+1. Denote this matrix or self-adjoint extension of S in Hp+1

by A0,γ :

A0,γ =
(

A0 B̃
B γ

)
.

According to [15] this u-resolvent matrix W is given by the formula

W (z) =
1

(u, ϕ(z∗))

(
(Rγ

zu, u) (Rγ
zu, u)Q(z)− (u, ϕ(z∗))(ϕ(z), u)

1 Q(z)

)
, (7.2)
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where Rγ
z = (A0,γ − z)−1, ϕ(z) is a defect function of S corresponding to the self-

adjoint extension A0,γ , and Q is the corresponding Q-function. An easy calculation
yields

(Rγ
z u, u) =

(
(A0,γ − z)−1u, u

)
= a00(z) −

b2
p−1a(z)2

Δ(z)
,

where
Δ(z) = z − γ + b2

p−1a11(z).

Since S = A0,γ |Hp and hence, in terms of linear relations,

S∗ = {{x, A0,γx + λep} |x ∈ Hp+1, λ ∈ C},

it is easy to check that for ϕ(z) with {ϕ(z), zϕ(z)} ∈ S∗ we can choose

ϕ(z) = (A0,γ − z)−1ep =
−1

Δ(z)

(
−bp−1(A0 − z)−1ep−1

1

)
,

and then the Q-function, which is the solution (up to a real additive constant) of
the equation

Q(z) − Q(ζ)∗

z − ζ∗
= (ϕ(z), ϕ(ζ)),

becomes

Q(z) =
−1

Δ(z)
.

Inserting these expressions into W from (7.2) we find

W (z) =
Δ(z)

bp−1a(z)

⎛⎜⎜⎝a00(z) − b2
p−1

a(z)2

Δ(z)
−a00(z)

Δ(z)

1
−1

Δ(z)

⎞⎟⎟⎠ . (7.3)

Observe that W (z) is J-unitary on the real line. Next we establish the connection
between the matrix functions V from (6.1) and W from (7.2), in fact we find a
simple expression for V −1W . We have

V (z)−1 =
1

a(z)

(
−1 a00(z)

−a11(z) a00(z)a11(z) − a(z)2

)
.

Multiplying this matrix from the right by W (z) from (7.3) we obtain

V (z)−1W (z) = −

⎛⎝−bp−1 0
z − γ

bp−1
− 1

bp−1

⎞⎠ . (7.4)

Theorem 7.1. If the function n ∈ N0 has one of the properties (jp), j ∈ {1, 2, 3},
then the matrix functions V from (6.1) and W from (7.2) are connected by the
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relation (7.4). Therefore for the Nevanlinna functions np in (5.4) and g in (7.1)
the following relation holds:

np(z) = −
b2
p−1

z − γ − 1
g(z)

. (7.5)

If 1/g(z) = o(1), then formula (7.5) implies that np admits the asymptotic
expansion

np(z) = −
b2
p−1

z
−

γb2
p−1

z2
+ o

(
1
z2

)
and −1/g is its Schur transform: −1/g = n̂p. Hence the number γ, which defines
the self-adjoint extension of S, corresponds to the number ap.

Remark 7.2. If instead of a self-adjoint operator extension A0,γ of S we choose the
(multi-valued) self-adjoint relation extension of S:

A0,∞ = S + span {0, ep} = A0 + span {0, ep},
then we obtain

R∞
z = (A0,∞ − z)−1 = (A0 − z)−1P,

where P is the orthogonal projection in Hp+1 onto Hp,

ϕ(z) =
(
−bp−1(A0 − z)−1ep−1

1

)
, Q(z) = z + b2

p−1a11(z),

so that

W (z) = − 1
b2
p−1a(z)

(
a00(z) a00(z + b2

p−1a11(z)) − b2
p−1a(z)2

1 z + b2
p−1a11(z)

)
,

V (z)−1W (z) =

⎛⎜⎝ 0 −bp−1

1
bp−1

z

bp−1

⎞⎟⎠ ,

and instead of (7.5) we have

np(z) = −
b2
p−1

z + g(z)
.

Thus if g(z) = o(1), then np has the asymptotic expansion

np(z) = −
b2
p−1

z
+ o

(
1
z2

)
and g is the Schur transform of np: g = n̂p.

A more explicit form of the resolvent matrix W from (7.2) can be obtained
following [15] and [2]. To this end we decompose the space Hp+1 as

Hp+1 = ran(S − z) � spanu, z ∈ C, a(z) 
= 0,
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(� stands for direct sum) and denote for y ∈ Hp+1 by P(z)y the coefficient of u
in the corresponding decomposition of y:

y = (S − z)x + (P(z)y)u (7.6)

with some x ∈ domS = Hp. Further, define Q(z) y =
(
(S − z)−1(y − (P(z)y)u), u

)
.

Then, according to [15], the resolvent matrix can be chosen to be

W 0(z) = I2 + z

(
Q(z)
−P(z)

)
(Q(0)∗ − P(0)∗)J, J =

(
0 1
−1 0

)
. (7.7)

We derive an explicit expression for W 0(z) := W (z)W (0)−1, following [2]. To
this end, for the vectors and operators we use matrix representations with respect
to the basis t0(= u), t1, . . . , tp. Recall that Sp is the Gram matrix associated with
this basis. We denote by S the (p + 1)×(p + 1)-matrix

S =

⎛⎜⎜⎜⎜⎜⎝
0 0 · · · 0 0
1 0 · · · 0 0
0 1 · · · 0 0
...

...
...

...
0 0 · · · 1 0

⎞⎟⎟⎟⎟⎟⎠
and by e the first column in the (p + 1)×(p + 1) identity matrix. Then S and u
correspond to S |Cp�{0} and e. First we apply the operator (I − zS∗)−1 to (7.6)
and observe the relation

e∗(I − zS∗)−1(S − z)x = 0, x ∈ Cp � {0}.

It follows that

e∗(I − zS∗)−1y = (P(z)y) e∗(I − zS∗)−1u = P(z)y. (7.8)

Further, observing that e∗Sp =
(
s0 s1 · · · sp

)
we obtain

Q(z)y =
(
(S − z)−1(y − (P(z)y)u), u

)
= e∗Sp

(
(S − z)−1y − (S − z)−1e

(
e∗(I − zS∗)−1y

))
=

(
s0 s1 · · · sp

) (
(S − z)−1(I − zS∗) − (S − z)−1ee∗

)
(I − zS∗)−1y

=
(
s0 s1 · · · sp

)
S∗(I − zS∗)−1y

=
(
0 s0 s1 · · · sp−1

)
(I − zS∗)−1y,

where for the second last equality sign we have used that

(S − z)−1(I − zS∗) − (S − z)−1ee∗ = S∗.

Together with (7.8) we find(
Q(z)
−P(z)

)
=

(
0 s0 s1 · · · sp−1

−1 0 0 · · · 0

)
(I − zS∗)−1

,
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and (7.7) becomes

W 0(z) = I2 + z

(
0 s0 · · · sp−1

−1 0 · · · 0

)
(I − zS∗)−1

S−1
p

⎛⎜⎜⎜⎝
0 −1
s0 0
...

...
sp−1 0

⎞⎟⎟⎟⎠
(

0 1
−1 0

)
.

8. Reproducing kernel spaces:
reduction via resolvent invariant subspaces

In this section we start from the operator representation of the Nevanlinna function
n in the corresponding reproducing kernel space L(n) with kernel

Ln(z, w) =
n(z) − n(w)∗

z − w∗ , z, ζ ∈ C \ R,

see Section 2, (3). The operator A is introduced via its resolvent (A − z)−1 which
is the difference-quotient operator Rz defined by

(Rzf)(ζ) =
f(ζ) − f(z)

ζ − z
, f ∈ L(n). (8.1)

If n satisfies one of the assumptions (jp), then, by [3, Lemma 5.1], the functions

f0(ζ) = n(ζ), f1(ζ) = ζn(ζ) + s0, . . . , fp(ζ) = ζpn(ζ) + ζp−1s0 + · · · + sp−1

all belong to L(n) and

〈fk, fj〉L(n) = sj+k, j, k = 0, 1, . . . , p. (8.2)

In particular, u := n ∈ L(n), and by the reproducing property of the kernel Ln we
have

n(z) = ((A − z)−1u, u)L(n).

By UJ we denote the class of all 2 × 2 matrix polynomials Θ which are J-
unitary on R and for which the kernel

KΘ(z, w) =
J − Θ(z)JΘ(w)∗

z − w∗

is non-negative. The reproducing kernel Hilbert space with this kernel will be
denoted by H(Θ); its elements are 2-vector functions. The matrix polynomials V
and W considered in the previous sections belong to UJ : this follows from the
Christoffel–Darboux formulas (4.14) for V and from (7.4) for W . Note that if Θ
belongs to UJ , then detΘ(z) ≡ c, where is c is a unimodular complex number,
because the determinant det Θ(z) is a non-vanishing polynomial in z.
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The following theorem was proved in [4, Theorem 8.1], even in an indefinite
setting.

Theorem 8.1. Let n ∈ N0 and suppose that there exists a matrix polynomial

Θ =
(

a b
c d

)
∈ U


such that the mapping
u −→

(
1 −n

)
u

is an isometry from H(Θ) into L(n). Define the function ň by

n(z) =
a(z)ň(z) + b(z)
c(z)ň(z) + d(z)

.

Then the following statements hold.
(i) ň is Nevanlinna function.
(ii) The mapping g �→ f :

f(ζ) =
(
a(ζ) − n(ζ)c(ζ)

)
g(ζ)

is an isometry from L(ň) into L(n).
(iii) We have

L(n) =
(
1 −n

)
H(Θ) ⊕ (a − nc)L(ň)

and the mapping

W : L(n) � f �→
(
u
g

)
∈

(
H(Θ)
L(ň)

)
,

where f,u, and g are connected by the relation

f(ζ) =
(
1 −n(ζ)

)
u(ζ) +

(
a(ζ) − n(ζ)c(ζ)

)
g(ζ),

is a unitary mapping from L(n) onto H(Θ) ⊕ L(ň).
(iv) The mapping WRzW

∗ is of the form

WRzW
∗ =

(
R11(z) R12(z)
R21(z) R22(z)

)
:
(
P(Θ)
L(ň)

)
→

(
P(Θ)
L(ň)

)
, (8.3)

with

R11(z) = Rz − 1
k(z)

(RzΘ)( · )
(

ň(z)
1

)(
0 1

)
Ez

= Rz − KΘ( · , z∗)
(

1
−n(z)

)(
0 1

)
Ez ,

R12(z) =
1

k(z)
(RzΘ)( · )

(
d(z)
−c(z)

)
Ez

= −(a(z) − n(z)c(z))KΘ( · , z∗)
(

0
1

)
Ez ,

R21(z) = − 1
k(z)

(Rzň)( · )
(
0 1

)
Ez
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= − 1
k(z)

Lň( · , z∗)
(
0 1

)
Ez ,

R22(z) = Rz − c(z)
k(z)

(Rzň)( · )Ez

= Rz − c(z)
k(z)

Lň( · , z∗)Ez,

where Rz is the difference-quotient operator, Ez is the operator of evaluation
at the point z on any reproducing kernel space, and

k(z) = c(z)ň(z) + d(z) =
detΘ(z)

a(z) − n(z)c(z)
.

We mention that formula (8.3) corresponds to the relation (5.9) above.
A space of functions is called resolvent-invariant if it is invariant under the

difference-quotient operator Rz as defined in (8.1). In the following lemma, with
a resolvent-invariant non-degenerate subspace of a certain inner product space a
2 × 2 matrix function is associated.

Lemma 8.2. Let M be a finite-dimensional resolvent-invariant space of 2-vector
polynomials endowed with an inner product 〈 · , · 〉 such that

〈Rzf, g〉 − 〈f, Rwg〉 − (z − w∗)〈Rzf, Rwg〉 = g(w)∗Jf(z), (8.4)

and let M1 be a resolvent-invariant non-degenerate subspace of M. Then there
exists a Θ1 ∈ UJ such that

(i) M1 = H(Θ1),
(ii) M = H(Θ1) ⊕ Θ1N where N = Θ−1

1 M⊥
1 is a resolvent-invariant space of

2-vector polynomials, for which the relation (8.4) holds if equipped with the
inner product

(Θ−1
1 f, Θ−1

1 g)N = 〈f, g〉, f, g ∈ M1
⊥.

Relation (8.4) is often called de Branges identity, see [7] and, for further ref-
erences, [12]. That N consists of 2-vector polynomials is due to fact that Θ−1

1 (z) =
−JΘ1(z∗)∗J is a matrix polynomial. The other claims of the lemma follow from
[6, Theorem 3.1].

Now we formulate and prove Theorem 6.1 again in the context of reproducing
kernel spaces.

Theorem 8.3. If, for some integer p ≥ 1, the Nevanlinna function n satisfies one
of the assumptions (jp), j ∈ {1, 2, 3}, and Dp 
= 0 then the following relation holds:

n(z) = −dp−1(z)ňp(z) + bp−1dp(z)
ep−1(z)ňp(z) + bp−1ep(z)

. (8.5)

where ňp is a Nevanlinna function such that ňp ∈ L(ňp), and

ňp(z) = (Rzňp, ňp)L(ňp). (8.6)
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Comparing (6.4) and (8.5) we find that ňp(z) = np(z), the pth element in the
sequence obtained by applying the Schur transformation p times starting with n.

Proof of Theorem 8.3. Let M be the linear space spanned by the p + 1 2-vector
functions

f0(ζ) =
(

0
−1

)
, f1(ζ) =

(
s0

−ζ

)
, . . . , fp(ζ) =

(
s0ζ

p−1 + · · · + sp−1

−ζp

)
(8.7)

and equipped with the inner product which makes the map u �→
(
1 −n

)
u an

isometry from M into L(n), see (8.2). Note that if n has the integral representation
(2.2), the elements of M are of the form(∫ ∞

−∞(Rζf)(t) dσ(t)
−f(ζ)

)
,

where f is a polynomial of degree ≤ p. Indeed, it suffices to show this for the basis
elements of M: If f(ζ) = ζj , then

Rζf(t) =
ζj − tj

ζ − t
= ζj−1 + tζj−2 + · · · + tj−2ζ + tj−1,

and hence, on account of (1.3),∫ ∞

−∞
(Rζf)(t) dσ(t) = s0ζ

j−1 + s1ζ
j−2 + · · · + sp−2ζ + sp−1.

It follows that M is also spanned by the polynomial vectors(
−dj

ej

)
, j = 0, 1, . . . , p,

where ej and dj are the polynomials of first and second kind associated with n,
see (4.4) and (4.10).

Let Mp be the space spanned by the first p of the 2-vector functions in (8.7).
Since Sp−1 from (4.2) is a positive matrix, the space Mp is non-degenerate and

M = Mp ⊕ span
(
−dp

ep

)
.

As both M and Mp are resolvent-invariant spaces, by Lemma 8.2 we have that
for some Θ1 ∈ UJ , which is normalized by Θ1(0) = I2 (and hence detΘ(z) ≡ 1),

Mp = H(Θ1), M = H(Θ1) ⊕ Θ1N .

Here N is a one-dimensional resolvent-invariant space, which, when equipped
with the induced inner product, satisfies the de Branges identity and therefore
is spanned by a constant J-neutral vector

(
α β

)
 such that

Θ1(z)
(

α
β

)
= bp−1

(
−dp(z)
ep(z)

)
.
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For λ ∈ R denote by Cλ the constant J-unitary matrix

Cλ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(

λα α
−α−∗ + λβ β

)
, α 
= 0,(

β−∗ 0
λβ β

)
, α = 0.

Then there exists a λ such that

Θ(z) := Θ1(z)Cλ =
(

a(z) −bp−1dp(z)
c(z) bp−1ep(z)

)
,

where a and c are polynomials such that deg c < deg ep = p. The inclusion

R0

(
a
c

)
∈ H(Θ) = H(Θ1) = Mp

implies that deg a < p − 1. From detΘ(z) ≡ 1 it follows that x = a and y = c are
polynomial solutions of the equation

x(z)ep(z) + y(z)dp(z) =
1

bp−1
.

Since all polynomial solutions of this equation are given by

x(z) = a(z) − s(z)dp(z), y(z) = c(z) + s(z)ep(z)

with some polynomial s, the solutions x = a and y = c have minimal degrees and
because of that they are unique. Observing (4.15), we find

a(z) = −dp−1(z), c(z) = ep−1(z).

Hence

Θ(z) =
(
−dp−1(z) −bp−1dp(z)
ep−1(z) bp−1ep(z)

)
= V (z)

and Cλ = Θ(0) is the coefficient matrix of the fractional linear transformation
(6.5).

Define the function ňp by (8.5). Then, according to Theorem 8.1, it is a Nevan-
linna function. We show that ňp ∈ L(ňp). The function fp(ζ) =

(
1 −n(ζ)

)
fp(ζ)

belongs to L(n) and, according to Theorem 8.1 (iii), it can be written as(
1 −n(ζ)

)
fp(ζ) =

(
1 −n(ζ)

)
up(ζ) + (a(ζ) − n(ζ)c(ζ))gp(ζ)

with up ∈ Mp, gp ∈ L(ňp), and the two summands on the right-hand side are
orthogonal. This orthogonality and the isometry of the multiplication by

(
1 −n

)
imply that (0 
=) fp − up ∈ M⊥

p and hence there is a non-zero complex number γ
such that

fp − up = γ

(
−dp(ζ)
ep(ζ)

)
.

Therefore
(a(ζ) − n(ζ)c(ζ))gp(ζ) = −γ (dp(ζ) + ep(ζ)n(ζ))
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and

gp(ζ) = −γ
ep(ζ)n(ζ) + dp(ζ)
−n(ζ) c(ζ) + a(ζ)

= − γ

bp−1
ňp(ζ).

Hence ňp ∈ L(ňp). Equality (8.6) follows from item (3) in Section 3. �

References

[1] N.I. Akhiezer, The classical moment problem and some related topics in analysis.
Fizmatgiz, Moscow, 1961; English transl.: Hafner, New York, 1965.

[2] D. Alpay, R.W. Buursema, A. Dijksma, and H. Langer, The combined moment and
interpolation problem for Nevanlinna functions. Operator Theory, Structured Matri-
ces, and Dilations, Theta Ser. Adv. Math., 7, Theta, Bucharest, 2007, 1–28.

[3] D. Alpay, A. Dijksma, and H. Langer, Factorization of J-unitary matrix polynomi-
als on the line and a Schur algorithm for generalized Nevanlinna functions. Linear
Algebra Appl. 387 (2004), 313–342,

[4] D. Alpay, A. Dijksma, H. Langer, and Y. Shondin, The Schur transform for gen-
eralized Nevanlinna functions: interpolation and self-adjoint operator realizations.
Complex Anal. Oper. Theory 1 (2007), 189–120.

[5] D. Alpay, A. Dijksma, and H. Langer, The transformation of Issai Schur and related
topics in an indefinite setting. Oper. Theory Adv. Appl. 176, Birkhäuser, Basel, 2007,
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and Applications

Yu. Arlinskĭı and E. Tsekanovskĭı

To the memory of Mark Grigor’evich Krĕın

Abstract. We are going to consider the M. Krĕın classical papers on the the-
ory of semi-bounded operators and the theory of contractive self-adjoint ex-
tensions of Hermitian contractions, and discuss their impact and role in the
solution of J. von Neumann’s problem about parametrization in terms of
his formulas of all nonnegative self-adjoint extensions of nonnegative sym-
metric operators, in the solution of the Phillips–Kato extension problems (in
restricted sense) about existence and parametrization of all proper sectorial
(accretive) extensions of nonnegative operators, in bi-extension theory of non-
negative operators with the exit into triplets of Hilbert spaces, in the theory
of singular perturbations of nonnegative self-adjoint operators, in general re-
alization problems (in system theory) of Stieltjes matrix-valued functions, in
Nevanlinna-Pick system interpolation in the class of sectorial Stieltjes func-
tions, in conservative systems theory with accretive main Schrödinger op-
erator, in the theory of semi-bounded symmetric and self-adjoint operators
invariant with respect to some groups of transformations. New developments
and applications to the singular differential operators are discussed as well.

Mathematics Subject Classification (2000). Primary 47A63, 47B25; Secondary
47B65.

Keywords. Semi-bounded and nonnegative operators, accretive and sectorial
extensions, the von Neumann and the Phillips–Kato extension problems, sin-
gular perturbations, system theory.

This paper is an extended version of a plenary talk given by one of the authors
(E.T.) at the International Conference in Odessa, Ukraine, and dedicated to the
centenary of Mark Krĕın. The bitterness of Krĕın’s life was recalled by Yury
Berezansky and Israel Gohberg in their comments at the Conference. Below are
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some recollections about Krĕın’s life that were presented at the beginning of the
talk. One day E.T. called M. Krĕın asking for an appointment to discuss some
problems. Mark Grigor’evich picked up the phone and after warm welcome said:
“Why don’t you congratulate me?” “ I do not know what I should congratulate
you with.” “ I was elected to the American Academy of Arts and Sciences together
with C. Chaplin, A. Solzhenitsin and A. Sakharov”, M. Krĕın told. “I did not know
about that. There was no information on radio, newspapers and television.” “Yes”,
answered Mark Grigor’evich, and “there will be no information about my election
in any media in the USSR as I was informed by local officials.”

1. Introduction

The literature on extension theory of semi-bounded operators is too extensive to be
discussed exhaustively in this paper. We use references [1]–[175] and cover in this
survey only topics closely related directly or indirectly to our scientific interests as
well as results and developments we were involved in personally.

In 1929 John von Neumann published a paper [144] where for the first time an
Extension Theory and his well-known formulas appeared. These formulas describe
the domains (in terms of operator-valued parameter) of all self-adjoint extensions
of a given symmetric operator on some Hilbert space. The von Neumann formulas
can be presented in the following way: If S is a symmetric operator acting on some
Hilbert space H with the dense in H domain D(S) and S̃ is self-adjoint extension
of S, then

D(S∗) = D(S)+̇Ni+̇N−i

D(S̃) = D(S)+̇(I + U)Ni

where N±i are defect subspaces of S, that is, S∗x = ±ix, x ∈ N±i, U is an isometry
of Ni onto N−i, and

fS̃ = fS + xi + Uxi

S̃fS̃ = SfS + ixi − iUxi,

xi ∈ Ni, Uxi ∈ N−i.

These formulas establish a one-to-one correspondence between isometries U : Ni →
N−i and all self-adjoint extensions S̃ of a given symmetric operator S.

Operator S is called semi-bounded from below if there exists a number m,
called a lower bound, such that for all x ∈ D(S)

(Sx, x) ≥ m(x, x).

We will assume further that lower bound m is the greatest lower bound of S.
In the same paper J. von Neumann formulated a problem about existence and
description of all self-adjoint extensions preserving the greatest lower bound of a
given densely defined symmetric operator semi-bounded from below. In particular,
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the von Neumann problem is about the existence of an extension S̃ = S̃∗ of the
given symmetric operator S such that

(S̃x, x) ≥ m(x, x), x ∈ D(S̃).

For any small ε > 0 J. von Neumann established only existence of a self-adjoint
operator S̃ = S̃∗ such that

(S̃x, x) ≥ (m − ε)(x, x), x ∈ D(S̃).

Existence of self-adjoint extensions preserving the greatest lower bound has been
established by K. Friedrichs, M. Stone and H. Freudental [82], [163], [81]. If S is
semi-bounded symmetric operator with the lower bound m and S̃ its self-adjoint
extension with the same lower bound, then

S − mI ≥ 0

S̃ − mI ≥ 0

and the von Neumann problem can be reduced to the problem of existence and
description of all nonnegative self-adjoint extensions of a given nonnegative densely
defined symmetric operator.

In 1947 M. Krĕın published a paper appeared in two parts [112], [113] where
based on his theory of self-adjoint contractive extensions of a given non-densely
defined Hermitian (symmetric) contraction he gave a description (in an implicit
form) of all nonnegative self-adjoint extensions of a nonnegative symmetric op-
erator by means of linear fractional transforms of nonnegative operators. He has
discovered two extremal nonnegative self-adjoint extensions, the maximal and the
minimal ones, such that the maximal one coincides with the nonnegative extension
discovered earlier by Friedrichs and the minimal one in the case of positive lower
bound can be obtained in the framework of von Neumann’s approach. Following
[12], [6] we call these two extremal extensions the Friedrichs and the Krĕın-von
Neumann extensions respectively.

2. Closed sectorial sesquilinear forms and associated
maximal sectorial operators

Recall some definitions and results from [104].
Let τ [·, ·] be a sesquilinear form in a Hilbert space H defined on a linear

manifold D[τ ]. The form τ is called symmetric if τ [u, v] = τ [v, u] for all u, v ∈ D[τ ]
and nonnegative if τ [u] := τ [u, u] ≥ 0 for all u ∈ D[τ ].

The form τ is called sectorial with the vertex at the point γ ∈ C and a
semi-angle θ ∈ [0, π/2) if its numerical range

W (τ) = {τ [u], u ∈ D[τ ], ||u|| = 1}
is contained in the sector

Sγ = {z ∈ C : | arg(z − γ)| ≤ θ},
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i.e., ∣∣Im (τ [u] − γ||u||2)
∣∣ ≤ tan θ Re (τ [u] − γ||u||2), u ∈ D[τ ].

Thus, τ is sectorial with vertex at γ if and only if the form τ [u, v] − γ(u, v) has
vertex at the origin.

Let τ be a sesquilinear form. The form τ∗[u, v] := τ [v, u] is called the adjoint
to τ , and the forms

τR[u, v] :=
1
2

(τ [u, v] + τ∗[u, v]) ,

τI[u, v] :=
1
2i

(τ [u, v] − τ∗[u, v]) , u, v ∈ D[τ ].

are called the real and the imaginary parts of τ , respectively.
A sequence {un} is called τ -converging to the vector u ∈ H if

lim
n→∞ un = u and lim

n,m→∞ τ [un − um] = 0.

The form τ is called closed if for every sequence {un} τ - converging to a vector u it
follows that u ∈ D[τ ] and lim

n→∞ τ [u−un] = 0. A sectorial form τ with vertex at the

origin is closed if and only if the linear manifold D[τ ] is a Hilbert space with the
inner product (u, v)τ = τR[u, v]+(u, v) [104]. The form τ is called closable if it has
a closed extension; in this case the closure of τ is the smallest closed extension of τ .

A linear operator T in H is called sectorial with vertex at γ and a semi-
angle θ ∈ [0, π/2) if the form τ(u, v) := (Tu, v) called sectorial with vertex at
γ and a semi-angle θ. As proved in [104] for such T the corresponding form is
closable. A sectorial operator T is called maximal sectorial (m-sectorial) if one of
the equivalent conditions is fulfilled

(i) T does not admit sectorial extensions without exit from the given Hilbert
space,

(ii) the resolvent set of T is nonempty,
(iii) the adjoint operator T ∗ is sectorial.

If τ is a closed, densely defined sectorial form, then according to the first
representation theorem [112], [104] there exists a unique m-sectorial operator T in
H , associated with τ in the following sense:

(Tu, v) = τ [u, v] for all u ∈ D(T ) and for all v ∈ D[τ ].

If τ is closed and nonnegative form, then by the second representation theorem
[112], [104] the identities hold:

D[τ ] = D(T
1
2 ), τ [u, v] = (T

1
2 u, T

1
2 v), u, v ∈ D[τ ].

If τ is a closed nonnegative but non-densely defined form, then we will asso-
ciate with τ the nonnegative self-adjoint linear relation [155]

T =
{〈

u, Tu + h
〉
, u ∈ D(T ), h ∈ H �D[τ ]

}
,
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where T is a nonnegative self-adjoint operator associated with τ in the subspace
D[τ ]. Clearly, T(0) = H �D[τ ]. The inverse linear relation T−1 is associated with
the form

τ−1[f + h1, g + h2] := (T̂− 1
2 f, T̂− 1

2 g), f, g ∈ R(T
1
2 ), h1, h2 ∈ T(0),

where T̂− 1
2 =

(
T

1
2 |R(T

1
2 )
)−1. We will denote by R[T] the linear manifold R(T

1
2 )⊕

T(0).
If S is a nonnegative Hermitian operator ((Su, u) ≥ 0 for all u ∈ D(S))

then the form τ [u, v] := (Su, v) is a closable. Following the M. Krĕın notations we
denote by S[·, ·] the closure of the form τ and by D[S] its domain. By definition
S[u] = S[u, u] for all u ∈ D[S].

Let S be a closed densely defined sectorial operator in a Hilbert space H
and let S∗ be its adjoint. The Friedrichs extension [104] SF of S is defined as a
maximal sectorial operator associated with the form S[·, ·]. If S is symmetric and
nonnegative then D(SF ) = D[S] ∩ D(S∗), SF = S∗|D(SF ). The Friedrichs exten-
sion SF is a unique nonnegative self-adjoint extension having the domain in D[S].
If Nz = Ker (S∗−zIH) are the defect subspaces, then D[S]∩Nz = {0}, z ∈ ρ(SF ).

Note that if S is a nonnegative linear relation, then its Friedrichs extension SF

is a nonnegative self-adjoint linear relation associated with the closed form S[·, ·].
In particular, if S is a non-densely defined nonnegative operator, then SF(0) =
H �D(S) [155].

3. The M. Krĕın approach

Let S be a closed symmetric nonnegative operator in H with the domain D(S).
The fractional-linear transformation

A = (IH − S)(IH + S)−1

is a Hermitian contraction ( ||A|| ≤ 1) in H defined on the subspace D(A) =
(IH + S)D(S). The following M. Krĕın’s result plays essential role in the sequel.

Theorem 3.1 (M. Krĕın [112]). There exists at least one self-adjoint contractive (sc)
extension Ã of A. Moreover the set of all self-adjoint contractive (sc) extensions of
A forms an operator interval [Aμ, AM ], where the endpoints possess the properties

inf
ϕ∈D(A)

((IH + Aμ)(f + ϕ), (f + ϕ)) = 0,

inf
ϕ∈D(A)

((IH − AM )(f + ϕ), (f + ϕ)) = 0
(3.1)

for all f ∈ H.
The operator A admits a unique sc-extension if and only if

sup
ϕ∈D(A)

|(Aϕ, h)|2
||ϕ||2 − ||Aϕ||2 = ∞

for all nonzero vectors h from the orthogonal complement H �D(A).
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With the aim to establish Theorem 3.1 M. Krĕın introduced and studied the
following operator transformation. Let H be a bounded nonnegative self-adjoint
operator in H and let L be a subspace in H. M. Krĕın proved that the set of all
bounded self-adjoint operators C in H such that

0 ≤ C ≤ H, R(C) ⊂ L

has a maximal element which M. Krĕın denoted by HL. It is established by
M. Krĕın that

HL = H
1
2 PΩH

1
2 , (3.2)

where PΩ is the orthogonal projection in H onto the subspace

Ω = {f ∈ H : H
1
2 f ∈ L}.

In addition
(HLf, f) = inf

ϕ∈H�L
((H(f + ϕ), f + ϕ))

for all f ∈ H. From (3.2) it follows that proved in

R
(
(HL)

1
2

)
= R(H

1
2 ) ∩ L

and hence [112]
HL = 0 ⇐⇒ R(H

1
2 ) ∩ L = {0}.

The operator HL was called in [8] the shorted operator. Properties of the shorted
operators were studied in [8], [9], [10], [80], [118], [145], [147], [159].

Let Ã be any sc-extension of Hermitian contraction A. Then the operators
Aμ and AM can be defined as follows [112]:

Aμ = Ã − (IH + Ã)N, AM = Ã + (IH − Ã)N.

Thus, for the extremal sc-extensions Aμ and AM of A one has

(IH + Aμ)N = (IH − AM )N = 0.

The construction of some sc extension of A was given by M. Krĕın in [112] (see
also [2], [126]).

The general description of contractive extensions for nondensely defined con-
traction A has been established by M.G. Crandall [64]. Denote by [H1, H2] the
set of all bounded linear operators acting from Hilbert space H1 into Hilbert
space H2. If A is a contraction defined on the subspace D(A) of the Hilbert space
H, then obviously A ∈ [D(A), H]. Let A∗ ∈ [H,D(A)] be the adjoint to A. Put
N = H � D(A) and denote by PA, PN the orthogonal projections onto D(A) and
N, respectively. Let DT = (I − T ∗T )1/2 be the defect operator for a contraction
T and let DT = R(DA).

Theorem 3.2 (Crandall [64]). The formula

Ã = APA + DA∗KPN (3.3)

establishes a one-to-one correspondence between all contractive extensions of A
and all contractions K ∈ [N, DA∗ ].
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Next, we would like to present the explicit formulas for sc-extensions Aμ and
AM of a Hermitian contraction A established in [32]. Let

G = DA∗D(A), L = DA∗ � G

Denote by PL the orthogonal projections onto L and define the contraction Z ∈
[G, N] by the relation

ZDA∗x = PNAx, x ∈ D(A).

Then Aμ and AM take the form

Aμ = APA + DA∗(Z∗PN − PLDA∗),

AM = APA + DA∗(Z∗PN + PLDA∗).

Here Z∗ ∈ [N, G] is the adjoint to Z. Note that in fact M. Krĕın constructed in
[112] the sc-extension

Ã = APA + DA∗Z∗PN =
Aμ + AM

2
.

The operator A0 := PAA is a selfadjoint contraction in the Hilbert space D(A).
Since A is a contraction in H, the following contractive operator K0 ∈ [DA0 , N]

K0DA0f = PNAf, f ∈ D(A).

is well defined. This gives the following matrix representation for A

A = A0 + K0DA0 =
(

A0

K0DA0

)
.

Theorem 3.3. Let A be a closed symmetric contraction A in H = D(A)⊕N. Then:
the formula

Ã =
(

A0 DA0K
∗
0

K0DA0 −K0A0K
∗
0 + DK∗

0
XDK∗

0

)
:
(

H0

N

)
→

(
H0

N

)
(3.4)

gives a one-to-one correspondence between all sc-extensions Ã of the symmetric
contraction A and all contractions X in the subspace DK∗

0
. The operators

X = −IDK∗
0

and X = IDK∗
0

correspond to Aμ and AM , i.e.,

Aμ =
(

A0 DA0K
∗
0

K0DA0 −K0A0K
∗
0 − D2

K∗
0

)
, AM =

(
A0 DA0K

∗
0

K0DA0 −K0A0K
∗
0 + D2

K∗
0

)
.

Another matrix forms for Aμ and AM is derived in [11]. Properties of sc-
extensions were studied in [34] and [102]. Theorem 3.3 can be obtained from general
parametrization of contractive block-operator matrices(

A11 A12

A21 A22

)
:
(

H
N

)
→

(
K
M

)
considered by Arsene–Gheondea [44], Shmulyan–Yanovskaya [160], Davis–Kahan–
Weinberger [65], Dritschel–Rovnyak [75] (see also [128], [108], [137], [102], [25],
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[26]). This parametrization is given by the formula

T =
(

A11 DA∗
11

M
KDA11 −KA∗

11M + DK∗XDM

)
, (3.5)

where A11 ∈ [H, K], M ∈ [N, DA∗
11

], K ∈ [DA11 , M], and X ∈ [DM , DK∗ ] are
contractions.

The investigation of sc-extensions of a nondensely defined Hermitian con-
traction has been continued in the papers of M. Krĕın and I. Ovčarenko [117] and
[118]. Here there were introduced so-called Qμ- and QM -functions of the form

Qμ(z) =
[
(AM − Aμ)1/2(Aμ − zI)−1(AM − Aμ)1/2 + IH

] ∣∣∣N, (3.6)

and

QM (z) =
[
(AM − Aμ)1/2(AM − zI)−1(AM − Aμ)1/2 − IH

] ∣∣∣N, (3.7)

with z ∈ C\[−1, 1]. These functions take values in the class [N, N]. Moreover, they
belong to the class of Herglotz-Nevanlinna functions, i.e., they are holomorphic
on D \ R and satisfy the relations Q(z)∗ = Q(z̄) and Im z Im Q(z) ≥ 0 for z ∈
D \ R. As indicated above, these functions admit also analytical continuations
to Ext [−1, 1] := C\[−1, 1]. In addition they are connected by Qμ(z)QM (z) =
QM (z)Qμ(z) = −IN. In these papers M. Krĕın and I. Ovčarenko established the
following formulas

(Ã − zIH)−1 = (Aμ − zIH)−1

− (Aμ − zIH)−1C
1
2 K

(
IN + (Qμ(z) − IN)−1)K

)−1
C

1
2 (Aμ − zIH)−1,

(Ã − zIH)−1 = (AM − zIH)−1

+ (AM − zIH)−1C
1
2 K̃

(
IN − (QM (z) + IN)−1)K̃

)−1

C
1
2 (AM − zIH)−1

which give a one-to-one correspondence between resolvents of all sc-extensions and
all operators K and K̃ from the operator interval [0, IN]. Here C := AM − Aμ.
Another resolvent formulas for sc extensions have been obtained in [166] and [26].
V. Adamyan [1] considered a nonnegative contraction B and gave a description
(in block operator matrix form) of all nonnegative contractive extensions B̃ of B
and their canonical resolvents.

In [118] the inverse problem for Qμ- and QM -functions was teated. It has
been suggested some analytical characterizations for these functions among the
class of Herglotz-Nevanlinna functions holomorphic on Ext [−1, 1]. Here the lim-
iting behaviour of these functions at ∞ and at the points z = 1, z = −1 plays a
fundamental role. If Q is the Qμ-function of some nondensely defined Hermitian
contraction A, then it follows from the operator representation (3.6) and the ex-
tremal properties of the sc-extensions Aμ and AM that Q satisfies the following
limit conditions:
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1) s − lim
z→∞ Q(z) = IN;

2) lim
z↑−1

(Q(z)h, h) = +∞, for all h ∈ N \ {0};
3) s − lim

z↓1
Q(z) = 0.

One of the principal results in [118], cf. [118, Theorem 2.2], contains the following
assertion: if a Nevanlinna function Q, holomorphic on Ext [−1, 1] and with values in
the class [N, N] has the properties 1)–3), then there is a Hilbert space H extending
N and a Hermitian contraction A in H defined on H � N, such that Q is the
Qμ-function of A, i.e., it admits an operator representation of the form (3.6).

In the paper [27] it has been shown that this statement is true only when N
is finite-dimensional.

Theorem 3.4 (Arlinskĭı–Hassi–de Snoo, [27]). Let N be a separable Hilbert space
and let Q(z) be an operator-valued Nevanlinna function, which is holomorphic on
Ext [−1, 1] and takes values in L(N). Assume that Q(z) satisfies the conditions
1) − 3). Then there exist a Hilbert space H ⊃ N, a Hermitian operator A in H

defined on D(A) = H � N, and sc-extensions Ã1 and Ã2 of A, such that

(i) Ã1 ≤ Ã2;
(ii) Ker (Ã2 − Ã1) = D(A);
(iii) R((Ã2 − Ã1)1/2) ∩R((Ã1 − Aμ)1/2)

= R((Ã2 − Ã1)1/2) ∩R((AM − Ã2)1/2) = {0};
and such that Q(z) has the operator representation

Q(z) =
[
(Ã2 − Ã1)1/2(Ã1 − zI)−1(Ã2 − Ã1)1/2 + IH

] ∣∣∣N.

If in addition dimN < ∞, then Ã1 = Aμ and Ã2 = AM , and therefore in this case
Q(z) is the Qμ-function of A.

In [27] for the case dimN = ∞ were constructed pairs {Ã1, Ã2} of sc-
extensions of A which satisfy the properties (i)–(iii), but which in general differ
from the pair {Aμ, AM} of the endpoints of the corresponding operator interval.
As a consequence it was obtained examples of operator-valued Q-functions of Her-
mitian contractions which are not Qμ-functions (or QM -functions), but still satisfy
all the limit conditions 1)–3) above. Also the precise characterizations for the Qμ-
and QM -functions of M. Krĕın and I. Ovcharenko were given in [27] in the general
case dim N ≤ ∞.

Suppose that D(S) is dense in H. Then the operators

Sμ = (IH − Aμ)(IH + Aμ)−1, SM = (IH − AM )(IH + AM )−1

are well defined and are nonnegative self-adjoint extensions of S. M. Krĕın called
them the hard and the soft extensions of A, respectively. In the sequel the nonneg-
ative self-adjoint extension SM given by the relation SM = (IH−AM )(IH +AM )−1

we will call the Krĕın-von Neumann extension of S and will denote by SK . M. Krĕın
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proved that the operator Sμ coincides with the Friedrichs extension SF of S and
established the following theorem.

Theorem 3.5 (M. Krĕın [112]). The following conditions are equivalent:

(i) the nonnegative self-adjoint operator S̃ is the extension of S,
(ii) (SF + aIH)−1 ≤ (S̃ + aIH)−1 ≤ (SK + aIH)−1

for any (then for all) positive number a.
(iii) SF ≤ S̃ ≤ SK in the sense of quadratic forms, i.e.,

D[S] ⊆ D[S̃] ⊆ D[SK ],

S̃[u] ≥ SK [u] for all u ∈ D[S̃],

S̃[v] = S[v] for all v ∈ D[S].

The operator S admits a unique nonnegative self-adjoint extension if and only if

inf
v∈D(S)

(Sv, v)
|(v, ϕ−a)|2 = 0

for all nonzero vectors ϕ−a from the defect subspace N−a, where a > 0.

If the lower bound of S is positive, then for the Krĕın-von Neumann extension
the following formulas hold [112]:

D(SK) = D(S)+̇KerS∗, D[SK ] = D[S]+̇KerS∗, (3.8)

and moreover
D[S̃] = D[S]+̇(D[S̃] ∩ KerS∗)

for every nonnegative self-adjoint extension S̃ of S.
Observe that the construction of the Friedrichs and the Krĕın-von Neumann

extensions via a factorization of S over a fixed auxiliary Hilbert space has been
given by V. Prokaj, Z. Sebestyén and J. Stochel in [152] and [157].

In [112] M. Krĕın also considered densely defined symmetric operators having
the spectral gap (a, b), i.e., such operators H that∥∥∥∥(H − a + b

2
I

)
h

∥∥∥∥ ≥ b − a

2
||h||, h ∈ D(H).

The latter condition is equivalent to the inequality

||H1h|| ≥ ||h||, h ∈ D(H)

for

H1 =
2

b − a

(
H − a + b

2
I

)
,

and
||Hh||2 − (a + b)(Hh, h) + ab||h|2 ≥ 0, h ∈ D(H).

Letting a → −∞ one has

(Hh, h) ≥ b||h||2, h ∈ D(H).
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Thus, the case of a semi-bounded symmetric operator is a limit case of an operator
with the finite gap.

Let B = H−1
1 . Then B is a nondensely defined Hermitian contraction with a

dense range. Let B̃ be a sc-extension of B. Then

H̃ =
b − a

2
B̃−1 +

a + b

2
I

is a self-adjoint extension of H preserving the gap (a, b). So, we arrive to the Krĕın
theorem [112]:

If H has a gap (a, b) then there exists at least one self-adjoint extension of
H preserving the gap (a, b).

Further developments in the theory of self-adjoint extensions of a symmetric
operators with gaps can be found in [67], [57], [58], [59], [60], [5].

4. The Birman-Vishik approach

In [175] M. Vishik considered the following extension problem. Let L0 and M0 be
two closed densely defined linear operators in the Hilbert space H. Suppose

(L0f, g) = (f, M0g) for all f ∈ D(L0), g ∈ D(M0).

Such a pair of operators {L0, M0} are often called a dual pair. Additionally suppose

L0 and M0 have bounded inverses.

Let the operator Ã satisfies the condition

L0 ⊂ Ã ⊂ M∗
0 .

The latter condition is equivalent to that Ã is an extension of L0 and Ã∗ is an
extension of M0. Such operators Ã are called the extensions of a dual pair {L0, M0}.

M. Vishik proved that under the above condition there exists an extension Ã0

of the dual pair {L0, M0} such that Ã0 and Ã∗
0 have bounded inverses ( ⇐⇒ the

point 0 belongs to the resolvent set of Ã0). Further M. Vishik described domains
of extensions of the dual pair {L0, M0} by means of Ã0 and subspaces V ⊂ KerL∗

0

and U ⊂ KerM∗
0 , and operators C̃ : V → U . The main objective of M. Vishik

was an application of the abstract results to the elliptic boundary vales problems.
In the particular case L0 = M0 = S, where S is a positive definite symmetric
operator with dense domain D(S) the M. Vishik abstract formula takes the form

D(S̃) = D(S)+̇(S−1
F + C̃)D(C̃)+̇(KerS∗ �D(C̃)) (4.1)

and gives the parametrization of domains for all self-adjoint extensions of S. Here
SF is the Friedrichs extension of S and C̃ is a self-adjoint operator with the domain
D(C̃) in the Hilbert space N = D(C̃) ⊆ KerS∗.

M. Birman using Vishik’s results gave a description of all nonnegative self-
adjoint extensions of a positive definite symmetric operator.
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Theorem 4.1 (Birman [55]). Let S be a symmetric operator with a lower bound
m > 0. A self-adjoint extension S̃ given by (4.1) has a lower bound γ < m if and
only if the corresponding operator C̃ satisfies the inequalities

(C̃−1v, v) ≥ γ||v||2 + γ2((SF − γIH)−1v, v), v ∈ D(C̃−1),

where D(C̃−1) = R(C̃)⊕(KerS∗�N), C̃−1(KerS∗�N) = 0. In particular, S̃ ≥ 0
if and only if C̃ ≥ 0. If that is the case then the corresponding associated closed
form is given by

D[S̃] = D[S]+̇R(C̃
1
2 ))+̇(KerS∗ � N),

S̃[v + h] = S[v] + ||C̃−1/2h||2,

where v ∈ D[S], h ∈ R(C̃
1
2 ) ⊕ (KerS∗ � N).

As a consequence it is shown in [55] that if c is the lower bound of C̃−1 and
c > −m then S̃ is semi-bounded and its lower bound γ admits the estimate

γ ≥ mc

m + c
.

A further development of the abstract Vishik and Birman approaches and their
applications to the boundary value problems for partial elliptic differential opera-
tors and systems has been given by G. Grubb in [93], [94], [95], [96], [97], [98] (see
also [99]). In particular it is proved in [97] that if S−1

F is a compact operator and
if C̃−1 is a semi-bounded (from below) then S̃ is semi-bounded. The latter results
also has been obtained by M. Gorbachuk and V. Mihăılets in [92]. The aspect of
Birman–Krĕın–Vishik (BKV) theory connected with closed forms associates with
nonnegative self-adjoint extensions is emphasized by Alonso–Simon in [6]. The
connections of BKV theory with singular perturbations of self-adjoint operators
can be found in [109], [56], [110]. Note that the positivity of a lower bound is
essential in Birman’s approach. For the applications of Birman’s formula to the
operator with zero lower bound it is necessary to consider operator S + aI with
an arbitrary positive a. But in this case the domains of the Krĕın-von Neumann
extremal extensions of S and S+aI, generally speaking, are different and Birman’s
approach does not “catch” the Krĕın-von Neumann extension SK of S.

5. The Weyl-Titchmarsh functions approach

There are several approaches relating to the Weyl-Titchmarsh function M(z) that
is a unitary invariant for the symmetric operator S and its self-adjoint extension S̃:

1. Aronjain-Donohue (scalar case), Krĕın-Saakyan, Gesztesy-Tsekanovskĭı (matrix-
valued case), Gesztesy-Makarov-Tsekanovskĭı, and Gesztesy-Kalton-Makarov-Tse-
kanovskĭı [40], [73], [88], [84], [83].
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If S is densely defined symmetric operator, N±i are defect subspaces of S

and S̃ is its self-adjoint extension, then

MS̃(z) = PNi(zS̃ + I)(S̃ − zI)−1
∣∣∣
Ni

. (5.1)

2. The Krĕın-Langer [114], [115], [116].
Denote by [H1, H2] the set of all bounded linear operators from Hilbert space

H1 into Hilbert space H2 and let γ(z0) ∈ [E, Nz0 ], γ−1(z0) ∈ [Nz0 , E] where E is
some Hilbert space, Nz0 is the defect subspace of a given symmetric operator S,
z0 is a regular point of the self-adjoint extension S̃ of S. Consider

γ(z) = (S̃ − z0I)(S̃ − zI)−1γ(z0).

An operator-valued function Q(z) that maps Hilbert space E into itself and
satisfies the equation

Q(z)− Q∗(ζ) = (z − ζ̄)γ∗(ζ)γ(z)

is called the Krĕın-Langer Q-function.

3. Derkach-Malamud [66], [67].
Let S be a closed densely defined symmetric operator with equal defect num-

bers in H. Let E be some Hilbert space, Γ1 and Γ2 be linear mappings of D(S∗)
into E. A triplet {E, Γ1, Γ2} is called a space of boundary values (s.b.v.) or a
boundary triplet for S∗ [62], [106] [90], [91] if

a) (S∗x, y) − (x, S∗y) = (Γ1x, Γ2y)E − (Γ2x, Γ1y)E for all x, y ∈ D(S∗),
b) a mapping Γ : x → {Γ1x, Γ2x}, x ∈ D(S∗) is a surjection of D(S∗) onto

E × E.
From this definition it follows that Ker Γk ⊃ D(S), k = 1, 2, the operators

S̃1 = S∗|KerΓ1, S̃2 = S∗|KerΓ2

are self-adjoint extensions of S, and moreover, they are transversal in the sense

D(S∗) = D(S̃1) + D(S̃2).

A function
M(z)(Γ2xz) = Γ1xz, xz ∈ Nz ,

where Nz is a defect subspace of S is called the Weyl-Titchmarsh (Weyl) function
of the boundary triplet. All three approaches determine a Herglotz-Nevanlinna
function M(z) or Q(z) and this function is a unitary invariant of the symmetric
operator and its corresponding self-adjoint extension.

Theorem 5.1 (Derkach–Malamud–Tsekanovskĭı [70], [71], [67], [68]). Let S be a
closed densely defined nonnegative symmetric operator and let {E, Γ1, Γ2} be the
boundary triplet such that S̃2 = S∗|KerΓ2 is a nonnegative extension of S. Then
S has a non-unique nonnegative self-adjoint extension if and only if

D =
{

h ∈ E : lim
x↑0

(M(x)h, h)E < ∞
}


= {0},
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and the quadratic form

τ [h] = lim
x↑0

(M(x)h, h)E , D[τ ] = D

is bounded from below. If M(0) is a self-adjoint linear relation in E associated
with τ , then the Krĕın-von Neumann extension SK can be defined by the boundary
condition

D(SK) =
{
u ∈ D(S∗) :

〈
Γ2u, Γ1u

〉
∈ M(0)

}
.

The relation M(0) is also the strong resolvent limit of M(x) when x → −0. More-
over, S̃2 and SK are disjoint if and only if D = E and transversal iff D = E. In
addition, if S̃2 = SF , then there is a one-to-one correspondence given by

D(S̃T̃) =
{

u ∈ D(S∗) :
〈
Γ2u, Γ1u

〉
∈ T̃

}
, S̃T̃ = S∗|D(S̃T̃)

between nonnegative self-adjoint extensions S̃T̃ and self-adjoint relations T̃ satis-
fying the condition

T̃ ≥ M(0).

The operator version of this theorem (M(0) is operator) was established in
[70], [71], and this form of the theorem by Derkach–Malamud [67], [68].

The domain of the extremal Friedrichs extension can be described as well
in external terms by means of the limit values of the Weyl-Titchmarsh func-
tions at −∞. This description in different approaches was obtained by Aronjain-
Donohue [40], [73] (scalar case and Friedrichs extension only), Krĕın-Ovcharenko
[119], [120] in terms of the Krĕın-Langer-Ovcharenko so-called Qμ and QM func-
tions [116], [118], Gesztesy-Tsekanovskĭı (matrix case) [88], Gesztesy-Makarov-
Tsekanovskĭı [84], Derkach-Malamud [66], [67], Arlinskĭı-Hassi-de Snoo [26]. The
Weyl-Titchmarsh functions approach is an essential part in Krĕın’s famous re-
solvent formula describing canonical and generalized resolvents and was used
by Krĕın-Langer, Derkach-Malamud, Gesztesy-Makarov-Tsekanovskĭı, Arlinskĭı-
Tsekanovskĭı, Belyi-Menon-Tsekanovskĭı in parametrization of all those resolvents
[114], [67], [84], [31], [48]. The theory of boundary value spaces was developed by
Straus, Rofe-Beketov, V. Gorbachuk, M. Gorbachuk, Lyantse–Storozh, Kochubĕı,
Bruk, Michailets, Văınerman, Derkach–Malamud, Arlinskĭı [161], [153], [154], [89],
[90], [91], [131], [106], [107], [62], [140], [174], [66], [67], [13].

6. Non-densely defined nonnegative operators

Ando and Nishio [12] found a necessary and sufficient condition for nonnegative
operator S with generally speaking non-dense domain to admit a nonnegative self-
adjoint extension and it was shown that if any one of such extensions exists, then
the Krĕın-von Neumann (von Neumann in [12]) extension exists as well and the
domain of its square root is explicitly determined.
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A nonnegative symmetric operator S with, generally speaking, non-dense
domain is called positively closable if the relations

lim
n→∞(Sxn, xn) = 0, lim

n→∞ Sxn = y

implies y = 0. If a nonnegative operator S is densely defined, then it is positively
closable.

Theorem 6.1 (Ando-Nishio [12]). Let S be a closed nonnegative symmetric operator
in a Hilbert space H. Define the functional

θ(h) := sup
x∈D(S)

|(Sx, h)|2
(Sx, x)

.

Then the following conditions are equivalent

(i) S admits a nonnegative self-adjoint extension;
(ii) S is positively closable;
(iii) the functional θ(h) is finite on a dense set.

If one of the conditions (i)–(iii) holds true then S admits a nonnegative self-adjoint
extension SK such that

D(S
1
2
K) = {h ∈ H : θ(h) < ∞}, ||S

1
2
Kh||2 = θ(h),

and moreover if S̃ is a nonnegative self-adjoint extension of S then S̃ ≥ SK (in
the sense of quadratic forms).

It is proved in [12] that the relations

D(SK) = D(S)+̇N0, SK(v + f0) = Sv, v ∈ D(S), f0 ∈ N0 := H � KerS∗

remain true for a positive definite symmetric operator S with nondense domain
(cf. (3.8)). The following result is also established in [12].

Theorem 6.2 (Ando-Nishio [12]). Let S be a nonnegative, closed, and positively
closable operator in the Hilbert space H. Let a > 0 and let the self-adjoint extension
S̃a of S be defined as follows:

D(Sa) = D(S)+̇N−a,

S̃a(v + f−a) = Sv − af−a, v ∈ D(S), f−a ∈ N−a,

where N−a = H � (S + aIH)D(S). Then

(SK + IH)−1 = lim
a→+0

(S̃a + IH)−1. (6.1)

If in addition S is densely defined then also

(SF + IH)−1 = lim
a→+∞(S̃a + IH)−1. (6.2)
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Formulas (6.1) and (6.2) were established independently by A.V. Shtrauss
in [161]. Also in [161] nonnegative extensions of bounded nondensely defined non-
negative Hermitian operators were studied. Nonnegative extensions of nonnegative
subspaces have been considered by Coddington and Coddington-de Snoo [63]. In
the recent paper of Sebestyén–Stochel [158] the following development of the Krĕın
Theorem 3.5 is obtained:

Let S be a nonnegative operator with not necessarily dense domain and let
R and Q be two nonnegative self-adjoint extensions of S. If T is nonnegative self-
adjoint operator such that R ≤ T ≤ Q (in the sense of quadratic forms), then T
is an extension of S.

Note that Krĕın’s Theorem 3.1 can be obtained from the Ando-Nishio Theo-
rem 6.1 [18]. Indeed, let A be a Hermitian contraction defined on the space D(A)
in H. Then the operators IH ± A are bounded nondensely defined nonnegative
operators. From the relations

||(IH ± A)x||2 + ||DAx||2 = 2 ((IH ± A)x, x) , x ∈ D(A),

and Theorem 6.1 it follows that the Krĕın-von Neumann extensions (IH ±A)K are
bounded self-adjoint operators (with domain H) and moreover

((IH ± A)Kh, h) ≤ 2||h||2, h ∈ H.

Hence the operators

(IH + A)K − IH and IH − (IH − A)K

are sc-extensions of A. It can be proved that the equalities

Aμ = (IH + A)K − IH, AM = IH − (IH − A)K

hold. Let Ã be a sc-extension of A Then IH + Ã and IH − Ã are nonnegative
self-adjoint extensions of IH +A and IH −A, respectively. Applying once again the
Ando-Nishio Theorem 6.1 we get

IH − Ã ≥ (IH − A)K , IH + Ã ≥ (IH + A)K .

Hence Aμ ≤ Ã ≤ AM .

7. More about the Krĕın-von Neumann extension

In this section we present results related to the properties of the Krĕın-von Neu-
mann extension (see [112], [113], [17], [18] [19] [28], [37]).

Apart from the relation SK = (IH − AM )(IH + AM )−1 (see Section 3) the
operator SK can be defined as follows [12], [63]:

SK =
(
(S−1)F

)−1
,

where S−1 denotes in this context the inverse linear relation. From this definition
for every f ∈ D(SK) it follows that

inf
{
‖SKf − Sϕ‖2 + SK [f − ϕ] : ϕ ∈ D(S)

}
= 0, (7.1)
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and
R(S1/2

K ) ∩ Nz = {0}, z ∈ ρ(SF ), R(SK) = R(S).

It can be easily proved that for every nonnegative self-adjoint extension S̃ of S
hold the relations

S̃[f, u] = (f, S∗u), f ∈ D[S], u ∈ D[S̃] ∩ D(S∗),

D[S̃] = D[S]+̇Nz ∩ D[S̃].

This yields
u ∈ D(S∗) ∩ D[SK ] ⇐⇒ S∗u ∈ R(S1/2

F ),
and the equality

SK [u] = S−1
F [S∗u], u ∈ D(S∗) ∩D[SK ].

In particular, Nz ∩ D[SK ] = Nz ∩ R(S1/2
F ) and SK [ϕz ] = |z|2S−1

F [ϕz ] for ϕz ∈
Nz ∩D[SK ], and moreover

SK [f + ϕz, g + ψz ] =
(
S

1/2
F f + zŜ

−1/2
F ϕz , S

1/2
F g + zŜ

−1/2
F ψz

)
for f, g ∈ D[S], ϕz , ψz ∈ Nz ∩ D[SK ] and z ∈ ρ(SF ).

Using the relation (SF − zI) (SF − λI)−1
Nz = Nλ and one can obtain for

ϕλ ∈ Nλ ∩R(S1/2
F ), ϕz ∈ Nz ∩R(S1/2

F )

SK [ϕλ, ϕz ] = λz S−1
F [ϕλ, ϕz] =

(
λŜ

−1/2
F ϕλ, zŜ

−1/2
F ϕz

)
.

A nonnegative self-adjoint extension S̃ of S is called extremal if the relation

inf
{

S̃[u − ϕ] : ϕ ∈ D(S)
}

= 0

holds for every u ∈ D[S̃]. A characterization of the Krĕın-von Neumann extension
SK is obtained in [17] and [18]: the Krĕın-von Neumann extension SK is the unique
extremal nonnegative self-adjoint extension of S having maximal domain of its
closed associated sesquilinear form.

The next theorem gives a descriptions of all closed forms associated with
nonnegative self-adjoint extensions of S.

Theorem 7.1 (Arlinskĭı [17]). If S̃ is a nonnegative self-adjoint extension of a
nonnegative symmetric operator S, then the form

(S̃u, v) − SK [u, v], u, v ∈ D(S̃)

is a nonnegative and closable in the Hilbert space D[SK ]. Moreover, the formulas

D[S̃] = D[τ ],

S̃[u, v] = SK [u, v] + τ [u, v], u, v ∈ D[S̃]
(7.2)

give a one-to-one correspondence between all closed forms S̃[·, ·] associated with
nonnegative self-adjoint extensions S̃ of S and all nonnegative forms τ [·, ·] closed
in the Hilbert space D[SK ] and such that τ [ϕ] = 0 for all ϕ ∈ D[S].
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In addition, the closed form associated with an extremal extensions are closed
restrictions of the form SK [·, ·] on the linear manifolds M such that

D[S] ⊆ M ⊆ D[SK ].

Investigations of all extremal extensions in more detail and their applications
are presented in the paper of Arlinskĭı–Hassi–Sebestyén–H. de Snoo [28].

Note that the formula (7.2) is a particular case of more general descriptions
obtained by Yu. Arlinskĭı in [17] (see also [18, 19]) for all closed forms associated
with m-sectorial extensions with vertex at the origin of a given sectorial operator S.

8. The von Neumann problem

In this section we present the solution of von Neumann’s problem in terms of
his formulas. Let S be densely defined, closed nonnegative symmetric operator in
Hilbert space H. Consider the linear manifold D(S∗) as a Hilbert space H+ with
the inner product

(f, g)+ = (f, g) + (S∗f, S∗g).
Then D(SF ) is a subspace in H+. Let NF be the orthogonal complement to D(S)
in D(SF ) with respect to the inner product (·, ·)+. Then the orthogonal decompo-
sition

H+ = D(S) ⊕ NF ⊕ SF NF

is valid. Let
N0 = R(S

1
2
F ) ∩ NF .

Clearly, S
− 1

2
F (N0) ⊂ D(SF ).

Theorem 8.1 (Arlinskĭı-Tsekanovskĭı [35], [36], [39]). The condition N0 = {0} is
necessary and sufficient for the uniqueness of nonnegative self-adjoint extension
of S. Suppose N0 
= {0}. Then the formulas

D(S̃) = D(S) ⊕ (I + SF Ũ)D(Ũ)

S̃(x + h + SF Uh) = SF (x + h) − Ũh

x ∈ D(S), h ∈ D(Ũ )
give a one-to-one correspondence between all nonnegative self-adjoint extensions
S̃ of S and all (+)-self-adjoint operators Ũ in NF satisfying the condition

0 ≤ Ũ ≤ W−1
0

where W−1
0 determines the operator inverse with respect to the (+)-nonnegative

self-adjoint relation W0 in NF associated with the form

ω0[x, y] = (Ŝ− 1
2

F x, Ŝ
− 1

2
F y)+ = (S

1
2
F x, S

1
2
F y) + (Ŝ− 1

2
F x, Ŝ

− 1
2

F y), x, y ∈ N0.

Here Ŝ
− 1

2
F is the Moore-Penrose pseudo-inverse. Operator S̃ coincides with the

Krĕın-von Neumann nonnegative self-adjoint extension SK if and only if Ũ =W−1
0 .
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As a result of this theorem we get

D[S̃] = D[S]+̇SFR(Ũ
1
2 )

where S̃ is any nonnegative self-adjoint extension, Ũ is the corresponding param-
eter (from theorem). For the Krĕın-von Neumann nonnegative extension we get

D[SK ] = D[S]+̇SF N0.

Let P+
i be an orthogonal projection of +-orthogonal decomposition of H =

D(S) ⊕ Ni ⊕ N−i onto Ni and

D(SF ) = D(S)+̇(I + VF )Ni.

An operator

Ṽ P+
i h = −VF P+

i (Ũ + iI)(Ũ − iI)−1h, h ∈ NF ,

where Ũ is a (+)-self-adjoint operator in NF satisfying 0 ≤ Ũ ≤ W−1
0 , defines a

nonnegative self-adjoint extension S̃ by the von Neumann formula

D(S̃) = D(S)+̇(I + Ṽ )Ni.

9. Krĕın’s resolvent formula

In this section we consider only canonical resolvents formula (resolvents of two
self-adjoint extensions without exit from Hilbert space). The generalized resolvents
formula(with the exit from Hilbert space) is the subject of so many publications
that deserves special attention.

We call two self-adjoint extensions S̃1 and S̃2 of S relatively prime if

D(S̃1) ∩ D(S̃2) = D(S).

Theorem 9.1 (Krĕın–Saakyan [121], [156] ). Let S̃1 and S̃2 be relatively prime
self-adjoint extensions of densely defined symmetric operator S. Then for z ∈
ρ(S̃1) ∩ ρ(S̃2)

(S̃2 − zI)−1 = (S̃1 − zI) + (S̃1 − iI)(S̃1 − zI)−1P1,2(z)(S̃1 + iI)(S̃1 − zI)−1

= (S̃1 − zI)−1 + (S̃1 − iI)(S̃1 − zI)−1Pi(T − MS̃1
(z))−1Pi(S̃1 + iI)(S̃1 − zI)−1

where Pi is the orthogonal projector onto Ker(S∗ − iI), T = T ∗ in this defect
subspace of S, and

P1,2(z) = (S̃1 − zI)(S̃1 − iI)−1((S̃2 − zI)−1 − (S̃1 − zI)−1)(S̃1 − zI)(S̃1 + iI)−1.

Apparently, Krĕın’s formula was first derived independently by Krĕın and
Naimark in the special case of defect indices (1, 1). The case of finite defect indices
(n, n) is due to Krĕın. Saakyan extended Krĕın’s formula to the general case of infi-
nite defect indices but as it was before without any connections of Krĕın’s formula
with von Neumann’s parametrization. The part of Krĕın’s resolvent formula with
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connection of von Neumann’s parametrization was obtained by Gesztesy-Makarov-
Tsekanovskĭı [84] as well as explicitly derived linear fractional transformation for
the Weyl-Titchmarsh functions corresponding to the given two self-adjoint exten-
sions.

Theorem 9.2 (Gesztesy-Makarov-Tsekanovskĭı [84]). Let S̃1, S̃2 be relatively prime
self-adjoint extensions of the densely defined, closed symmetric operator S. Then
for z ∈ ρ(S̃1) ∩ ρ(S̃2)

1. (S̃2 − zI)−1 = (S̃1 − zI)−1

+(S̃1 − iI)(S̃1 − zI)−1Pi(tan α1,2 − MS̃1
(z))−1Pi(S̃1 + iI)(S̃1 − zI)−1,

where Pi is the orthogonal projection onto defect subspace Ker (S∗ − iI) and
exp(−2iα1,2) = −Ũ−1

2 Ũ1, Ũ1, Ũ2 are isometries in von Neumann’s formu-
las, MS̃1

(z) is the Weyl-Titchmarsh function of the form (5.1).
2. The Weyl-Titchmarsh functions of the form (5.1) that correspond to S̃1 and

S̃2 satisfy the following relation

MS̃2
(z) = exp(−iα1,2)(cos α1,2 + sin α1,2MS̃1

(z))

× (sin α1,2 − cosα1,2MS̃1
(z))−1 exp(iα1,2).

For non-densely defined symmetric operator S the analog of this theorem was
obtained by Belyi–Menon–Tsekanovskii [48]. Krĕın’s resolvent formula has been
used in a large variety of problems in mathematical physics. A complete bibliogra-
phy on Krĕın’s formula is beyond the scope of this paper and obviously resolvent
formula deserves a special separate survey. We only would like to mention some
publications on Krĕın’s resolvent formula and its applications by Krĕın–Langer,
Langer–Textorius, Nenciu, Straus, Derkach–Malamud, Hassi–Langer–de Snoo, Ku-
rasov–Pavlov, Kurasov, Albeverio–Kurasov, Pavlov, Posilicano, Arlinskĭi–Tseka-
novskĭı, Gesztesy–Mitrea, Exner [115], [128], [143], [161], [66], [67], [124], [123], [4],
[146], [151], [37], [85], [86], [78], [79]. Many applications of Krĕın’s resolvent formula
in mathematical physics were presented in the survey by K.A. Makarov [132].

For nonnegative, densely defined symmetric operators S Krĕın’s formula for
canonical resolvents was obtained by Arlinskĭı-Tsekanovskĭı [33], [39] in terms of
parametrization of nonnegative self-adjoint operators in von Neumann’s problem
and has the form

(S̃ − zI)−1 = (SF − zI)−1

+ ((SF − zI)−1(I + zSF ) + SF )Ũ (I − M(z)Ũ)−1P+
NF

(SF − zI)−1. (9.1)

This formula establishes a one-to-one correspondence between resolvents of
all nonnegative self-adjoint extensions S̃ of S and all (+)-nonnegative self-adjoint
operators Ũ in NF from theorem (8.1). The function M(z) is the Weyl–Titchmarsh
function of the form

M(z) = P+
NF

(SF − zI)−1(I + zSF )
∣∣∣
NF

.
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10. Point-interaction model

Consider the following operator

Sϕ = −Δϕ, y1, y2, . . . , ym ∈ R3,

D(S) = {ϕ(x) ∈ H2
2 (R3) : ϕ(yj) = 0, j = 1, . . . , m},

where Δ is the Laplacian, H2
2 (R3) is the Sobolev space, x ∈ R3. It is well known

that S ia a nonnegative operator in L2(R3, dx) with defect numbers (m, m) and
zero lower bound. This is the point-interaction model with m points of interaction.
In the book by Albeverio–Gesztesy–Hoegh-Krohn–Holden [3] it is shown that the
Friedrichs extension SF of S has the form

D(SF ) = H2
2 (R3), SF = −Δ.

The approach developed by Arlinskĭı-Tsekanovskĭı in the solution of von Neu-
mann’s problem [36], [39] and discussed above allows to obtain description of all
nonnegative self-adjoint extensions and parametrization of their domains including
the domain of the Krĕın-von Neumann extension SK . For the simplicity we con-
sider in this paper one point of interaction and refer to the paper [35], [39], where
the general case of m points of interaction was considered. Consider symmetric ,
nonnegative operator in one point of interaction model.

D(S) = {ϕ(x) ∈ H2
2 (R3) : ϕ(y) = 0, y ∈ R3}, Sϕ = −Δϕ.

This operator as we mentioned is nonnegative with the zero lower bound and has
defect indices (1, 1). The Krĕın-von Neumann extension and its domain has the
following description [36], [39]:

D(SK) =

⎧⎨⎩ϕ(x) = ϕS(x) + λ
exp(− |x−y|√

2
)

|x − y| (sin
|x − y|√

2
+ cos

|x − y|√
2

)

⎫⎬⎭ ,

ϕS(x) ∈ D(S), ϕS(y) = 0, λ ∈ C,

SKϕ(x) = −ΔϕS + λ
exp(− |x−y|√

2
)

|x − y|

(
sin

|x − y|√
2

− cos
|x − y|√

2

)
.

The description of all nonnegative self-adjoint extensions of the symmetric
operator S in the point interaction model with one point of interaction can be
presented by the formulas:

D(S̃u) =

⎧⎨⎩ϕ(x) = ϕS(x) + λ
exp(− |x−y|√

2
)

|x − y|

(
sin

|x − y|√
2

+ u cos
|x − y|√

2

)⎫⎬⎭ ,

ϕS(x) ∈ D(S), ϕS(y) = 0, λ ∈ C, 0 ≤ u ≤ 1,

S̃uϕ(x) = −ΔϕS + λ
exp(− |x−y|√

2
)

|x − y|

(
sin

|x − y|√
2

− u cos
|x − y|√

2

)
.



86 Yu. Arlinskĭı and E. Tsekanovskĭı

These formulas establish a one-to-one correspondence between the set of all non-
negative self-adjoint extensions S̃u of S and the set of all real numbers satisfying
the inequality 0 ≤ u ≤ 1.

It should be pointed out that in the case R2 the nonnegative symmetric
operator

D(S) = {ϕ(x) ∈ H2
2 (R2) : ϕ(y) = 0, y ∈ R2}, S = −Δ|D(S)

has a unique nonnegative self-adjoint extension. This fact was established by
Gesztesy–Kalton–Makarov–Tsekanovskii [83] and independently by Adamyan [1].
It follows from our Theorem 8.1 as well.

11. H2-construction and nonnegative extensions

Let A be an unbounded selfadjoint operator acting on a separable Hilbert space
H and let H+2 ⊂ H+1 ⊂ H ⊂ H−1 ⊂ H−2 be the chain of rigged Hilbert spaces
constructed by means of A [54], i.e., H+2 = D(A), H+1 = D(|A|1/2) equipped

by norms ||f ||H+k
=

(∥∥|A|k/2
∥∥2

+ ‖f‖2
)1/2

, k = 1, 2. The operator A has the

continuation A which continuously maps Hp, p = 0, 1 into Hp−2 and |A|1/2 is the
continuation of |A|1/2 and maps Hp, p = −1, 0 into Hp−1. Moreover, the resolvent
(A−λI)−1, λ ∈ ρ(A) maps H−p, p = 0, 1, 2 onto H−p+2 and the resolvent identity
holds:

(A − λI)−1 − (A− zI)−1 = (λ − z) (A − λI)−1 (A − zI)−1
.

Note that (Af, g) = (f,Ag) ,
(
|A|1/2h, g

)
=

(
h, |A|1/2g

)
. Suppose, for the sim-

plicity, that KerA = {0}.
Let Φ be a subspace in H−2 such that

Φ ∩ H = {0}.
Then the operator defined as follows

D(Å) =
{
f ∈ H+2 : (f, ϕ) = 0, for all ϕ ∈ Φ

}
, Å = A|D(Å) (11.1)

is closed, densely defined and nonnegative with the defect numbers equal to dim Φ.
For the defect subspace Nz of Å holds the identity Nz = (A − zI)−1Φ.

Operators A± iI are unitary from H onto H−2, the operator

J :=
(
A2 + I

)−1 = (A − iI)−1(A + iI)−1 = 1
2i

(
(A − iI)−1 − (A + iI)−1

)
.

unitarily maps H−2 onto H+2 and for all f ∈ H+2, ϕ ∈ H−2 hold the relations
(f, ϕ) = (f,Jϕ)H+2

=
(
J−1f, ϕ

)
H−2

.

It is evident the relation AJ = 1
2

(
(A − iI)−1 + (A + iI)−1

)
. The Hilbert space

H+2 has the (+2)-orthogonal decomposition H+2 = D(Å)⊕JΦ. Let Å∗ be the ad-
joint operator and let H+ = D(Å∗) be the corresponding Hilbert space. According
to the von Neumann formula we have the (+)-orthogonal decomposition of H+

H+ = H+2 ⊕ AJΦ = D(Å) ⊕ JΦ ⊕ AJΦ
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and Å∗AJϕ = −Jϕ, ϕ ∈ Φ. Let
0

H+1 be the closure in H+1 of D(Å), then
0

H+1= D[Å],

and
0

H+1 ⊕N−1 = H+1 (the orthogonal sum in H+1.)

Theorem 11.1 (Arlinskĭı–Tsekanovskĭı [35]). Let A be a nonnegative self-adjoint
operator. Suppose Φ∩H−1 = {0}. Then the operator A is the Friedrichs extension
of Å. The operator A is a unique nonnegative self-adjoint extension of Å if and
only if Φ∩A1/2H−1 = {0}. The Krĕın-von Neumann extension ÅK is transversal
to A if and only if Φ ⊂ A1/2H−1. In this case if the operator C0 : Φ → JΦ is
defined by the equation (C0ϕ, ϕ) =

∥∥A−1/2ϕ
∥∥2

H−2
, ϕ ∈ Φ, then

ÅK = Å∗|
(
D(Å) + (AJ + C0)Φ

)
.

Theorem 11.2 (Arlinskĭı–Tsekanovskĭı [35]). Let A be a nonnegative self-adjoint
operator. Suppose

Φ is a subspace in H−2, Φ ⊂ H−1 and Φ ∩ H = {0}.
1. Define the operator B0 : Φ → JΦ by the relation

(B0ϕ, ϕ) = −(AJϕ, ϕ) for all ϕ ∈ Φ.

Then (AJ + B0)Φ ⊂
0

H+1 and the Friedrichs extension ÅF of Å is given by
the equality

ÅF = Å∗|
(
D(Å)+̇(AJ + B0)Φ

)
.

2. Let
H0 =

{
f ∈ H : A1/2f ∈ Φ

}
and let P0 be the orthogonal projection in H onto H0. Then the Krĕın-von
Neumann extension ÅK of Å has the following description:

D(ÅK) =
{
u ∈ H+1 : (I − P0)A1/2u ∈ H+1

}
,

ÅKu = A1/2(I − P0)A1/2u, u ∈ D(ÅK).

3. The formulas

D(Ã) =
{
u ∈ D(Ω) :

(
Ω(u) + A1/2(I − P0)A1/2u

)
∩ H 
= {0}

}
,

Ãu = Ω(u) + A1/2(I − P0)A1/2u, u ∈ D(Ã)

establish a one-to-one correspondence between all nonnegative self-adjoint ex-
tensions of Å and all nonnegative self-adjoint linear relations Ω in H+1×H−1

such that KerΩ ⊇
0

H+1. Let L = Ω−A1/2P0A
1/2. Then the resolvent of Ã for

λ ∈ ρ(Ã) ∩ ρ(A) takes the form

(Ã − λI)−1 = (A − λI)−1 − (A − λI)−1
(
L−1 + (A− λI)−1

)−1 (A − λI)−1.
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12. Sturm-Liouville operators on the semi-axis

Consider Hilbert space H = L2[a, +∞) and differential operation

l(y) = −y′′ + q(x)y,

where q(x) is real and locally summable function. Let

Sy = l(y) = −y′′ + q(x)y,

y′(a) = y(a) = 0
(12.1)

be a nonnegative symmetric operator with defect indices (1, 1). It is well known
that the Friedrichs extension of S is given by

SF y = −y′′ + q(x)y, y(a) = 0.

Let ϕk(x, λ), k = 1, 2 be the solutions of the Cauchy problems

l(ϕ1) = λϕ1, ϕ1(a, λ) = 0, ϕ′
1(a, λ) = 1,

l(ϕ2) = λϕ2, ϕ2(a, λ) = −1, ϕ′
2(a, λ) = 0.

It is known that there exists the Weyl-Titchmarsh (Weyl function) −m∞(λ) such
that

ϕ(x, λ) = ϕ2(x, λ) + m∞(λ)ϕ1(x, λ) ∈ L2[a, +∞).

The Krĕın-von Neumann extension in this case has the form

SKy = −y′′ + q(x)y,

y′(a) + m∞(−0)y(a) = 0.

The description of all nonnegative self-adjoint extensions of the nonnegative sym-
metric Sturm-Liouville operator S gives the relation

S̃uy = −y′′ + q(x)y,

y′(a) = uy(a),

where u ≥ −m∞(−0). This description as well as the description of all nonnegative
self-adjoint extensions for 2n-order nonnegative minimal differential operator on
the semi-axis was obtained by Tsekanovskĭı [167], [170], [172] by the method of
characteristic functions of the Livsic type. The space of boundary values approach
for this fact was proposed by Arlinskĭı [13], [20], Derkach–Malamud [66]. Recently
another characterization of positive self-adjoint extensions and its applications to
ordinary differential operators was considered by Wei–Jiang in [176].

For the Sturm-Liouville nonnegative symmetric operator of the Bessel type
with defect indices (1, 1)

Sy = −y′′ +
ν2 − 1

4

x2
y, ν ≥ 1

2
,

y′(1) = y(1) = 0



M. Krĕın’s Research on Semi-Bounded Operators 89

in the Hilbert space H = L2(1,∞) one has

m∞,ν(−0) = ν − 1
2
.

The Friedrichs extension has the form

SF y = −y′′ +
ν2 − 1

4

x2
y,

y(1) = 0.

The Krĕın-von Neumann extension is the following boundary value problem

SKy = −y′′ +
ν2 − 1

4

x2
y, y′(1) + (ν − 1

2
)y(1) = 0.

When ν = 1
2 , the Krĕın-von Neumann extension is simply the Neumann boundary

value problem
SKy = −y′′,

y′(1) = 0.

The following sharp inequality was established by Gesztesy–Kalton–Makarov–
Tsekanovskĭı [83] on the basis of the properties of the Weyl-Titchmarsh function
associated with the Krĕın-von Neumann extension SK when ν = 1

2

√
2|y(1)|2 ≤

∫ ∞

1

(|y(x)|2 + |y′′(x)|2)dx, y(x) ∈ D(SK) = 0.

Some new inequalities including mentioned above were established by Arlinskĭi–
Tsekanovskĭi [38] on the basis of a system theory in triplets of Hilbert spaces and
connections with Friedrichs and Krĕın–von Neumann extensions.

13. Accretive and sectorial operators and the Phillips–Kato
extension problems

Let T be closed, densely defined linear operator in Hilbert space H. Operator T is
called an accretive operator if

Re (Tx, x) ≥ 0 for all x ∈ D(T ).

Accretive operator T is called maximal accretive (m-accretive) if it does not have
accretive extensions in H.

Let θ ∈ [0, π/2). An m-accretive operator T is called sectorial with vertex at
the origin and a semi-angle θ [104] (θ-sectorial for shorts) if

|Im (Tx, x)| ≤ tan θ Re (Tx, x), ∀x ∈ D(T )

(see Section 2). A linear bounded operator B in Hilbert space H belongs to the
class C(θ) ( θ-co-sectorial contraction) if

2 cot θ|Im (Bx, x)| ≤ ‖x‖2 − ‖Bx‖2, ∀x ∈ H.
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The last inequality is equivalent to

‖B ± i cot θIH‖ ≤ 1
sin θ

⇐⇒ ‖ sin θ B ± i cos θ IH‖ ≤ 1.

C(0) is the class of all self-adjoint contractions. If T is θ-sectorial then

B = (IH − T )(IH + T )−1 ∈ C(θ).

The problem of a description of all maximal sectorial extension of a given sectorial
operator we call the Kato extension problem (see [104, Chapter 6]). One more
extension problem is the Phillips problem of a description of all maximal accre-
tive extensions of a given accretive operator [148], [149], [150]. In particular, the
following results were established.

Theorem 13.1 (Phillips [149], [150]).
1. Any densely defined accretive operator has an m-accretive extension.
2. The following conditions are equivalent for densely defined operator T :

(a) T is m-accretive operator;
(b) T is accretive operator and −1 is a regular point of T ;
(c) T and T ∗ are accretive operators.

In order to obtain a description of all m-accretive extensions in terms of the
abstract “boundary conditions” R. Phillips proposed an approach based on the
geometry of Krĕın spaces with indefinite inner product. His approach has been
applied by Evans and Knoweles [77] for some symmetric positive definite ordinary
differential operators on the finite interval.

The fractional-linear transformation A = (IH − T )(IH + T )−1 of an accretive
operator T is a contraction defined on the subspace D(A) = (IH + T )D(T ). The
formula T̃ = (IH − Ã)(IH + Ã)−1 establishes a one-to-one correspondence between
the set of all contractive extensions of Ã on the space H and the set of all m-
accretive T̃ of T . A description of all contractive extensions is given by Theorem
3.2. If T is sectorial with vertex at the origin an semi-angle θ then A satisfies
‖ sin θ A ± i cos θ I‖ ≤ 1 and is in general nondensely defined (such operator is
called C(θ)-suboperator).

Let S be closed, densely defined nonnegative symmetric operator in Hilbert
space H. The Phillips-Kato extension problems [104] in the restricted sense con-
sists of existence and description of m-accretive and θ-sectorial extensions T of S
such that

S ⊂ T ⊂ S∗. (13.1)
The operators T satisfying (13.1) are often called proper extensions of symmetric
operator S.

The existence of the solution of the Phillips-Kato extension problems in re-
stricted sense is presented in the theorem below.

Theorem 13.2 (Tsekanovskĭı [168], [169]). The nonnegative, closed densely defined
symmetric operator S admits proper m-accretive and θ-sectorial non-self-adjoint
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extensions if and only if the Friedrichs extension SF does not coincide with the
Krĕın-von Neumann extension SK of S, i.e., SF 
= SK .

The next theorem gives characterization of proper accretive extensions among
all accretive extensions of nonnegative S.

Theorem 13.3 (Arlinskĭı [16]). Let S be a nonnegative symmetric operator and let
S̃ be its accretive extension. Then the following condition are equivalent:

(i) S̃ is a proper extension of S;
(ii) D(S̃) ⊂ D[SK ] and

Re (S̃u, u) ≥ SK [u]

for all u ∈ D(S̃);
(iii) the inequalities

|(Sϕ, u)|2 ≤ (Sϕ, ϕ) Re (S̃u, u)

are valid for all ϕ ∈ D(S) and for all u ∈ D(S̃).

Let A be Hermitian contraction in H defined on the subspace D(A). The
operator B in H defined on H is said to be quasi-self-adjoint contractive extension
(shortly qsc) extension of A if

B ⊃ A, B∗ ⊃ A, ||B|| ≤ 1.

The following theorem gives a solution of the Phillips–Kato extension problems in
restricted sense and presents parametrization via fractional-linear transformation
of all proper m-accretive and sectorial extensions.

Theorem 13.4 (Arlinskĭı-Tsekanovskĭı [30], [32], [34]). Let A be a Hermitian con-
traction defined on the subspace D(A) of H. Then formula

T =
1
2
(AM + Aμ) +

1
2
(AM − Aμ)

1
2 X(AM − Aμ)

1
2 (13.2)

establishes a one-to-one correspondence between contractions X in R(AM − Aμ)
and all qsc-extensions T of A. A qsc-extension T belongs to the class C(θ) if and
only if X ∈ C(θ).

Note that the Krĕın Theorem 3.1 is being obtained when θ = 0.
For positive definite symmetric operator with finite defect numbers all its

m-accretive extensions have been parametrized by means of Phillips approach in
the papers of O. Milyo and O. Storozh [141, 142]. It should be pointed out that
the Phillips–Kato extension problems have been solved for wide class of initial
sectorial operators and even sectorial linear relations (with vertex at the origin)
by Yu. Arlinskii [17], [18], [19], [20], [21], [23], [24]. It is established that any
closed densely defined sectorial operator S with a semi-angle θ and vertex at
the origin admits the m-sectorial extension SK with the same semi-angle θ (and
vertex at the origin) whose properties are very similar to Krĕın-von Neumann
extension of nonnegative operator [17], [18]. Recall that the Friedrichs m-sectorial
extension SF (with the same semi-angle and vertex at the origin) exists by the first
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representation theorem (see Section 2). It is proved in [17] that for any m-sectorial
extension S̃ of S hold the inclusions

D[SF ] ⊆ D[S̃] ⊆ D[SK ].

In particular, this yields that if SF = SK , then other m-sectorial extensions (with
vertex at the origin) of S do not exist.

We mention that descriptions of all C(β)-extensions of a given C(α)-sub-
operator (β ∈ [α, π/2)) in different forms were obtained in [15], [22], [25], [108],
[134], [137], [138]. For the case when A is a Hermitian contraction (α = 0) the
formula derived in [22] takes the form

T = T0 + DT0(I + Y T0)−1Y DT0 (13.3)

with T0 = (Aμ + AM )/2 and establishes a one-to-one correspondence between all
Y ∈ C(β) in the subspace DT0 such that

(I + Y T0)
−1 ∈ [DT0 , DT0 ], and KerY ⊃ DT0D(A)

and all extension T ∈ C(β) of A. If in additional KerY ∗ ⊃ DT0D(A) then (13.3)
can be transformed into (13.2).

Let {L0, M0} be a dual pair of operators (see Section 4) Suppose L0 and
M0 are densely defined accretive operators. In [150] and [165] it is established
that there exists a maximal accretive extension of the dual pair {L0, M0}. Via
the fractional-linear transformation a description of all m-accretive extensions of
a dual pair {L0, M0} is given by (3.5).

Let S be nonnegative, densely defined symmetric operator in Hilbert space
H and {E, Γ1, Γ2} be a boundary value space, M(z) be the corresponding Weyl-
Titchmarsh function. Using the boundary value spaces approach, the Phillips–Kato
extension problems in restricted sense were considered and solved by Derkach-
Malamud-Tselkanovskii [71], [70]. It was shown that operator

D(S̃B) = Ker (Γ1 − BΓ2), S̃B = S∗|D(S̃B)

is θ-sectorial if and only if B − M(0) is θ-sectorial.
For one-dimensional Schrödinger operator on the semi-axis the Phillips-Kato

extension problems in restricted sense has the following form.

Theorem 13.5 (Tsekanovskĭı [167],[170], [172]). Let S be a nonnegative symmet-
ric Schrödinger operator of the form (12.1)with defect indices (1, 1) with locally
summable potential in H = L2[a,∞). Consider operator

Thy = −y′′ + q(x)y,

y′(a) = hy(a).

Then
• the Friedrichs extension SF and the Krĕın-von Neumann extension SK do

not coincide if and only if m∞(−0) < ∞
• operator Th coincides with the Krĕın-von Neumann extension if and only if

h = −m∞(−0)
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• operator Th is m-accretive if and only if Re h ≥ −m∞(−0)
• operator Th is θ-sectorial if and only if the sharp inequality Re h > −m∞(−0)

holds.
• operator Th is m-accretive but not θ-sectorial for any θ ∈ (0, π

2 ) if and only
if Reh = m∞(−0)

• If Th, (Imh > 0) is θ-sectorial, then the angle θ can be calculated via

tan θ =
Im h

Re h + m∞(−0)
.

For the Schrödinger (Sturm-Liouville) nonnegative symmetric operator of the
Bessel type with defect indices (1, 1)

Sy = −y′′ +
ν2 − 1

4

x2
y, ν ≥ 1

2
y′(1) = y(1) = 0

in the Hilbert space H = L2[1,∞)

m∞,ν(−0) = ν − 1
2

the corresponding operator

Thy = −y′′ +
ν2 − 1

4

x2
y, ν ≥ 1

2
y′(1) = hy(1), Im h 
= 0

is θ-sectorial if and only if Re h > −(ν − 1
2 ). Operator Th is m-accretive but

not θ-sectorial for any θ ∈ (0, π
2 ) if and only if Reh = −(ν − 1

2 ). Note that 1
is a regular end point of the interval [1, +∞) for the coefficients of the operator
S. The description of m-accretive and θ-sectorial boundary value problems Th in
L2[1, +∞) for the Bessel type of operators for ν ≥ 1

2 was obtained by Arlinskĭı-
Tsekanovskĭı.

Consider now the Schrödinger operator in L2[0, +∞) of the form

Ṡy = −y′′ +
ν2 − 1

4

x2
y, ν ∈ (−1, 1)

D(Ṡ) = C∞
0 .

Let S be the closure of Ṡ. Operator S is symmetric, nonnegative operator with
defect indices (1, 1). Note the the point 0 is a singular point of the potential of S.
The Friedrichs extension SF has the form

D(SF ) = {y : y ∈ ACloc(R+), y, y′ − (
1
2

+ ν)x−1,−y′′ +
ν2 − 1

4

x2
y ∈ L2(R+)},

SF y = −y′′ +
ν2 − 1

4

x2
y.

This description was established by Gesztesy-Pittner, Everitt-Kalf [87], [77]. The
description of the Krĕın-von Neumann extension SK of S was recently obtained by
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Makarov-Tsekanovskĭı and is in preparation for publication. A generalization of the
Krĕın-von Neumann extension for not necessarily semi-bounded symmetric opera-
tors with defect indices (1, 1) was introduced by Hassi–Kaltenback–de Snoo [101].

In his classical papers Krĕın discovered the situation when given nonnegative
symmetric operator admits only one nonnegative self-adjoint extension or using our
terminology when the Friedrichs extension coincides with the Krĕın-von Neumann
extension. Below is the theorem that shows that this case might occur unexpectedly
even for the operators of the Bessel type in the situation when 0 is a singular point
for the coefficient of differential operator.

Theorem 13.6 (Makarov-Tsekanovskĭı [133], [168], [169]). Let S be a closure in
L2[0, +∞) of the operator

D(Ṡ) = C∞
0 ,

Ṡy = −y′′ +
ν2 − 1

4

x2
y, ν ∈ (−1, 1).

The operator S admits a unique nonnegative self-adjoint extension, i.e., SF = SK

if and only if ν = 0. In this case (ν = 0) operator S does not admit m-accretive
and θ-sectorial extensions of S. If ν ∈ (−1, 1) and ν 
= 0, then SF 
= SK and in
this case there exist infinitely many non-self-adjoint m-accretive and θ-sectorial
extensions.

Note that M -accretivity (θ-sectoriality) of a densely defined in Hilbert space
H operator T is equivalent to the fact that the solution of the Cauchy problem

dx

dx
+ Tx = 0, x(0) = x0

generates a one-parameter contractive semigroup U(t) having a contractive ana-
lytical continuation into a sector | arg ς| < π

2 − θ of a complex plane.

14. The μ-scale invariant operators

Let T be closed, densely defined operator in Hilbert H. Operator T is called μ-scale
invariant (μ > 0) with respect to the unitary operator U if

U∗D(T ) ⊆ D(T ) and UTU∗ = μT

The following theorem describes the role of the Friedrichs and Krĕın-von Neumann
extensions of the given μ-scale invariant nonnegative symmetric operator.

Theorem 14.1 (Makarov-Tsekanovskĭı [133]). Let S be a μ-scale invariant, densely
defined in Hilbert space H nonnegative symmetric operator. Then

• The operator S always admits a μ-scale invariant nonnegative self-adjoint
extension.
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• The Friedrichs extension SF and the Krĕın–von Neumann extension SK are
μ-scale invariant, i.e.,

USF U∗ = μSF ,

USKU∗ = μSK .

• In the case when S has defect indices (1, 1) the Friedrichs and the Krĕın–von
Neumann extensions are the only ones μ-scale invariant.

Related questions associated with the invariance if Hermitian contractions
being fractional-linear transformations of μ-scale invariant nonnegative operators
were discussed in [47]

15. Interpolation and system theory

Consider the following linear stationary dynamical system α:
(T − zI)x = KJϕ−

ϕ+ = ϕ− − 2iK∗x

where T ∈ [H, H], J = J∗ = J−1 ∈ E, K ∈ [E, H], ImT = KJK∗, H, E are Hilbert
spaces, ϕ± ∈ E, ϕ− is input vector, ϕ+ is output vector and x ∈ H is a state space
vector. We call the system α a conservative canonical system of the Livsic type
[129] (Brodskii-Livsic colligation [62]). We will use the following notation of the
system α as well

α =
(

T K J
H E

)
.

The operator-valued function

Wα(z) = I − 2iK∗(T − zI)−1KJ

ϕ+ = Wα(z)ϕ−

is called a transfer function (characteristic function) of the Livsic type of a system
α (Brodskii-Livsic colligation). An operator-valued function

Vα(z) = i[Wα(z) + I]−1[Wα(z) − I]J

is called an impedance function. This function is a Herglotz-Nevanlinna function.

Theorem 15.1 (Derkach-Tsekanovskĭı [69], [167], [172]). Let

α =
(

T K J
H E

)
be a canonical system of the Livsic type with prime bounded operator T and finite-
dimensional imaginary part. Then T ∈ C(θ) if and only if

• Vα is holomorphic in Ext [−1, 1].
• Operator

KJ = [V −1
α (−1) − V −1

α (1)]−
1
2 {2iJ + V −1

α (−1) + V −1
α (1)}[V −1

α (−1) − V −1
α (1)]−

1
2

belongs to C(θ).
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The exact value of angle θ can be obtained from the equation

‖KJ ± i cot θ‖2 = 1 + cot2 θ.

This theorem was discovered as a result of analyzing Krĕın’s paper on semi-
bounded operators and its proof is based on parametric representation of all con-
tractive extensions of Hermitian contraction. In scalar case another proof was
obtained by Derkach [69]. In another form and in general for infinite dimension of
the imaginary part of T the corresponding result has been obtained by Arlinskĭı
in [14].

For the system

α =
(

i
∫ l

x
f(t)dt K 1

L2[0, l] C

)
where Kc = cg, c ∈ C, g = g(x) = 1√

2
the main operator

T = i

∫ l

x

f(t)dt

is contraction if and only if 0 < l ≤ π
2 .Operator T ∈ C(θ)if and only if 0 < l < π

2 .
The exact value of angle θ is θ = l. As a result of this we get inequality

cot l

∣∣∣∣∣
∫ l

0

f(t)dt

∣∣∣∣∣
2

≤
∫ l

0

|f(t)|2dt −
∫ l

0

∣∣∣∣∣
∫ l

x

f(t)dt

∣∣∣∣∣
2

dx

with the sharp constant cot l.
Consider the classical Nevanlinna-Pick interpolation problem in the class of

Herglotz-Nevanlinna matrix-valued functions. The Livsic canonical system α is
called an interpolation system for the data {zk}n

1 and {Vk}n
1 , Im zk > 0, Im Vk ≥ 0,

k = 1, . . . , n in Nevanlinna-Pick interpolation problem if the impedance matrix
Vα(z) which is the Herglotz-Nevanlinna matrix-valued function satisfies the con-
dition

Vα(zk) = Vk, k = 1, . . . , n.

Consider the following classical Pick matrices

P =

∥∥∥∥∥Vk − V ∗
j

zk − z∗j

∥∥∥∥∥
n

k,j=1

, Q =

∥∥∥∥∥zkVk − z∗j V ∗
j

zk − z∗j

∥∥∥∥∥
n

k,j=1

.

Theorem 15.2 (Alpay-Tsekanovskĭı [7]). Let P be strictly positive Pick matrix.
Then there exists an interpolation system α of the Livsic type (Brodskii-Livsic
colligation) with the state space of dimension n which is an interpolation system
for the given data. The main operator T of the system α is θ-sectorial if and only if

Q ≥ cot θ
∥∥VkV ∗

j

∥∥n

k,j=1
.
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If P and Q are strictly positive, then the main operator T is θ-sectorial and

tan θ = (Q−1ϕ, ϕ), ϕ =

⎛⎜⎝ V ∗
1
...

V ∗
n

⎞⎟⎠ .

From this theorem follows the new sharp inequality involving invertible Pick
matrix Q

Q ≥ 1
(Q−1ϕ, ϕ)

ϕϕ∗.

16. Realization problems for Stieltjes functions

Denote by S the class of Stieltjes matrix-valued function. It is well known that
any matrix-valued function V (z) from the class S admits the following integral
representation

V (z) = γ +
∫ ∞

0

dσ(t)
t − z

, γ ≥ 0,

∫ ∞

0

d(σ(t)x, x)
t + 1

< ∞, ∀x ∈ Cn.

In this section we consider realization problems for Stieltjes matrix-valued func-
tions to be represented as the impedance matrix of some conservative, canonical
system of the Livsic type and their connections with the Friedrichs and Krĕın-von
Neumann extensions.

Let S be a symmetric, densely defined in Hilbert space H (with the inner
product (·, ·) linear operator with finite and equal defect indices. Consider Hilbert
space H+ = D(S∗) with the scalar product

(x, y)+ = (x, y) + (S∗x, S∗y), x, y ∈ H+

and construct triplets of Hilbert spaces (rigged Hilbert space)

H+ ⊂ H ⊂ H−.

The geometry of such triplets of Hilbert spaces has been developed by Berezansky
[54]. The important role in extension theory ( the so-called bi-extensions and (∗)-
extensions ) with the exit into triplets of Hilbert spaces plays the Riesz-Berezansky
operator [173]. This naturally appearing operator is an isometry that maps Hilbert
space H+ onto Hilbert space H− [54].

Let T be a quasi-hermitian extension of S with non-empty set of regular
points in the lower half-plane (S ⊂ T ⊂ S∗). An operator A ∈ [H+, H−] is called
(∗)-extension of T if

A ⊃ T, A∗ ⊃ T ∗

and
Re A =

1
2
(A + A∗) ⊃ Ŝ ⊃ S,

where
Ŝ = Ŝ∗, D(Ŝ) = {x ∈ H+ : Re Ax ∈ H}.
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Let α be a generalized conservative canonical system of the Livsic type (Brodskii-
Livsic rigged colligation) of the form

(A − zI)x = KJϕ−
ϕ+ = ϕ− − 2iK∗x,

where

Im A =
A − A∗

2i
= KJK∗, K ∈ [E, H−], K∗ ∈ [H+, E],

E is finite-dimensional Hilbert space and K is invertible. Operator-valued function

Wα(z) = I − 2iK∗(A − zI)−1KJ

is a transfer function of the system α that means ϕ+ = Wα(z)ϕ−. Operator-valued
function

Vα(z) = K∗(Re A − zI)−1K

is called an impedance function of the system α. This function is a Heglotz-
Nevanlinna function and

Vα(z) = i[Wα(z) + I]−1[Wα(z) − I]J.

It is known that any Herglotz-Nevanlinna operator-valued function V (z) in finite-
dimensional Hilbert space E has the following representation

V (z) = Q + Lz +
∫ +∞

−∞

(
1

t − z
− t

1 + t2

)
dΣ(t),

where

Q = Q∗, L ≥ 0,

∫ +∞

−∞

(dΣ(t)x, x)E

1 + t2
< ∞, ∀x ∈ E.

The inverse problem when given Herglotz–Nevanlinna operator-valued function in
finite-dimensional Hilbert space E can be represented as an impedance function of
some conservative, canonical generalized system of the Livsic type was solved by
Belyi–Tsekanovskĭı [50], [51] and the corresponding criterion was established. The
general realization theorem for Herglotz–Nevanlinna matrix-valued functions as an
impedance of non-canonical generalized conservative systems was considered by
Belyi–Hassi–de Snoo–Tsekanovskĭı [53]. Realizations in terms of transfer matrix-
valued functions of canonical conservative systems(characteristic functions) were
considered by Tsekanovskĭı [173] and for operator-valued functions in infinite-
dimensional situation of the space E by Arlinskĭı (see [173]). In terms of different
definitions of the characteristic functions of unbounded operators the realization
problem was considered by Shtraus, Kuzhel (Sr.), Tsekanovskĭı, Gubreev, and
Derkach–Malamud [125], [173], [100], [67], [66]. Realization problems for rational
matrix-valued functions as well as for some classes of transcendental operator-
valued functions were considered and studied by Bart–Gohberg–Kaashoek, Arov,
Arov–Nudelman, Ball–Staffans, Staffans [46], [43], [42], [45], [162]. Denote over S0

the subclass of the Stieltjes class of operator-valued functions in finite-dimensional
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Hilbert space E that consists of all Stieltjes operator-valued functions for which
the corresponding measure in their integral representation satisfies the condition∫ ∞

0

(dσ(t)x, x) = ∞, ∀x 
= 0, x ∈ E.

Consider canonical, conservative, generalized system of the Livsic type (Brodskii–
Livsic rigged colligation) of the form

α =
(

A K J
H+ ⊂ H ⊂ H− E

)
.

It was established by Derkach–Tsekanovskĭı [72] that the impedance function Vα(z)
belongs to the class S0 if and only if the operator A is accretive which means that
AR = ReA ≥ 0. If V (z) ∈ S0 and∫ ∞

0

(dσ(t)x, x)
t

= ∞, x 
= 0, x ∈ E,

then it can be realized in the form

V (z) = Vα(z) = i[Wα(z) + I]−1[Wα(z) − I],

where Vα is the impedance function of a dissipative conservative system α of the
Livsic type (Brodskii–Livsic rigged colligation) with the accretive and dissipative
operator A (Im A ≥ 0) and the important property

AR = Re A =
1
2
(A + A∗) ⊃ SK

where SK is the Krĕın-von Neumann extension of a nonnegative operator S. At
the same time it is impossible to realize any V (z) ∈ S by the conservative system
α of the Livsic type with the accretive and dissipative main operator A such that

AR = Re A =
1
2
(A + A∗) ⊃ SF ,

where SF is the Friedrichs extension of S. As it is seen, in such realization problem
for the Stieltjes function, the Krĕın–von Neumann extension is involved in the real
part of the main operator of a realizing system, but the Friedrichs extension is
not. The above-mentioned results were obtained by Dovzhenko–Tsekanovskĭı [74].
Consider a system of the Livsic type

α =
(

A K J
H+ ⊂ H ⊂ H− E

)
with accretive and dissipative main operator A which is a (∗)-extension (with
the exit into the triplets of Hilbert spaces) of a densely defined quasi-hermitian
operator T. Consider the following function

Q(z) = i[W−1
α (−1)Wα(z) + I]−1[W−1

α (−1)Wα(z) − I]
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and the operator

Λ = [Q−1(−∞) − Q−1(−0)]−
1
2

× [2iI + Q−1(−∞) + Q−1(−0)][Q−1(−∞) − Q−1(−0)]−
1
2 .

Operator T is θ-sectorial if and only if Λ is a θ-cosectorial contraction ( Λ ∈ C(θ)).
This fact is obtained by Tsekanovskĭı [167], [172].

17. Linear systems with Schrödinger operators

Consider nonnegative symmetric operator in L2[0, +∞) with real locally summable
potential q(x) and defect indices (1, 1)

y = −y′′ + q(x)y

y′(a) = y(a) = 0
and let

Thy = −y′′ + q(x)y

y′(a) = hy(a)

where nonreal parameter h satisfies the condition Imh > 0. The operator Th is a
quasi-hermitian extension of S (S ⊂ Th ⊂ S∗). The corresponding (∗)-extensions
of Th can be presented in the form

Aμ,h = −y′′ + q(x)y +
1

μ − h
[hy(a) − y′(a)][μδ(x − a) + δ′(x − a)],

A∗
μ,h = −y′′ + q(x)y +

1
μ − h̄

[h̄y(a) − y′(a)][μδ(x − a) + δ′(x − a)],

Im Aμ,h = (, g)g, g =
(Imh)

1
2

|μ − h| [μδ(x − a) + δ′(x − a)].

Consider the following canonical conservative system of the Livsic type (Brodskii–
Livsic rigged colligation) involving Schrödinger operator Th

α =
(

Aμ,h K 1
H+ ⊂ L2[0, +∞) ⊂ H− C

)
.

In addition to the Stieltjes scalar class S0 consider the class of Stieltjes-like scalar
functions R0 that consists of all functions with the representation

V (z) = γ +
∫ +∞

0

1
t − z

dΣ(t),

where γ is an arbitrary real number and the integral term belongs to S0. We will
consider the following problems:
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• When given V (z) belonging to the class S0 or to R0 can be realized in the
form

V (z) = Vα(z) = i[Wα(z) + I]−1[Wα(z) − I],
where Vα(z) is an impedance function of the system α with Schrödinger
operator Th and its (∗)-extension Aμ,h and Wα(z) is a transfer function of
this system.

• To find formulas to restor nonreal boundary parameter h and system’s real
parameter μ from the knowledge of V (z).

• To find conditions on V (z) when the restored operator Th is a) accretive, b)
θ-sectorial, c) extremal (accretive but not θ-sectorial for any θ ∈ (0, π

2 ).
A non-decreasing function σ(λ) defined on [0, +∞) is called a spectral distri-

bution function of an operator pair S̃θ, S, where

S̃θ = −y′′ + q(x)y,

y′(a) = θy(a)

is a self-adjoint extension of symmetric operator S and if the formulas

ϕ(λ) = Uf(x),

f(x) = U−1ϕ(λ)

establish one-to-one isometric correspondence U between Lσ
2 [0,+∞) and L2[a,+∞).

Moreover, this correspondence is such that the operator S̃θ is unitarily equivalent
to the operator

Λσϕ(λ) = λϕ(λ), (ϕ(λ) ∈ Lσ
2 [0, +∞))

in Lσ
2 [0, +∞) while symmetric operator S is unitarily equivalent to the symmetric

operator

Λσϕ(λ) = λϕ(λ),

D(Λσ) =
{

ϕ(λ) ∈ Lσ
2 [0, +∞) :

∫ +∞

0

ϕ(λ)dσ(λ) = 0
}

.

Theorem 17.1 (Belyi–Tsekanovskĭı [52]). Let a scalar Stieltjes like function V (z)
belongs to the class R0 and Σ(t) be a spectral function of distribution for nonneg-
ative Schrödinger operator S (with real potential and defect indices (1, 1)) and its
nonnegative self-adjoint extension S̃Δ. Then there exists a unique non-self-adjoint
Schrödinger operator Th, (�h > 0) and its unique (∗)-extension Aμ,h as a main
operator of the conservative system α of the Livsic type such that the function V (z)
can be realized in the form

V (z) = Vα(z) = i[Wα(z) + I]−1[Wα(z) − I],

where Vα(z) is an impedance function of the system α, Wα(z) is the corresponding
transfer function of this system. Operator Th is accretive if and only if

γ2 + γ

∫ ∞

0

dΣ(t)
t

+ 1 ≥ 0.
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The operator Th is θ-sectorial for some θ ∈ (0, π/2) if and only if the inequality is
strict. In this case the exact value of angle θ can be calculated by the formula

tan θ =

∫ ∞
0

dΣ(t)
t

γ2 + γ
∫∞
0

dΣ(t)
t + 1

.

The operator Aμ,h is accretive if and only if V (z) is a Stieltjes function from the
class S0.

We will consider particular case in this paper (for more details in other cases
we refer to [52], [74]) when ∫ ∞

0

dΣ(t)
t

= ∞.

This case profoundly connected with the Krĕın-von Neumann extension SK . From
the last theorem follows that in this situation operator Th is extremal if and only
if γ = 0 and operator Th is θ-sectorial if and only if γ > 0 with tan θ = 1

γ . So, if
we have a function

V (z) =
∫ ∞

0

dΣ(t)
t − z

with the property ∫ ∞

0

dΣ(t)
t

= ∞,

then the operator Th in the realizing system is extremal and the following recon-
struction formulas take place

Reh = −m−∞(−0)

Im h =
1
C

∫ ∞

0

dΣ(t)
t2 + 1

μ = ∞

C
1
2 = sup

|y(a)|
(‖y‖2

L2
+ ‖SKy‖2

L2
)

1
2
, y ∈ D(SK).

Here SK is the Krĕın–von Neumann extension of S and has the form

SKy = −y′′ + q(x)y

y′(a) + m∞(−0)y(a) = 0.

For the general Stieltjes-like functions from the class R0 of the form

V (z) = γ +
∫ ∞

0

dΣ(t)
t − z

, γ ∈ R

in the case of ∫ ∞

0

dΣ(t)
t

= ∞
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the restoration formulas of Th and Aμ,h take the form

Re h = −m∞(−0) +
γ

1 + γ2

1
C

∫ ∞

0

dΣ(t)
t2 + 1

,

Im h =
1

1 + γ2

1
C

∫ ∞

0

dΣ(t)
t2 + 1

,

μ = −m∞(−0) +
1

γC

∫ ∞

0

dΣ(t)
t2 + 1

.

Restoration formulas as a result of the realization theorem for Stieltjes-like func-
tions were obtained by Belyi–Tsekanovskĭı [52].
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[15] Yu. Arlinskĭı, On class of extensions of a C(α)-suboperators. Dokl. Akad. Nauk
Ukraine no. 8 (1992), 12–16 (Russian).
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[72] V. Derkach, E. Tsekanovskĭı, On characteristic operator-functions of accretive op-
erator colligations. Ukrainian Math. Dokl., Ser. A, (1981), no. 2, 16–20 (Ukrainian).

[73] W.F. Donoghue, On the perturbation of spectra. Commun. Pure Appl. Math. 18
(1965), 559–579.
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[88] F. Gesztesy, E. Tsekanovskĭı, On matrix-valued Herglotz functions. Math. Nachr.
218 (2000), 61–138.

[89] M.L. Gorbachuk, Selfadjoint boundary value problems for a second order differential
equation with unbounded operator coefficient. Funct. Anal. and Appl. 5 (1071), no.
1, 10–21 (Russian).

[90] M.L. Gorbachuk, V.I. Gorbachuk, Boundary value problems for differential-operator
equations. Naukova Dumka, Kiev, 1984 (Russian).



108 Yu. Arlinskĭı and E. Tsekanovskĭı
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Abstract. Let A be an unbounded above self-adjoint operator in a separable
Hilbert space H and EA(·) its spectral measure. We discuss the inverse spec-

tral problem for singular perturbations Ã of A (Ã and A coincide on a dense

set in H). We show that for any a ∈ R there exists a singular perturbation Ã

of A such that Ã and A coincide in the subspace EA((−∞, a))H and simulta-

neously Ã has an additional spectral branch on (−∞, a) of an arbitrary type.

In particular, Ã may possess prescribed spectral properties in the resolvent
set of the operator A on the left of a. Moreover, for an arbitrary self-adjoint
operator T in H there exists Ã such that T is unitary equivalent to a part of
Ã acting in an appropriate invariant subspace.
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1. Introduction

Let A be a self-adjoint unbounded operator defined on the domain D(A) ≡ dom(A)
in a separable Hilbert space H with the inner product (·, ·). We shall say that an
operator Ã 
= A in H is a (pure) singular perturbation of A if the set

D := {f ∈ D(A) ∩D(Ã) |Af = Ãf}
is dense in H. In this case, one can define a densely defined symmetric operator
A0 := A|D = Ã|D. If, in addition, Ã is self-adjoint, then A and Ã are different
self-adjoint extensions of A0.

We shall denote by σ(A), ρ(A), and EA(·) the spectrum, the resolvent set,
and the spectral measure of A, respectively. The point, singular continuous, and
absolutely continuous spectra of a self-adjoint operator A are denoted by σp(A),
σsc(A), and σac(A), respectively. For a Borel set Δ ⊂ R, we set AΔ := A|EA(Δ)H.
Clearly, AΔ is as a self-adjoint operator in HA,Δ := Ran(EA(Δ)).
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Assume that an open set J ⊂ R is a subset of ρ(A). One can ask the question
of whether there exists a singular perturbation Ã having prescribed spectral prop-
erties in J . We show that the answer is positive if A is not semi-bounded above
and J ⊂ (−∞, a) for some a ∈ R.

We note that the first detailed investigation of the spectrum of self-adjoint
extensions within a gap J = (a, b) (−∞ ≤ a < b < +∞) of a symmetric oper-
ator A0 with finite deficiency indices (n, n) was carried out by M.G. Krein [15].
Namely, he proved that for any auxiliary self-adjoint operator T with the condition
dim(Ran(ET (J))) ≤ n, there exists a self-adjoint extension Ã such that

ÃJ � TJ . (1.1)

Here A � B means that A is unitary equivalent to B. For the operator T with an
arbitrary pure point spectrum, this result was generalized in [7] to the case of A0

with infinite deficiency indices.
Further this problem was intensively studied in a series of papers [2, 8, 9].

The complete solution of it was recently obtained in [10]. It was shown that in the
case J = (a, b) and n ≤ ∞ for any auxiliary self-adjoint operator T there exists a
self-adjoint extension Ã of A0 satisfying (1.1). In particular, this means that there
exists a self-adjoint extension Ã of A0 having an arbitrary predetermined structure
and type of spectrum in the gap J .

On the other hand, it is known that a similar result is not valid for the much
more difficult case of a symmetric operator with several gaps. This problem was
studied in [1, 6, 11], where the spectral properties of self-adjoint extensions were
described in terms of abstract boundary conditions and the corresponding Weyl
functions. In particular, the authors of [1] considered the symmetric operator A0

of a special structure, namely,

A0 =
∞⊕

k=1

Sk,

where each Sk is unitary equivalent to a fixed densely defined closed symmetric
operator S with equal positive deficiency indices. It was assumed that there exists
a self-adjoint extension S0 of S such that the open set J ⊂ ρ(S0) ∩ R. Then one
can associate with the pair {S, S0} a boundary triple Π = {H, Γ0, Γ1} (see, [11])
such that S0 = S∗|ker Γ0. Under the additional assumption that the Weyl function
M (see [1, 11]) corresponding to Π is monotone with respect to J , it was shown
that for any auxiliary self-adjoint operator T there exists a self-adjoint extension
Ã of A0 satisfying (1.1).

In the present paper, we consider the above problem from the point of view of
singular perturbation theory. Instead of self-adjoint extensions of a fixed symmetric
operator A0, we consider singular perturbations Ã of a fixed self-adjoint operator
A. Therefore, a corresponding symmetric operator A0 is not unique. This gives us
freedom in choosing a dense domain D ≡ D(A0) = D(A) ∩D(Ã) and allows us to
involve in the consideration a wider class of operators Ã. In particular, instead of
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an interval (a, b), we can consider an arbitrary open set J which is upper semi-
bounded (cf. [10]). We also show that for an an arbitrary self-adjoint operator T

in H, there exists a self-adjoint singular perturbation Ã such that T is unitary
equivalent to a certain part of Ã acting in an appropriate invariant subspace.

The spectral inverse problem in such a formulation (in the case of the point
spectrum) was investigated in [3, 13]. In particular, it was shown that for any
unbounded self-adjoint operator A and a sequence {λk : k ≥ 1} of real numbers,
there exists a singular perturbation Ã of A such that all λk are eigenvalues of Ã.
Moreover, in [14, 12, 3, 13, 4] the inverse eigenvalue problem of the form

Ãψk = λkψk, k = 1, 2, . . .

was studied for a given sequence {λk : k ≥ 1} of real numbers and an orthonormal
system {ψk : k ≥ 1} satisfying the condition

span{ψk : k ≥ 1} ∩ D(A) = {0}.

Here M denotes the closure of the set M.

The aim of this note is to present new observations in the problem of construc-
tion of singular perturbations Ã with prescribed spectral properties, in particular,
of the resolvent set of the operator A.

2. Two theorems

In what follows, we assume, without loss of generality, that an unbounded self-
adjoint operator A in a separable Hilbert space H is not semi-bounded above. The
main results of this note are formulated in the two following theorems.

Theorem 2.1. Let A be an unbounded (at least above) self-adjoint operator in a
separable Hilbert space H. Then for any fixed a ∈ R and an auxiliary self-adjoint
operator T in H there exists a self-adjoint singular perturbation Ã of A of the form

Ã = A(−∞,a) ⊕ A′, (2.1)

where the self-adjoint operator A′ in H[a,∞) = EA([a,∞))H is such that

A′
(−∞,a) � T(−∞,a). (2.2)

In particular, for an arbitrary open set J ⊂ ρ(A) ∩ (−∞, a) there exists a self-
adjoint singular perturbation Ã of the form (2.1) such that

ÃJ = A′
J � TJ . (2.3)

Moreover, we will show that for an arbitrary self-adjoint operator T in H there
exists a self-adjoint singular perturbation Ã such that T is unitary equivalent to
an appropriate part of Ã.
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Theorem 2.2. Let A be an unbounded self-adjoint operator in a separable Hilbert
space H and T be an arbitrary auxiliary self-adjoint operator in H. Then there
exists a self-adjoint singular perturbation Ã of A of the form

Ã = A′ ⊕ A′′, (2.4)

where A′ is similar to T ,
A′ � T. (2.5)

3. Proofs

Proof of Theorem 2.1. Fix a ∈ R and consider the orthogonal decomposition A =
A(−∞,a) ⊕ A[a,∞) where the self-adjoint operators A(−∞,a) and A[a,∞) act in the
Hilbert spaces H(−∞,a) and H[a,∞), respectively. Let Ȧ be an arbitrary densely
defined symmetric restriction of A[a,∞) with infinite deficiency indices. Then Ȧ ≥ a
and, according to [10], for any auxiliary self-adjoint operator T there exists a self-
adjoint extension A′ of Ȧ (acting in H[a,∞)) such that A′

(−∞,a) � T(−∞,a). Define
the singular perturbation Ã of A by

Ã := A(−∞,a) ⊕ A′. (3.1)

Clearly, Ã satisfies (2.2). In particular, for any open subset J ⊂ ρ(A)∩(−∞, a) one
can take TJ instead of T(−∞,a) and get, in the same way, a self-adjoint extension
A′ of Ȧ such that

A′
(−∞,a) = A′

J � TJ . (3.2)

By (3.1) and (3.2),

Ã(−∞,a) = A(−∞,a) ⊕ A′
(−∞,a) � A(−∞,a) ⊕ TJ . (3.3)

Note that A(−∞,a) = A(−∞,a)\J since J ⊂ ρ(A). Therefore (see, (3.3)), Ã satisfies
(2.3). �

Proof of Theorem 2.2. First, suppose additionally that the operator A is not semi-
bounded below (recall that we assume throughout the paper that A is not semi-
bounded above). Denote R+ := [0,∞), R− := (−∞, 0). In this case, the positive
and negative parts A± := AR± of A are unbounded self-adjoint operators in H± :=
HR± . So, we can apply Theorem 2.1 separately to A+ and to A−. Let T be an
arbitrary self-adjoint operator in H. Then, by Theorem 2.1, there exist self-adjoint
singular perturbations Ã± of A± in H± such that

Ã+
(−∞,0) � T−, and Ã−

[0,∞) � T +.

Define the operator

Ã := Ã+ ⊕ Ã− = Ã+
(−∞,0) ⊕ Ã+

[0,∞) ⊕ Ã−
(−∞,0) ⊕ Ã−

[0,∞).

It has the form (2.4), with

A′ := Ã+
(−∞,0) ⊕ Ã−

[0,∞), and A′′ := Ã+
[0,∞) ⊕ Ã−

[0,∞).
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Clearly, Ã is a singular perturbation of A such that its part A′ satisfies the condi-
tion (2.5).

Now, consider the case of a semi-bounded operator A. Suppose that A ≥ a,
a ∈ R. Then we can decompose [a,∞) into a union of mutually disjoint Borel sets
Δk ⊂ [a + k,∞):

[a,∞) =
∞⋃

k=0

Δk,

in such a way that each A(k) := AΔk
is an unbounded operator in the subspace

Hk := HΔk
. Note that

A =
∞⊕

k=0

A(k).

Let T be an arbitrary self-adjoint operator in H. Set T (0) := T(−∞,a), T (k) =:
T[a+k−1,a+k), k ≥ 1. Then

T =
∞⊕

k=0

T (k).

Applying Theorem 2.1 to A(k), we obtain that there exists a self-adjoint singular
perturbation Ã(k) of A(k) in Hk such that

Ã(k)
(−∞,a+k) � T (k). (3.4)

Define the singular perturbation Ã of A by

Ã :=
∞⊕

k=0

Ã(k).

Clearly, Ã = A′ ⊕ A′′, where

A′ :=
∞⊕

k=0

Ã(k)
(−∞,a+k), and A′′ :=

∞⊕
k=0

Ã(k)
[a+k,∞).

By (3.4) we have that
A′ � T. �

4. Discussion

We emphasize that the singular perturbations Ã in Theorems 2.1 and 2.2 are not
uniquely defined since in our considerations the symmetric restrictions of A[a,∞)

and A(k) are arbitrary.
Theorem 2.1 shows that the spectral properties of Ã and T in J ⊂ ρ(A) ∩

(−∞, a) are the same. In particular,

σ�(Ã) ∩ J = σ�(T ) ∩ J for � = ac, sc, p.
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Besides, on EA((−∞, a) \ J)H the operators A and Ã coincide. If an unbounded
self-adjoint operator A is not semi-bounded below, then in Theorem 2.1 one can
replace (−∞, a) by (a,∞).

Note also that Theorem 2.2 shows that for an arbitrary Borel set Δ ⊂ R
there exists a self-adjoint singular perturbation Ã of the form (2.4) such that

A′
Δ � TΔ.

In particular, one can construct Ã such that σac(Ã) = σsc(Ã) = σp(Ã) = R.

We remark that Theorem 2.1 shows that for any fixed a ∈ R there exists
a singular perturbation Ã coinciding with A on the subspace EA((−∞, a))H and
having any predetermined additional kind of spectra on the left of the point a.
Theorem 2.1 can be improved in some sense by using paper [16] and combining it
with the results from [10]. The following theorem holds.

Theorem 4.1. Let A be an unbounded (at least above) self-adjoint operator in a
separable Hilbert space H. Then for any fixed a ∈ R and an auxiliary self-adjoint
operator T in H there exists a self-adjoint singular perturbation Ã of A such that

Ã(−∞,a) � T(−∞,a). (4.1)

However, this variant of our main result does not ensure that Ã coincides
with A on the subspace EA((−∞, a))H.

Further, taking into account the paper [17], Theorem 2.2 can be given the
following stronger form:

Theorem 4.2. Let A be an unbounded (at least above) self-adjoint operator in a
separable Hilbert space H. Then for any auxiliary self-adjoint operator T in H,
which is unbounded above, there exists a self-adjoint singular perturbation Ã of A
such that Ã � T .

One of the aims of our short paper is to show how recent results of the
usual spectral theory of self-adjoint extensions imply the corresponding results
for singular perturbations. So, Theorem 2.2 can, in particular, be considered as a
simple proof of a weak version of the corresponding result from [17].

By the way, Theorem 4.2 shows that the only condition for the existence of a
singular perturbation obeying Ã � T is that both operators A and T together are
either semi-bounded above or semi-bounded below. However, if this condition is
satisfied, then one can produce by singular perturbation any self-adjoint operator
up to unitary equivalence.

Acknowledgment

This work was partly supported by DFG 436 UKR 113/78 grant. The authors
would like to thank H. Naidhardt for drawing their attention to [10] and [17].



Remarks on the Inverse Spectral Theory 121

References

[1] S. Albeverio, J.F. Brasche, M. Malamud, H. Neidhardt, Inverse spectral theory for
symmetric operators with several gaps: scalar-type Weyl functions. J. Funct. Anal.
228 (2005), 144–188

[2] S. Albeverio, J.F. Brasche, H. Neidhardt, On inverse spectral theory of self-adjoint
extensions: mixed types of spectra. J. Funct. Anal. 154 (1998), 130–173.

[3] S. Albeverio, M. Dudkin, A. Konstantinov, and V. Koshmanenko, On the point
spectrum of H−2-class singular perturbations. Math. Nachr. 208 (2007), no. 1-2, 20–
27.

[4] S. Albeverio, A. Konstantinov, and V. Koshmanenko, On inverse spectral theory for
singularly perturbed operator: point spectrum. Inverse Problems 21 (2005), 1871–1878.

[5] S. Albeverio, P. Kurasov, Singular perturbations of differential operators and solvable
Schrödinger type operators. Cambridge: Univ. Press, 2000.

[6] J.F. Brasche, M.M. Malamud, H. Neidhardt, Weyl function and spectral properties
of self-adjoint extensions. Integr. Eq. Oper. Theory 43 (2002), 264–289.

[7] J.F. Brasche, H. Neidhardt, J. Weidmann, On the point spectrum of self-adjoint
extensions. Math. Zeitschr. 214 (1993), 343–355.

[8] J.F. Brasche, H. Neidhardt, On the absolutely continuous spectrum of self-adjoint
extensions. J. Funct. Anal. 131 (1995), 364–385.

[9] J.F. Brasche, H. Neidhardt, On the singular continuous spectrum of self-adjoint ex-
tensions. Math. Zeitschr. 222 (1996), 533–542.

[10] J.F. Brasche, Spectral theory of self-adjoint extensions. Spectral theory of Schrödinger
operators. Contemp. Math. 340 (2004), 51–96.

[11] V.A. Derkach, M.M. Malamud, General Resolvents and the Boundary Value Problem
for Hermitian Operators with Gaps. J. Funct. Anal. 95 (1991), 1–95.

[12] M.E. Dudkin, V.D. Koshmanenko, On the point spectrum arising under finite rank
perturbations of self-adjoint operators. Ukrainian Math. J. 55 (2003), no. 9, 1269–
1276.

[13] A.Yu. Konstantinov, Point spectrum of singularly perturbed operators. Ukrainian
Math. J. 57 (2005), no. 5, 776–781.

[14] V. Koshmanenko, A variant of inverse negative eigenvalues problem in singular per-
turbation theory. Methods Funct. Anal. Topology 8 (2002), no. 1, 49–69.

[15] M.G. Krein, Theory of self-adjoint extensions of semibounded Hermitian operators
and its applications. I. Math. Zbornik 20(62) (1947), no. 3, 431–495.

[16] H. Neidhardt, V.A. Zagrebnov, Does each symmetric operator have a stability do-
main? Rev. Math. Phys. 10 (1998), no. 6, 829–850.
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1. Introduction

The classical white noise analysis (Gaussian white noise analysis) can be under-
stood as a theory of generalized functions of infinitely many variables with a pair-
ing, between test and generalized functions, provided by integration with respect
to the Gaussian measure. It is well known that there are several approaches to a
construction of such a theory of generalized functions: the Berezansky-Samoilenko
approach [19] and the Hida approach [24]. In the Berezansky-Samoilenko approach,
the spaces of test and generalized functions are constructed as infinite tensor prod-
ucts of one-dimensional spaces. The Hida approach consists in a construction of
some rigging of a Fock space with a subsequent application of the Wiener-Itô-Segal
isomorphism to the spaces of this rigging.

After a number of years, it has become clear that the Hida approach is more
convenient; in most cases, investigations in white noise analysis and its general-
izations are based on it. There exist many works dedicated to white noise analysis
developments:

• Works dealing with investigations of spaces of test and generalized functions
and operators acting in these spaces, using the Wiener-Itô-Segal isomorphism
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and various riggings of the Fock space. For more information, see books [24,
12, 25, 39], surveys [40, 41] and the references therein.

• Works dealing with the so-called Jacobi fields approach to a generalization of
white noise analysis. In these works, the role of the Wiener-Itô-Segal isomor-
phism is played by a unitary Fourier transform defined by the Jacobi field,
i.e., by some family of commuting selfadjoint operators that act in the Fock
space and have a Jacobi structure. The theory of Jacobi fields was created
by Berezansky under the influence of the works by M.G. Krein (see, e.g.,
[37, 38]) on Jacobi matrices. A detailed study of general commutative Jacobi
fields in the Fock space and of a corresponding spectral measure was carried
out in the works by Berezansky and his collaborators (see, e.g., [4], [6]–[10],
[15]–[18], [42]–[46]). Note that the Wiener-Itô-Segal isomorphism is possible
to understand as the Fourier transform of a certain Jacobi field, the so-called
free field. This result was obtained by Koshmanenko and Samoilenko in [36];
see also [12].

• Works devoted to the biorthogonal approach to a generalization of white noise
analysis. In this approach, one replaces the system of Hermite polynomials,
which are orthogonal with respect to the Gaussian measure, with a certain
biorthogonal system. The biorthogonal approach was inspired by [22], pro-
posed in [3] and developed in [51, 2, 13, 14, 29, 30, 20, 21] (see survey [20] for
the complete bibliography). Note that in [13, 14], it was first observed that
the biorthogonal approach is deeply related to the theory of hypergroups.

There exists a deep analogy between the above-mentioned works. In all these
works, the spaces of test functions are constructed as images of positive spaces
from some rigging of the Fock space. But in the first series of works, the Wiener-
Itô-Segal isomorphism is used, in the second series, a Fourier transform is used,
and in the third series, a certain biunitary map is used.

This survey is devoted to the biorthogonal approach to a generalization of
classical white noise analysis. In the first part of the survey, we recall the main
idea of the Hida approach to a construction of classical white noise analysis. In
the second part, we give the basic idea of the biorthogonal approach. In order
to make the presentation simpler, we first consider the corresponding theory of
generalized functions for a model one-dimensional case, and then, briefly, that for
the infinite-dimensional case. For the details and proofs, we refer the reader to
surveys [20, 21].

2. Gaussian white noise analysis

Let us shortly recall some basic results of Gaussian white noise analysis; for details,
see, e.g., [12, 25]. We consider a rigging of the real Hilbert space L2(R) := L2(R, dt),

S ′ ⊃ L2(R) ⊃ S,



An Approach to a Generalization of White Noise Analysis 125

where S is the Schwartz space of infinitely differentiable, rapidly decreasing func-
tion on R, and S ′

is the Schwartz space of distributions dual of S with respect to
the zero space L2(R). We denote by 〈· , ·〉 the dual pairing between elements of S ′

and S inducted by the scalar product in L2(R); i.e., for any f ∈ L2(R) and any
ϕ ∈ S,

〈f, ϕ〉 := (f, ϕ)L2(R).

We will preserve this notation for tensor powers and complexifications of spaces.
Let ρG be a probability measure on the Borel σ-algebra B(S

′
) such that∫

S ′
ei〈x,ϕ〉dρG(x) = e

− 1
2‖ϕ‖2

L2(R) , ϕ ∈ S. (2.1)

By the Minlos theorem, the measure ρG is completely characterized by (2.1). This
measure ρG is called the Gaussian measure.

Note that elements x ∈ S
′

can be thought of as paths of the derivative of
Brownian motion, i.e., as white noise. More precisely, it follows from (2.1) that∫

S ′
〈x, ϕ〉2dρG(x) = ‖ϕ‖2

L2(R), ϕ ∈ S.

Hence, extending the mapping

L2(R) ⊃ S � ϕ �→ 〈·, ϕ〉 ∈ L2(S ′
, ρG)

by continuity, we obtain a random variable 〈·, f〉 ∈ L2(S ′
, ρG) for each f ∈ L2(R).

Thus, we can define the stochastic process {Bt}t∈R,

Bt(·) :=

{
〈·, κ[0,t]〉, t ≥ 0,

−〈·, κ[t,0]〉, t < 0

(κα is the indicator function of a set α). It is easily seen that {Bt}t∈R is a version
of Brownian motion, i.e., finite-dimensional distributions of the process {Bt}t∈R

coincide with those of Brownian motion. Now, we informally have, for all t ∈ R,

Bt(x) =
∫ t

0

x(s)ds, so that
d

dt
Bt(x) = x(t).

The main technical tool for a construction and study of spaces of test and
generalized functions in Gaussian white noise analysis is the Wiener-Itô-Segal iso-
morphism

IG : F (L2(R)) → L2(S ′
, ρG)

between the symmetric Fock space F (L2(R)) and the complex space L2(S ′
, ρG).

Let us recall that the symmetric Fock space F (L2(R)) over L2(R) is defined as

F (L2(R)) :=
∞⊕

n=0

Fn(L2(R))n!,

where the n-particle Fock space

Fn(L2(R)) := (L2
C(R))⊗̂n ((L2

C(R))⊗̂0 := C)
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is equal to the nth symmetric tensor power ⊗̂ of the complexification L2
C
(R) of

the real space L2(R) (henceforth, the subscript C denotes the complexification of
a real space). Thus, for each f = (fn)∞n=0 ∈ F (L2(R)),

‖f‖2
F (L2(R)) =

∞∑
n=0

‖fn‖2
Fn(L2(R))n! < ∞.

The isomorphism IG is completely characterized by its following properties:

1. IG : F (L2(R)) → L2(S ′
, ρG) is the unitary operator.

2. IG(f0, 0, 0, . . .) = f0 for all f0 ∈ C.
3. For each n ∈ N and any disjoint Borel sets α1, . . . , αn ∈ B(R) of finite

Lebesgue measure,(
IG(0, . . . , 0︸ ︷︷ ︸

n

, κα1 ⊗̂ · · · ⊗̂ καn , 0, 0, . . .)
)
(·) = 〈·, κα1〉 . . . 〈·, καn〉.

There are several equivalent ways of constructing such isomorphism:
• Using multiple stochastic integrals. In this case, IG is constructed by repre-

senting any function from L2(S ′
, ρG) as an infinite sum of pairwise orthogonal

multiple stochastic integrals with respect to the Brownian motion {Bt}t∈R;
see, e.g., [24, 27, 25].

• Using the Jacobi fields approach. Now, IG is the Fourier transform of the
free field, i.e., a certain family of commuting selfadjoint operators that act
in the Fock space F (L2(R)) and have the Jacobi structure; see, for instance,
[36, 12].

• Using the system of infinite-dimensional Hermite polynomials orthogonal (in
terms of the Fock space F (L2(R)), see below) with respect to the Gaussian
measure ρG; see, e.g., [12, 25].

Our investigation is related to the third way of constructing the Wiener-Itô-Segal
isomorphism IG. Let us take a closer look at it.

We consider the function

H(x, ϕ) := e
〈x,ϕ〉−1

2 ‖ϕ‖2
L2

C
(R) , x ∈ S ′, ϕ ∈ SC.

It is well known that H is the generating function for the infinite-dimensional
Hermite polynomials Hn(x) ∈ (S ′

)⊗̂n which are defined from the decomposition

H(x, ϕ) =
∞∑

n=0

1
n!
〈ϕ⊗n, Hn(x)〉,

where the symbol ⊗ denotes the tensor power. The polynomials Hn(x) are orthog-
onal in the space L2(S ′

, ρG) in terms of the Fock space F (L2(R)),∫
S ′

〈ϕn, Hn(x)〉〈ψm, Hm(x)〉 dρG(x) = δn,mn!(ϕn, ψn)Fn(L2(R)), (2.2)

ϕn ∈ S⊗̂n
C

, ψm ∈ S⊗̂m
C

, n, m ∈ Z+,
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and the mapping

F (L2(R)) ⊃ Ffin (S) � ϕ = (ϕn)∞n=0 �→ (IGϕ)(·) :=
∞∑

n=0

〈ϕn, Hn(·)〉 ∈ L2(S ′
, ρG)

after being extended by continuity to the whole space F (L2(R)), is the Wiener-Itô-
Segal isomorphism. Here, Ffin (S) denotes the set of all finite sequences (ϕn)∞n=0

such that each ϕn belongs to S⊗̂n
C

.
With the help of the Wiener–Itô–Segal isomorphism IG, spaces of test and

generalized functions are constructed and investigated. These spaces are obtained
as the IG-image of some rigging of the Fock space F (L2(R)):

F− ⊃ F (L2(R)) ⊃ F+⏐⏐@IG

⏐⏐@IG

H− ⊃ L2(S ′
, ρG) ⊃ H+.

Here, F+ is a certain Fock space densely and continuously embedded into F (L2(R)),
and F− is the negative space with respect to the positive space F+ and the zero
space F (L2(R)). By definition, the space of test functions H+ := IGF+ is the IG-
image of the Fock space F+ with topology inducted by the topology of F+, and
the space of generalized functions H− := (H+)

′
is the dual of H+ with respect to

L2(S ′
, ρG). Note that we can extend the isomorphism IG : F (L2(R)) → L2(S ′

, ρG)
to the isomorphism between the negative Fock space F− and the space of gener-
alized functions H−.

3. Biorthogonal approach

In this section, we give the basic idea of the biorthogonal approach. In order to
make the exposition simpler, we first consider the corresponding theory of gener-
alized functions for a model one-dimensional case; then we briefly consider that
for the infinite-dimensional case.

3.1. One-dimensional case

At first, we consider a one-dimensional analogue of Gaussian white noise analysis.
Then we describe the biorthogonal approach to a generalization of such an analysis.

3.1.1. Gaussian case. Let ρG be a Gaussian measure on the Borel σ-algebra B(R).
Its Fourier transform has the form∫

R

eixλdρG(x) = e−
1
2λ2

, λ ∈ R.

In this case, we have the well-known generating function

H(x, λ) := exλ− 1
2λ2

=
∞∑

n=0

λn

n!
Hn(x), x ∈ R, λ ∈ C,
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for the Hermite polynomials Hn that are orthogonal with respect to ρG. More
precisely, we have, for all n, m ∈ Z+,∫

R

Hn(x)Hm(x) dρG(x) = δn,mn!.

Now, the role of the Fock space F (L2(R)) is played by the l2-space

l2 :=
{

f = (fn)∞n=0, fn ∈ C
∣∣∣ ‖f‖2

l2 :=
∞∑

n=0

|fn|2n! < ∞
}

and an analogue of the Wiener-Itô-Segal isomorphism has the form

l2 � f = (fn)∞n=0 �→ (IGf)(·) =
∞∑

n=0

fnHn(·) ∈ L2(R, ρG).

By analogy with the infinite-dimensional situation, using the space l2 instead
of the Fock space F (L2(R)) and the unitary mapping IG : l2 → L2(R, ρG) instead
of the Wiener-Itô-Segal isomorphism, we obtain spaces of test and generalized
functions of variables x ∈ R as the IG-image of riggings of the space l2.

Namely, for fixed K > 1 and q ∈ N we denote

l2+(q) :=
{

f = (fn)∞n=0, fn ∈ C
∣∣∣ ‖f‖2

l2+(q) :=
∞∑

n=0

|fn|2(n!)2Kqn < ∞
}

,

l2+ := pr lim
q∈N

l2+(q).

Then the dual spaces of l2+(q) and l2+ with respect to the zero space l2 are

l2−(q) := (l2+(q))
′
=

{
f = (fn)∞n=0, fn ∈ C

∣∣∣ ‖f‖2
l2−(q) :=

∞∑
n=0

|fn|2K−qn < ∞
}
,

l2− := (l2+)
′
= ind lim

q∈N

l2−(q),

respectively. Thus, for each q ∈ N, we get the rigging

l2− ⊃ l2−(q) ⊃ l2 ⊃ l2+(q) ⊃ l2+.

Using the unitary operator IG, one defines spaces of test functions

H+(q) := IGl2+(q), H+ := IGl2+ = pr lim
q∈N

H+(q),

and their dual (with respect to the space L2(R, ρG)) spaces of generalized functions

H−(q) := (H+(q))
′
, H− := (H+)

′
= ind lim

q∈N

H−(q).

Hence, for each q ∈ N, we have the rigging

H− ⊃ H−(q) ⊃ L2(R, ρG) ⊃ H+(q) ⊃ H+

with pairing, between test and generalized functions, provided by integration with
respect to the Gaussian measure ρG on R.
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3.1.2. Biorthogonal case. Let ρ be a Borel probability measure on R, and L2(R, ρ)
be the corresponding L2-space. Our purpose is to construct some class of test and
generalized functions on R with pairing for integration with respect to ρ. We try to
construct these classes functions on R in a way parallel to the Gaussian case, but
using a certain biunitary mapping instead of the Wiener-Itô-Segal isomorphism.

Let us consider, instead of H(x, λ), a fixed function

R × C � {x, λ} �→ h(x, λ) ∈ C

such that for each λ from some neighborhood B0 of zero in C, the function R �
x �→ h(x, λ) ∈ C is continuous and for every x ∈ R

h(x, λ) =
∞∑

n=0

λn

n!
hn(x), λ ∈ B0.

We additionally assume that h(·, λ) is locally bounded, uniformly with respect to
λ on any closed ball inside of B0, and that h(x, 0) = 1 for all x from R. In our
consideration, the role of the function h(x, λ) is same as the role of the generating
function H(x, λ) = exλ− 1

2 λ2
for the Hermite polynomials in the Gaussian case.

We denote by C(R) the linear space of all complex-valued locally bounded
(i.e., bounded on every ball in R) continuous functions on R. It follows from the
properties of h that for every n ∈ Z+, the function R � x �→ hn(x) ∈ C belongs to
the space C(R), and the mapping

l2+(q) � f = (fn)∞n=0 �→ (Ihf)(·) :=
∞∑

n=0

fnhn(·) ∈ C(R)

is well defined for each q ∈ N and sufficiently large K > 1 (we recall that K is
used in the definition of the space l2+(q)). In what follows, we fix such K > 1.

From the general results, one has (see, e.g., [20])

Theorem 3.1. Let the above-mentioned function h be such that
• ‖hn‖L2(R,ρ) ≤ Cnn! for some C > 0 and all n ∈ Z+.
• The linear span of the functions {hn}∞n=0 is dense in the space L2(R, ρ).
• ‖Ihf‖L2(R,ρ) = 0 if and only if f = 0 in l2+(q), q ∈ N.

Then the Ih-image

Hh
+(q) := Ih(l2+(q)) =

{
f ∈ C(R)

∣∣∣ ∃(fn)∞n=0 ∈ l2+(q), f(x) =
∞∑

n=0

fnhn(x)
}

of the space l2+(q), q ∈ N, is a Hilbert space of continuous functions with topology
inducted by the topology of l2+(q). Moreover, Hh

+(q) is densely and continuously
embedded in L2(R, ρ), and we can construct the rigging

Hh
− ⊃ Hh

−(q) ⊃ L2(R, ρ) ⊃ Hh
+(q) ⊃ Hh

+,

Hh
+ := Ihl2+ = pr lim

q∈N

Hh
+(q), Hh

− := (Hh
+)

′
= ind lim

q∈N

Hh
−(q).
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Let all requirements of Theorem 3.1 be fulfilled. It follows from [5] that for the
unitary operator Ih : l2+(q) → Hh

+(q), there exists a uniquely determined unitary
operator Ih

− : l2−(q) → Hh
−(q) such that

(Ih
−ξ, Ihϕ)L2(R,ρ) = (ξ, ϕ)l2 , ξ ∈ l2−(q), ϕ ∈ l2+(q).

The pair {Ih
−, Ih} is called a biunitary map. This biunitary mapping transfers the

rigging of the space l2 to a rigging of the space L2(R, ρ):

l2−(q) ⊃ l2 ⊃ l2+(q)⏐⏐@Ih−
⏐⏐@Ih

Hh
−(q) ⊃ L2(R, ρ) ⊃ Hh

+(q).

Thus, in the biorthogonal case the spaces of test and generalized functions
are constructed in a way parallel to the Gaussian case (as the image of the rigging
of the space l2), but using the biunitary map {Ih

−, Ih} instead of the Wiener-Itô-
Segal isomorphism. This give us a possibility to develop the biorthogonal white
noise analysis by analogy to the Gaussian analysis. In particular, we can give an
inner description of the spaces of test and generalized functions, construct, for
general situation, the S-transformation, Wick multiplication etc; see, e.g., [20] for
more details.

Note that the natural question arises under which conditions on h the bi-
unitary map {Ih

−, Ih} is the unitary map, i.e., the system of functions {hn}∞n=0

constitutes an orthogonal basis in the space L2(R, ρ).
The answer is the following [21].

Theorem 3.2. The system of functions {hn}∞n=0 with the generating function h
constitutes an orthogonal basis in the space L2(R, ρ) if and only if the following
conditions hold:

• ‖hn‖L2(R,ρ) ≤ Cnn! for some C > 0 and all n ∈ Z+.
• The linear span of the functions {hn}∞n=0 is dense in the space L2(R, ρ).
• For each λ, μ from some neighborhood of zero in C,∫

R

h(x, λ)h(x, μ)dρ(x) = eλμ̄.

It is possible to prove that if all conditions of Theorem 3.2 hold, then all
conditions of Theorem 3.1 will also hold (see [21]). In other words, the orthogonal
situation is a particular case of the biorthogonal situation.

Consider a more special situation.

Example. Let ρ be a Borel probability measure on R such that∫
R

eε|x|dρ(x) < ∞ for some ε > 0,
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and h(x, λ) be a generating function for the Schefer polynomials hn(x) (in another
terminology, the generalized Appel polynomials), that is,

h(x, λ) := γ(λ)eα(λ)x =
∞∑

n=0

λn

n!
hn(x), x ∈ R, λ ∈ C, (3.1)

where γ and α are fixed analytic functions in some neighborhood of 0 ∈ C such
that α(0) = 0, α

′
(0) = 1, and γ(0) = 1.

In this case, the estimate

‖hn‖L2(R,ρ) ≤ Cnn! for some C > 0 and all n ∈ Z+

is automatically satisfied and the linear span of the functions {hn}∞n=0 is dense in
the space L2(R, ρ), see, e.g., [33, 35]. Hence, if the mapping

l2+(q) � f = (fn)∞n=0 �→ (Ihf)(·) :=
∞∑

n=0

fnhn(·) ∈ L2(R, ρ)

is injective, then all requirements of Theorem 3.1 are fulfilled, and we can construct
the corresponding theory of generalized functions.

The next question is: Which of the Schefer polynomials are orthogonal?
The answer was given by Meixner [47] in 1934 (see also [43, 48] for more

details). There exist exactly five types of orthogonal Schefer polynomials: the Her-
mite, Charlier, Laguerre, Meixner, and Meixner–Pollaczek polynomials, which are
orthogonal with respect to the Gaussian, Poissonian, Gamma, Pascal, and Meixner
measures respectively.

3.1.3. Some useful tools in biorthogonal analysis. Let ρ be a Borel probability
measure on R and

h(x, λ) =
∞∑

n=0

λn

n!
hn(x), x ∈ R, λ ∈ C,

be a fixed function such that Theorem 3.1 holds.
• Annihilation and creation operators. The annihilation operator ∂ acts con-

tinuously in the space of test functions Hh
+ by the formula

∂hn := nhn−1, ∂h0 := 0.

The creation operator ∂+ is, by definition, the adjoint to ∂ with respect to the zero
space L2(R, ρG) and acts continuously in the space of generalized functions Hh−.

These operators play an essential role in our considerations. Using them,
we investigate the spaces of test and generalized functions, construct general-
ized translation operators, extended stochastic integral (in the infinite-dimensional
case), etc. (see, e.g., [20, 21, 49, 50, 1] and references therein). Note that in the
Gaussian case, the annihilation operator ∂ is the derivative and ∂ + ∂+ is, as an
operator in the space L2(R, ρG), the operator of multiplication by x ∈ R.
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• S-transform. For each ξ ∈ Hh
−, the S-transform is defined by the formula

(Sξ)(λ) := 〈〈ξ, h(·, λ)〉〉,
where λ belongs to a neighborhood of zero in C, and 〈〈· , ·〉〉 is the dual pairing
between elements of Hh

− and Hh
+ generated by the scalar product in the space

L2(R, ρ).
Each generalized function ξ ∈ Hh

− is uniquely determined by its S-transform.
More exactly, let Hol0(C) denote the set of all (germs of) functions which are
holomorphic in a neighborhood of zero in C. According to [14], the S-transform is
a one-to-one mapping between Hh

− and Hol0(C).
• Wick multiplication. Taking into account that Hol0(C) is an algebra of an-

alytic functions with ordinary algebraic operations, we can define a Wick product
ξ♦η of ξ, η ∈ Hh− through the formula

ξ♦η := S−1(Sξ · Sη)

and make Hh− an algebra with such multiplication.
Using this multiplication, we can construct the elements of Wick calculus.

In Gaussian white noise analysis, such calculus has found numerous applications,
in particular, in fluid mechanics and financial mathematics; see, e.g., [23, 26] for
more details.

3.2. Infinite-dimensional case

Now, we start with a fixed family (Hp)p∈Z+ of real separable Hilbert spaces Hp

such that for all p ∈ Z+, the space Hp+1 is densely embedded in Hp, and this
embedding is quasinuclear, i.e., the Hilbert-Schmidt type. So, one can construct
the rigging of the space H0,

Φ
′
:= ind lim

p∈Z+
H−p ⊃ H−p ⊃ H0 ⊃ Hp ⊃ pr lim

p∈Z+

Hp =: Φ, (3.2)

where H−p is the dual space to Hp with respect to the zero space H0. We de-
note by 〈· , ·〉 the dual pairing between elements of H−p and Hp inducted by the
scalar product in H0. As before, we preserve this notation for tensor powers and
complexifications of spaces.

For each p ∈ Z, we introduce a weighted symmetric Fock space F(Hp, τ) over
Hp with a fixed weight τ = (τn)∞n=0, τn > 0, by setting

F(Hp, τ) : =
∞⊕

n=0

Fn(Hp)τn

: =
{
f = (fn)∞n=0, fn ∈ Fn(Hp)

∣∣∣ ‖f‖2
F(Hp,τ) =

∞∑
n=0

‖fn‖2
Fn(Hp)τn < ∞

}
,

where the n-particle Fock space

Fn(Hp) := H⊗̂n
p,C (H⊗̂0

p,C := C)
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is equal to the nth symmetric tensor power ⊗̂ of the complexification Hp,C of the
real space Hp. Using rigging (3.2) and the weight

τ(q) = ((n!)2Kqn)∞n=0, q ∈ N,

with fixed K > 1, we construct the rigging of the Fock space F(H0, (n!)∞n=0),

F(−p,−q) ⊃ F (H0) := F(H0, (n!)∞n=0) ⊃ F(p, q),

where

F(−p,−q) := F(H−p, (K−qn)∞n=0), F(p, q) := F(Hp, ((n!)2Kqn)∞n=0)

are dual with respect to the zero space F (H0).
Let ρ be a fixed Borel probability measure on Φ

′
, and L2(Φ

′
, ρ) be the

corresponding space of square integrable functions. Our goal is to construct some
class of test and generalized functions on Φ

′
with pairing generated by the scalar

product in L2(Φ
′
, ρ). We try to construct this class functions on Φ

′
in a way

parallel to the Gaussian and above one-dimensional cases.
Let B0 be a neighborhood of zero in the space ΦC. Instead of the generating

function for the infinite-dimensional Hermite polynomials, we take a function

Φ
′ × B0 � {x, ϕ} �→ h(x, ϕ) ∈ C

such that for each ϕ ∈ B0, the function h(·, ϕ) is continuous, and for each x ∈ Φ
′
,

the function h(x, ·) is analytic in B0, i.e., has the representation

h(x, ϕ) =
∞∑

n=0

1
n!
〈ϕ⊗n, hn(x)〉, hn(x) ∈ (Φ

′
C)⊗̂n,

for all ϕ from B0. We additionally assume that h(·, ϕ) is locally bounded, uniformly
with respect to ϕ on any closed ball inside of B0, and that h(x, 0) = 1 for all x

from Φ
′
(see [20], Sections 2.3, for more details).

Due to such properties of h, one can show that for each ϕn ∈ Φ⊗̂n
C

, the
functions

Φ
′ � x �→ 〈ϕn, hn(x)〉 ∈ C

belong to the space C(Φ
′
) of all complex-valued locally bounded continuous func-

tions on Φ
′
. Moreover, there exist p, q ∈ N and K > 1 (we recall that K is used

in the definition of space F(p, q)) such that the mapping

F(p, q) � f = (fn)∞n=0 �→ (Ihf)(·) :=
∞∑

n=0

〈fn, hn(·)〉 ∈ C(Φ
′
)

is well defined. In what follows, we fix such p, q ∈ N and K > 1.
According to [20], we have

Theorem 3.3. Let the above-mentioned function h be such that

• ‖ ‖hn(·)‖Fn(H−p)‖L2(Φ′ ,ρ) ≤ Cnn! for some C > 0 and all n ∈ Z+.
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• The linear span of the set of functions

{〈ϕn, hn(·)〉 ∈ L2(Φ
′
, ρ) |ϕn ∈ Φ⊗̂n

C
, n ∈ Z+}

is dense in the space L2(Φ
′
, ρ).

• ‖Ihf‖L2(Φ ′ ,ρ) = 0 if and only if f = 0 in F(p, q).

Then the Ih-image

Hh(p, q) : = Ih(F(p, q))

=
{

f ∈ C(Φ
′
)
∣∣∣ ∃(fn)∞n=0 ∈ F(p, q), f(x) =

∞∑
n=0

〈fn, hn(x)〉
}

of the space F(p, q) is a Hilbert space of continuous functions with the topology
inducted by the topology of F(p, q). Moreover, Hh(p, q) is densely and continuously
embedded in L2(Φ

′
, ρ), and we can construct a rigging

Hh(−p,−q) ⊃ L2(Φ
′
, ρ) ⊃ Hh(p, q)

with pairing between the elements of Hh(−p,−q) := (Hh(p, q))
′

and Hh(p, q) in-
ducted by integration with respect to the measure ρ.

Under the conditions of Theorem 3.3, for the unitary operator

Ih : F(p, q) → Hh(p, q)

there exists a uniquely determined unitary operator

Ih
− : F(−p,−q) → Hh(−p,−q)

such that

(Ih
−ξ, Ihϕ)L2(Φ ′ ,ρ) = (ξ, ϕ)F (H0), ξ ∈ F(−p,−q), ϕ ∈ F(p, q).

So, we have a biunitary map {Ih−, Ih}. This mapping transfers the rigging of the
space F (H0) to a rigging of the space L2(Φ

′
, ρ):

F(−p. − q) ⊃ F (H0) ⊃ F(p, q)⏐⏐@Ih−
⏐⏐@Ih

Hh(−p,−q) ⊃ L2(Φ
′
, ρ) ⊃ Hh(p, q).

Thus, in the biorthogonal case, the spaces of test and generalized functions
are constructed in a way parallel to the Gaussian case (as the image of the rigging
of the Fock space F (H0)), but using the biunitary map {Ih

−, Ih} instead of the
Wiener-Itô-Segal isomorphism IG.

The infinite-dimensional analogue of Theorem 3.2 holds; see [20, 21].

Theorem 3.4. The mapping

F (H0) � f = (fn)∞n=0 �→ (Ihf)(·) :=
∞∑

n=0

〈fn, hn(·)〉 ∈ L2(Φ
′
, ρ) (3.3)

is well defined and unitary if and only if the following three conditions hold:
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• ‖ ‖hn(·)‖Fn(H−p)‖L2(Φ′ ,ρ) ≤ Cnn! for some C > 0 and all n ∈ Z+.
• The linear span of the set of functions

{〈ϕn, hn(·)〉 ∈ L2(Φ
′
, ρ) |ϕn ∈ Φ⊗̂n

C
, n ∈ Z+}

is dense in the space L2(Φ
′
, ρ).

• For each ϕ, ψ from some neighborhood of zero in ΦC,∫
Φ ′

h(x, ϕ)h(x, ψ)dρ(x) = e(ϕ,ψ)H0,C .

Note that under the assumptions of Theorem 3.4, the functions

Φ
′ � x �→ 〈ϕn, hn(x)〉 ∈ C, Φ

′ � x �→ 〈ψm, hm(x)〉 ∈ C,

ϕn ∈ Φ⊗̂n
C

, ψm ∈ Φ⊗̂m
C

, n, m ∈ Z+,

are orthogonal in the space L2(Φ
′
, ρ) in terms of the Fock space F (H0),∫

Φ ′
〈ϕn, hn(x)〉〈ψm, hm(x)〉dρ(x) = δn,mn!(ϕn, ψn)Fn(H0),

and all requirements of Theorem 3.3 are fulfilled.
Let us consider the special case where Φ = S, H0 = L2(R) and, as a conse-

quence, Φ
′
= S ′

. Let the function h satisfy all conditions of Theorem 3.4 and

∂nh(x, z1ϕ1 + · · · + znϕn)
∂z1 . . . ∂zn

∣∣∣∣
z1=...=zn=0∈C

=
∂

∂z1
h(x, z1ϕ1)

∣∣∣∣
z1=0∈C

. . .
∂

∂zn
h(x, znϕn)

∣∣∣∣
zn=0∈C

(3.4)

for all x ∈ S ′
and all ϕ1, . . . , ϕn ∈ S such that suppϕi ∩ supp ϕj = ∅ if j 
= i,

i, j ∈ {1, . . . , n}, n ∈ N. Then, according to [1], the mapping (3.3) is completely
characterized by the following properties:

1. Ih : F (L2(R)) → L2(S ′
, ρ) is the unitary operator.

2. Ih(f0, 0, 0, . . .) = f0 for all f0 ∈ C.
3. For each n ∈ N and any disjoint sets α1, . . . , αn ∈ B(R) of finite Lebesgue

measure,(
Ih(0, . . . , 0︸ ︷︷ ︸

n

, κα1 ⊗̂ · · · ⊗̂ καn , 0, 0, . . .)
)
(·) = 〈h1(·), κα1〉 . . . 〈h1(·), καn〉.

Note that in the case of the Gaussian measure ρ := ρG on B(S ′
), the function

h(x, ϕ) := H(x, ϕ) = e
〈x,ϕ〉−1

2 ‖ϕ‖2
L2

C
(R) , x ∈ S ′, ϕ ∈ SC,

satisfies all conditions of Theorem 3.4 and equality (3.4).
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Now, we have an analog of the Example from Subsection 3.1.

Example. Let ρ be a Borel probability measure on Φ
′
such that∫

Φ ′
eε‖x‖H−p dρ(x) < ∞ for some ε > 0 and p ∈ N.

It is well known that the Schefer polynomials (3.1) have the corresponding infinite-
dimensional counterparts and are defined by the Taylor expansion of the generating
function

h(x, ϕ) := γ(ϕ)e〈α(ϕ),x〉 =
∞∑

n=0

1
n!
〈ϕ⊗n, hn(x)〉,

where γ and α are fixed analytic functions in some neighborhood of zero in ΦC

such that α(0) = 0, γ(0) = 1, and α is invertible in a neighborhood of zero.
In this case, the estimate

‖ ‖hn(·)‖Fn(H−p)‖L2(Φ′ ,ρ) ≤ Cnn! for some C > 0 and all n ∈ Z+

is automatically satisfied, and the linear span of the functions

{〈ϕn, hn(·)〉 ∈ L2(Φ
′
, ρ) |ϕn ∈ Φ⊗̂n

C
, n ∈ Z+}

is dense in the space L2(R, ρ); see, e.g., [33, 35]. Hence, if the mapping

F(p, q) � f = (fn)∞n=0 �→ (Ihf)(·) :=
∞∑

n=0

〈fn, hn(·)〉 ∈ L2(Φ
′
, ρ)

is injective, then all requirements of Theorem 3.3 are fulfilled, and we can construct
the corresponding theory of generalized functions (see [3, 51, 2, 46, 33, 34, 32, 11,
31, 48, 45] for more detailed acount).

For the infinite-dimensional counterparts of the Hermite, Charlier, Laguerre,
Meixner, and Meixner–Pollaczek polynomials, the orthogonality persists in the
following sense:

• In the Gaussian and Poisson cases, the orthogonality of the Hermite and
Charlier polynomials, respectively, is given in terms of the Fock space (rela-
tion of type (2.2)); see, e.g., books [24, 12, 25] and articles [28, 51, 34, 10,
31, 21]. Note that the study of Poisson white noise analysis was initiated
by Y. Ito and I. Kubo [28] in 1988. They were the first to construct spaces
of test and generalized functions of Poisson white noise, to study them and
some operators acting in these spaces.

• In the Gamma, Pascal, and Meixner cases, the orthogonality of the corre-
sponding polynomials is more complicated and is given in terms of the so-
called “extended Fock space”; see, for instance, [34, 32, 17, 11, 16, 18, 43, 44,
48, 45].
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Extrema of Variational Functionals of Several
Variables in Sobolev Space W 1

2

E.V. Bozhonok

Abstract. We study sufficient and necessary conditions for the compact ex-
trema of integral functionals in Sobolev space W 1

2 in terms of the Hessian
of the integrand. Also, we generalize to the case of compact extrema of
variational functionals the classical Legendre necessary condition and the
Legendre-Jacobi sufficient condition.
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1. Introduction

Analysis [1]–[5] of the extremum problems for variation functionals in Sobolev
space W 1

2 leads to the notions of a strong compact extremum, compact continuity,
and compact differentiability. In papers [6]–[10], various necessary and sufficient
conditions for the compact extrema of the Euler–Lagrange functional in W 1

2 are
considered.

In the present work, we consider an application of the compact extremum
theory to the case of the Euler–Lagrange functional of several variables. We obtain
both sufficient and necessary conditions for a strong compact extremum of the
Euler–Lagrange functional in terms of, respectively, a system of inequalities for
the positive definiteness and that for the non-negativeness, which are constructed
with the help of the strong Hessian of the integrand. Also, we generalize to the
case of a strong compact extremum the known Legendre necessary condition and
the Legendre–Jacobi sufficient condition. These results are obtained on the basis
of a positive definiteness test and a non-negativeness test for the operator matrices
and quadratic forms in products of n real Hilbert spaces.
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Let us give necessary definitions and results (see [4, 5, 11]). In what follows,
E, Y, Z are Banach spaces.

Definition 1.1. We call a functional Φ : E → R compactly differentiable at a point
y ∈ E if for every absolutely convex compact set C ⊂ E, the restriction of Φ onto
(y + span C) is Fréchet differentiable with respect to the norm ‖ · ‖C generated
by C.

We call a K-differentiable functional Φ twice K-differentiable at y ∈ E if for
every absolutely convex compact sets C1 and C2, there exists a bilinear form gC1C2

continuous on span C1 × span C2 and such that

(Φ′
K(y + h) − Φ′

K(y)) · k = gC1C2(y) · (h, k) + o(‖h‖C1 · ‖k‖C2).

Here Φ′
K and Φ′′

K are the first and the second K-derivatives, respectively.

Definition 1.2. We say that a functional Ψ has a strong compact extremum (strong
K-extremum) at a point y ∈ E if for every absolutely convex compact set C ⊂ E,
the restriction of Ψ onto (y + span C) has a local extremum at y with respect to
‖ · ‖C in span C.

Remark 1.3. Note that any local extremum of Ψ at a point y ∈ E is a strong
K-extremum.

Definition 1.4. Let Ω be a compact finite Borel measure space. We say that a
continuous mapping ϕ : Ω × Y × Z =: T → F of class C2 in (y, z) belongs to the
class W 2K2(z) if a representation of ϕ in the form

ϕ(x, y, z) = P (x, y, z) + Q(x, y, z) · ‖z‖ + R(x, y, z) · ‖z‖2 (1.1)

exists such that the mappings P , Q, R, the gradients ∇P := ∇yzP , ∇Q := ∇yzQ,
∇R := ∇yzR, and the Hessians H(P ) :=Hyz(P ), H(Q) :=Hyz(Q), H(R) :=Hyz(R)
are uniformly continuous and bounded on TC = Ω × CY × Z for each compactum
CY ⊂ Y .

Let us formulate a condition for the twice K-differentiability of a variational
functional [4, 11].

Theorem 1.5. Let Ω = [a; b], H be a real Hilbert space, and a function u=f(x, y, z),
f : Ω × H2 → R. If f ∈ W 2K2(z), then the Euler–Lagrange functional

Φ(y) =
∫
Ω

f(x, y(x), y′(x))dx (y ∈ W 1
2 (Ω, H)) (1.2)

is twice K-differentiable and

Φ′′
K(y)(h, k) =

∫
Ω

[∂2f

∂y2
(x, y, y′)(h, k) +

∂2f

∂y∂z
(x, y, y′)((h′, k) + (h, k′))

+
∂2f

∂z2
(x, y, y′)(h′, k′)

]
dx. (1.3)
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Note that in [4], [5], the classical Euler–Lagrange variational equation is ex-
tended to the case as follows:

Theorem 1.6. If, under the hypothesis of Theorem 1.5, y(·) ∈
◦

W 2
2 (Ω, E), then

Φ′
K(y) = 0 if and only if the Euler–Lagrange variational equation

∂f

∂y
(x, y, y′) − d

dx

(
∂f

∂z
(x, y, y′)

)
= 0 (1.4)

is fulfilled a.e. on Ω.

2. Positive definiteness test and non-negativeness test for the
operator matrices and quadratic forms in products of n real
Hilbert spaces

Let us first obtain a positive definiteness test for the operator matrix in a product
of Hilbert spaces.

Let H1, . . . , Hk be separable real Hilbert spaces, H = H1 × · · · × Hk, and op-
erators Bij : Hj → Hi (i, j = 1, k) be linear and continuous. Define a linear con-
tinuous operator Bk : H → H by the operator matrix Bk = (Bij)k

i,j=1.

Definition 2.1. Consider the splitting of the matrix Bn into the following four
blocks: B11

n , the upper-left block of size [n
2 ] × [n

2 ]; B22
n , the lower-right block of

size (n − [n
2 ]) × (n − [n

2 ]); B12
n and B21

n , the adjacent rectangular blocks of sizes
[n
2 ] × (n − [n

2 ]) and (n − [n
2 ]) × [n

2 ] (here, [ · ] is the integral part of the number).
Assume that a necessary condition of the positive definiteness of a 2 × 2

operator matrix is fulfilled [12], that is, B11
n and B22

n are continuously invertible
operators. On the set of all such matrices Bn (n = 1, 2, . . . ), let us introduce the
first kind Silvester operators:

�1
1(Bn) = B11

n ; �2
1(Bn) = B11

n − B12
n · (B22

n )−1 · B21
n ;

�2
2(Bn) = B22

n ; �1
2(Bn) = B22

n − B21
n · (B11

n )−1 · B12
n .

Note that the maximum sizes of the matrices �i
j(Bn) (i, j = 1, 2) are([n

2

]
+ 1

)
×

([n

2

]
+ 1

)
and

[n

2

]
×

[n

2

]
for odd and even n, respectively.

In [5]–[6], the following positive definiteness test for an operator matrix
B2 = (Bij)2i,j=1 in H1 × H2 was obtained.

Theorem 2.2. The operator B2 is positive definite if and only if

B11 � 0; �2
1(B2) = B11 − B12 · (B22)−1 · B21 � 0;

B22 � 0; �1
2(B2) = B22 − B21 · (B11)−1 · B12 � 0.

Applying the first kind Silvester operators repeatedly, we can generalize this
result by induction to n × n operator matrices.
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Theorem 2.3. Let Hi (i = 1, n) be separable real Hilbert spaces, H =H1×···×Hn,
and Bn = (Bij) where Bij : Hj → Hi (i, j = 1, n) are linear continuous operators
in H. The operator Bn is positive definite if and only if there holds the system of
inequalities

{�im

jm
· · · �i2

j2
�i1

j1
(Bn) � 0}2

il,jl=1, (2.1)

where �il
jl

are the first kind Silvester operators and

m =
{

k, for n = 2k

k + 1, for 2k < n < 2k+1.
(2.2)

Proof. Consider the splitting of the matrix Bn = (Bij)i,j=1,n into four blocks ac-
cording to Definition 2.1. Then Bn = (Bij

n )i,j=1,2. Denote H̃1 = H1 × · · · × H[ n
2 ]

and H̃2 = H[ n
2 ]+1 × · · · × Hn. Then Bn can be considered as an operator matrix

in
H̃1 × H̃2, Bij

n : H̃j → H̃i (i, j = 1, 2). By Theorem 2.2, Bn is positive definite if
and only if:

1) B11
n = �1

1(Bn) � 0; B22
n = �2

2(Bn) � 0;

2) �2
1 = �2

1(Bn) � 0; �1
2 = �1

2(Bn) � 0.

Splitting each operator matrix

�1
1(Bn) = B1

[ n
2 ], �2

1(Bn) = B2
[ n
2 ], �2

2(Bn) = B3
n−[ n

2 ], �1
2(Bn) = B4

n−[ n
2 ] (2.3)

according to Definition 2.1 and applying Theorem 2.2 to the linear continuous
operators (2.3) in H̃1 × H̃1 and H̃2 × H̃2 respectively, we obtain 16 inequalities
of the form {�i2

j2
�i1

j1
� 0}2

il,jl=1 in spaces(
H1 × · · · × H[

[ n
2 ]
2

])2

,

(
H[

[ n
2 ]
2

]
+1

× · · · × H[ n
2 ]

)2

,

(
H[ n

2 ]+1 × · · · × H[
n−[ n

2 ]
2

])2

,

(
H[

n−[ n
2 ]

2

]
+1

× · · · × Hn

)2

.

After the construction is continued by induction p times, the size of the
operator matrices is reduced, at least, to 2k+1−p × 2k+1−p as n < 2k+1.

Thus, we arrive at the system (2.1) after m steps, where m is defined by (2.2).
�

Remark 2.4. Note that the number of inequalities in the system (2.1)–(2.2) can
be calculated by the formula

Vn = 2k · (3n − 2k+1) for 2k ≤ n ≤ 2k+1. (2.4)

In addition,
n2 ≤ Vn ≤ (n + 1)2. (2.5)

Let us consider an application of these results to concrete operator matrices.
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Example. Consider a diagonal operator Bn = {Bij}n
i,j=1 in a product of Hilbert

spaces H1 × · · · × Hn, Bij = 0 for i 
= j. Then

�1
1(Bn) = �2

1(Bn) = B11
n , �2

2(Bn) = �1
2(Bn) = B22

n

are diagonal operators, too. Thus, we obtain by induction the diagonal elements

�im

jm
· · · �i2

j2
�i1

j1
(Bn) = Bii.

Hence, the condition for the positive definiteness of the diagonal elements Bii � 0
is both necessary and sufficient for the positive definiteness of the operator ma-
trix Bn.

Now, we proceed to a non-negativeness test for the n × n operator matrix in
a product of Hilbert spaces.

Definition 2.5. Consider the splitting of Bn into the following four blocks: B̃11
n , the

element B11 of the matrix Bn; B̃22
n , the lower-right block of determinant of size

(n − 1) × (n − 1); B̃12
n and B̃21

n , the adjacent row and column of sizes 1 × (n − 1)
and (n − 1) × 1.

Assume that B̃11
n is continuously invertible. On the set of all such matrices

Bn (n = 1, 2, . . . ), let us introduce the second kind Silvester operators

�̃1
1(Bn) = B̃11

n ; �̃1
2(Bn) = B̃22

n − B̃21
n · (B̃11

n )−1 · B̃12
n .

In [8] (see also [14]), the following non-negativeness test for the operator
matrix B2 = (Bij)2i,j=1 in H1 × H2 was obtained.

Theorem 2.6. Let B11 be continuously invertible and self-adjoint, B12 = B∗
21. Then

the operator B2 is non-negative if and only if

(1) B11 ≥ 0,
(2) �̃1

2(B2) = B22 − B21 · (B11)−1 · B12 ≥ 0.

Applying the Silvester operators of the second kind repeatedly, we can gen-
eralize the Theorem 2.2 by induction to n × n operator matrices.

Theorem 2.7. Let Hi (i = 1, n) be separable real Hilbert spaces, H =H1×···×Hn,
Bn = (Bij) where Bij : Hj → Hi (i, j = 1, n) is a linear continuous self-adjoint
operator in H, and all operators

�̃1
1(�̃1

2)
k(Bn), k = 0, n − 2 (2.6)

be continuously invertible. The operator Bn is non-negative if and only if

�̃1
1(�̃1

2)
k(Bn) ≥ 0, k = 0, n − 2; (�̃1

2)
n−1(Bn) ≥ 0, (2.7)

where �̃1
l , (l = 1, 2) are the second kind Silvester operators.
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Proof. Consider the splitting of the matrix Bn = (Bij)i,j=1,n into four blocks ac-
cording to Definition 2.5. Then Bn = (B̃ij

n )i,j=1,2. Denote H̃1 = H1 and H̃2 =
H2 × · · · × Hk. Then Bn can be considered as an operator matrix in H̃1 × H̃2,
B̃ij

n : H̃j → H̃i (i, j = 1, 2). By virtue of Theorem 2.6, under the conditions of
continuous invertibility of B̃11

n = B11 = �̃1
1(Bn) and self-adjointness of Bn, Bn is

non-negative if and only if

�̃1
1(Bn) ≥ 0, �̃1

2(Bn) = B̃22
n − B̃21

n · (B̃11
n )−1 · B̃12

n ≥ 0.

Splitting the operator matrix �̃1
2(Bn) of size (n − 1) × (n − 1) according to Def-

inition 2.5 and applying Theorem 2.6 to the linear continuous self-adjoint oper-
ator �̃1

2(Bn), under the conditions of continuous invertibility of �̃1
1(�̃1

2(Bn)) in
H̃2 × H̃2, we obtain the following necessary and sufficient conditions for the non-
negativeness of �̃1

2(Bn):

�̃1
1(�̃1

2(Bn)) ≥ 0, �̃1
2(�̃1

2(Bn)) ≥ 0.

After the construction is continued by induction p times, the size of the operator
matrices is reduced, at least, to (n − p) × (n − p). Thus, under the conditions
of continuous invertibility of the operators (2.6) and self-adjointness of Bn, we
obtain, after (n − 1) steps, n inequalities of the form (2.7). �

On the basis of the above-proved tests for the positive definiteness and non-
negativeness of operator matrices, we shall obtain appropriate sufficient conditions
for the positive definiteness and necessary conditions for the non-negativeness of
the quadratic forms in products of n real separable Hilbert spaces.

Theorem 2.8. Let Hi (i = 1, n) be separable real Hilbert spaces, H =H1×···×Hn,
ϕ be a continuous quadratic form in H generated by a symmetric bilinear form
g on H2, Bn be a linear continuous self-adjoint operator in H associated with
g (g(h, k) = 〈k, Bnh〉), and Bn = (Bij) where Bij : Hj → Hi (i, j = 1, n). If the
system of inequalities (2.1)–(2.2) holds, then ϕ � 0 on H.

Theorem 2.9. Let Hi (i = 1, n) be separable real Hilbert spaces, H =H1×···×Hn,
ϕ be a continuous quadratic form on H generated by a symmetric bilinear form
g on H2, Bn be a linear continuous self-adjoint operator in H associated with g
(g(h, k) = 〈k, Bnh〉), and Bn = (Bij) where Bij : Hj → Hi (i, j = 1, n). If ϕ ≥ 0
and all operators (2.6) are continuously invertible, then the inequalities (2.7) hold.
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3. Sufficient and necessary conditions for the strong compact
extrema of the Euler–Lagrange functionals of n variables in
Sobolev space in terms of the Hessian of the integrand

Now, we use the results proved above to obtain sufficient and necessary conditions
for a strong compact extremum of the Euler–Lagrange functionals of n variables
in Sobolev space W 1

2 .
In [4], the following result was obtained.

Theorem 3.1. Let Ω = [a; b], H be a real Hilbert space, and a function u=f(x, y, z),
f : Ω × H2 → R be of W 2K2(z). If the equation (1.4) is fulfilled at a point

y(·) ∈
◦

W 2
2 (Ω, H) and the quadratic form (in (y, z)) f ′′(x, y(x), y′(x)) is positive

definite on H2 for any fixed x ∈ Ω, then the Euler–Lagrange functional (1.2) has
a strong K-minimum at y(·).

A sufficient condition for the strong K-extremum follows from this result and
the theorems 1.5, 1.6, 2.7.

Theorem 3.2. Let Ω = [a; b], Hi (i = 1, n) be separable real Hilbert spaces, H =
H1 × · · · ×Hn, and a real function u = f(x, y1, . . . , yn, z1, . . . , zn) be of W 2K2(z),

z = (z1×· · ·×zn). Suppose that for some functions ym(·) ∈
◦

W 2
2 (Ω, Hm), m = 1, n,

the variational Euler–Lagrange equations

∂f

∂ym
− d

dx

(
∂f

∂zm

)
a.e.= 0 (m = 1, n) (3.1)

are fulfilled.
Let Γn(f) be the Hessian of f in the variables yi and zi, (i = 1, n)

Γn(f) =

⎛⎝ (
∂2f

∂yi∂yj

) (
∂2f

∂yi∂zj

)(
∂2f

∂zi∂yj

) (
∂2f

∂zi∂zj

) ⎞⎠n

i,j=1

.

If the system of inequalities

{�im

jm
· · · �i2

j2
�i1

j1
(Γn(f)) � 0}2

il,jl=1, (3.2)

where �il

jl
are the first kind Silvester operators, m =

{
k, for n = 2k

k + 1, for 2k < n < 2k+1,
is fulfilled for a K-extremal y(·) = (y1(·), . . . , yn(·)) a.e. on Ω, then the Euler–
Lagrange functional

Φ(y1, . . . , yn) =
∫ b

a

f
(
x, y1(x), . . . , yn(x), y′

1(x), ..., y′
n(x)

)
dx (3.3)

has a strong K-minimum at a point y(·) = (y1(·), . . . , yn(·)).
Proof. As is shown in Theorem 2.8, the positive definiteness of f ′′(x, y1(x), . . . ,
yn(x), y′

1(x), . . . , y′
n(x)

)
for all x ∈ Ω follows from the condition (3.2). As the
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system of variational Euler-Lagrange equations (3.1) is equivalent to the equa-
tion (1.4), then, by virtue of Theorem 1.6, y(·) = (y1(·), . . . , yn(·)) is a K–extremal.

In view of Theorem 1.5, under the conditions f ∈ C2(H, R) and f ∈ W 2K2(z),
it follows that Φ ∈ C2

K(W 1
2 (Ω, H), R).

Since f ′′(x, y1(x), . . . , yn(x), y′
1(x), . . . , y′

n(x)
)
� 0 for the K-extremal y(·) =

(y1(·), . . . , yn(·)), it follows from Theorem 3.1 that Φ has a strong K-minimum at
the point y(·) = (y1(·), . . . , yn(·)). �

Corollary 3.3. If, under the hypothesis of Theorem 3.2, the system of inequalities

{�im

jm
· · · �i2

j2
�i1

j1
(Γn(x)) � 0}2

il,jl=1

is fulfilled for the K-extremal y(·) = (y1(·), . . . , yn(·)) a.e. on Ω, then the Euler–
Lagrange functional (3.3) has a strong K-maximum at the point y(·) =

(y1(·), . . . , yn(·)).
Now, we obtain, on the basis of Theorem 2.7, a necessary condition for a

strong compact extrema of the Euler–Lagrange functional in terms of the Hessian
of the integrand.

Theorem 3.4. If, under the hypothesis of Theorem 3.2, the Euler–Lagrange func-
tional (3.3) has a strong K-minimum at a point

y(·) = (y1(·), . . . , yn(·)) ∈
◦

W 2
2 (Ω, H),

and all operators �̃1
1(�̃1

2)
k(Γn(f)), k = 0, n− 2 are continuously invertible, then

�̃1
1(�̃1

2)
k(Γn(f)) ≥ 0, (k = 0, n− 2), (�̃1

2)
n−1(Γn(f)) ≥ 0, (3.4)

where �̃1
l , (l = 1, 2) are the second kind Silvester operators.

Proof. Since the function f(x, y1, . . . , yn, z1, . . . , zn) is twice continuously differ-
entiable in (y, z) on Ω × H × H and f ∈ W 2K2(z), by Theorem 1.5 the Euler–

Lagrange functional (3.3) is twice K-differentiable on
◦

W 1
2 (Ω, H). Moreover, the

functional (3.3) has a strong K-minimum, whence

Φ′′
K(y1, . . . , yn)(h, h) ≥ 0. (3.5)

Suppose that ∃k2
0 > 0 for which on some set A0 ⊂ Ω, μA0 > 0 and for some

fixed h0 ∈ H ,

f ′′(x, y1(x), . . . , yn(x), z1(x), . . . , zn(x))(h0, h0) ≤ −k2
0 < 0.

Now, let x0 be any density point in A0. Choose a neighborhood Oδ0(x0) (δ0 > 0)
such that for δ < δ0,

μ(A0

⋂
Oδ(x0))

2δ
> 1 − ε0 (0 < ε0 < 1).

Put h(x) = h0 · χ(x0−δ;x0+δ)(x) =
{

h0, x ∈ (x0 − δ; x0 + δ);
0, x 
∈ (x0 − δ; x0 + δ).
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Then

Φ′′
K(y1, . . . , yn)(h, h)

=
∫
Ω

f ′′(x, y1(x), . . . , yn(x), z1(x), . . . , zn(x))(h(x), h(x))dx

=
∫ x0+δ

x0−δ

f ′′(x, y1(x), . . . , yn(x), z1(x), . . . , zn(x))(h0, h0)dx

≤ −k2
0 · 2δ · (1 − ε0) < 0

for 0 < δ < δ0 small enough. Hence Φ′′
K(y) < 0, which contradicts the inequal-

ity (3.5). Thus, if Φ′′
K(y1, . . . , yn) ≥0, then f ′′(x, y1(x), . . . , yn(x), z1(x), . . . ,

zn(x)) ≥ 0 for the K-extremal y(·). As was shown in Theorem 2.9, the last
condition provides the fulfilment of the inequalities (3.4) for the Hessian Γn(x)
associated with f ′′(x, y1(x), . . . , yn(x), z1(x), . . . , zn(x)). �
Corollary 3.5. If, under the hypothesis of Theorem 3.4, the Euler–Lagrange func-
tional (3.3) has a strong K-maximum at a point y(·) = (y1(·), . . . , yn(·)), then

�̃1
1(�̃1

2)
k(Γn(f)) ≤ 0, (k = 0, n− 2); (�̃1

2)
n−1(Γn(f)) ≤ 0,

where �̃1
l , (l = 1, 2) are the second kind Silvester operators.

4. The Legendre condition and the Legendre-Jacobi sufficient
condition for a strong K-extremum of the Euler-Lagrange
functional of n variables in Sobolev space

Let us extend, to the case of Sobolev space W 1
2 and a strong compact extremum

of the Euler–Lagrange functional of n variables, the known Legendre necessary
condition and the Legendre–Jacobi sufficient condition [13].

First, we formulate the Legendre necessary condition.

Theorem 4.1. Let Ω = [a; b], Hi (i = 1, n) be separable real Hilbert spaces, H =
H1 × · · ·×Hn, a real function u = f(x, y1, . . . , yn, z1, . . . , zn) be of W 2K2(z), and
all functions ∂2f

∂yi∂zj
(x, y1, . . . , yn, y′

1, . . . , y
′
n) (i, j = 1, n) be absolutely continuous

on Ω, where the functions ym(·) ∈
◦

W 2
2 (Ω, H) satisfy the Euler-Lagrange variational

equations
∂f

∂ym
− d

dx

(
∂f

∂zm

)
a.e.= 0 (m = 1, n).

Set Pn(x) =
(

∂2f
∂zi∂zj

)n

i,j=1
. If the Euler-Lagrange functional (3.3) has a strong

K-minimum at y(·)=(y1(·),...,yn(·))∈
◦

W 2
2 (Ω,H), and all operators �̃1

1(�̃1
2)

k(Pn),
k = 0, n − 2 are continuously invertible, then the system of differential inequalities

�̃1
1(�̃1

2)
k(Pn) ≥ 0, k = 0, n − 2; (�̃1

2)
n−1(Bn) ≥ 0, (4.1)
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where �̃1
l (l = 1, 2) are the second kind Silvester operators, holds true for the

extremal y(·) a.e. on Ω.

Proof. Since the functional (3.3) has a strong K-minimum at the point
y(·) = (y1(·), . . . , yn(·)), the Legendre necessary condition ([10], Theorem 1.1)

∂2f

∂z2
(x, y1(x), . . . , yn(x), y′

1(x), . . . , y′
n(x)) ≥ 0,

where ∂2f
∂z2 (x, y1(x), . . . , yn(x), y′

1(x), . . . , y′
n(x)) is the symmetric bilinear form as-

sociated with Pn(x), holds true for a.e. x ∈ Ω.
Then, by Theorem 2.9, under the conditions of continuous invertibility of

�̃1
1(�̃1

2)
k(Pn), k = 0, n− 2, the system of inequalities (4.1) is satisfied. �

Note that the representation (1.3) can be rewritten in the following form:

Φ′′
K(y)(h, k) =

∫
Ω

([
− d

dx

(
∂2f

∂y∂z
(x, y, y′)

)
+

∂2f

∂y2
(x, y, y′)

]
(h, k)

+
∂2f

∂z2
(x, y, y′)(h′, k′)

)
dx. (4.2)

For the Euler–Lagrange functional (1.2), the second K-derivative is the qua-
dratic functional (1.3), (4.2). To extend the Legendre-Jacobi sufficient condition
to the case of a compact extremum of a variational functional in Sobolev space,
consider some properties of the quadratic integral functional

Φ̂(h) =
∫
Ω

(P (h′, h′) + Q(h, h)) dx, (4.3)

where h ∈
◦

W 1
2 (Ω, H), H = H1 × · · · × Hn, Hi (i = 1, n) are real separable Hil-

bert spaces, and for each x ∈ Ω = [a; b], P (x) and Q(x) are symmetric bilinear
continuous forms on H × H, strongly measurable and essentially bounded with
respect to x as mappings from Ω into (H, H)∗ ∼= (H, H∗) = (H, H). Note that the
forms P (x) and Q(x) can be considered as self-adjoint linear continuous operators
P = (Pij), Q = (Qij) where Pij : Hj → Hi, Qij : Hj → Hi, (i, j = 1, n).

Define the Jacobi condition for the functional Φ̂(h).

Definition 4.2. Consider the Jacobi equation

− d

dx
(PU ′) + QU

a.e.= 0, U(a) = 0, U ′(a) = IH , (4.4)

in the class of mappings U(·) ∈ W 1
2 (Ω,L(H)). We say that the functional (4.3)

satisfies the Jacobi condition if any solution of the Jacobi equation (4.4) is such
that the operators U(x) are continuously invertible for a < x ≤ b.
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The Jacobi condition can be rewritten in the coordinate form.

Definition 4.3. Consider the linear continuous operator U = (Uij) where

Uij : Hj → Hi, (i, j = 1, n).

Then it is possible to consider the system of Jacobi equations
n∑

i=1

(
− d

dx
(PkiU

′
im) + QkiUim

)
a.e.= 0,

Ukm(a) = 0, U ′
km(a) =

{
IHk

, k = m
0, k 
= m

, (k, m = 1, n) (4.5)

in the class of mappings U(·) ∈ W 1
2 (Ω,L(H)). We say that the functional (4.3)

satisfies the Jacobi condition if any solution of the system of Jacobi equations (4.5)
is such that the operators U(x) are continuously invertible for a < x ≤ b.

Theorem 4.4. If the system of inequalities

{�im

jm
· · · �i2

j2
�i1

j1
(P ) � 0}2

il,jl=1, (4.6)

where �il

jl
are the first kind Silvester operators and

m =
{

k, for n = 2k

k + 1, for 2k < n < 2k+1,
(4.7)

holds true for a.e. x ∈ Ω and the Jacobi condition (Definitions 4.2–4.3) is fulfilled,

then the quadratic functional (4.3) is positive definite on
◦

W 1
2 (Ω, H).

Proof. If the system of inequalities (4.6)–(4.7) is satisfied, then, by Theorem 2.8,
the bilinear continuous form P (x) � 0 for a.e. x ∈ Ω. Hence, by Theorem 2.1 [10],

Φ̂(h) � 0 on
◦

W 1
2 (Ω, H). �

Applying the sufficient condition for the positive definiteness of the quadratic
functional (4.3) (Theorem 4.4), we obtain the Legendre–Jacobi sufficient condition
for a compact extremum of the Euler–Lagrange functional of several variables in
Sobolev space.

Theorem 4.5. Suppose that the assumptions of Theorem 4.1 are fulfilled.
Set

Pn(x) =
(

∂2f

∂zi∂zj

)n

i,j=1

, Qn(x) =
(

d

dx

(
∂2f

∂yi∂zj

)
+

∂2f

∂yi∂yj

)n

i,j=1

.

If for a K-extremal y(·) = (y1(·), . . . , yn(·)) ∈
◦

W 2
2 (Ω, H):

1) The system of inequalities

{�im

jm
· · · �i2

j2
�i1

j1
(Pn) � 0}2

il,jl=1, (4.8)
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where �il

jl
are the first kind Silvester operators and

m =
{

k, for n = 2k

k + 1, for 2k < n < 2k+1,
(4.9)

is fulfilled for a.e. x ∈ Ω;
2) For the functional (4.2), the Jacobi condition is fulfilled, i.e., any solution of

the Jacobi equation

− d

dx

(
∂2f

∂z2
U ′

)
+

[
− d

dx

(
∂2f

∂y∂z

)
+

∂2f

∂y2

]
U

a.e.= 0,

U(a) = 0, U ′(a) = IH ,

(where ∂2f
∂z2 and − d

dx

(
∂2f
∂y∂z

)
+ ∂2f

∂y2 are the bilinear continuous forms associ-

ated with Pn(x) and Qn(x), respectively) in the class W 1
2 (Ω,L(H)) is such

that the operators U(x) are continuously invertible for a < x ≤ b,
then the Euler-Lagrange functional (3.3) has a strong K-minimum at y(·).
Proof. Since the system of inequalities (4.8)–(4.9) for the operator Pn(x), asso-
ciated with the form ∂2f

∂z2 , is fulfilled, ∂2f
∂z2 � 0 almost everywhere on Ω (Theo-

rem 2.8). Under the Jacobi condition, the Euler-Lagrange functional (3.3) has a
strong K–minimum at y(·) ([10], Theorem 3.1). �

Corollary 4.6. If, under the hypothesis of Theorem 4.5,
1) The system of inequalities

{�im

jm
· · · �i2

j2
�i1

j1
(Pn) � 0}2

il,jl=1, (4.10)

where �il
jl

are the first kind Silvester operators and

m =
{

k, for n = 2k

k + 1, for 2k < n < 2k+1,
(4.11)

is fulfilled for a.e. x ∈ Ω;
2) For the functional (4.2), the Jacobi condition is fulfilled,

then the Euler-Lagrange functional (3.3) has a strong K-maximum at y(·).
Remark 4.7. According to Definition 4.3, the Jacobi condition for the functional
(4.2) can be rewritten in the coordinate form, i.e., any solution U(x), where
U = (Uij), Uij : Hj → Hi, (i, j = 1, n), of the system of Jacobi equations

n∑
j=1

(
− d

dx

(
∂2f

∂zi∂zj
U ′

jm

)
+

[
− d

dx

(
∂2f

∂yi∂zj

)
+

∂2f

∂yi∂yj

]
Ujm

)
a.e.= 0, (4.12)

Uim(a) = 0, U ′
im(a) =

{
IHi , i = m
0, i 
= m

, (i, m = 1, n), (4.13)

in the class W 1
2 (Ω,L(H)) is such that the operators U(x) are continuously invert-

ible for a < x ≤ b.
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5. Example of a K-extremum of the Euler–Lagrange functional of
n variables that is not a local extremum

1) Let us consider a real function ϕ ∈ C2[0, +∞) such that ϕ(t) = t for 0 ≤ t ≤
1 − δ, ϕ(t) = 2 − t for 1 + δ ≤ t ≤ +∞, ϕ ↗ as 0 ≤ t ≤ 1, and ϕ ↘ as 1 ≤ t < ∞
(δ > 0 is small enough). Assume

f(x, y1, . . . , yn, z1, . . . , zn) = ϕ

(
n∑

i=1

‖yi‖2
i + ‖zi‖2

i

)
,

where yi, zi ∈ Hi, H = H1 × ... × Hn, and Hi are the separable real Hilbert spaces
with norms ‖ · ‖i generated by inner products 〈·, ·〉i (i = 1, n). Consider the func-
tional

Φ(y1, . . . , yn) =

1∫
0

ϕ

(
n∑

i=1

‖yi(x)‖2
i + ‖y′

i(x)‖2
i

)
dx,

where y(·) ∈
◦

W 1
2 ([0; 1], H), (i = 1, n).

Then the variational Euler–Lagrange equation (1.4) takes the form

dϕ

dt
〈yi − y′′

i , ·〉i − 2
d2ϕ

dt2
〈yi + y′′

i , y′
i〉i · 〈y′

i, ·〉i = 0 (i = 1, n). (5.1)

Thus, the function y0(x) = (y01(x), . . . , y0n(x)) ≡ 0 is a K-extremal and

Φ(y01, . . . , y0n) = 0.

2) Direct verification shows that Φ has a compact minimum at the point y0(x) ≡ 0,
but no local minimum at this point [7].
3) Let us show that the sufficient condition for a K-minimum (Theorem 3.2) is
fulfilled on the K-extremal y0 ≡ 0.

Consider

Γn(f) =

(
∂2f

∂yi∂yj

∂2f
∂yi∂zj

∂2f
∂zi∂yj

∂2f
∂zi∂zj

)n

i,j=1

.

Direct verification shows that
∂2f

∂y2
i

= 4
d2ϕ

dt2
〈yi, ·〉i · 〈yi, ·〉i + 2

dϕ

dt
〈·, ·〉i;

∂2f

∂yi∂yj
= 4

d2ϕ

dt2
〈yi, ·〉i · 〈yj , ·〉j ;

∂2f

∂z2
i

= 4
d2ϕ

dt2
〈zi, ·〉i · 〈zi, ·〉i + 2

dϕ

dt
〈·, ·〉i;

∂2f

∂zi∂zj
= 4

d2ϕ

dt2
〈zi, ·〉i · 〈zj , ·〉j ;

∂2f

∂zi∂yj
= 4

d2ϕ

dt2
〈zi, ·〉i · 〈yj , ·〉j ;

∂2f

∂yi∂zj
= 4

d2ϕ

dt2
〈yi, ·〉i · 〈zj , ·〉j ;

(i, j = 1, n)

Then

Γn(x) = 4
d2ϕ

dt2

(
Γ11

n Γ12
n

Γ21
n Γ22

n

)
+ 2

dϕ

dt

(
D1 0
0 D1

)
,
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where

Γ11
n =

(
〈yi, ·〉i · 〈yj , ·〉j

)n

i,j=1
, Γ12

n =
(
〈yi, ·〉i · 〈zj , ·〉j

)n

i,j=1
,

Γ21
n =

(
〈zi, ·〉i · 〈yj , ·〉j

)n

i,j=1
, Γ22

n =
(
〈zi, ·〉i · 〈zj , ·〉j

)n

i,j=1
,

D1 =
(
δij〈·, ·〉i

)n

i,j=1
.

Since 〈·, ·〉 � 0, i = 1, n, by Example in Section 2 we obtain

Γn(x) = 2
(

D1 0
0 D1

)
� 0

for the extremal (y01, . . . , y0n) ≡ 0.
5) Let us show that the Legendre–Jacobi sufficient condition for a K–minimum
(Theorem 4.5) is fulfilled on the K–extremal y0 ≡ 0.

a) For the K-extremal y0 ≡ 0, Pn = 2
(
δij〈·, ·〉i

)n

i,j=1
. Since 〈·, ·〉 � 0, i = 1, n,

by Example in Section 2 we obtain Pn(x) � 0.
b) The system of equations (4.12)–(4.13) can be rewritten in the form

−U ′′
ij + Uij

a.e.= 0,

Uij(0) = 0, U ′
ij(0) =

{
IHi , i = j
0, i 
= j

, (i, j = 1, n).

The solution of this system is U(x) =
(
δijsh(xIHi )

)n

i,j=1
, where

sh(xIHi ) :=
exIHi − exIHi

2
.

As the operators sh(xIHi ) (i = 1, n) are continuously invertible for 0 < x ≤ 1,
the operator U(x) is continuously invertible for 0 < x ≤ 1.
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Convexity in the Spirit of Krein
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Abstract. The moment problem as formulated by Krein and Nudel’man is a
beautiful generalization of several important classical moment problems, in-
cluding the power moment problem, the trigonometric moment problem and
the moment problem arising in Nevanlinna-Pick interpolation. Motivated by
classical applications and examples, in both finite and infinite dimensions, we
recently formulated a new version of this problem that we call the moment
problem for positive rational measures. The formulation reflects the impor-
tance of rational functions in signals, systems and control. While this version
of the problem is decidedly nonlinear, the basic tools still rely on convexity.
In particular, we present a solution to this problem in terms of a nonlinear
convex optimization problem that generalizes the maximum entropy approach
used in several classical special cases.

Mathematics Subject Classification (2000). Primary 30E05; Secondary 44A60.

Keywords. Moment problems, interpolation, rational positive measures, con-
vex optimization.

1. Introduction

The moment problem for positive measures is the synthesis, over the course of
more than 70 years by Krein and his collaborators (see [1, 15] and references
therein), of many important classical problems in pure and applied mathematics.
This paper is devoted to the study of a class of moment problems, which we refer to
as the moment problem for positive rational measures, whose formulation reflects
the importance of rational functions in signals, systems and control. This class of
problems abstracts the recent work of a number of authors [3, 4, 5, 6, 8, 9, 11, 12,

This research was supported in part by grants from AFOSR, Swedish Research Council, Swedish
Foundation for Strategic Research, and the Göran Gustafsson Foundation.
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13] who incorporated various complexity constraints into the refinements of the
moment problem for arbitrary positive measures [15].

We refer to this problem as the moment problem for positive rational mea-
sures. In this paper we develop some basic results for this problem, closely following
the approach outlined in [15]. Indeed, in Section 2 we recall the fundamental result
on the generalized moment problem as derived in [15] using convex cones in finite-
dimensional function spaces and properties of positive measures. In Section 3 we
derive similar basic results for the moment problem for positive rational measures
using a topological proof that mirrors the steps in the convexity proof in [15].

While this version of the problem is decidedly nonlinear, one can still develop
an approach based entirely on convexity. In particular, in Section 4 we present a
synthesis of our topological approach with a nonlinear convex optimization prob-
lem that we discovered in the context of interpolation problems [4, 5] and gener-
alized to the case of moment problems with complexity constraints [6, 8, 9, 13].
In fact, the topological approach developed in Section 3 allows us to significantly
streamline our previous proofs concerning the convex functional and its extrema.
Naturally, the optimization problem itself generalizes the maximum entropy ap-
proach. Indeed, for cases where the space of test functions lie in the Hardy space
on the unit circle, we provide in Section 5 a succinct closed form for the maximum
entropy solution. In Section 6 we describe some amplifications of our basic results
using differentiable maps and manifolds, a methodology upon which we based an
alternative approach to this problem in [8, 9] and which is also streamlined by our
topological arguments.

2. The moment problem following Krein and Nudel’man

The fundamental result on the generalized moment problem derived in [15] is based
on two results, one about properties of convex cones in finite-dimensional spaces
of continuous functions and the other about properties of positive measures.

The first result concerns a subspace P of the Banach space C[a, b] of complex-
valued continuous functions defined on the real interval [a, b] and a choice of basis
(u0, u1, . . . , un) of P. If p ∈ P we denote by P its real part P := Re(p). Following
[15], we define the subset P+ of those elements p ∈ P such that P ≥ 0. The
space P+ ⊂ P is a closed, convex cone. In terms of the basis (ui), every φ ∈ P∗

corresponds to a complex sequence c = (c0, c1, . . . , cn) ∈ Cn+1. Since every φ is
determined by its real part as a linear functional on P as a real vector space, we
can characterize elements of the dual cone PT

+ as those sequences c satisfying

〈c, p〉 := Re

{
n∑

k=0

pkck

}
≥ 0 (2.1)

for all p ∈ P+. Such a sequence is classically called positive, and the space of
positive sequences is denoted by C+. In particular, C+ is a closed, convex cone
with CT

+ = P+.
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Following [15], consider the curve

U(t) =

⎛⎜⎜⎜⎝
u0(t)
u1(t)

...
un(t)

⎞⎟⎟⎟⎠ , a ≤ t ≤ b.

We then define the subset U = {U(t) : t ∈ [a, b]} ⊂ Cn+1, and let K(U) denote its
convex conic hull. Clearly, K(U)T = P+, from which follows:

Theorem 2.1 ([15]). K(U) = C+.

We now turn to some results concerning positive measures. Given c ∈ Cn+1,
the generalized moment problem (see [15]) is to find a positive measure dμ such
that ∫ b

a

uk(t)dμ(t) = ck, k = 0, 1, . . . , n. (2.2)

For the sake of brevity, from now on we shall refer to this problem as simply the
moment problem, omitting the adjective “generalized”. More generally, let

M : C[a, b]∗ → Cn+1 (2.3)

be the continuous mapping defined via (2.2) for an arbitrary bounded measure
dμ ∈ C[a, b]∗ and consider the subset M+ ⊂ C[a, b]∗ of positive measures.

Lemma 2.2 ([15]). M(M+) ⊂ C+.

Proof. If p ∈ P+ = CT
+, then

〈c, p〉 := Re

{
n∑

k=0

pkck

}
=

∫ b

a

P dμ ≥ 0, (2.4)

so that c ∈ C+. �

By Theorem 2.1 and Lemma 2.2, we have that M(M+) is a convex subset
of K(U). On the other hand, by choosing dμ = δt0 for each t0 ∈ [a, b], it follows
that U ⊂ M(M+). In particular, to say that M(M+) is closed is to say that
K(U) ⊂ M(M+).

In [15], the Helly Selection Theorem is used to show that M(M+) is closed
in C+ under the following hypothesis.

Hypothesis 2.3. There exists p ∈ P+ such that P > 0 on [a, b].

Theorem 2.4 ([15]). Whenever Hypothesis 2.3 holds, K(U) = M(M+). In partic-
ular,

C+ = M(M+). (2.5)

Of course, in order for the moment equations to hold it is necessary that ck

be real whenever uk is real. Moreover, a purely imaginary moment condition can
always be reduced to a real one.



160 C.I. Byrnes and A. Lindquist

Convention 2.5. Henceforth we shall assume that u0, . . . , ur−1 are real functions
and ur, . . . , un are complex-valued functions whose real and imaginary parts, tak-
ing together with u0, . . . , ur−1, are linearly independent over R.

In particular, we may regard P as the real vector space R2n−r+2 and C+ ⊂
R2n−r+2. Therefore, it follows [15] that C+ is a closed convex cone of dimension
2n − r + 2, with interior C+

◦
consisting of strictly positive sequences c; i.e., those

sequences c satisfying

〈c, p〉 := Re

{
n∑

k=0

pkck

}
> 0 (2.6)

for all p ∈ P+ � {0}. Assuming Hypothesis 2.3, it then follows that P+ is also a
closed convex cone of dimension 2n−r+2, with a nonempty interior P+

◦
consisting

of those p ∈ P+ for which Re(p) > 0.

3. The main results

In the power and the trigonometric moment problems, the elements of the sub-
space P are polynomials and trigonometric polynomials, respectively. In part for
this reason, the elements of the subspace P in an arbitrary moment problem are
referred to as “polynomials in P”. Following this precedent, we shall refer to the
ratio p/q with p, q ∈ P as a “rational function”. For the classical Nevanlinna-
Pick interpolation problem, it turns out that P is a coinvariant subspace of H2 so
that the “polynomials” are rational functions σ/τ , where τ is fixed. This of course
implies that the rational functions in P are rational in the usual sense.

Definition 3.1. The functions P := Re(p), for p ∈ P in the moment problem are
referred to as real polynomials for P. We shall refer to the ratio P/Q with p, q ∈ P
as a real rational functions for P.

Remark 3.2. Under Convention 2.5,

p :=
n∑

k=0

pkuk ∈ P (3.1)

corresponds to an (n+1)-tuple of points (p0, p1, . . . , pn), where p0, p1, . . . , pr−1 are
real and pr, pr+1, . . . , pn are complex. Moreover, p is determined by P [8, p. 165].

The moment problem is about measures and combining these two concepts
leads us to following definition.

Definition 3.3. Any measure of the form

dμ =
P (t)
Q(t)

dt, (3.2)

where P, Q are positive real polynomials for P, is a rational positive measure. Let
R+ ⊂ M+ denote the subset of rational positive measures.
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Problem 3.4. Given a sequence of complex numbers c0, c1, . . . , cn and a subspace
P = span(u0, . . . , un) ⊂ C[a, b], the moment problem for rational measures is to
parameterize all positive rational measures P (t)

Q(t)dt such that∫ b

a

uk(t)
P (t)
Q(t)

dt = ck, k = 0, 1, . . . , n. (3.3)

We shall need an additional hypothesis to accommodate the restriction to
rational positive measures.

Hypothesis 3.5. The space P consists of Lipschitz continuous functions.

Remark 3.6. To the best of our knowledge, all instances of the generalized moment
problem that arise in systems and control involve subspaces of C[a, b] consisting of
Lipschitz continuous functions. Moreover, we recall the classical result that, if P is
spanned by a Chebyshev system (or T-system) and contains a constant function,
then after a reparameterization P consists of Lipschitz continuous functions [15,
p. 37].

In the setting of Section 2, our first result is the following.

Theorem 3.7. If Hypotheses 2.3 and 3.5 hold, then

M(R+) = C+

◦
.

In other words, the moment problem for rational measures is solvable if, and only
if, the sequence c is strictly positive.

For any dμ ∈ R+, consider the sequence c defined by (2.2) and any p =∑n
k=0 pkuk ∈ P+ � {0}. Then

〈c, p〉 := Re

{
n∑

k=0

pkck

}
=

∫ b

a

P (t)dμ > 0, (3.4)

so that c ∈ C+

◦
. This observation yields the rational analogue of Lemma 2.2.

Lemma 3.8. If Hypothesis 2.3 holds, then M(R+) ⊂ C+

◦
.

The following result implies the reverse inclusion.

Theorem 3.9. If Hypotheses 2.3 and 3.5 hold, then M(R+) contains a set which is
both open and closed in the convex set C+

◦
.

Remark 3.10. The assertions in Theorem 3.9 are the topological analogue, for the
case of rational measures, of the convexity assertions used in the proof of Theorem
2.4 for the generalized moment problem, where it was shown that the convex subset
M(M+) ⊂ C+ = K(U) both contains U and is closed. In light of Lemma 3.8, a
point mass δt0 cannot be realized on P by a positive rational measure so that
U 
⊂ M(R+). Nonetheless, there exists P+ ⊂ R+ such that M(P+) is both open
and closed in C+

◦
.
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Indeed, for a fixed P ∈ P+

◦
consider the set

P+ = {dμ ∈ R+ : dμ =
P

Q
dt, Q ∈ P+

◦
} (3.5)

and the restriction of the moment mapping M|P+ : P+ → C+

◦
.

Proposition 3.11. If Hypothesis 2.3 holds, then M(P+) ⊂ C+

◦
is open.

Proof. For simplicity, we view P and C as real vector spaces, so that P is spanned
by the real basis (ui), where we have replaced a complex-valued (uk) by its real and
imaginary parts. We shall also parameterize dμ ∈ P+ by q ∈ P+

◦
. The Jacobian,

Jac(M|P+)q0 , of M|P+ at a point q0 ∈ P+

◦
is a square matrix Mq whose (i, j)th

entry is

(Mq)(i,j) = −
∫ b

a

ui(t)uj(t)
P (t)
Q2(t)

dt (3.6)

evaluated at the point q0. Thus, −Mq is the gramian matrix of the real basis (ui)
with respect to the positive definite inner product defined by P (t)/Q2(t)dt on
C[a, b]. Therefore, Jac(M|P+)q has rank 2n − r + 2 at each point q ∈ P+

◦
so that,

by the Implicit Function Theorem, M(P+) is open. �

Proposition 3.12. If Hypotheses 2.3 and 3.5 hold, then M(P+) ⊂ C+

◦
is closed.

Proof. Suppose

M(
P

Qj
dt) = cj ∈ C+

◦
(3.7)

and limj→∞cj = c0 ∈ C+

◦
. We claim that there exists an M > 0 such that ‖Qj‖∞ ≤

M. To see this note that

limj→∞
∫ b

a

P 2(t)
Qj(t)

dt = limj→∞〈cj , p〉 = 〈c, p〉 > 0. (3.8)

Setting Q̃j = Qj/‖Qj‖∞, we have

limj→∞‖Qj‖∞
∫ b

a

P 2(t)

Q̃j(t)
dt = 〈c, p〉 > 0. (3.9)

Since
∫ b

a P 2(t)/Q̃j(t) dt ≥ ε for some ε > 0, we must have ‖Qj‖∞ ≤ M < ∞ for
some M > 0. Therefore, there is a convergent subsequence in P,

limk→∞qk = q0, with q0 ∈ P+ (3.10)

for which

0 <

∫ b

a

P 2(t)
Q0(t)

dt = 〈c, p〉 < ∞.

We claim that q0 ∈ P+

◦
.
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Suppose, on the contrary, that Q0(t0) = 0 for some t0 ∈ [a, b], Then, since
Q0 is Lipschitz continuous at t0, there exists an ε > 0 and an L > 0 such that
Q0(t) ≤ L|t − t0| whenever |t − t0| < ε and t ∈ [a, b]. In particular, if t0 ∈ (a, b),∫ b

a

P 2

Q0
dt ≥ 1

L

∫ t0+ε

t0−ε

P 2

|t − t0|
dt = +∞,

contrary to assumption. If t0 = a or t0 = b, a similar estimate holds. Hence,
q0 ∈ P+

◦
, as claimed. �

Corollary 3.13. If Hypotheses 2.3 and 3.5 hold, the moment mapping M|P+ : P+ →
C+

◦
is surjective.

4. A Dirichlet principle for the moment problem with
rational positive measures

In the course of proving Theorem 3.7 we showed that, for any c ∈ C+

◦
and any

choice of P ∈ P+

◦
, the moment problem for rational positive measures always has

a solution in the set

P+ = {dμ ∈ R+ : dμ =
P

Q
dt, Q ∈ P+

◦
}. (4.1)

In this section, using a convex optimization argument, we show that the surjection
M|P+ is injective, and we characterize the unique rational measure as the solution
of a variational problem. In fact, we derive both a primal optimization problem
and its dual. Remarkably, the moment problem for rational positive measures is
the set of critical point equations for the dual variational problem. In this classical
sense, a nonlinear convex optimization provides an illustration of the Dirichlet
Principle for this class of moment problems.

Let Ip : C+[a, b] → R ∪ {−∞} be the relative entropy functional

Ip(Φ) =
∫ b

a

P (t) log Φ(t)dt, (4.2)

which is a generalization of the entropy functional obtained by setting P = 1.
From Jensen’s inequality we see that Ip(Φ) ≤ log

(∫ b

a
PΦdt

)
≤

∫ b

a
PΦdt < ∞.

Theorem 4.1. Assume that Hypotheses 2.3 and 3.5 hold, and let c ∈ C+

◦
. Then, for

any P ∈ P+

◦
, the constrained optimization problem to maximize (4.2) over C+[a, b]

subject to the moment constraints∫ b

a

uk(t)Φ(t)dt = ck, k = 0, 1, . . . , n, (4.3)



164 C.I. Byrnes and A. Lindquist

has a unique solution, and it has the form

Φ =
P

Q
, Q := Re{q}, (4.4)

where q ∈ P+

◦
.

The optimization problem of Theorem 4.1, to which we shall refer as the
primal problem, can be solved by Lagrange relaxation. In fact, we have the La-
grangian

L(Φ, q) = I(Φ) + Re
n∑

k=0

qk

[
ck −

∫ b

a

ukΦdt

]
,

where (q0, q1, . . . , qn) ∈ Rr × Cn−r+1 are Lagrange multipliers. Then,

L(Φ, q) =
∫ b

a

P log Φ dt + 〈c, q〉 −
∫ b

a

QΦdt,

where Q = Re{q} with q :=
∑n

k=0 qkuk ∈ P. Clearly, comparing linear and
logarithmic growth, we see that the dual functional

ψ(q) = sup
Φ∈C+[a,b]

L(Φ, q)

takes finite values only if q ∈ P+, so we may restrict our attention to such Lagrange
multipliers. For any q ∈ P+ and any Φ ∈ C+[a, b] such that P/Φ is integrable, the
directional derivative

d(Φ,q)L(h) =
∫ b

a

[
P

Φ
− Q

]
h dt = 0

for all h ∈ C[a, b] if and only if Φ = P
Q ∈ C+[a, b], which inserted into the dual

functional yields

ψ(q) = Jp(q) +
∫ b

a

P (log P − 1)dt, (4.5)

where Jp : P+ → R ∪ {∞} is the strictly convex functional

Jp(q) = 〈c, q〉 −
∫ b

a

P log Qdt. (4.6)

As the last term in (4.5) is constant, the dual problem to minimize ψ(q) over
P+ is equivalent to the convex optimization problem

min
q∈P+

J(q). (4.7)

Since
∂Jp

∂qk
= ck −

∫ b

a

uk
P

Q
dt, k = 0, 1, . . . , n,

it follows from Corollary 3.13 that the optimization problem (4.7) has an optimal
solution q̂ ∈ P+

◦
satisfying the moment equations (3.3). Moreover, since the

functional (4.6) is strictly convex, this optimum is unique.
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Consequently,

Φ̂ :=
P

Q̂
∈ C+[a, b] (4.8)

is the unique optimal solution of the primal problem. To see this, observe that
Φ �→ L(Φ, q̂) is strictly concave and that dL(Φ̂,q̂)(h) = 0 for all h ∈ C+[a, b].
Therefore,

L(Φ, q̂) ≤ L(Φ̂, q̂), for all Φ ∈ C+[a, b] (4.9)

with equality if and only if Φ = Φ̂. However, L(Φ, q̂) = Ip(Φ) for all Φ satisfying
the moment conditions (4.3). In particular, since (4.3) holds with Φ = Φ̂, L(Φ̂, q̂) =
Ip(Φ̂). Consequently, (4.9) implies that Ip(Φ) ≤ Ip(Φ̂) for all Φ ∈ C+[a, b] satisfying
the moment conditions, with equality if and only if Φ = Φ̂. Hence, Ip has a unique
maximum in the space of all Φ ∈ C+[a, b] satisfying the constraints (4.3), and it is
given by (4.8).

This concludes the proof of Theorem 4.1, but we have also proven the follow-
ing theorem.

Theorem 4.2. Assume that Hypotheses 2.3 and 3.5 hold. Let (c, p) ∈ C+

◦
×P+

◦
, and

set P := Re{p}. Then the functional (4.6) has a unique minimizer q̂ ∈ P+

◦
, and

Q̂ := Re{q̂} is the unique solution to the moment equations∫ b

a

uk
P

Q
dt = ck, k = 0, 1, . . . , n. (4.10)

Corollary 4.3. If Hypotheses 2.3 and 3.5 hold, the moment mapping M|P+ : P+ →
C+

◦
is a bijection.

5. Moment problems in a Hardy space setting

Some important special cases of the moment problem is when

uk(t) = gk(eit) where gk ∈ H2(D), k = 0, 1, . . . , n, (5.1)

and [a, b] = [−π, π]. A case in point is the trigonometric moment problem when
gk(z) = 1

2π zk; another is Nevanlinna-Pick interpolation when gk(z) = 1
2π

z+zk

z−zk
,

where z0, z1, . . . , zn are the (distinct) interpolation points. In both of these cases,
g := (g0, g1, . . . , gn)T can be represented as

g(z) = (I − zA)−1B, (5.2)

where A is a n × n stability matrix and B an n-vector such that (A, B) is a
reachable pair; i.e.,

G =
∫ π

−π

g(eit)g(eit)∗dt > 0. (5.3)
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Indeed, positive definiteness of G follows readily from the fact that the basis func-
tions are linearly independent. This condition also insures that there is a unique
function of the form

w(z) =
n∑

k=0

wkgk(eit)∗

that satisfies ∫ π

−π

gk(eit)w(eit)dt = ck, k = 0, 1, . . . , n,

namely the one provided by the unique solution of the system of linear equations
n∑

k=0

Gkjwj = ck, k = 0, 1, . . . , n.

Consequently, for any q ∈ P,

〈c, q〉 =
∫ π

−π

Q(t)w(eit)dt. (5.4)

It can be shown that g0, g1, . . . , gn span the coinvariant subspace K := H2 �
φH2, where φ is the inner function

φ(z) =
det(zI − A∗)
det(I − zA)

.

In view of (5.1), K is a Hardy space model of P. Moreover, for any ψ ∈ K, there
is a v ∈ K such that Ψ := Re{ψ} = vv∗ [7, Proposition 9]. Therefore, for any
q ∈ P+, there is an a ∈ Cn such that Q(t) = a(eit)∗a(eit) where a(z) := g(z)∗a.
Then, by (5.4),

〈c, q〉 = a∗
∫ π

−π

w(eit)g(eit)g(eit)∗dt a = a∗Pa, (5.5)

where

P :=
1
2

∫ π

−π

g(eit)[w(eit) + w(eit)∗]g(eit)∗dt. (5.6)

Consequently, c ∈ C+ if and only if P ≥ 0, and c ∈ C+

◦
if and only if P > 0. In the

trigonometric moment problem P is the Toeplitz matrix, and in the Nevanlinna-
Pick case P is the the Pick matrix.

If P contains constants, then we may determine the maximum-entropy solu-
tion, corresponding to setting P = 1 in (4.2), in closed form.

Proposition 5.1. Suppose that the basis functions in P satisfy (5.1) and P contains
constants. Then the maximum-entropy solution is

Φ̂(t) =
g(0)∗P−1g(0)

|g(eit)∗P−1g(0)|2 , (5.7)

where P is given by (5.6).
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Proof. We proceed as in [14, 16]. Since, by Jensen’s formula [2, p. 184], the last
term in the dual functional (4.6) (with P = 1) can be written 2 log |a(0)|, (4.6)
becomes

J(a) := Jp(a∗a) = a∗Pa − 2 log |a∗g(0)|.
Setting the gradient of J(a) equal to zero, we obtain a = P−1g(0)/|a(0)| and
hence a(z) = g(z)∗P−1g(0)/|a(0)|. Then |a(0)|2 = g(0)∗P−1g(0), and therefore
the optimal a becomes

a(z) =
g(z)∗P−1g(0)√
g(0)∗P−1g(0)

. (5.8)

Moreover, in view of Theorems 4.1 and 4.2,

Φ̂(t) =
1

Q(t)
=

1
|a(eit)|2 ,

and therefore (5.7) follows from (5.8). �

In the trigonometric moment problem, modulo normalization,

ϕn(z) := g(z)∗P−1g(0)

reduces to the Szegö polynomial orthogonal on the unit circle of degree n (cf. [10]).

6. Amplifications and conclusions

In this paper we showed that the moment problem for rational positive measures
is solvable for all strictly positive sequences, provide Hypotheses 2.3 and 3.5 hold
for P. In the language of functions and spaces, we showed that the moment map
M defined by (2.3) restricts to a surjection

M|R+ : R+ → C+

◦
(6.1)

by proving that the restriction

M|P+ : P+ → C+

◦
(6.2)

is surjective. Indeed, using the strict convexity of the dual functional, we were able
to conclude in Corollary 4.3 that (6.2) is a bijection.

In this section we briefly discuss these maps in more detail. Following Hada-
mard, the problem of solving, for c ∈ C+

◦
, the equations

M|P+(dμ(q)) = c, for q ∈ P+

◦
, (6.3)

is well posed provided a solution q exists, is unique and varies continuously with
c (in some reasonable topology). As elements of open convex subsets of Euclidean
space, the choice of topology is clear. Existence and uniqueness is the essence of
Corollary 4.3. Moreover, our proof of Proposition 3.11 reposed on the observation
that Jac(M|P+)q is nonsingular at each q ∈ P+

◦
so that, by the Inverse Function
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Theorem, M|P+ is a smooth bijection with a smooth inverse. Since M|−1
P+

is differ-
entiable, it is continuous, so that q is a continuous function of c and this restricted
moment problem is well posed.

Our second amplification concerns the map (6.1). Here, M|R+ is not injec-
tive and one would instead like a continuous or smooth parameterization of the
solutions, for c ∈ C+

◦
, to the equations

M|R+(dμ) = c, for dμ ∈ R+. (6.4)

As before, one can compute the Jacobian Jac(M|R+)dμ and show [9] that

rank Jac(M|R+)dμ = 2n− r + 2,

for all dμ ∈ R+. In fact, in [9] we prove that the solution space M|−1
R+

(c) is a smooth

manifold, smoothly parameterized by p ∈ P+

◦
as described in Theorem 4.1.
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Abstract. The paper is devoted to matrices of the form G(x)=

[
eiλx 0

f(x) e−iλx

]
,

with almost periodic off-diagonal entry f . Some new cases are found, in terms
of the Bohr-Fourier spectrum of f , in which G is factorable. Formulas for the
partial indices are derived and, under additional constraints, the factorization
itself is constructed explicitly. Some a priori conditions on the Bohr-Fourier
spectra of the factorization factors (provided that a canonical factorization
exists) are also given.
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1. Introduction

First, let us fix some notation. Throughout the paper, we denote by eλ the functions

eλ(x) = eiλx, x ∈ R,

with the parameter λ also being real: λ ∈ R. Finite linear combinations of {eλ : λ ∈
R} form the algebra APP of almost periodic polynomials. It may be considered
as a (non-closed) subalgebra of the algebra C(R) of all functions continuous on
R. The closure of APP with respect to the uniform norm ‖·‖ is the Bohr algebra
AP of all almost periodic functions. On the other hand, the closure of APP with
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respect to the stronger norm

‖f‖W :=
∑

|cj | , f =
∑

cjeλj , cj ∈ C,

is the Banach algebra APW . Of course, APW is a dense subalgebra of AP with
respect to the uniform norm.

For any f ∈ AP there exists the Bohr mean value

M(f) := lim
T→∞

1
2T

∫ T

−T

f(x) dx.

Consequently, the Bohr-Fourier coefficients

f̂(λ) := M(e−λf)

are also defined. The set

Ω(f) := {λ ∈ R : f̂(λ) 
= 0}
is at most countable; it is called the Bohr-Fourier spectrum of f . Functions f ∈ AP
are defined uniquely by their formal Bohr-Fourier series

f ∼
∑

λ∈Ω(f)

f̂(λ)eλ.

Naturally, for f ∈ APW these series converge to f uniformly and absolutely on R.
For X = AP, APW, or APP , we let

X± = {f ∈ X : Ω(f) ⊂ R±},
where of course R± = {x ∈ R : ± x ≥ 0}. All these classes also are algebras, with
APP± being dense in APW± and AP±, in their respective norms.

We refer interested readers to the books [9, 11], Chapter 1 in [12] and Sec-
tion 1.4 in [5] for a more detailed treatment of AP functions, in particular, proofs
of the above-mentioned results.

Finally (as far as the notation goes), we will denote by Xn (Xn×n) the set of
all n-columns (respectively, n× n matrices) with elements in X . To save space, it
is convenient to write a column x ∈ Xn in the form of an n-tuple (x1, . . . , xn).

An AP factorization of the n × n matrix function G is by definition its
representation in the form

G = G+ΛG−, (1.1)

where
G±1

+ ∈ AP+
n×n, G±1

− ∈ AP−
n×n, (1.2)

and the diagonal matrix Λ has the simplest AP functions eλ1 , . . . , eλn as its diag-
onal entries. The numbers λ1, . . . , λn ∈ R are defined uniquely (up to the order),
provided that the factorization (1.1) exists, and are called the partial AP indices
of G. The AP factorization (1.1) is canonical provided that λ1 = · · · = λn = 0, in
which case the middle multiple Λ can be dropped:

G = G+G−. (1.3)
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Canonical factorization of G exists exactly when the Toeplitz (or Wiener-Hopf)
operator with the symbol G is invertible, and is therefore stable. An important
characteristic of the canonical factorization is the geometric mean of G,

d(G) := M(G+)M(G−), (1.4)

where M(G±) are computed entry-wise. The geometric mean is defined by G
uniquely, in spite of the fact that the canonical factorization is not unique, and
depends on G continuously ([14], see also [5, Section 18.5]).

The representation (1.1) is called an APW (respectively, APP ) factorization
of G if in condition (1.2) the classes AP± are replaced by APW± (respectively,
APP±). Of course, G must be an invertible element of AP (APW, APP ) in order
to admit an AP (respectively, APW, APP ) factorization.

The notion of the AP factorization may be thought of as a natural generaliza-
tion of the classical Wiener-Hopf factorization of purely periodic matrix functions.
Various applications of it, along with the state of the existence and construction
problem as of 2002, can be found in [5]. For instance, it is known that a canonical
AP factorization of an APW matrix function, if it exists, automatically must be
an APW factorization.

In this paper, we will work with 2 × 2 matrices of the form

G =
[
eλ 0
f e−λ

]
, (1.5)

f ∈ AP . Such matrix functions arise naturally in the consideration of convolution
type equation (in particular, difference equations) on finite intervals, with λ being
the length of these intervals and f describing the behavior of the Fourier transform
of the kernel at infinity. In spite of their seemingly simple structure, even for
such matrices the AP factorability criteria are known only under some, rather
restrictive, additional conditions on f . See [10, 1, 6] for pertinent recent results.

In Section 2 we describe the factorization criterion and provide explicit fac-
torization formulas in the so-called big gap case. The existence part is then used in
Section 3 to single out some new factorability cases. These cases happen to be new
even when the off-diagonal entry f contains only three terms, and in Section 5 we
provide explicit factorization formulas for some of them. The derivation of these
formulas is based on solving appropriate Riemann-Hilbert problems, as described
in Section 4. Finally, in Section 6 we make some general observations regarding
the spectral structure of the factorization multiples for matrix functions of the
type (1.5).

2. The big gap case

Matrices (1.5) have constant determinant: detG = 1. This property easily implies
that the partial AP indices sum up to zero; in what follows we will denote them
by δ(≥ 0) and −δ. The factorization (1.1) therefore takes the form

G = G+ diag[e−δ, eδ]G−. (2.1)
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Since, according to (2.1), detG+ = detG−1
− , both determinants must be constant.

A simple adjustment of the factors by a constant scalar multiple allows us to
assume without loss of generality that

detG+ = detG− ≡ 1.

It is known (and easy to prove, see [5, Section 13.2]) that δ ≤ λ. Also, in case
f ∈ APW , a simple transformation of G allows without loss of generality to
suppose that

Ω(f) ⊂ (−λ, λ). (2.2)
If the set Ω(f) contains two points α, β such that d := α − β ≥ λ and the

rest of the Bohr-Fourier spectrum of f ∈ APW lies either to the left of β or to the
right of α, then the matrix (1.5) is APW factorable with the partial AP indices
equal ±(d − λ). This result, under the name “big gap case”, can be found in [5,
Section 14.2]. In this section we show that basically the same factorization result
holds when portions of Ω(f) are present both to the left of β and to the right of α.

Theorem 2.1. Let f ∈ APW be such that its Bohr-Fourier spectrum has a gap of
length (at least) λ within (−λ, λ):

Ω(f) ∩ (α − λ, α) = ∅ (2.3)

for some α ∈ (0, λ). Then the matrix (1.5) admits a canonical AP factorization if
and only if f̂(α), f̂(α − λ) 
= 0.

Proof. Under condition (2.3), f can be represented as

f = f+eα − f−eα−λ,

where f± ∈ APW±. In this representation, f̂(α) = M(f+) and f̂(α − λ) =
−M(f−).

Sufficiency. Suppose first that c± := M(f±) 
= 0. The functions f+ and eλ−α

then satisfy the corona condition

inf(|f+(z)| + |eλ−α(z)|) > 0

in the upper half-plane C+. By the corona theorem for APW+, there exist f̃+, g̃+ ∈
APW+ such that

f+f̃+ + eλ−αg̃+ = 1. (2.4)

Similarly, there exist f̃−, g̃− ∈ APW− such that

f−f̃− + e−αg̃− = 1. (2.5)

Now let
F = f̃+f f̃− + g̃+f̃−eλ − f̃+g̃−e−λ

and denote by F± the functions in APW± such that F+ + F− = F (the latter are
defined up to constant summands).

Finally, introduce

G+ =
[
f̃+ + eλ−αF+ eλ−α

−g̃+ + f+F+ f+

]
, G− =

[
f− −e−α

g̃− + f−F− f̃− − e−αF−

]
. (2.6)
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Obviously, G± ∈ APW±. Direct computations show that detG± = 1 (so
that G−1

± ∈ APW± as well) and

G = G+G−. (2.7)

This gives the canonical AP factorization of G.
This concludes the proof of sufficiency. However, we will make an additional

observation which will become useful later. From (2.4) and (2.5) it follows, respec-
tively, that

M(f̃+) = 1/c+, M(f̃−) = 1/c−.

This yields the following information regarding the geometric mean d(G) of the
matrix function (1.5):

d(G) =
[
1/c+ 0
∗ c+

] [
c− 0
∗ 1/c−

]
=

[
c−/c+ 0

∗ c+/c−

]
. (2.8)

Necessity. Suppose that at least one of the means M(f±) is zero. By an arbitrarily
small perturbation of f preserving property (2.3) these coefficients can be made
non-zero. The resulting perturbation of the matrix function (1.5) admits a canon-
ical AP factorization. According to (2.8), by choosing sufficiently small M(f+) or
M(f−) for the perturbed f , the norm of d(G) for the perturbed G can be made
arbitrarily large. This would contradict the continuity of the geometric mean, if
the matrix (1.5) with f satisfying (2.3) and vanishing f̂(α) or f̂(α − λ) had a
canonical AP factorization. �

Our proof of sufficiency follows the lines of [4, 3] and [2] (also see [5, Corollary
23.2]). The statement of Theorem 2.1 can be extracted as well from Theorem 4.1
and Corollary 4.5 of [7]. Moreover, it is contained in [5, Theorem 22.16]) as its
very particular case corresponding to n = 0 in formula (22.53).

It follows from Theorem 2.1 that if the gap in the Bohr-Fourier spectrum
of f is strictly wider than λ, then the matrix (1.5) does not admit a canonical
AP factorization. Our next results implies that a (naturally, non-canonical) AP
factorization of such matrices does exist, provided that both endpoints of the gap
belong to the spectrum.

Theorem 2.2. Let f ∈ APW be such that for some α, β ∈ (−λ, λ) with α − β :=
d ≥ λ,

α, β ∈ Ω(f) and (β, α) ∩ Ω(f) = ∅. (2.9)

Then the matrix (1.5) admits an APW factorization with the partial AP indices
equal ±(d − λ).

Proof. Observe first of all that the case d = λ follows from Theorem 2.1. It remains
therefore to consider the situation when

δ := d − λ > 0.



176 M.C. Câmara, Yu.I. Karlovich and I.M. Spitkovsky

Along with (1.5), let us introduce the auxiliary matrix

H =
[
ed 0
f e−d

]
(2.10)

having the same structure as (1.5) but different exponents in the diagonal positions.
Due to (2.9), the matrix (2.10) satisfies the conditions of Theorem 2.1 (with λ
changed to d) and therefore admits a canonical AP factorization

H = H+H−. (2.11)

But then

G =
[
e−δ 0
0 1

]
H

[
1 0
0 eδ

]
= G+

[
e−δ 0
0 eδ

]
G−, (2.12)

where

G+ =
[
e−δ 0
0 1

]
H+

[
eδ 0
0 1

]
and G− =

[
1 0
0 e−δ

]
H−

[
1 0
0 eδ

]
.

Matrix functions G± are unimodular along with H±. Moreover, the property H± ∈
APW±

2×2 implies that three out of four entries of G± also belong to APW±, with
the dubious ones located in (1, 2)-positions. From the formulas analogous to (2.6)
it follows however that the (1, 2) entries of H+ and H− equal ed−α and −e−α,
respectively. The corresponding entries of G± are therefore e−δed−α = eλ−α ∈
APW+ and −eδe−α = −e−β−λ ∈ APW−. Thus, (2.12) delivers the desired APW
factorization of G. �

Remark 2.3. If, in the setting of Theorem 2.2, f ∈ APP , then the matrix (1.5)
actually admits an APP factorization.

For d = λ, when the factorization is canonical, this follows from [5, formulas
(13.42), (13.43)] for the solutions of corona problem with corona data as in (the
proof of) Theorem 2.1. In this case, by the way, the factors of all AP factorizations
are automatically in APP . For d > λ the construction of the proof of Theorem 2.2
yields an APP factorization.

Of course, the above-mentioned APP factorization can be obtained explicitly,
by first finding the canonical AP factorization of the matrix (2.10) with the use
of [5, Theorem 22.15] (and its analogue for the corona problem in APW−) or
Theorems 4.2, 5.3 from [7], and then proceeding to the factorization of (1.5) as
described in the proof of Theorem 2.2.

Consider for example the case of a trinomial

f = c−νe−ν + cμeμ + cαeα, −λ < −ν < 0 < μ < α < λ, c−νcμcα 
= 0, (2.13)

with μ + ν := d ≥ λ.
Direct computations as outlined above show that a canonical AP factoriza-

tion (2.11) is delivered by

H+ =
[

h1+ eν

−h2+ cμ + cαeα−μ

]
, H− =

[
−c−ν −e−μ

h2− h1−

]
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with

h1+ =
1
cμ

N∑
j=0

(
−cα

cμ

)j

ej(α−μ) −
1

c−ν
ed,

h2+ =
cμ

c−ν
eμ +

(
−cα

cμ

)N+1

e(N+1)(α−μ)−ν +
cα

c−ν
eα,

h1− = e−dh1+, h2− =
c−ν

cμ

N∑
j=0

(
−cα

cμ

)j

ej(α−μ)−ν .

Here N is the greatest integer such that N(α−μ) < d−μ = ν, i.e.,1 N =
⌈

d−α
α−μ

⌉
.

An APP factorization of G is then given by (2.12) with δ = d−λ = μ+ ν−λ and

G+ =
[

h1+ eλ−μ

−h2+eμ+ν−λ cμ + cαeα−μ

]
, G− =

[
−c−ν −eν−λ

h2−eλ−μ−ν h1−

]
.

3. Not so big gap. Existence

We now move to the consideration of matrices (1.5) with a more delicate structure
of the gap in the Bohr-Fourier spectrum of f . Namely, let us suppose that f is
an AP polynomial, the negative portion of Ω(f) consists of one point −ν, and
its positive portion has the endpoints α and μ(< α). Denote the respective Bohr-
Fourier coefficients of f by c−ν , cα and cμ. Also, let

n =
⌈

λ

μ + ν

⌉
and suppose in addition that

λ

α + ν
≥ n − 1, (3.1)

μ ≥ α

(
1 − 1

n

)
. (3.2)

Theorem 3.1. Let f be as described above. Then the matrix (1.5) admits an APP
factorization. This factorization is canonical if and only if λ

μ+ν is an integer or
the equality is attained in (3.1) or (3.2).

Observe that n = 1 if and only if μ + ν ≥ λ which is a particular case of
the situation of Theorem 2.2. Conditions (3.1) and (3.2) then hold automatically,
and the equality in either of them is not possible. The statement of Theorem 3.1
therefore implies that G is APP factorable, and the factorization is canonical if
and only if λ = μ + ν (which is in line with Theorem 2.2).

1Here and in what follows we use the standard notation �x� for the smallest integer upper bound
of x ∈ R.
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Proof. We invoke the Portuguese transformation (see [5, Chapter 13]) according
to which the matrix (1.5) is APP factorable only simultaneously (and has the
same set of the partial AP indices) with[

eν 0
f1 e−ν

]
. (3.3)

Here f1 is an AP polynomial constructed from f explicitly as described in [5,
Sections 13.3–13.4]. By this construction, Ω(f1) lies in the set

−λ +
∑

j

kjγj , (3.4)

where kj are non-negative integers and γj are the distances from −ν to the re-
maining points of Ω(f). Moreover, property (2.2) for the matrix (3.3) means that
the terms of Ω(f1) lying outside (−ν, ν) can be dropped.

Apparently, for our structure of Ω(f)

μ + ν ≤ γj ≤ α + ν.

Denoting
∑

kj = k, we conclude from here that

−λ +
∑

j

kjγj ≤ −λ + k(α + ν) ≤ (k − n + 1)(α + ν)

due to (3.1), and

−λ +
∑

j

kjγj ≥ −λ + k(μ + ν) ≥ (k − n)(μ + ν)

by the definition of n. So, there are only two values of k for which −λ +
∑

j kjγj

may lie between −ν and ν: k = n − 1 and k = n.
The biggest exponent corresponding to k = n−1 is β1 = −λ+(n−1)(α+ν),

and the smallest exponent corresponding to k = n is α1 = −λ + n(μ + ν). The
respective coefficients of f1 can be computed by formulas (13.40), (13.41) from [5]
and are equal to

c−1
−ν(−cα/c−ν)n−1 and c−1

−ν(−cμ/c−ν)n.

It is important in what follows that they are different from zero.
Observe also that β1 ≤ 0 due to (3.1) while α1 ≥ 0 due to the definition of

n. Moreover,

α1 − β1 = −λ + n(μ + ν) − (−λ + (n − 1)(α + ν)) = nμ − (n − 1)α + ν ≥ ν

because of (3.2).
If both α1 and β1 fall between −ν and ν, the matrix (3.3) satisfies the con-

ditions of Theorem 2.2, with an obvious change of notation. By Remark 2.3, it
is APP factorable. Its partial AP indices equal ±(nμ − (n − 1)α) according to
Theorem 2.2. The same is then true for the matrix (1.5), so that in particular its
AP factorization is canonical (in this case) if and only if the equality holds in (3.2).

If β1 ≤ −ν, then Ω(f1) lies to the right of α1. This situation falls into the
so-called one-sided case (see [5, Theorem 14.1]) in which the matrix (3.3) is APP
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factorable with the partial AP indices equal ±min(α1, ν). Consequently, the ma-
trix (1.5) also is APP factorable, and the factorization is canonical if and only if
α1 = 0, that is, λ/(μ + ν) is an integer.

In a similar fashion, the matrices (3.3) and (1.5) remain APP factorable if
α1 ≥ ν, and the partial AP indices in this case equal ±min(−β1, ν). The canonical
AP factorization takes place if and only if β1 = 0, that is, when equality holds
in (3.1). �

4. Auxiliary result

Theorem 3.1 delivers the AP factorability criterion and formulas for the partial
AP indices of the matrix function (1.5) under conditions (3.1), (3.2). In principle,
the AP factorization itself can also be produced by carrying out the Portuguese
transformation and then using the explicit construction of the AP factorization in
the big gap case (implied by Theorems 2.1, 2.2) or in the one-sided case.

However, there is a more direct approach to the factorization construction
for matrix functions of the type (1.5) with a priori known partial AP indices. We
now present this approach.

Let us continue using notation (2.1) for the AP factorization of matrices
(1.5), with

G+ =
[
g+

ij

]
i,j=1,2

, detG+ = 1, (4.1)

G−1
− =

[
g−ij

]
i,j=1,2

, det G− = 1. (4.2)

It is easy to see that, on the one hand,

Φ+ = eδ(g+
12, g

+
22), Φ− = (g−12, g

−
22)

satisfy the Riemann-Hilbert problem

GΦ− = Φ+, Φ± ∈ APW±
2 ; (4.3)

on the other hand
Ψ+ = (g+

11, g
+
21), Ψ− = (g−11, g

−
21)

satisfy the Riemann-Hilbert problem

GΨ− = e−δΨ+, Ψ± ∈ APW±
2 . (4.4)

Since detG± = 1, we also have

lim
y→+∞det [Ψ+(iy), (e−δΦ+)(iy)] = lim

y→−∞det [Ψ−(iy), Φ−(iy)] = 1.

In the following theorem we show that the converse is true.

Theorem 4.1. Let G ∈ APW2×2 of the form (1.5) admit an AP factorization with
partial indices ±δ. Let also Φ+, Φ− be a non-trivial solution to (4.3) such that

Φ̃+ = e−δΦ+ ∈ APW+
2 , (4.5)
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and Ψ+, Ψ− be a solution to (4.3) such that

lim
y→+∞det

[
Ψ+(iy), Φ̃+(iy)

]
= lim

y→−∞det [Ψ−(iy), Φ−(iy)] = 1. (4.6)

Then an AP factorization of G is given by (2.1), where

G+ =
[
Ψ+, Φ̃+

]
, G−1

− = [Ψ−, Φ−] . (4.7)

Proof. From (4.3), (4.4) and (4.5) it follows that G+ ∈ APW+
2×2, G−1

− ∈ APW−
2×2

and
GG−1

− diag[eδ, e−δ] = G+. (4.8)
In particular,

detG+ = detG−1
− ,

so that the latter determinants are actually constant. From (4.6) it follows that
this constant is 1. Consequently, (4.8) can be rewritten as (2.1), with G± satisfying
(4.1), (4.2). �

5. Factorization construction for some trinomials

Let us return to matrix functions (1.5) with trinomial off-diagonal entry f given
by (2.13). In this section we will apply Theorem 4.1 to obtain an AP factorization
of G provided that conditions (3.1), (3.2) hold with n = 2, that is,

λ/2 ≤ μ + ν < λ, α + ν ≤ λ, and α > μ ≥ α/2. (5.1)

Recall that the case n = 1 was disposed of in Section 2. The case of general n will
be considered elsewhere.

We denote by T the class of all matrix functions (1.5) with the trinomial f
given by (2.13) and satisfying (5.1).

First we determine a solution to the Riemann-Hilbert problem (4.3). Let

ν̃ = min
{

ν,
λ − α

2

}
, μ̃ =

λ

2
− ν̃. (5.2)

Then
f = e−ν̃ f̃− + eμ̃f̃+,

where
f̃− = c−νe−ν+ν̃ , f̃+ = cμeμ−μ̃ + cαeα−μ̃.

Denoting
g = f

(
e−ν̃ f̃− − eμ̃f̃+

)
= e−2ν̃ f̃2

− − e2μ̃f̃2
+,

where f̃± ∈ APW±, observe that the Riemann-Hilbert problem

G (Φ1−, Φ2−) = (Φ1+, Φ2+)

is equivalent to

G1

(
Φ1−

e−ν̃ f̃− − eμ̃f̃+

, Φ2−

)
=

(
Φ1+

e−ν̃ f̃− − eμ̃f̃+

, Φ2+

)
,
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where

G1 =
[
eλ 0
g e−λ

]
.

It can be easily checked (see also [7, Theorem 4.2] for a similar reasoning) that a
solution of the Riemann-Hilbert problem

G1η− = η+; η± = (η1±, η2±) ∈ APW±
2

is given by
η1+ = e2ν̃ , η2+ = −f̃2

+, η1− = e−2μ̃, η2− = −f̃2
−.

Therefore, it is clear that

Φ1± = η1±
(
e−ν̃ f̃− − eμ̃f̃+

)
, Φ2± = η2± (5.3)

give a solution to (4.3) if Φ1± ∈ APW±.
We have

η1+e−ν̃ f̃− = c−νe2ν̃−ν .

If ν̃ = ν, then 2ν̃−ν = ν > 0; if ν̃ = λ−α
2 , then 2ν̃−ν = λ− (α+ν) ≥ 0 due to the

second inequality in (5.1). Thus, η1+e−ν̃ f̃− lies in APW+. By (5.3), so does Φ1+.
As for Φ1−, we have

η1−eμ̃f̃+ = cμeμ−2μ̃ + cαeα−2μ̃ = cμeμ+2ν̃−λ + cαeα+2ν̃−λ.

If ν̃ = ν, then by (5.2) ν ≤ λ−α
2 and it follows that α + 2ν̃ − λ = α + 2ν − λ ≤ 0;

if ν̃ = λ−α
2 , then α + 2ν̃ − λ = 0. Either way, η1−eμ̃f̃+ ∈ APW− and therefore

Φ1− ∈ APW− as well.
We have thus proved the following.

Theorem 5.1. Let G ∈ T and let ν̃ be defined by (5.2). Then the Riemann-Hilbert
problem (4.3) has a solution Φ± = (Φ1±, Φ2±) with

Φ1+ = c−νe2ν̃−ν − cμe2ν̃+μ − cαe2ν̃+α,

Φ2+ = −
(
cμeμ+ν̃−λ/2 + cαeα+ν̃−λ/2

)2
,

Φ1− = e−λΦ1+,

Φ2− = −c2
−νe2(ν̃−ν).

Since matrix functions G ∈ T are AP factorable (by Theorem 3.1) and the
values of their partial AP indices ±δ are known, we can now follow Theorem 4.1
to compute the factors G±. To this end, it is convenient to introduce the notation

γ1 = μ + ν, γ2 = α + ν. (5.4)

First we derive formulas for the second columns of G+, G−1
− , sticking to the nota-

tion of (4.7).
Case 1: α + ν − λ ≤ −ν < 0 < ν ≤ 2(μ + ν) − λ. As is shown in the proof of
Theorem 3.1, then δ = ν.
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Definition (5.2) implies that in this case ν̃ = ν. From (4.5) therefore:

Φ̃1+ = c−ν − cμeγ1 − cαeγ2 ,

Φ̃2+ = −
(
c2
μe2γ1−γ2+α−λ + 2cμcαeγ1+α−λ + c2

αeγ2+α−λ

)
,

(5.5)

while Φ− is given by
Φ1− = c−νeγ2−α−λ − cμeγ1+γ2−λ−α − cαe2γ2−λ−α,

Φ2− = −c2
−ν .

(5.6)

Case 2: α + ν − λ ≤ −ν < 0 ≤ 2(μ + ν) − λ < ν. As shown in the proof of
Theorem 3.1, then δ = 2(μ + ν) − λ.

As in Case 1, ν̃ = ν. Formulas for the elements of Φ̃+ change to

Φ̃1+ = c−νe−2γ1+γ2−α+λ − cμe−γ1+γ2−α+λ − cαe−2γ1+2γ2−α+λ,

Φ̃2+ = −
(
c2
μ + 2cμcαeγ2−γ1 + c2

αe2(γ2−γ1)

)
,

(5.7)

while formulas for Φ− remain the same as in Case 1.
Case 3: −ν < α + ν − λ ≤ 0 < ν ≤ 2(μ + ν) − λ. As shown in the proof of
Theorem 3.1, then δ = λ − (α + ν).

In this case ν̃ = λ−α
2 and from Theorem 5.1 we find that elements of Φ̃+ are

given by the same formulas (5.5) as in Case 1 while
Φ1− = c−νe−γ2 − cμeγ1−γ2 − cα,

Φ2− = −c2
−νe−2γ2+λ+α.

(5.8)

Case 4: −ν < α + ν − λ ≤ 0 ≤ 2(μ + ν) − λ < ν. As shown in the proof of
Theorem 3.1, then δ = 2μ − α.

As in Case 3, ν̃ = λ−α
2 . Formulas for Φ− remain the same as in this case,

while Φ̃+ are given by the formulas from Case 2.
Having determined the second column of G+ and G−1

− , we now move on to
computing the first column, that is, to constructing a solution of (4.4) under the
additional condition (4.6). To this end, it is convenient to rewrite (4.4) in the scalar
form: determine Ψ1+, Ψ2+ ∈ APW+, Ψ2− ∈ APW− such that

(c−ν + cμeγ1 + cαeγ2)Ψ1+ = eλ+νΨ2+ − eδ+νΨ2− (5.9)

while
Ω(Ψ1+) ⊂ [0, λ + δ]. (5.10)

The latter condition is equivalent to the requirement Ψ1− (= e−λ−δΨ1+) ∈ APW−.
Once again, we consider separately the four cases corresponding to different

formulas for the partial AP indices.
Case 1. Since δ = ν, conditions (5.9) and (5.10) take the form

(c−ν + cμeγ1 + cαeγ2)Ψ1+ = eλ+γ2−αΨ2+ − e2(γ2−α)Ψ2−

and
Ω(Ψ1+) ⊂ [0, λ + γ2 − α],
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respectively. From (5.6) we see that 0 ∈ Ω(Φ2−) while 0 /∈ Ω(Φ1−). For (4.6) to be
satisfied it is therefore necessary that 0 ∈ Ω(Ψ1−), that is,

λ + ν (= λ + γ2 − α) ∈ Ω(Ψ1+).

In fact, setting

Ψ1+ = eλ+γ2−α, Ψ2+ = c−ν + cμeγ1 + cαeγ2 , Ψ1− = 1, Ψ2− = 0 (5.11)

in this case yields the desired solution.
Case 2. Since δ = 2γ1 − λ, conditions (5.9) and (5.10) now take the form

(c−ν + cμeγ1 + cαeγ2)Ψ1+ = eλ+γ2−αΨ2+ − e2γ1+γ2−λ−αΨ2− (5.12)

and
Ω(Ψ1+) ⊂ [0, 2γ1]. (5.13)

As in Case 1, from (5.6) we conclude that 0 ∈ Ω(Ψ1−). In the current case it is
equivalent to 2γ1 ∈ Ω(Ψ1+).

On the other hand, from (5.7) we see that 0 ∈ Ω(Φ̃2+), 0 /∈ Ω(Φ̃1+) (unless
2μ + ν = λ), so that we need 0 ∈ Ω(Ψ1+) in order to satisfy (4.6).

Taking this as a starting point we can use a method of recursive construction,
following the ideas of [7, Section 4.2], to determine a solution to (5.12) under
condition (5.13). Denoting by M the smallest integer such that

γ1 + M(γ2 − γ1) ≥ λ − α, (5.14)

i.e., letting

M =
⌈

λ − α − γ1

γ2 − γ1

⌉
=

⌈
λ − (α + μ + ν)

α − μ

⌉
, (5.15)

we thus obtain

Ψ1+ =
c2
μ

c2−ν

e2γ1 +
M∑

j=0

(−1)j(j + 1)
(

cα

cμ

)j

ej(γ2−γ1) (5.16)

+
M∑

j=0

(−1)j+1cj
α

c−νcj−1
μ

eγ1+j(γ2−γ1) + (−1)M+1(M + 1)
cM+1
α

cM
μ c−ν

eγ1+(M+1)(γ2−γ1),

Ψ2+ =
c3
μ

c2−ν

e3γ1−γ2+α−λ +
c2
μcα

c2−ν

e2γ1+α−λ (5.17)

+ (−1)M+1 (M + 2)cM+1
α

c−νcM−1
μ

eγ1+M(γ2−γ1)+α−λ

+ (−1)M+1 (M + 1)cM+2
α

c−νcM
μ

eγ1+(M+1)(γ2−γ1)+α−λ,

Ψ1− = e−2γ1Ψ1+, (5.18)

Ψ2− = −
M∑

j=0

(−1)j(j + 1)
cj
αc−ν

cj
μ

e−3γ1+(j−1)(γ2−γ1)+α+λ. (5.19)
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Simple computations show that, along with (5.12), also (4.6) holds. It remains to
check that Ψ2± ∈ APW± and that (5.13) holds.

In (5.17), the exponent 3γ1 − γ2 +α−λ is non-negative because 2γ1 ≥ λ and
γ1 − γ2 + α = μ ≥ 0; γ1 + M(γ2 − γ1) + α − λ is non-negative due to (5.15). The
other two exponents are obtained from these two by adding a positive quantity
γ2 − γ1, so that indeed Ψ2+ ∈ APW+.

Now observe that (5.15) implies

γ1 + (M − 1)(γ2 − γ1) < λ − α. (5.20)

Consequently, the biggest exponent in the right-hand side of (5.19), −3γ1 + α +
λ + (M − 1)(γ2 − γ1), does not exceed −4γ1 + 2λ, and is therefore non-positive.
Finally, (5.20) also implies that

γ1 + (M + 1)(γ2 − γ1) ≤ λ − α + 2(γ2 − γ1) = λ + α − 2μ ≤ λ.

Thus, all the exponents in the right-hand side of (5.16) lie between 0 and λ.
Case 3. In this case δ = λ − γ2, so that (5.9), (5.10) take the form

(c−ν + cμeγ1 + cαeγ2)Ψ1+ = eλ+γ2−αΨ2+ − eλ−αΨ2−,

Ω(Ψ1+) ⊂ [0, 2λ − γ2].

From (5.5) we have 0 ∈ Ω(Φ̃1+), 0 /∈ Ω(Φ̃2+) (unless 2μ + ν = λ), so that 0 ∈
Ω(Ψ2+). Similarly, from (5.8) we have that 0 ∈ Ω(Φ1−), 0 /∈ Ω(Φ2−) (unless
α + 2ν = λ), and therefore 0 ∈ Ω(Ψ2−). In any case, we conclude that λ − α ∈
Ω(Ψ1+).

Proceeding as in Case 2, we obtain

Ψ1+ =
N∑

j=0

(
− cμ

cα

)j

eλ−α−j(γ2−γ1) +
(−1)N+1cN+1

μ

cN
α c−ν

eλ−α+γ1−N(γ2−γ1) (5.21)

Ψ2+ = cα −
(−1)NcN+2

μ

cN
α c−ν

eγ1−(N+1)(γ2−γ1) −
(−1)NcN+1

μ

cN−1
α c−ν

eγ1−N(γ2−γ1) (5.22)

Ψ1− = e−2λ+γ2Ψ1+, Ψ2− = −
N∑

j=0

(
− cμ

cα

)j

c−νe−j(γ2−γ1), (5.23)

where N is the smallest integer such that

2γ1 − (N − 1)(γ2 − γ1) ≤ λ + α,

i.e.,

N =
⌈−λ − α + γ1 + γ2

γ2 − γ1

⌉
=

⌈
μ + 2ν − λ

α − μ

⌉
. (5.24)

To check that Ψj± ∈ APW± (j = 1, 2) we reason as follows.
The smallest exponent in the right-hand side of (5.21) is λ− α−N(γ2 − γ1)

which is non-negative because

N(γ2 − γ1) = γ2 − γ1 + (N − 1)(γ2 − γ1) < −λ − α + 2γ2
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due to (5.24), and γ2 < λ. Thus, Ψ1+ ∈ APW+. On the other hand,

λ − α − j(γ2 − γ1) ≤ λ − α < 2λ − γ2 for j = 0, . . . , N,

while
λ − α + γ1 − N(γ2 − γ1) ≤ 2λ − γ2,

again due to (5.24). Consequently, Ω(Ψ1+) ⊂ [0, 2λ − γ2], and Ψ1− ∈ APW−.
The smallest exponent in the right-hand side of (5.22) is γ1−(N +1)(γ2−γ1),

and due to (5.24) it is bigger than λ + α + (2γ1 − γ2)− 2γ2. But in the case under
consideration 2γ1 − γ2 ≥ λ − α (because 2μ + ν ≥ λ) and λ − γ2 ≥ 0. Hence,
Ψ2+ ∈ APW+.

Of course, from (5.23) it is clear that Ψ2− ∈ APW−.

Case 4. We have now δ = α − 2(γ2 − γ1), and (5.9), (5.10) take the form

(c−ν + cμeγ1 + cαeγ2)Ψ1+ = eλ+γ2−αΨ2+ − e2γ1−γ2Ψ2−, (5.25)

Ω(Ψ1+) ⊂ [0, λ + α − 2(γ2 − γ1)]. (5.26)

From (5.7) we see that 0 ∈ Ω(Φ̃2+), 0 /∈ Ω(Φ̃1+) (unless 2μ + ν = λ), and from
(5.8) we see that 0 ∈ Ω(Φ1−), 0 /∈ Ω(Φ2−) (unless α + 2ν = λ). Thus we should
look for a solution to (4.4) satisfying

0, 2γ1 − γ2 ∈ Ω(Ψ1+).

The recursive construction yields the following:

Ψ1+ =
K∑

j=1

(−1)j+1cj+1
μ

c−νcj
α

eγ1−j(γ2−γ1) +
(−1)KcK+2

μ

c2−νcK
α

e2γ1−K(γ2−γ1)

+ (−1)M+1 (M + 1)cM+1
α

cM
μ c−ν

eγ1+(M+1)(γ2−γ1)

+
M∑

j=0

(−1)j+1cj
α

c−νcj−1
μ

eγ1+j(γ2−γ1) +
M∑

j=0

(−1)j(j + 1)
cj
α

cj
μ

ej(γ2−γ1),

(5.27)

Ψ2+ =e2γ1−γ2−λ+α

[
(−1)KcK+3

μ

c2−νcK
α

eγ1−K(γ2−γ1)

+
(−1)KcK+2

μ

c2−νcK−1
α

eγ1−(K−1)(γ2−γ1)

+ (−1)M+1 (M + 2)cM+1
α

cM−1
μ c−ν

e(M+1)(γ2−γ1)

+(−1)M+1 (M + 1)cM+2
α

cM
μ c−ν

e(M+2)(γ2−γ1)

]
,

(5.28)

Ψ1− =e−λ−α+2(γ2−γ1)Ψ1+, (5.29)
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Ψ2− = − eγ2−γ1

⎡⎣ M∑
j=0

(−1)j(j + 1)
cj
α

cj
μ

e−γ1+j(γ2−γ1)

+
K∑

j=1

(−1)j+1
cj+1
μ

cj
α

e−j(γ2−γ1)

⎤⎦ .

(5.30)

Here M is given by (5.15) while K is the smallest integer such that

2γ2 − K(γ2 − γ1) ≤ λ + α, (5.31)

i.e.,

K =
⌈

2γ2 − λ − α

γ2 − γ1

⌉
.

As in the preceding case, we now need to check that Ψj± ∈ APW±, j = 1, 2.
From the definition of K it follows in particular that

(K − 1)(γ2 − γ1) < 2γ2 − λ − α. (5.32)

Consequently,

γ1 − K(γ2 − γ1) = 2γ1 − γ2 − (K − 1)(γ2 − γ1) > λ − γ2 + (α − 2(γ2 − γ1))

= (λ − γ2) + (2μ − α)

is non-negative. It follows then that all the exponents in the right-hand side of
(5.27) are non-negative, that is, Ψ1+ ∈ APW+.

Inequality (5.31) implies directly that

2γ1 − K(γ2 − γ1) ≤ λ + α − 2(γ2 − γ1).

On the other hand, from the definition of M we have:

γ1 + (M + 1)(γ2 − γ1) < λ − α + 2(γ2 − γ1),

and therefore
γ1 + (M + 1)(γ2 − γ1) < λ + α − 2(γ2 − γ1),

because α − 2(γ2 − γ1) = 2μ − α ≥ 0 by the last inequality in (5.1). Thus, all
the exponents in the right-hand side of (5.27) do not exceed λ + α − 2(γ2 − γ1).
Consequently, (5.29) defines a function in APW−.

Property Ψ2+ ∈ APW+ boils down to

3γ1 − γ2 − λ + α − K(γ2 − γ1) ≥ 0, 2γ1 − γ2 − λ + α + (M + 1)(γ2 − γ1) ≥ 0.

The first of the exponents in question equals 4γ1 − 2γ2 −λ+α− (K − 1)(γ2 − γ1),
and due to (5.32) is bounded below by 2(α − 2(γ2 − γ1)) = 2(2μ − α) ≥ 0; the
second is non-negative simply because of (5.14).

Finally, Ψ2− ∈ APW− because the biggest exponent in the right-hand side
of (5.30) is

γ2 − 2γ1 + M(γ2 − γ1) < λ − 2γ1 + 2(γ2 − γ1) − α = (λ − 2γ1) + (α − 2μ) ≤ 0.
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We have thus proved the following.

Theorem 5.2. Let G ∈ T . Then G admits an APP factorization

G = G+ diag[e−δ, eδ]G−,

where the factors

G+ =

[
Ψ1+ Φ̃1+

Ψ2+ Φ̃2+

]
, G− =

[
Φ2− −Φ1−
−Ψ2− Ψ1−

]
and the partial AP indices ±δ are computed according to the rule:

(i) If α + ν − λ ≤ −ν < 0 < ν ≤ 2(μ + ν) − λ, then δ = ν and elements of G±
are given by (5.11), (5.5), (5.6).

(ii) If α+ν−λ ≤ −ν < 0 ≤ 2(μ+ν)−λ < ν, then δ = 2(μ+ν)−λ and elements
of G± are given by (5.16)–(5.19), (5.6), (5.7).

(iii) If −ν < α+ ν −λ ≤ 0 < ν ≤ 2(μ+ ν)−λ, then δ = λ− (α+ ν) and elements
of G± are given by (5.5), (5.8) and (5.21)–(5.23).

(iv) If −ν < α + ν − λ ≤ 0 ≤ 2(μ + ν) − λ < ν, then δ = 2μ− α and elements of
G± are given by (5.7), (5.8) and (5.27)–(5.30).

In particular, Theorem 5.2 gives explicit formulas for the canonical AP fac-
torization of G in the cases when it exists, that is μ + ν = λ/2, α + ν = λ, or
2μ = α.

6. Bohr-Fourier spectra of the factorization factors

It is known [3, 13] that if G is an arbitrary n × n matrix function admitting a
canonical AP factorization (1.3) and the Bohr-Fourier spectrum Ω(G) of G lies in
some additive subgroup Σ of R, then also

Ω(G±1
+ ), Ω(G±1

− ) ⊂ Σ.

This point is illustrated in particular by formulas from Theorem 5.2, corresponding
to the cases μ + ν = λ/2, α + ν = λ, or 2μ = α. A closer look, however, suggests
that there is an additional structure to the Bohr-Fourier spectra of the individual
entries. Namely, the Bohr-Fourier spectra of the diagonal elements of G±1

+ and the
off diagonal entries of G±1

− actually belong to a smaller subgroup Σ0 generated just
by Ω(f), while the remaining entries of G±1

± have their Bohr-Fourier spectra in
±λ+ Σ0. The next theorem shows that this is no coincidence but rather a general
property of the matrices (1.5).

Theorem 6.1. Let f be an AP function with the Bohr-Fourier spectrum Ω(f) con-
tained in the subgroup Σ0 of R. Suppose that the matrix function (1.5) admits a
canonical factorization (1.3). Then this factorization can be chosen in such a way
that: the diagonal entries of G±1

+ and the off diagonal entries of G±1
− also have the

Bohr-Fourier spectra contained in Σ0; the (1,2) entry of G±1
+ , (1,1) entry of G−

and (2,2) entry of G−1
− have the Bohr-Fourier spectra located in λ + Σ0; the (2,1)
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entry of G±1
+ , (2,2) entry of G− and (1,1) entry of G−1

− have the Bohr-Fourier
spectra located in −λ + Σ0.

Proof. Factorization (1.3), when it exists, is defined up to multiplying G+ by a
constant invertible matrix on the right and G− by the inverse of this constant
matrix on the left. Therefore, we may choose M(G+) to be any invertible matrix.
We will show that the desired spectral properties of the multiples are associated
with the choice M(G+) = I. Observe that for this choice detG± = 1.

Consider first the case when f ∈ APW . Then [5, Corollary 10.7] also G± ∈
APW2×2. Moreover, the Bohr-Fourier spectra of G± lie in the group Σ = λZ+Σ0.
Represent the latter as the union of pairwise disjoint subsets

Σk = kλ + Σ0, k ∈ J ,

where J = Z if λ is rationally independent from Σ0 and J = {0, . . . , p − 1}
otherwise. Here p is the smallest natural p for which pλ ∈ Σ0.

Now write G−1
− as

G−1
− =

∑
k∈J

Fk, (6.1)

where (in obvious notation)

Ω(Fk) ⊂
[
Σk−1 Σk

Σk Σk+1

]
, (6.2)

the right-hand side of (6.1) converges in ‖ ‖W norm if J is infinite, and k ± 1 in
(6.2) are understood (mod p) if J is finite.

Then, from (1.5) and (6.1),

GG−1
− =

∑
k∈J

GFk =
∑
k∈J

Gk,

where

Ω(Gk) ⊂
[

Σk Σk+1

Σk−1 Σk

]
. (6.3)

Since the sets Σk corresponding to different values of k ∈ J are disjoint, the
non-negativity of Ω(GG−1

− ) implies that each of Ω(GFk) must be non-negative. In
particular,

G0 = GF0 ∈ AP+
2×2,

so that detG0 = detF0 must be constant. Since the only set Σk containing 0 is
Σ0, conditions (6.3) imply that

M(G0) = M(G+) = I;

therefore, the constant in question is equal to 1. Consequently,

G = G0F
−1
0

is a canonical factorization of G. The desired spectral properties of its multiples
follow from (6.2), (6.3) with k = 0.
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To cover the general case when f ∈ AP does not (necessarily) lie in APW ,
introduce a sequence of functions fn ∈ APW converging uniformly to f and such
that Ω(fn) ⊂ Σ0. For n large enough, the matrix functions[

eλ 0
fn e−λ

]
all admit canonical AP factorizations G

(n)
+ G

(n)
− . Normalizing these factorizations

by setting M(G(n)
+ ) = I, from the already proved part of the theorem we conclude

for example that the Bohr-Fourier spectra of the diagonal entries of G
(n)
+ lie in Σ0.

But, according to [5, Section 21.3], G
(n)
+ converge to the factorization multiple G+

of (1.5) in the topology of the Besicovitch space B2. Therefore, the Bohr-Fourier
spectra of the diagonal entries of the latter matrix also lie in Σ0. The statements
about the remaining entries can be treated similarly. �

In relation with Theorem 6.1, let us mention the following question posed
in [8]: given rationally independent α, β ∈ (0, 1), characterize all such g ∈ APP
with Ω(g) ⊂ Γ := αZ + βZ for which there exists h ∈ AP+ with Ω(h) ⊂ Γ and
Ω(gh)∩(0, 1) = ∅. According to Theorem 6.1, g has the desired property whenever

the matrix function
[
e1 0
g e−1

]
admits a canonical factorization. Moreover, this

observation carries over to Γ being an arbitrary additive subgroup of R, not just
those with two generators as in [8].
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On Generalized Operator-valued
Toeplitz Kernels

Olga Chernobai

This paper is dedicated to M.G. Krein

Abstract. In this report, we sketch the proof of an integral representation for
operator-valued Toeplitz kernels. The proof is based on the spectral theory
for the corresponding differential operator constructed from this kernel and
acting in Hilbert space. The report also contains references to other new
results concerning such Toeplitz kernels.

Keywords. Positive definite functions, Toeplitz kernels, generalized Toeplitz
kernels, quasinuclear riggings of spaces, projection spectral theorem.

1. Introduction

In 1979, M. Cotlar and C. Sadosky [1] introduced an essential generalization of
positive definite functions on the axis, called generalized Toeplitz kernels, and gave
their integral representation. Later, R. Bruzual [2] developed this construction for
the case of a finite interval. In 1988–1999, M. Bekker investigated matrix positive
definite Toeplitz kernels (see [3]).

In this talk, we present a survey of our results [4]–[7] concerning an inte-
gral representation of positive definite Toeplitz kernels, whose values are bounded
operators in fixed separable Hilbert space.

The proof is based on the methods of construction of a representation for
positive definite kernels, developed by Yu.M. Berezansky [8] in 1956, and general-
izes some M.G. Krein’s ideas [9]. In particular, it exploits the theory of eigenvector
expansions for a selfadjoint operator acting in Hilbert space constructed by such
a kernel.
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2. Results

Let H be a full separable complex Hilbert space with involution H � f �→ f ∈ H,
scalar product (· , ·)H , and norm ‖·‖. Let L(H) be the set of all bounded operators
in H. For I = (−l, l), 0 < l ≤ ∞, we denote: I1 = I ∩ [0,∞), I2 = I ∩ (−∞, 0],
and ∀α, β = 1, 2

Iαβ = {t = x − y|x ∈ Iα, y ∈ Iβ}.
Thus, I11 = I22 = (−l, l), I12 = (0, 2l).

Consider the operator-valued kernel K

I × I � (x, y) �→ K(x, y) ∈ L(H).

By definition, this kernel is a generalized Toeplitz kernel if it is positive
definite and there exist four continuous operator-valued functions Iαβ � t �−→
kαβ(t) ∈ L(H) such that

K(x, y) = kαβ(x − y), (x, y) ∈ Iα × Iβ , α, β = 1, 2.

Remind that an operator-valued kernel K is called positive definite if for an
arbitrary continuous bounded vector-valued function I � x �→ f(x) ∈ H , there
holds the inequality ∫

I

∫
I

(K(x, y)f(y), f(x))H dxdy ≥ 0.

Theorem 2.1. For every generalized operator-valued Toeplitz kernel, the following
integral representation holds:

K(x, y) =
∫

R1
eiλ(x−y)

2∑
α,β=1

κα(x)κβ(y)dσαβ(λ), (x, y) ∈ I × I. (2.1)

Here, κα are the characteristic functions of Iα, α = 1, 2, and (dσαβ(Δ))2α,β=1 is a
positive definite matrix-valued Borel measure on R1.

Conversely, every kernel of form (2.1) is a generalized Toeplitz kernel.

Sketch of the proof. Let C(H, I) be the set of all continuous vector-valued functions
I � x �→ f(x) ∈ H. Introduce the (quasi)scalar product

(f, g)HK =
∫

I

∫
I

(K(x, y)f(y), g(x))Hdxdy.

Denote by HK the completion of the space C(H, I) wrt the scalar product intro-
duced above.

Let us construct some quasinuclear rigging of Hilbert space HK . For this
purpose, we take any quasinuclear rigging of the space H :

H− ⊃ H ⊃ H+,

and construct the tensor product

W−1
2 (I) ⊗ H− ⊃ L2(H, I) = L2(I) ⊗ H ⊃ W 1

2 (I) ⊗ H+,
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where W 1
2 (I) is the ordinary Sobolev space and W−1

2 (I) is the corresponding
negative space. The imbedding L2(H, I) ↪→ HK is continuous and imbedding
W 1

2 (I) ↪→ L2(I) is quasinuclear; therefore, the imbedding W 1
2 (H, I) ⊗ H+ ↪→ HK

is quasinuclear. So, we have constructed the required rigging of Hilbert space HK :

HK,− ⊃ HK ⊃ HK,+.

In the space HK , we consider the operator

Dom(A′) = C∞
0 (H, I) � f(x) �→ −i

d

dx
f(x) = (Lf)(x);

L+ = L.

Here, C∞
0 (H, I) denotes the set of all continuously differentiable vector-valued

functions finite near the points −l, 0, l. The operator A′ is Hermitian wrt the
scalar product in the space HK :

(A′f, g)HK = (f, A′g)HK , f, g ∈ C∞
0 (H, I).

It has equal defect numbers, because it is real wrt the corresponding involution in
the space HK . Therefore, it has a selfadjoint extension A in the space HK .

This operator A is standardly connected with the quasinuclear chain intro-
duced above:

HK,− ⊃ HK ⊃ HK,+ ⊃ D = C∞
0 (H+, I).

Therefore, we can apply the results connected with the spectral theorem for a
selfadjoint operator. In particular, the Parseval equality can be written now:

(u, v)HK =
∫

R1
(P (λ)u, v)HK dρ(λ), u, v ∈ HK,+ = W 1

2 (I) ⊗ H+.

Here, P (λ) : HK,+ → HK,− is the corresponding operator of generalized projec-
tion.

From the Parseval equality, it is possible to show that the following lemma
holds:

Lemma 2.2. For the kernel K, there holds the representation

K =
∫

R1
Ω(λ)dρ(λ). (2.2)

Here,
Ω(λ) ∈

(
W−1

2 (I) ⊗ H−
)
⊗

(
W−1

2 (I) ⊗ H−
)

is an elementary positive definite kernel with bounded norm, dρ(λ) is a positive
Borel bounded measure on R1. This kernel Ω(λ) is definite for ρ-almost every
λ ∈ R1. The positive definiteness of Ω(λ), λ ∈ R1, means that for every u ∈ HK,+,

(Ω(λ), u ⊗ u)L2(H,I)⊗L2(H,I) ≥ 0.

An elementary character of this kernel means that the following equalities holds:

(Ω(λ), v ⊗ A0u)L2(H,I)⊗L2(H,I) = (Ω(λ), (A0v) ⊗ u)L2(H,I)⊗L2(H,I)

= λ(Ω(λ), v ⊗ u), u, v ∈ C∞
0 (H+, I).
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Denote by Ωαβ(λ) (α, β = 1, 2) the restriction of Ω(λ) on the space H+,α ⊗
H+,β where H+,α is the subspace of H+ consisting from all functions equal to
zero on I \ Iα. For arbitrary l, m ∈ H+, we introduce the kernel Ωlm

αβ(λ) =(
Ωαβ(λ), (· ⊗ l) ⊗ (·,⊗m)

)
. Using Lemma 2.2 and the theorem concerning the

smoothness of generalized solutions of the equation −i du
dx = λu, we can prove the

following representation:

Ωlm
αβ(λ) = Ωlm

αβ(λ; x, y) = τ lm
αβ (λ)eiλ(x−y), x ∈ Iα, y ∈ Iβ , α, β = 1, 2, (2.3)

where τ lm
αβ are some coefficients. From (2.3), it is possible to obtain the following

representation:
Ωαβ(λ) = ταβ(λ)eiλ(x−y);

Ω(λ; x, y) =
2∑

α,β=1

eiλ(x−y)κα(x)κβ(y)ταβ(λ), x, y ∈ I. (2.4)

Putting the expression (2.4) into (2.2), we get the representation

K(x, y) =
∫

R1
Ω(λ; x, y)dρ(λ)

=
∫

R1

⎛⎝ 2∑
α,β=1

eiλ(x−y)κα(x)κβ(y)ταβ(λ)

⎞⎠ dρ(λ).
(2.5)

Denoting ταβ(λ)dρ(λ) by dσαβ(λ), we get from (2.5):

K(x, y) =
∫

R1
eiλ(x−y)

2∑
α,β=1

κα(x)κβ(y)dσαβ(λ), (x, y) ∈ I × I.

As a result, we get the representation (2.1).
To prove the second part of theorem, it remains only to check that the kernel

(2.1) is positive definite.
Theorem 2.1 for a scalar-valued kernel was published, together with the

proofs, in [4], and that for the general case in [6]. The articles [4]–[6] also con-
tain some additional facts concerning generalized Toeplitz kernels, namely: the
conditions for the uniqueness of the measure dσαβ(λ) in the representation (2.1),
investigation of the Fourier transform connected with the representation (2.1) and
selfadjointness of the above operator A. In the article [7], we prove a theorem con-
cerning the smoothness of generalized solutions for simple differential equations
with operator-valued coefficients, which is necessary to prove Theorem 2.1.
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Abstract Interpolation Problem in
Nevanlinna Classes

Vladimir Derkach

Abstract. The abstract interpolation problem (AIP) in the Schur class was
posed V. Katznelson, A. Kheifets and P. Yuditskii in 1987. In the present pa-
per an analog of the AIP for Nevanlinna classes is considered. The description
of solutions of the AIP is reduced to the description of L-resolvents of some
model symmetric operator associated with the AIP. The latter description is
obtained by using the M.G. Krĕın’s theory of L-resolvent matrices. Both reg-
ular and singular cases of the AIP are treated. The results are illustrated by
the following examples: bitangential interpolation problem, full and truncated
moment problems. It is shown that each of these problems can be included
into the general scheme of the AIP.

Mathematics Subject Classification (2000). Primary 47A57; Secondary 30E05,
47A06, 47B25, 47B32.

Keywords. Symmetric relation, selfadjoint extension, reproducing kernel,
boundary triplet, resolvent matrix, interpolation problem, moment problem.

1. Introduction

The abstract interpolation problem (AIP) was posed by V. Katznelson, A. Kheifets
and P. Yuditskii in [30] as an extension of the V.P. Potapov’s approach to inter-
polation problems [34]. A description of the set of all solutions of the AIP was
reduced in [30] to the description of all scattering matrices of unitary extensions
of a given partial isometry V ([8]). In a number of papers it was shown that many
problems of analysis, such that the bitangential interpolation problem [31], mo-
ment problem [33], lifting problem [39], and others can be included into the general
scheme of the AIP.

In the present paper we consider a parallel version of the AIP for the Nevan-
linna class N [L]. The class N [L] consists of all operator-valued functions (ovf’s)

This research has been done partially while the author was visiting the Department of Mathe-
matics of Weizmann Institute of Science as a Weston Visiting Scholar.
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holomorphic in the upper half-plane C+ with values in the set [L] of bounded
linear operators in a Hilbert space L, such that the kernel

Nm
ω (λ) =

m(λ) − m(ω)∗

λ − ω̄
(1.1)

is nonnegative on C+. If m is extended to C− by the symmetry m(λ̄) = m(λ)∗

then the kernel Nm
ω (λ) is also nonnegative on C \ R.

In introduction we restrict ourselves to the case when dimL < ∞ and iden-
tify L with the space Cd, where the standard basis is chosen. Then every ovf
m ∈ Nd×d := N [Cd] can be considered as a d × d matrix-valued function (mvf).
Let H(m) be the reproducing kernel Hilbert space of vector-valued functions holo-
morphic in C \ R (see [17], [4]), which is characterized by the properties:

(1) Nm
ω (·)u ∈ H(m) for all ω ∈ C \ R and u ∈ Cd;

(2) for every f ∈ H(m) the following identity holds

〈f(·), Nm
ω (·)u〉H(m) = u∗f(ω), ω ∈ C \ R, u ∈ Cd. (1.2)

The AIP in the class Nd×d can be formulated as follows.
Let X be a complex linear space, let B1, B2 be linear operators in X , let C1,

C2 be linear operators from X to L := Cd, and let K be a nonnegative sesquilinear
form on X which satisfies the following identity

(A1) K(B2h, B1g) − K(B1h, B2g) = (C1h, C2g)Cd − (C2h, C1g)Cd

for every h, g ∈ X . Consider the following

Problem AIP (B1, B2, C1, C2, K). Let the data set (B1, B2, C1, C2, K) satisfies the
assumption (A1). Find a mvf m ∈ Nd×d, such that for some linear mapping F
from X to H(m) the following conditions hold for all h ∈ X :

(C1) (FB2h)(λ) − λ(FB1h)(λ) =
[

I −m(λ)
] [ C1h

C2h

]
;

(C2) ‖Fh‖2
H(m) ≤ K(h, h).

Clearly kerK = {h ∈ X : K(h, h) = 0} is a linear subspace of X . Let H be
the completion of the factor-space X̂ = X/kerK endowed with the scalar product

(ĥ, ĝ)H = K(h, g), ĥ = h + kerK, ĝ = g + kerK, h, g ∈ X . (1.3)

In the present paper we will use the notion of a linear relation in a Hilbert
space H. Recall, that a subspace T of H2 is called the linear relation in H, [11].
For a linear relation T in H the symbols domT , kerT , ranT , and mul T stand for
the domain, kernel, range, and the multivalued part, respectively. The adjoint T ∗

is the closed linear relation in H defined by (see [11], [19])

T ∗ = { {h, k} ∈ H2 : (k, f)H = (h, g)H, {f, g} ∈ T }. (1.4)

Recall that a linear relation T in H is called symmetric (selfadjoint) if T ⊂ T ∗

(T = T ∗, respectively).
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It follows from (A1) that the linear relation

Â =
{{[

B̂1h
C1h

]
,

[
B̂2h
C2h

]}
: h ∈ X

}
is symmetric in H⊕ Cd. The main result of the paper is the following description
of all the AIP solutions m.

Theorem 1. Let the data set (B1, B2, C1, C2, K) satisfies the assumption (A1) and
let ranC2 = L. Then the Problem AIP (B1, B2, C1, C2, K) is solvable and the set
of its solutions is parametrized by the formula

m(λ) = PL(Ã − λ)−1|L(IL + λPL(Ã − λ)−1|L)−1, (1.5)

where Ã ranges over the set of all selfadjoint extensions of Â with the exit in a
Hilbert space H̃⊕L ⊃ H⊕L. The corresponding linear mapping F : X → H(ϕ, ψ)
is given by

(Fh)(λ) = PL(Ã − λ)−1ĥ, h ∈ X . (1.6)
Due to Theorem 1 the description of all solutions m of the AIP (B1, B2, C1, C2, K)
is reduced to the problem of description of all L-resolvents of the linear relation
Â. The latter description has been obtained by M.G. Krĕın in [36] (see also [38]).
In order to apply this theory to the linear relation Â we will impose additional
assumptions on the data set (B1, B2, C1, C2, K):
(A2) dim kerK < ∞ and X admits the representation

X = X0 � kerK, (1.7)

such that BjX0 ⊆ X0 (j = 1, 2).
(A3) B2 = IX and the operators B1|X0 : X0 ⊂ H → H, C1|X0 , C2|X0 : X0 ⊂

H → L are bounded.
Notice that the decomposition (1.7) was used by V. Dubovoj in [25] to study
the degenerate matrix Schur problem. The continuations of the operators B1|X0 ,
C1|X0 , C2|X0 will be denoted by B̃1 ∈ [H], C̃1, C̃2 ∈ [H,L]. Here [H,L] stands for
the set of bounded linear operators from H to L.

Denote by Ñd×d the set of Nevanlinna pairs {p, q} of d × d mvf’s p(·), q(·)
holomorphic on C \ R such that:

(i) the kernel Np,q
ω (λ) =

q(λ̄)∗p(ω̄) − p(λ̄)∗q(ω̄)
λ − ω̄

is nonnegative on C+;

(ii) q(λ̄)∗p(λ) − p(λ̄)∗q(λ) = 0, λ ∈ C \ R;
(iii) 0 ∈ ρ(p(λ) − λq(λ)), λ ∈ C±.

In the regular case (kerK = {0}) the set of L-resolvents PL(Ã − λ)−1|L of Â can
be described by the formula (see [35], [38])

PL(Ã − λ)−1IL = (w11(λ)q(λ) + w12(λ)p(λ))(w21(λ)q(λ) + w22(λ)p(λ))−1, (1.8)

where {p, q} ∈ Ñd×d and W = [wij(λ)]2i,j=1 is an L-resolvent matrix of Â which
can be calculated explicitly in terms of the data set (see (4.38)).
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Combining (1.5) and (1.8) one obtains the following

Theorem 2. Let the AIP data set (B1, B2, C1, C2, K) satisfy (A1), (A3), kerK =
{0}, ranC2 = L = Cd, and let

Θ(λ) =
[
θ11(λ) θ12(λ)
θ21(λ) θ22(λ)

]
= IL⊕L − λ

[
C̃1

C̃2

]
(IH − λB̃1)−1

[
−C̃+

2 C̃+
1

]
. (1.9)

Then the formula

m(λ) = (θ11(λ)q(λ) + θ12(λ)p(λ))(θ21(λ)q(λ) + θ22(λ)p(λ))−1, (1.10)

establishes the one-to-one correspondence between the set of all solutions m of the
AIP and the set of all equivalence classes of Nevanlinna pairs {p, q} ∈ Ñd×d.

The operators C̃+
1 , C̃+

2 in (1.9) are adjoint operators to C̃1, C̃2 : H → L, i.e.,

(C̃+
j u, h)H = (u, C̃jh)L for all h ∈ H, u ∈ L (j = 1, 2).

Let the matrix J ∈ C2d×2d be given by

J =
[

0 −iId

iId 0

]
The mvf Θ(λ) belongs to the Potapov class P(J) (see [43]), i.e., Θ(λ) is meromor-
phic in C+ and has the following J-property

J − W (λ)JW (λ)∗

λ − λ̄
≥ 0 for all λ ∈ HΘ ∩ C+,

where HΘ is the set of holomorphy of Θ.
In the singular case (kerK 
= {0}) the formula (1.8) gives a description of all

L-resolvents of the linear relation

A0 =
{{[

B1h
C1h

]
,

[
B2h
C2h

]}
: h ∈ X0

}
.

To obtain a description of all L-resolvents of Â(⊃ A0) one should consider in (1.8)
only those Nevanlinna pairs {p, q} ∈ Ñ(L) for which Ã ⊃ Â(⊃ A0). We show that
after the replacement of Θ(λ) in (1.10) by the Θ(λ)V , where V is an appropriate
J-unitary matrix, the formula (1.10) gives a description of all the solutions of the
AIP when {p, q} ranges over the set of all Nevanlinna pairs of the form

p(λ) =
[
0̃ν 0
0 p1(λ)

]
, q(λ) =

[
Ĩν 0
0 q1(λ)

]
, {p1, q1} ∈ Ñd−ν , (1.11)

where ν = dimCkerK.
All these results are formulated in the paper in a more general situation,

when the mvf m is replaced by a Nevanlinna pair {ϕ, ψ}. Moreover, we do not
suppose, in general, that dimL < ∞.

The paper is organized as follows. In Section 2 we recall the definition of the
class Ñ(L) of Nevanlinna pairs from [7], [23]. To each selfadjoint linear relation Ã
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and a scale spaces L we associate a Nevanlinna pair {ϕ, ψ} by the formula

ψ(λ) := PL(Ã − λ)−1|L, ϕ(λ) := IL + λPL(Ã − λ)−1|L, λ ∈ ρ(Ã). (1.12)

Conversely, given a Nevanlinna pair {ϕ, ψ} normalized by the condition ϕ(λ) −
λψ(λ) = IL we construct a functional model for a selfadjoint linear relation Ã =
A(ϕ, ψ), such that the pair {ϕ, ψ} is related to A(ϕ, ψ) via (1.12). In the case when
the pair {ϕ, ψ} is equivalent to a pair {Id, m} with m ∈ Nd×d, functional model
A(m) for a selfadjoint linear relation was given in [7] (see also [22]). Conditions
when the model A(ϕ, ψ) is reduced to A(m) are discussed. In Sections 3 and 4 we
formulate the AIP in the classes Nd×d and Ñd×d and give a complete description of
its solutions under some additional restrictions on the data set both in the regular
and singular cases. The results of the paper are illustrated in Section 5 with an
example of bitangential interpolation problems in the classes Nd×d and Ñd×d,
reduced there to the AIP with appropriately chosen data set. These problems
have been studied earlier in [42], [7], [32], [26], [27], [16].

Mention, that the Arov and Grossman’s description of scattering matrices of
unitary extensions of an isometry V in [8] used in the Schur type AIP is an analog
of M.G. Krĕın’s description (1.8) of L-resolvents of a symmetric operator [35].
One of the goals of this paper is to formulate the AIP, where the M.G. Krĕın’s
formula (1.8) works directly. In particular, we use the example of the full moment
problem to show that the reduction of this problem to the Nevanlinna type AIP
is more natural and simpler than that in [33], where the reduction of the moment
problem to the Schur type AIP was performed.

Another goal of the paper is to elaborate the operator approach to singular
AIP’s. This approach is illustrated with an example of singular truncated moment
problem, where we discuss the results of [15] and explain them from our point of
view.

The paper is dedicated to the centennial of M.G. Krĕın.

2. Functional model of a selfadjoint linear relation

2.1. Nevanlinna pairs

Let L be a Hilbert space.

Definition 2.1. A pair {Φ, Ψ} of [L]-valued functions Φ(·), Ψ(·) holomorphic on
C \ R is said to be a Nevanlinna pair if:

(i) the kernel

NΦΨ
ω (λ) =

Ψ(λ̄)∗Φ(ω̄) − Φ(λ̄)∗Ψ(ω̄)
λ − ω̄

, λ, ω ∈ C+

is nonnegative on C+;
(ii) Ψ(λ̄)∗Φ(λ) − Φ(λ̄)∗Ψ(λ) = 0, λ ∈ C \ R;
(iii) 0 ∈ ρ(Φ(λ) − λΨ(λ)), λ ∈ C±.
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Two Nevanlinna pairs {Φ, Ψ} and {Φ1, Ψ1} are said to be equivalent, if
Φ1(λ) = Φ(λ)χ(λ) and Ψ1(λ) = Ψ(λ)χ(λ) for some operator function χ(·) ∈ [H],
which is holomorphic and invertible on C+ ∪C−. The set of all equivalence classes
of Nevanlinna pairs in L will be denoted by Ñ(L). We will write, for short,
{Φ, Ψ} ∈ Ñ(L) for the Nevanlinna pair {Φ, Ψ}.

A Nevanlinna pair {Φ, Ψ} will be said to be normalized if Φ(λ) − λΨ(λ) =
IH. Clearly, every Nevanlinna pair {Φ, Ψ} is equivalent to the unique normalized
Nevanlinna pair {ϕ, ψ} given by

ϕ(λ) = Φ(λ)(Φ(λ) − λΨ(λ))−1, ψ(λ) = Ψ(λ)(Φ(λ) − λΨ(λ))−1. (2.1)

The set Ñ(L) can be identified with the set of Nevanlinna families (see [23])

τ(λ) = {{Φ(λ)u, Ψ(λ)u} : u ∈ L}, {Φ, Ψ} ∈ Ñ(L). (2.2)

Define the class N(L) as the set of all Nevanlinna pairs {Φ, Ψ} ∈ Ñ(L) such that
kerΦ(λ) = {0} for some (and hence for all) λ ∈ C \ R. Then Ψ(λ)Φ(λ)−1 is an ovf
with values in the set of maximal dissipative operators in L for λ ∈ C+. The set
N [L] can be embedded in Ñ(L) via the mapping

m ∈ N [L] �→ {IL, m} ∈ N(L).

2.2. Nevanlinna pair corresponding to a selfadjoint linear relation and a scale

Let H, L be Hilbert spaces, let Ã be a selfadjoint linear relation in H ⊕ L and let
PL be the orthogonal projection onto the scale space L. Define the operator-valued
functions

ϕ(λ) := IL + λPL(Ã − λ)−1|L, ψ(λ) := PL(Ã − λ)−1|L, λ ∈ ρ(Ã). (2.3)

Proposition 2.2. The pair of ovf ’s {ϕ, ψ}, associated with a selfadjoint linear re-
lation Ã and the scale L via (2.3) is a normalized Nevanlinna pair.

Proof. Consider the kernel

Nϕψ
ω (λ) =

ψ(λ̄)∗φ(ω̄) − φ(λ̄)∗ψ(ω̄)
λ − ω̄

, λ, ω ∈ C+ ∪ C−. (2.4)

It follows from (2.3)–(2.4) that

Nϕψ
ω (λ) =

ψ(λ) − ψ(ω)∗

λ − ω̄
− ψ(λ)ψ(ω)∗

= PL
Rλ − Rω̄

λ − ω̄
|L − PLRλPLRω̄|L

= PLRλPHRω̄|L

(2.5)

and hence the kernel Nϕψ
ω (λ) is nonnegative.

The property (ii) is easily checked, ϕ(λ) − λψ(λ) ≡ IL and, hence, the pair
{φ, ψ} is a normalized Nevanlinna pair. �
Definition 2.3. The pair of ovf’s {ϕ, ψ} determined by (2.3) will be called the
Nevanlinna pair corresponding to the selfadjoint linear relation Ã and the scale L.
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Remark 2.4. Definition 2.3 is inspired by the notion of the Weyl family of a sym-
metric operator corresponding to a boundary relation, see [24]. Namely, the Nevan-
linna pair {ϕ, ψ} determined by (2.3) generates via (2.2) the Weyl family of the
symmetric linear relation S = Ã∩(H⊕H), corresponding to the boundary relation

Γ =
{{[

f
f ′

]
,

[
h′

h

]}
:
{[

f
h

]
,

[
f ′

h′

]}
∈ Ã

}
.

The proof of Proposition 2.2 is contained in [24, Theorem 3.9]. Moreover, it is
shown in [24] that the converse is also true, every Nevanlinna family generates
via (2.2) the Weyl family of a symmetric linear operator S. In the case when the
pair {ϕ, ψ} is equivalent to a pair {IL, m} with m ∈ N [L], functional model A(m)
for this symmetric operator S was given in [6] (see also [22] and [41]).

In the following theorem we give another functional model of a selfadjoint
linear relation Ã recovered from a Nevanlinna pair. The author was aware that the
same result was obtained independently in [14] by another method. Consider the
reproducing kernel Hilbert space H(Φ, Ψ), which is characterized by the properties:

(1) NΦΨ
ω (λ)u ∈ H(Φ, Ψ) for all ω ∈ C \ R and u ∈ L;

(2) for every f ∈ H(Φ, Ψ) the following identity holds〈
f(·), NΦΨ

ω (λ)u
〉
H(Φ,Ψ)

= (f(ω), u)L, ω ∈ C \ R, u ∈ L. (2.6)

It follows from (2.6) that the evaluation operator E(λ) : f �→ f(λ) (f ∈ H(Φ, Ψ))
is a bounded operator from H(Φ, Ψ) to L.

Theorem 2.5. Let {Φ, Ψ} ∈ Ñ(L). Then the linear relation

A(Φ, Ψ) =
{{[

f
u

]
,

[
f ′

u′

]}
:

f, f ′ ∈ H(Φ, Ψ), u, u′ ∈ L,
f ′(λ) − λf(λ) = Φ(λ̄)∗u − Ψ(λ̄)∗u′

}
(2.7)

is a selfadjoint linear relation in H(Φ, Ψ)⊕L and the normalized pair {ϕ, ψ} given
by (2.1) is the Nevanlinna pair corresponding to Ã(Φ, Ψ) and L.

Proof. Step 1. Let us show that A(Φ, Ψ) contains vectors of the form

{Fωu, F ′
ωu} :=

{[
Nω(·)u
Ψ(ω̄)u

]
,

[
ω̄Nω(·)u
Φ(ω̄)u

]}
, u ∈ L, ω ∈ C+ ∪ C−, (2.8)

where Nω(·) := NΦΨ
ω (·) and the restriction Ã′ of A(Φ, Ψ) to the span of vectors

{Fωu, F ′
ωu} is a symmetric linear relation.

Indeed, it follows from (2.7) and the equality

(ω̄ − λ)Nω(λ)u = Φ(λ̄)∗Ψ(ω̄) − Ψ(λ̄)∗Φ(ω̄)

that {Fωu, F ′
ωu} ∈ A(Φ, Ψ).
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For arbitrary ωj ∈ C \ R, uj ∈ L (j = 1, 2) one obtains

〈ω̄1 Nω1(·)u1, Nω2(·)u2〉H(Φ,Ψ) − 〈Nω1(·)u1, ω̄2Nω2(·)u2〉H(Φ,Ψ)

+ (Φ(ω̄1)u1, Ψ(ω̄2)u2)L − (Ψ(ω̄1)u1, Φ(ω̄2)u2)L
= (ω̄1 − ω2)(Nω1(ω2)u1, u2)L − ((Φ(ω̄2)∗Ψ(ω̄1) − Ψ(ω̄2)∗Φ(ω̄1))u1, u2)L
= 0,

therefore, Ã′ is symmetric in H(Φ, Ψ) ⊕ L.

Step 2. Let us show that ran (Ã′−λ) is dense in H(Φ, Ψ)⊕L for λ ∈ C\R. Choose
the vector {Fωu, F ′

ωu} with ω = λ̄. Then

{
Fλ̄u, F ′̄

λu − λFλ̄u
}

=
{[

Nλ̄(·)u
Ψ(λ)u

]
,

[
0

Φ(λ)u − λΨ(λ)u

]}
∈ Ã′ − λ. (2.9)

Since ran (Φ(λ)u−λΨ(λ)) = L one obtains 0⊕L ⊂ ran (Ã′−λ). Taking F̂ωu with
ω 
= λ̄ one obtains from (2.8){[

Nω(·)u
Ψ(ω̄)u

]
,

[
(ω̄ − λ)Nω(·)u

Φ(ω̄)u − λΨ(ω̄)u

]}
∈ Ã′ − λ (2.10)

and, hence,
[
Nω(·)u

0

]
∈ ran (Ã′ −λ) for all ω 
= λ̄. Due to the properties 1) and 2)

of H(Φ, Ψ) one obtains the statement.

Step 3. Let us show that A(Φ, Ψ) = (Ã′)∗. Indeed, for every vector

F̂ = {F, F ′} =
{[

f(·)
u

]
,

[
f ′(·)
u′

]}
∈ A(Φ, Ψ), f, f ′ ∈ H(Φ, Ψ), u, u′ ∈ L,

and ω ∈ C \ R, v ∈ L it follows from (2.7) that

〈F ′, Fωv〉H(Φ,Ψ) − 〈F, F ′
ωv〉H(Φ,Ψ) = 〈f ′, Nω(·)v〉H(Φ,Ψ) − 〈f, ω̄Nω(·)v〉H(Φ,Ψ)

+ (u′, Ψ(ω̄)v)L − (u, Φ(ω̄)v)L
= (f ′(ω) − ωf(ω) + Ψ(ω̄)∗u′ − Φ(ω̄)∗u, v)L = 0.

Hence F̂ ∈ (Ã′)∗ and A(Φ, Ψ) ⊂ (Ã′)∗. Conversely, if

〈f ′, Nω(·)h〉H(Φ,Ψ) − 〈f, ω̄Nω(·)v〉H(Φ,Ψ) + (u′, Ψ(ω̄)v)L − (u, Φ(ω̄)v)L = 0

for some f, f ′ ∈ H(ϕ, ψ), u, u′ ∈ L and all ω ∈ C \ R, v ∈ L, then

f ′(ω) − ωf(ω) − (Φ(ω̄)∗u − Ψ(ω̄)∗u′) = 0

and, hence, F̂ ∈ A(Φ, Ψ). This proves that (Ã′)∗ ⊂ A(Φ, Ψ), and, hence, (Ã′)∗ =
A(Φ, Ψ).
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Step 4. Finally, in view of (2.9) and Definition 2.1 (iii) one obtains

PL(Ã(Φ, Ψ) − λ)−1|L = Ψ(λ)(Φ(λ) − λΨ(λ))−1 = ψ(λ),

IL + λψ(λ) = Φ(λ)(Φ(λ) − λΨ(λ))−1 = ϕ(λ).

Therefore, the pair {ϕ, ψ} is a normalized Nevanlinna pair corresponding to the
linear relation A(Φ, Ψ) and the scale L. �

Remark 2.6. For every normalized Nevanlinna pair {ϕ, ψ} and h ∈ H(ϕ, ψ) the
following identity holds

PL(A(ϕ, ψ) − λ)−1

[
h
0

]
= h(λ), (λ ∈ C \ R). (2.11)

Indeed, it follows from (2.9) that for every u ∈ L one obtains(
PL(A(ϕ, ψ) − λ)−1

[
h
0

]
, u

)
L

=
([

h
0

]
, (A(ϕ, ψ) − λ̄)−1

[
0
u

])
H(ϕ,ψ)⊕L

= (h, Nλ(·)u)H(ϕ,ψ) = (h(λ), u)L.

Remark 2.7. In notations of [24] the pair {Φ, Ψ} generates via (2.2) the Weyl
family of the symmetric operator

S(Φ, Ψ) = {{f, f ′} : f, f ′ ∈ H(Φ, Ψ), f ′(λ) − λf(λ) = 0}
corresponding to the boundary relation

Γ =
{{[

f
f ′

]
,

[
u′

u

]}
:

f, f ′ ∈ H(Φ, Ψ), u, u′ ∈ L,
f ′(λ) − λf(λ) = Φ(λ̄)∗u − Ψ(λ̄)∗u′

}
.

Remark 2.8. Mention that the linear space

Nω̄(T ) := {Nω(·)u : u ∈ L}
in general is not closed, since

(Nω(·)u, Nω(·)u)H(ϕ,ψ) = (Nω(ω)u, u)L

and the operator Nω(ω) not necessarily is boundedly invertible. If, however, 0 ∈
ρ(Nω(ω)) then Nω̄(T ) is closed. Recall that in this case 0 ∈ ρ(Nλ(λ)) for all
λ ∈ C\R and, hence, all the subspaces Nλ(λ̄) are closed for all λ ∈ C\R.

Let, the ovf γ(λ) : L → H be defined by

γ(λ) := PH(Ã − λ)−1|L (λ ∈ ρ(Ã)). (2.12)

Proposition 2.9. Let Ã be a selfadjoint linear relation in H⊕ L and let {ϕ, ψ} be
the normalized Nevanlinna pair given by (2.3). Then the following identity holds

Nϕψ
ω (λ) = γ(λ̄)∗γ(ω̄). (2.13)

Proof. Indeed, it follows from (2.5) that the kernel Nϕψ
ω (λ) takes the form

Nϕψ
ω (λ) = (PLRλPH)(PHRω̄|L) = γ(λ̄)∗γ(ω̄). �
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In general case one obtains

NΦΨ
ω (λ) = (Φ(λ̄) − λ̄Ψ(λ̄))∗Nϕψ

ω (λ)(Φ(ω̄) − ω̄Ψ(ω̄))

= (Φ(λ̄) − λ̄Ψ(λ̄))∗γ(λ̄)∗γ(ω̄)(Φ(ω̄) − ω̄Ψ(ω̄)).

The following statement formulated in terms of boundary relations can be
found in [23, Lemma 4.1].

Lemma 2.10. Let Ã be a selfadjoint linear relation in H ⊕ L, let {ϕ, ψ} be the
normalized Nevanlinna pair given by (2.3), and let dimL < ∞. Then:

(i) kerψ(λ) = {0} for λ ∈ C \ R iff PL dom Ã is dense in L;
(ii) kerϕ(λ) = {0} for λ ∈ C \ R iff PL ran Ã is dense in L.

Proof. Let us prove the first statement. The set PLdom Ã consists of the vectors
u ∈ L such that{[

f
u

]
,

[
f ′

u′

]}
∈ Ã for some f, f ′ ∈ H, u′ ∈ L.

If there is a vector v ∈ L such that v ⊥ u for all u ∈ PLdom Ã then{[
0
0

]
,

[
0
v

]}
∈ Ã,

and then ψ(λ)v = 0, ϕ(λ)v = v, due to (2.3).
Conversely, if ψ(λ)v = 0 for some v 
= 0, then in view of (2.3){[

0
0

]
,

[
0
v

]}
∈ Ã,

and hence v ⊥ PLdom Ã.
The proof of the second statement is similar. �

Remark 2.11. If {Φ, Ψ} is an arbitrary Nevanlinna pair and {ϕ, ψ} is the corre-
sponding normalized Nevanlinna pair, then the mapping

U : f ∈ H(ϕ, ψ) �→ (Φ(λ̄)∗ − λΨ(λ̄)∗)f(λ) (2.14)

maps isometrically H(ϕ, ψ) onto H(Φ, Ψ). The linear relations A(ϕ, ψ) and A(Φ, Ψ)
are unitarily equivalent under this mapping, that is

{f, f ′} ∈ A(ϕ, ψ) ⇔ {Uf,Uf ′} ∈ A(Φ, Ψ).

If the Nevanlinna pair {ϕ, ψ} satisfies the first condition (i) in Lemma 2.10
then it is equivalent to an ovf m ∈ N(L). If, additionally, m(λ) takes values in [L]
for λ ∈ C \ R then m ∈ N [L] and the reproducing kernel Hilbert space H(ϕ, ψ) is
unitary equivalent to the reproducing kernel Hilbert space H(m) with the kernel
Nm

ω (λ) (see (1.1)) via the mapping

U : f ∈ H(ϕ, ψ) → (I − λm(λ))f(λ) ∈ H(m).
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These spaces have been introduced by L. de Branges [17]. The following statement
can be derived from [5], however we will give a proof for the convenience of the
reader.

Lemma 2.12. Let m ∈ N [L], and let dimL < ∞. Then:
(i) f(λ) = O(1) (λ→̂∞) for all f ∈ H(m);
(ii) If, additionally, m ∈ N0[L] then f(λ) = O( 1

λ) (λ→̂∞) for all f ∈ H(m).

Proof. The reproducing kernel property and Schwartz inequality yield

|(f(λ), u)L| = |〈f(·), Nλ(·)u〉H(m)|
≤ ||f(·)||H(m)||Nλ(·)u||H(m)

= ||f ||H(m)

(�m(λ)
�λ

u, u

)1/2

= O(1)

for all f ∈ H(m) and u ∈ L. If, additionally, m ∈ N0[L], then m admits the
integral representation

m(λ) =
∫

R

dσ(t)
t − λ

(2.15)

with a nondecreasing function σ(t) such that

lim
t→−∞σ(t) = 0, lim

t→+∞σ(t) = Σ ∈ [L].

It follows from (2.15) that(�m(λ)
�λ

u, u

)
=

∫
d(σ(t)u, u)
|t − λ|2 = O(

1
λ2

)

Therefore, (f(λ), u)L = O(1/λ) for all u ∈ L. �

2.3. Generalized Fourier transform

Definition 2.13. A linear relation Ã = Ã∗ in H⊕L is said to be L-minimal if

H0 = span{PH(Ã − λ)−1L : λ ∈ ρ(Ã)}. (2.16)

In this section we show that every L-minimal selfadjoint linear relation A is
unitarily equivalent to its functional model A(ϕ, ψ), constructed in Theorem 2.5.
The operator F : H → H(ϕ, ψ) given by the formula

h �→ (Fh)(λ) = γ(λ̄)∗h = PL(Ã − λ)−1h (h ∈ H) (2.17)

is called the generalized Fourier transform associated with Ã and the scale L. In
the discrete case this definition was given in [30].

Theorem 2.14. Let Ã be a selfadjoint linear relation in H ⊕ L and let {ϕ, ψ} be
the corresponding Nevanlinna pair given by (2.3). Then:

1) The generalized Fourier transform F maps isometrically the subspace H0 onto
H(ϕ, ψ) and F is identically equal to 0 on H�H0;
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2) For every
{[

f
u

]
,

[
f ′

u′

]}
∈ Ã the following identity holds

E(λ)F(f ′ − λf) =
[
ϕ(λ) −ψ(λ)

] [ u
u′

]
. (2.18)

Proof. 1) For every vector h = γ(ω̄)v (ω ∈ ρ(Ã), v ∈ L) it follows from Proposi-
tion 2.9 that

(Fh)(λ) = γ(λ̄)∗γ(ω̄)v = Nϕψ
ω (λ)v.

Therefore, F maps the linear space span{γ(ω)L : ω ∈ ρ(Ã)} dense in H0 onto the
linear space span{Nϕψ

ω (·)L : ω ∈ ρ(Ã)} which is dense in H(ϕ, ψ). Moreover, this
mapping is isometric, since

(Fh,Fh)H(ϕ,ψ) = (Nϕψ
ω (·)v, Nϕψ

ω (·)v)H(ϕ,ψ)

= (Nϕψ
ω (ω)v, v)L = (h, h)H.

(2.19)

This proves the first statement. It is clear from (2.17) that Fh ≡ 0 for h ∈ H�H0.
2) Let h = γ(ω̄)v = PH(Ã− ω̄)−1v, v ∈ L. It follows from (2.3), (2.12) that[

h
ψ(ω̄)v

]
= (Ã − ω̄)−1

[
0
v

]
,

[
ω̄h

ϕ(ω̄)v

]
= (I + ω̄(Ã − ω̄)−1)

[
0
v

]
and hence {[

h
ψ(ω̄)v

]
,

[
ω̄h

ϕ(ω̄)v

]}
∈ Ã.

Since Ã = Ã∗ one obtains for all
{[

f
u

]
,

[
f ′

u′

]}
∈ Ã

(f ′, h)H − (f, ω̄h)H + (u′, ψ(ω̄))L − (u, ϕ(ω̄)v)L = 0, v ∈ L.

This implies
γ(ω̄)∗(f ′ − ω̄f) = ϕ(ω)u − ψ(ω)u′, ω ∈ C \ R. (2.20)

This proves the identity (2.18). �

Remark 2.15. In the case, when the linear relation Ã is L-minimal it is unitary
equivalent to the linear relation A(ϕ, ψ) via the formula

Ã(ϕ, ψ) =
{{[

Ff
u

]
,

[
Ff ′

u′

]}
:
{[

f
u

]
,

[
f ′

u′

]}
∈ Ã

}
. (2.21)

The operator F ⊕ IL establishes this unitary equivalence.

Remark 2.16. It follows from (2.11) that the Fourier transform F associated with
the operator A(ϕ, ψ) is identical, since

(Fh)(λ) = PL(A(ϕ, ψ) − λ)−1

[
h
0

]
= h(λ) for every h ∈ H(ϕ, ψ).
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Remark 2.17. The Fourier transform F(Φ, Ψ) associated with an arbitrary Nevan-
linna pair {Φ, Ψ} can be defined by the formula

F(Φ, Ψ)h := UF(ϕ, ψ)h, h ∈ H,

where {ϕ, ψ} is the corresponding normalized Nevanlinna pair and U is the map-
ping from H(ϕ, ψ) to H(Φ, Ψ) given by (2.14). Then F(Φ, Ψ) maps isometrically
the subspace H0 onto H(Φ, Ψ) and

E(λ)F(Φ, Ψ)(f ′−λf) =
[
Φ(λ̄)∗ − Ψ(λ̄)∗

] [ u
u′

]
for every

{[
f
u

]
,

[
f ′

u′

]}
∈ Ã.

3. Abstract interpolation problem

Let X be a complex linear space, let L be a Hilbert space, let B1, B2 be linear
operators in X , let C1, C2 be linear operators from X to L, and let K be a
nonnegative sesquilinear form on X which satisfies the identity
(A1) K(B2h, B1g) − K(B1h, B2g) = (C1h, C2g)L − (C2h, C1g)L
for every h, g ∈ X . Consider the following continuous analog of the AIP considered
in [30].

Problem AIP (B1, B2, C1, C2, K). Let the data set (B1, B2, C1, C2, K) satisfies the
assumption (A1). Find a normalized Nevanlinna pair {ϕ, ψ} ∈ Ñ(L) such that for
some linear mapping F : X → H(ϕ, ψ) the following conditions hold:

(C1) (FB2h)(λ) − λ(FB1h)(λ) =
[

ϕ(λ) −ψ(λ)
] [ C1h

C2h

]
;

(C2) ‖Fh‖2
H(ϕ,ψ) ≤ K(h, h)

for all h ∈ X .
Consider the factor space X̂ = X/kerK and denote by ĥ the equivalence

class h + kerK in X̂ , h ∈ X . Let X̂ be endowed with the scalar product (1.3) and
let H be the completion of X̂ with respect to the norm ‖h‖H.

In some examples (see Section 5) the linear space X has its own inner product.
In order to avoid an ambiguity we denote by B+ the adjoint to the operator
B : H → H and by B∗ the adjoint to B : X → X .

Proposition 3.1. Let the data set (B1, B2, C1, C2, K) satisfies the assumption (A1).
Then the linear relation

Â =
{{[

B̂1h
C1h

]
,

[
B̂2h
C2h

]}
: h ∈ X

}
(3.1)

is symmetric in H⊕L.

Proof. The statement is implied by (A1) since〈[
B̂2h
C2h

]
,

[
B̂1h
C1h

]〉
H⊕L

−
〈[

B̂1h
C1h

]
,

[
B̂2h
C2h

]〉
H⊕L

= K(B2h, B1h) − K(B1h, B2h) − (C1h, C2h)L + (C2h, C1h)L = 0. �
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Remark 3.2. The linear relation Â is called the AIP symmetry. In general, the AIP
symmetry Â need not be simple and its deficiency indices not necessarily coincide.

Theorem 3.3. Let the data set (B1, B2, C1, C2, K) satisfies the assumption (A1).
Then the Problem AIP (B1, B2, C1, C2, K) is solvable and the set of its normalized
solutions is parametrized by the formula[

ψ(λ)
ϕ(λ)

]
=

[
IL 0
λ IL

] [
PL(Ã − λ)−1|L

IL

]
, (3.2)

where Ã ranges over the set of all selfadjoint extensions of Â with the exit in a
Hilbert space H̃⊕L ⊃ H⊕L. The corresponding linear mapping F : X → H(ϕ, ψ)
is given by

(Fh)(λ) = PL(Ã − λ)−1ĥ, h ∈ X . (3.3)

Proof. Sufficiency. Let Ã be a selfadjoint extension of Â and let {ϕ, ψ} be the
normalized Nevanlinna pair corresponding to Ã and the scale L, and let F : H̃ →
H(ϕ, ψ) be the corresponding generalized Fourier transform given by (2.17). Then
the formula (3.2) is implied by (2.3) and in view of (2.17) the linear mapping
F : X → H(ϕ, ψ) given by (3.3) is connected to F via the formula

Fh = F ĥ, (h ∈ X ). (3.4)

Since F satisfies the identity (2.18) and{[
B̂1h
C1h

]
,

[
B̂2h
C2h

]}
∈ Â ⊂ Ã

one obtains from (2.18)

(FB2h)(λ) − λ(FB1h)(λ) = (FB̂2h)(λ) − λ(FB̂1h)(λ)

=
[

ϕ(λ) −ψ(λ)
] [ C1h

C2h

]
∀h ∈ H.

(3.5)

Next, it follows from (1.3) and Theorem 2.14 that

‖Fh‖2
H(ϕ,ψ) = ‖F ĥ‖2

H(ϕ,ψ) ≤ ‖ĥ‖2
H = K(h, h).

This proves (C1), (C2) and, hence, {ϕ, ψ} is a solution of the AIP .
Necessity. Let a normalized Nevanlinna pair {ϕ, ψ} be a solution of the AIP

and let the mapping F : X → H(ϕ, ψ) satisfies (C1), (C2). We will construct a
selfadjoint exit space extension Ã of Â such that (3.2) and (3.3) hold.
Step 1. Isometric embedding of H into a Hilbert space. It follows from (C2) that
(Fh)(λ) ≡ 0 for all h ∈ kerK. Thus F induces the mapping F̂ : X̂ → H(ϕ, ψ),
which is well defined by

ĥ → (F̂ ĥ)(λ) = (Fh)(λ), h ∈ H (3.6)

and is contractive due to (C2)

‖(F̂ ĥ)(λ)‖2
H(ϕ,ψ) = ‖(Fh)(λ)‖2

H(ϕ,ψ) ≤ K(h, h) = ‖ĥ‖2
H.
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We will keep the same notation for the continuous extension of F̂ to H.
Let D = D∗(≥ 0) be the defect operator of the contraction F̂ defined by

D2 = I − F̂+F̂ : H → H (3.7)

and let D = ranD be the defect subspace of F̂ in H. Consider the column extension
F̃ of the operator F̂ to the isometric mapping from H to D⊕H(ϕ, ψ) by the formula

F̃ h =
[

Dh

F̂h

]
, h ∈ H. (3.8)

Step 2. Construction of a selfadjoint linear relation Ã. Let AD be a linear relation
in D defined by

AD =
{{

DB̂1h, DB̂2h
}

: h ∈ X
}

and let us show that AD is symmetric in D. Indeed, it follows from (3.6), (3.7)
that

(DB̂2h, DB̂1h)H − (DB̂1h, DB̂2h)H

= ((I − F̂+F̂ )B̂2h, B̂1h)H − ((I − F̂+F̂ )B̂1h, B̂2h)H
= K(B2h, B1h) − K(B1h, B2h)

− (F̂ B̂2h, F̂ B̂1h)H(ϕ,ψ) + (F̂ B̂1h, F̂ B̂2h)H(ϕ,ψ).

(3.9)

As follows from (C1)

(F̂ B̂2h)(λ) − λ(F̂ B̂1h)(λ) = (FB2h)(λ) − λ(FB1h)(λ)

=
[

ϕ(λ) ψ(λ)
] [ C1h

C2h

]
∀h ∈ X .

(3.10)

In view of (2.7) this implies{[
F̂ B̂1h
C1h

]
,

[
F̂ B̂2h
C2h

]}
∈ A(ϕ, ψ).

Therefore, the right-hand part of (3.9) can be rewritten as

K(B2h, B1h) − K(B1h, B2h) − (C1h, C2h)L + (C2h, C1h)L

and hence it is vanishing due to (A1).
Let ÃD be a selfadjoint extension of AD in a Hilbert space D̃ ⊃ D and let

Ã = ÃD ⊕ A(ϕ, ψ). (3.11)

Step 3. Linear relation Ã satisfies (3.2) and (3.3). Under the identification of the
vector h ∈ H with F̃ h the symmetric linear relation Â in H⊕L can be identified
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with the symmetric linear relation

A1 = (F̃ ⊕ IL)Â(F̃ ⊕ IL)−1

=

⎧⎨⎩
⎧⎨⎩
⎡⎣ DB̂1h

F̂ B̂1h
C1h

⎤⎦ ,

⎡⎣ DB̂2h

F̂ B̂2h
C2h

⎤⎦⎫⎬⎭ : h ∈ X

⎫⎬⎭
in H̃ := D̃⊕H(ϕ, ψ)⊕L. Moreover A1 is contained in the selfadjoint linear relation
Ã = ÃD ⊕ A(ϕ, ψ), since {DB̂1h, DB̂2h} ∈ AD ⊂ ÃD and{[

F̂ B̂1h
C1h

]
,

[
F̂ B̂2h
C2h

]}
∈ A(ϕ, ψ).

The formula (3.2) is implied by the analogous formula for A(ϕ, ψ)[
ψ(λ)
ϕ(λ)

]
=

[
IL 0
λIL IL

] [
PL(A(ϕ, ψ) − λ)−1|L

IL

]
since

PL(A(ϕ, ψ) − λ)−1|L = PL(Ã − λ)−1|L.

In view of Remark 2.6 one obtains for every h ∈ X

PL(Ã − λ)−1

[
F̃ ĥ
0

]
= PL(Ã − λ)−1

[
F̂ ĥ
0

]
= PL(A(ϕ, ψ) − λ)−1

[
Fh
0

]
= (Fh)(λ).

This proves the formula (3.3), since F̃ ĥ is identified with ĥ. �

Remark 3.4. If (B1, B2, C1, C2, K) is a data set for the AIP in the Nevanlinna
classes then the data set (T1, T2, M1, M2, K) given by

T1 = B1 − iB2, T2 = B1 + iB2;
M1 = C1 − iC2, M2 = C1 + iC2,

is a data set for the AIP in the Schur class. Remind (see [30]), that a contractive [L]-
valued function ω(ζ) is said to be a solution of the problem AIP (T1, T2, M1, M2,K),
if there exists a map Φ from X to the de Branges–Rovnyak space Hω, such that

(ΦT1h)(t) − t(ΦT2h)(t) =
[

I −ω(t)
−ω∗(t) I

] [
M2h
M1h

]
,

and ‖Φh‖2
Hω ≤ K(h, h) for all h ∈ X . One can check, that solutions of the problems

AIP (B1, B2, C1, C2, K) and AIP (T1, T2, M1, M2, K) are related via some linear
fractional transformation and the result of Theorem 3.3 can be derived from the
corresponding result in [30]. However, we prefer to give a direct proof based on the
space H(ϕ, ψ), especially since these spaces will be useful in applications to some
interpolation problems.
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In general, the mapping F : X → H(ϕ, ψ) in (C1), (C2) is not uniquely
defined by the solution {ϕ, ψ} of the AIP (B1, B2, C1, C2, K). We impose an addi-
tional assumption on the data set:
(U) B2 − λB1 is an isomorphism in X for λ in nonempty domains O± ⊂ C±,
which ensures the uniqueness of F . Let us set

G(λ) =
[
C1

C2

]
(B2 − λB1)−1 (λ ∈ O±).

Proposition 3.5. Let the data set (B1, B2, C1, C2, K) satisfies the assumptions
(A1), (U). Then the mapping F : X → H(ϕ, ψ) in (C1), (C2) is uniquely de-
fined by the solution {ϕ, ψ} of the AIP (B1, B2, C1, C2, K) by the formula

(Fh)(λ) =
[
ϕ(λ) −ψ(λ)

]
G(λ)h (λ ∈ O±). (3.12)

Proof. Applying (C1) to the vector

h = hμ := (B2 − μB1)−1g (μ ∈ O±, g ∈ X ),

one obtains
(Fg)(λ) = (FB2hμ)(λ) − μ(FB1hμ)(λ)

= (FB2hμ)(λ) − λ(FB1hμ)(λ) + (λ − μ)(FB1hμ)(λ)

=
[
ϕ(λ) −ψ(λ)

]
G(μ)g + (λ − μ)(FB1hμ)(λ).

(3.13)

Setting in (3.13) λ = μ, one obtains (Fg)(μ)) =
[
ϕ(μ) −ψ(μ)

]
G(μ)g. �

4. Description of solutions of abstract interpolation problem

In view of Theorem 3.3 a description of the set of solutions of the AIP is reduced to
the description of L-resolvents of the linear relation Â. The latter problem can be
solved within the theory of L-resolvent matrix [35, 38] (see also [21], [22]). In this
section we will treat both the nondegenerate (kerK 
= {0}) and the degenerate
case (ker K 
= {0}). In the case when the form K(·, ·) is degenerate it is more
convenient to calculate the resolvent matrix of some auxiliary linear relation A0

which is a restriction of Â.

4.1. Symmetric linear relation A

Let us impose some additional assumptions on the data set (B1, B2, C1, C2, K):
(A2) dim kerK < ∞ and X admits the representation

X = X0 � kerK, (4.1)

such that BjX0 ⊆ X0 (j = 1, 2);
(A3) B2 = IX and the operators B1|X0 : X0 ⊆ H → H, C1|X0 , C2|X0 : X0 ⊆

H → L are bounded.
Due to the assumption (A2) one can identify X0 with X̂ = X/kerK and consider
the space H as a completion of X0. The continuations of the operators B1|X0 ,
C1|X0 , C2|X0 will be denoted by B̃1 ∈ [H], C̃1, C̃2 ∈ [H,L].
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Define a linear relation

A0 =
{{[

B1h
C1h

]
,

[
B2h
C2h

]}
: h ∈ X0

}
(4.2)

in a Hilbert space H⊕L. Clearly, A0 is a restriction of the symmetric linear relation
Â which can be rewritten as

Â =
{{[

B1h + B̂1u
C1h + C1u

]
,

[
B2h + B̂2u
C2h + C2u

]}
: h ∈ X0, u ∈ kerK

}
. (4.3)

In view of (A3) the closures of A0 and Â take the form

A := clos A0 =

{{[
B̃1h

C̃1h

]
,

[
h

C̃2h

]}
: h ∈ H

}
, (4.4)

clos Â =

{{[
B̃1h + B̂1u

C̃1h + C1u

]
,

[
h

C̃2h + C2u

]}
: h ∈ H, u ∈ kerK

}
. (4.5)

A point λ ∈ C is said to be a regular type point for a closed symmetric linear
relation A if ran (A − λ) is closed in H ⊕ L. It is well known that the set ρ̂(A)
of regular type points for symmetric linear relation A contains C+ ∪ C− and the
defect subspaces

Nλ(A) := (H⊕L) � ran (A − λ̄)

have the same dimensions n+(A) and n−(A) for λ ∈ C+ and λ ∈ C−, respectively,
which are called the defect numbers of the symmetric linear relation A. In the
following proposition we show, that the symmetric linear relation A in (4.4) has
equal defect numbers n+(A) = n−(A) = dimL and, moreover, 0 ∈ ρ̂(A).

Proposition 4.1. Let the data set (B1, B2, C1, C2, K) satisfy the assumptions
(A1)–(A3). Then:

(1) the adjoint linear relation A+ takes the form

A+ =
{

ĝ =
{[

g
v

]
,

[
g′

v′

]}
:

v, v′ ∈ L, g′ ∈ H;
g = B̃+

1 g′ + C̃+
1 v′ − C̃+

2 v

}
; (4.6)

(2) the set ρ̂(A) of regular type points for symmetric linear relation A contains
the resolvent set of the linear relation B̃−1

1

ρ(B̃−1
1 ) = {λ ∈ (C \ {0}) : 1/λ ∈ ρ(B̃1)} ∪ {0} if B̃1 ∈ [H]

and the defect subspace Nλ(A) for λ ∈ ρ(B̃−1
1 ) consists of the vectors[

−F (λ)+u
u

]
, u ∈ L, (4.7)

where F (λ) = (C̃2 − λC̃1)(IH − λB̃1)−1.
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Proof. 1) Let

ĝ =
{[

g
v

]
,

[
g′

v′

]}
∈ A+ (g, g′ ∈ H; v, v′ ∈ L).

Then it follows from (4.4) that

(g′, B̃1h)H − (g, h)H + (v′, C̃1h)L − (v, C̃2h)L = 0

for all h ∈ H and, therefore, B̃+
1 g′ − g + C̃+

1 v′ − C̃+
2 v = 0. This gives the equality

g = B̃+
1 g′ + C̃+

1 v′ − C̃+
2 v. (4.8)

2) It follows from (4.4) that

A − λ =

{{[
B̃1h

C̃1h

]
,

[
(IH − λB̃1)h
(C̃2 − λC̃1)h

]}
: h ∈ H

}
, (4.9)

and, hence

ran (A − λ) =
{[

h
F (λ)h

]
: h ∈ H

}
.

Therefore, ran (A − λ) is closed for all λ ∈ ρ(B̃−1
1 ).

If λ ∈ ρ(B̃−1
1 ) and ĝ ∈ N̂λ(Â) then g′ = λg, v′ = λv. Substituting these

equalities in (4.8) one obtains

(IH − λB̃+
1 )g = −(C̃+

2 − λC̃+
1 )v.

This proves the second statement since g = −F (λ̄)+v. �

4.2. L-resolvent matrix

Let Ã be a selfadjoint extension of A in a Hilbert space H̃ ⊕ L. The compression
Rλ = PL(Ã− λ)−1�L of the resolvent of Ã to L is said to be an L-resolvent of A.

Recall some facts from M.G. Krĕın’s representation theory ([36], [22]) for
symmetric linear relations in Hilbert spaces.Let us say that λ ∈ ρ(A,L) for a
symmetric linear relation A in H⊕L, if λ is a regular type point and

H⊕L = ran (A − λ) � L. (4.10)

For every λ ∈ ρ(A,L) the operator-valued function P(λ) : H → L is defined as a
skew projection onto L in the decomposition (4.10) and Q(λ) : H → L is given by

Q(λ) = PL(A − λ)−1(I − P(λ)), λ ∈ ρ(A,L). (4.11)

Let the block mvf W (λ) be defined by the formula

W (λ) = [wij(λ)]2i,j=1 = I + iλV(λ)V(0)+J (λ ∈ ρ(A,L)), (4.12)

where V(λ) =
[
−Q(λ)
P(λ)

]
and the block structure of W (λ) is conformal with that

of V(λ). The ovf W (λ) is called the L-resolvent matrix for the linear relation A.
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Theorem 4.2. [35, 38]. The set of L-resolvents of A is parametrized by the formula

PL(Ã − λ)−1|L = (w11(λ)q(λ) + w12(λ)p(λ))(w21(λ)q(λ) + w22(λ)p(λ))−1 (4.13)

where {p, q} ranges over the set Ñ(L) of all Nevanlinna pairs.

In the following theorem we calculate P(λ), Q(λ) and the L-resolvent matrix
W (λ) for the linear relation A in terms of the AIP data set.

Theorem 4.3. Let B1, B2, C1, C2, K satisfy the assumptions (A1)–(A3). Then:

1. ρ(A,L) = ρ(B−1
1 ) and for λ ∈ ρ(A,L) the ovf’s P(λ), Q(λ) are given by

P(λ)
[

f
u

]
= u − F (λ)f, f ∈ H, u ∈ L, (4.14)

Q(λ)
[

f
u

]
= C̃1(IH − λB̃1)−1f, f ∈ H; (4.15)

2. The adjoint operators to P(λ),Q(λ) :
[

H
L

]
→ L take the form

P(λ)+u =
[

−F (λ)+u
u

]
u ∈ L, λ ∈ ρ(A,L), (4.16)

Q(λ)+u =
[

(IH − λ̄B̃+
1 )−1C̃+

1 u
0

]
u ∈ L, λ ∈ ρ(A,L); (4.17)

3. The L-resolvent matrix W (λ) in (4.12) takes the form

WΠL(λ) =
[

IL 0
−λ IL

]⎛⎝I + iλ

[
C̃1

C̃2

]
(IH − λB̃1)−1

[
C̃1

C̃2

]+

J

⎞⎠ . (4.18)

Proof. 1) Assume that λ ∈ ρ(A,L) and the decomposition (4.10) holds. Then for
f ∈ H, u ∈ L there are unique h ∈ H and v ∈ L such that

(IH − λB̃1)h = f, (C̃2 − λC̃1)h + v = u. (4.19)

This implies, in particular, that λ ∈ ρ(B−1
1 ). Conversely, if λ ∈ ρ(B−1

1 ), then the
equations (4.19) have unique solutions h ∈ H and v ∈ L and, hence, λ ∈ ρ(A,L).
In view of (4.19) these solutions take the form

h = (IH − λB̃1)−1f, v = P(λ)
[

f
u

]
= u − F (λ)f. (4.20)

It follows from (4.11), (4.20) and (4.9) that

Q(λ)
[

f
u

]
= PL(A − λ)−1

[
f

F (λ)f

]
= PL

[
B̃1h

C̃1h

]
= C̃1(IH − λB̃1)−1f.
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2) The formulas (4.16), (4.17) are implied by〈
P(λ)+v,

[
f
u

]〉
H⊕L

= (v, u − F (λ)f)L =
〈[

−F (λ)+v
v

]
,

[
f
u

]〉
H⊕L

,〈
Q(λ)+v,

[
f
u

]〉
H⊕L

= (v, C̃1(IH − λB̃1)−1f)L

=
〈[

(IH − λB̃+
1 )−1C̃+

1 v
0

]
,

[
f
u

]〉
H⊕L

.

3) For every u =
[
u1

u2

]
∈ L2 one obtains from (4.12) and (4.14)–(4.17)

W (λ)u =
(

I + λ

[
−Q(λ)
P(λ)

] [
−Q(0)+ P(0)+

] [0 I
I 0

])
u

=
[
u1

u2

]
+ λ

[
−Q(λ)
P(λ)

] [
−C̃+

1 u2 + C̃+
2 u1

−u1

]
=

[
u1

u2 − λu1

]
+ λ

[
C̃1(IH − λB̃1)−1(C̃+

1 u2 − C̃+
2 u1)

(C̃2 − λC̃1)(IH − λB̃1)−1(C̃+
1 u2 − C̃+

2 u1)

]

=
[

IL 0
−λ IL

]⎛⎝IL⊕L + iλ

[
C̃1

C̃2

]
(IH − λB̃1)−1

[
C̃1

C̃2

]+

J

⎞⎠ u. �

The L-resolvent matrix W (λ) satisfies the identity

W (λ)JW (μ)∗ = J + i(λ − μ̄)V(λ)V(μ)+ (λ, μ ∈ ρ(A,L)). (4.21)

Originally, the identity (4.21) has been used by M.G. Krĕın as a definition of the
L-resolvent matrix. It follows from (4.21) that W (λ) belongs to the Potapov class
P(J), that is

W (λ)JW (λ)∗ − J

i(λ − λ̄)
≥ 0 (λ ∈ ρ(A,L)). (4.22)

Corollary 4.4. Let the data set (B1, B2, C1, C2, K) satisfy (A1),(A2) and
(A3′) the operator D = B2 − μB1 is an isomorphism in X for some μ ∈ R, and

the operators B1D
−1|X0 : X0 → X0, G(μ)|X0 : X0 → L2 are bounded.

Then one of the L-resolvent matrices can be found from[
I 0
−λ I

]−1

Wμ(λ)

= I + i(λ − μ)

[
C̃1

C̃2

]
(B̃2 − λB̃1)−1(B̃+

2 − μB̃+
1 )−1

[
C̃1

C̃2

]+

J.

(4.23)

Proof. The data set

(B1(B2 − μB1)−1, IX , C1(B2 − μB1)−1, (C2 − μC1)(B2 − μB1)−1, K)
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satisfies the assumptions (A1)–(A3). Consider the linear relation A − μ

A − μ =

{{[
B̃1(B̃2 − μB̃1)−1h

C̃1(B̃2 − μB̃1)−1h

]
,

[
h

(C̃2 − μC̃1)(B̃2 − μB̃1)−1h

]}
: h ∈ H

}
.

Due to (4.18) its L-resolvent matrix W (λ) satisfies the equality[
−I 0
λ −I

]−1

W (λ) =

= IL⊕L + iλ

[
C̃1

C̃2 − μC̃1

]
(B̃2 − (λ + μ)B̃1)−1(B̃+

2 − μB̃+
1 )−1

[
C̃1

C̃2 − μC̃1

]+

J.

Then the matrix Wμ(λ) = W (λ − μ) is the L-resolvent matrix of A and, hence,[
I 0
−λ I

]−1

Wμ(λ) =
[

I 0
−λ I

]−1

W (λ − μ)

=

⎛⎝IL⊕L + i(λ − μ)

[
C̃1

C̃2

]
(B̃2 − λB̃1)−1(B̃+

2 − μB̃+
1 )−1

[
C̃1

C̃2

]+

J

⎞⎠[
I 0
μ I

]
.

This prove (4.23) since the class of L-resolvent matrices is invariant under the
multiplication by a right J-unitary factor. �

4.3. Boundary triplets for A+ and the L-resolvent matrix

Definition 4.5. ([28], [40]) A triplet Π = {L, Γ1, Γ2}, where Γi : A+ → L, i = 1, 2,
is said to be a boundary triplet for A+, if for all f̂ = {f, f ′}, ĝ = {g, g′} ∈ A+;

(f ′, g)H⊕L − (f, g′)H⊕L = (Γ1f̂ , Γ2ĝ)L − (Γ2f̂ , Γ1ĝ)L

and the mapping Γ :=
[
Γ1

Γ2

]
: A+ →

[
L
L

]
is surjective.

The set of all selfadjoint extensions Ã of A can be parametrized by the set
of selfadjoint linear relations τ in L via the formula

f̂ ∈ Ã ⇔ Γf̂ ∈ τ.

Let the operator-valued functions P̂(λ)+ and Q̂(λ)+ be given by

P̂(λ)+u = {P(λ)+u, λ̄P(λ)+u}, u ∈ L, (4.24)

Q̂(λ)+u = {Q(λ)+u, u + λ̄Q(λ)+u}, u ∈ L, (4.25)

where P̂(λ)+, Q̂(λ)+ : L → H are adjoint operators to P(λ), Q(λ) : H → L. The
following statements were proved in [21] and [22].

Theorem 4.6. ([21], [22]) Under the above assumptions the linear relation A+ can
be decomposed in the following direct sum

A+ = A � P̂(λ)+L � Q̂(λ)+L, λ ∈ ρ(A,L), (4.26)
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and one of the L-resolvent matrices of A corresponding to the boundary triplet Π
can be found by

WΠL(λ) =

[
−Γ2Q̂(λ)+ Γ2P̂(λ)+

−Γ1Q̂(λ)+ Γ1P̂(λ)+

]∗
, λ ∈ ρ(A,L). (4.27)

Mention that every L-resolvent matrix W (λ) of A can be found in this way
by a suitable choice of the boundary triplet Π and this correspondence between
L-resolvent matrices and boundary triplets is one-to-one, [22].

Proposition 4.7. Let the data set (B1, B2, C1, C2, K) satisfy the assumptions
(A1)–(A3). Then:

1) A boundary triplet Π = {L, Γ1, Γ2} for A+ can be defined by

Γ1ĝ = v − C̃1g
′, Γ2ĝ = −v′ + C̃2g

′; (4.28)

2) The L-resolvent matrix of A corresponding to the boundary triplet Π coincides
with that in (4.18).

Proof. 1) For two vectors

f̂ =
{[

f
u

]
,

[
f ′

u′

]}
, ĝ =

{[
g
v

]
,

[
g′

v′

]}
∈ A+

one obtains
(f ′, g)H − (f, g′)H + (u′, v)L − (u, v′)L = (u′, v)L − (u, v′)L

+ (f ′, B̃+
1 g′ + C̃+

1 v′ − C̃+
2 v)H − (B̃+

1 f ′ + C̃+
1 u′ − C̃+

2 u, g′)H.
(4.29)

Then the right-hand part of (4.29) takes the form

(B̃1f
′, g′)H − (f ′, B̃1g

′)H + (C̃1f
′, v′)L − (C̃2f

′, v)L

− (u′, C̃1g
′)L + (u, C̃2g

′)L + (u′, v)L − (u, v′)L

= (C̃2f
′, C̃1g

′)L − (C̃1f
′, C̃2g

′)L + (C̃1f
′, v′)L − (C̃2f

′, v)L

− (u′, C̃1g
′)L + (u, C̃2g

′)L + (u′, v)L − (u, v′)L

= (C̃2f
′ − u′, C̃1g

′ − v)L − (C̃1f
′ − u, C̃2g

′ − v′)L.

Since 0 ∈ ρ(A,L) one can rewrite the formula (4.26) in the form

A+ = A � P̂(0)+L � Q̂(0)+L.

Due to (4.16), (4.17), (4.24), (4.25) one obtains for every u ∈ L

P̂(0)+u =
{[

−C̃+
2 u

u

]
,

[
0
0

]}
, Q̂(0)+u =

{[
C̃+

1 u
0

]
,

[
0
u

]}
It follows from (4.28) that

ΓP̂(0)+u =
[

u
0

]
, ΓQ̂(0)+u =

[
0
−u

]
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and hence the mapping Γ : A+ → L⊕L is surjective and {L, Γ1, Γ2} is a boundary
triplet for A+.

2) Now one obtains from (4.24), (4.16) and (4.28) that

Γ2P̂(λ)+v = −λ̄v − λ̄C̃2F (λ)+v, (4.30)

Γ1P̂(λ)+v = v + λ̄C̃1F (λ)+v. (4.31)

Similarly (4.25), (4.17) and (4.28) imply

−Γ2Q̂(λ)+v = v − λ̄C̃2(IH − λB̃+
1 )−1C̃+

1 v, (4.32)

−Γ1Q̂(λ)+v = λ̄C̃1(IH − λB̃+
1 )−1C̃+

1 v. (4.33)

It follows from (4.30)–(4.33) and (4.27) that

WΠL(λ)∗ =
[

IL −λ̄
0 IL

]
− λ̄

[
C̃2

−C̃1

]
(IH − λ̄B̃+

1 )−1
[
C̃+

1 C̃+
2 − λ̄C̃+

1

]
and hence

WΠL(λ) =
[

I 0
−λ I

]
− λ

[
C̃1

C̃2 − λC̃1

]
(IH − λB̃1)−1

[
C̃+

2 −C̃+
1

]
=

[
I 0
−λ I

](
IL⊕L − λ

[
C̃1

C̃2

]
(IH − λB̃1)−1

[
C̃+

2 −C̃+
1

])
. �

4.4. L-resolvents of Â

In the case when kerP is nontrivial we calculated the L-resolvent matrix of the
linear relation A0(⊂ Â). A description of L-resolvents of A is given in Theorem 4.2.
In order to obtain a description of L-resolvents of Â we will use the same formula
and specify the set of parameters {p, q} ∈ Ñ(L) which correspond to L-resolvents
of Â via (4.13).

Recall (see [44]) that every generalized resolvent PH⊕L(Ã − λ)−1|H⊕L of A

corresponding to an exit space selfadjoint extension Ã in a Hilbert space H̃ ⊕ L,
where H ⊂ H̃, can be represented as

PH⊕L(Ã − λ)−1|H⊕L = (T (λ) − λ)−1, λ ∈ C+, (4.34)

where T (λ) (λ ∈ C+) is the Strauss family of maximal dissipative linear relations
in H defined by

T (λ) = {{Pf, Pf ′} : {f, f ′} ∈ Ã, f ′ − λf ∈ H⊕ L} (4.35)

and P is the orthogonal projection onto H⊕L.

Proposition 4.8. ([22]) Let Ã be an exit space selfadjoint extension of A, let T (λ)
be the Strauss family of maximal dissipative linear relations defined by (4.35),
let {L, Γ1, Γ2} be a boundary triplet for A+. Then the pair {p, q} ∈ Ñ(L) is the



Abstract Interpolation Problem 221

Nevanlinna pair corresponding to Ã via (4.13) if and only if the pair {p, q} is
related to T (λ) via the formula

ΓT (λ) = ran
[
q(λ)
p(λ)

]
.

We will need the following simple statements.

Lemma 4.9. Let under the assumptions of Proposition 4.8 Â be a symmetric ex-
tension of A in H⊕L. Then:

(i) Â ⊂ Ã if and only if Â ⊂ T (λ) for some λ ∈ C+;

(ii) Â ⊂ Ã if and only if ΓÂ ⊂ ran
[
q(λ)
p(λ)

]
for some λ ∈ C+.

Proof. (i) The implication ⇒ is immediate from (4.35). Conversely, assume that
Â ⊂ T (λ). In view of (4.35) for every {g, g′} ∈ Â there are {f, f ′} ∈ Ã and
g1 ∈ H1 := H̃ � H such that

f = g + g1, f ′ = g′ + λg1. (4.36)

Hence
(f ′, f)H̃ = (g′, g)H + λ(g1, g1)H1 .

Since Â and Ã are symmetric this implies g1 = 0. Therefore, {g, g′} ∈ Ã and hence
Â ⊂ Ã.

2) The statement (ii) is implied by (i) since the inclusion Â ⊂ T (λ) is equiv-

alent to ΓÂ ⊂ ΓT (λ) = ran
[
q(λ)
p(λ)

]
. �

It follows from Lemma 4.9 that all Nevanlinna pairs corresponding to gener-
alized resolvents of Â have a common constant part ΓÂ.

Lemma 4.10. Let Â be the symmetric linear relation (4.3), and let {L, Γ1, Γ2} be
a boundary triplet for A+. Then

(i) ΓÂ is a neutral subspace in (L2, JL) of dimension ν := dim CkerK;
(ii) There is a subspace L0⊂L and a JL-unitary operator V ∈ [L2] such that

V ({0} × L0)=ΓÂ.

Proof. 1) It follows from (4.5) and (4.28) that

ΓÂ =
{[

Γ1ĝ
Γ2ĝ

]
: ĝ ∈ Â

}
=

{[
C1u

−C2u

]
: u ∈ kerK

}
.

Clearly, the subspace ΓÂ is finite-dimensional and dim ΓÂ = dim CkerK. The
subspace ΓÂ is neutral since for every u ∈ kerK one has

(Γ1ĝ, Γ2ĝ) − (Γ1ĝ, Γ2ĝ) = (C1u, C2u)L − (C2u, C1u)L
= K(u, B1u) − K(B1u, u) = 0.
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2) Let us decompose L into the orthogonal sum of two subspaces L0 and L1

L = L0 ⊕ L1,

with dimL0 = ν. The subspace {0} × L0 is JL-neutral and hence there exists a
JL-unitary operator V ∈ [L2] such that V ({0} × L0)=ΓÂ. �

Let V be the JL-unitary operator, constructed in Lemma 4.10. Then

Ŵ (λ) = (ŵij(λ))2i,j=1 := WΠL(λ)V. (4.37)

is also the L-resolvent matrix of A0 with the advantage that the L-resolvents of Â
can be easily described in its terms.

Proposition 4.11. The set of all L-resolvents of Â is parametrized by the formula

PL(Ã − λ)−1|L = (ŵ11(λ)q(λ) + ŵ12(λ)p(λ))(ŵ21(λ)q(λ) + ŵ22(λ)p(λ))−1 (4.38)

where {p, q} ranges over the set Ñ(L) of Nevanlinna pairs of the form

p(λ) =
[

IL0 0
0 p1(λ)

]
, q(λ) =

[
0L0 0
0 q1(λ)

]
, {p1, q1} ∈ Ñ(L1). (4.39)

Proof. Let {p̃, q̃} be a Nevanlinna pair defined by[
q̃(λ)
p̃(λ)

]
= V

[
q(λ)
p(λ)

]
, {p, q} ∈ Ñ(L).

It follows from Lemma 4.9 that the formula

PL(Ã − λ)−1|L = (w11(λ)q̃(λ) + w12(λ)p̃(λ))(w21(λ)q̃(λ) + w22(λ)p̃(λ))−1

establishes a one-to-one correspondence between the set of all L-resolvents of Â
and the set of Nevanlinna families {p̃, q̃} such that

ΓÂ ⊂ ran
[
q̃(λ)
p̃(λ)

]
, λ ∈ C+. (4.40)

Since

ΓÂ = V

[
0
L0

]
, and ran

[
q̃(λ)
p̃(λ)

]
= V ran

[
q(λ)
p(λ)

]
,

the inclusion (4.40) is equivalent to the inclusion[
0
L0

]
⊂ ran

[
q(λ)
p(λ)

]
, λ ∈ C+, (4.41)

which, in turn, means that the pair {p, q} admits the representation (4.39). �
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4.5. Description of AIP solutions

To describe solutions of the AIP it remains to combine Theorem 3.3 and Proposi-
tion 4.11. Let the ovf Θ(λ) be defined by

Θ(λ) =
[

I 0
λ I

]
Ŵ (λ) =

(
I − λ

[
C̃1

C̃2

]
(IH − λB̃1)−1

[
C̃+

2 −C̃+
1

])
V (4.42)

Theorem 4.12. Let the AIP data set satisfy (A1)–(A3). Then the formula[
ψ(λ)
φ(λ)

]
= Θ(λ)

[
q(λ)
p(λ)

]
(ŵ21(λ)q(λ) + ŵ22(λ)p(λ))−1 (4.43)

establishes the one-to-one correspondence between the set of all normalized solu-
tions {ϕ, ψ} of the AIP (B1, B2, C1, C2, K) and the set of all equivalence classes
of Nevanlinna pairs {p, q} ∈ Ñ(L) of the form (4.39). The corresponding mapping
F : X → H(ϕ, ψ) in (C1), (C2) is uniquely defined by the solution {ϕ, ψ}:

(Fg)(μ) =
[
ϕ(μ) −ψ(μ)

]
G̃(μ)PX0g (μ ∈ O, g ∈ X ), (4.44)

where O is a neighborhood of 0,

G̃(μ) =

[
C̃1

C̃2

]
(IH − μB̃1)−1 (μ ∈ O),

and PX0 is the skew projection onto X0 in the decomposition (4.1).

Proof. Indeed, the description (4.43) is implied by (3.2), (4.38) and (4.42).
Let O is a neighborhood of 0, such that (IH − μB̃1) is invertible in H for

μ ∈ O and let g ∈ (I − μB1)X0 (μ ∈ O). Applying (C1) to the vector h = hμ :=
(I − μB1)−1g, one obtains

(Fg)(λ) = (Fhμ)(λ) − μ(FB1hμ)(λ)

=
[
ϕ(λ) −ψ(λ)

]
G(μ)g + (λ − μ)(FB1hμ)(λ).

(4.45)

Setting in (4.45) λ = μ, one obtains

(Fg)(μ) =
[
ϕ(μ) −ψ(μ)

]
G(μ)g (μ ∈ O, g ∈ (I − μB1)X0). (4.46)

Let g ∈ X0, let gn ∈ (I − μB1)X0 and gn → g. Then taking the limit in

(Fgn)(μ) =
[
ϕ(μ) −ψ(μ)

]
G̃(μ)gn

one obtains (4.44) for g ∈ X0. To complete the proof of (4.44) it remains to notice
that Fg ≡ 0 for all g ∈ kerK. �

Theorem 4.13. Let the AIP data set satisfy (A1), (A2), (A3′) and let

Θμ(λ) =
[

I 0
λ I

]
Ŵμ(λ)

=

⎛⎝I + i(λ − μ)

[
C̃1

C̃2

]
(B̃2 − λB̃1)−1(B̃+

2 − μB̃+
1 )−1

[
C̃1

C̃2

]+

J

⎞⎠V.
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Then the formula[
ψ(λ)
ϕ(λ)

]
= Θμ(λ)

[
q(λ)
p(λ)

]
(ŵμ

21(λ)q(λ) + ŵμ
22(λ)p(λ))−1 (4.47)

establishes the one-to-one correspondence between the set of all normalized solu-
tions {ϕ, ψ} of the AIP (B1, B2, C1, C2, K) and the set of all equivalence classes
of Nevanlinna pairs {p, q} ∈ Ñ(L) of the form (4.39).

Corollary 4.14. Let the AIP data set satisfies (A1)–(A3), let Θ(λ) be given
by (4.42), and let ranC2 = L. Then the formula

m(λ) = (θ11(λ)q(λ) + θ12(λ)p(λ))(θ21(λ)q(λ) + θ22(λ)p(λ))−1 (4.48)

establishes the one-to-one correspondence between the set of all solutions m(λ) of
the AIP (B1, B2, C1, C2, K) and the set of all equivalence classes of Nevanlinna
pairs {p, q} ∈ Ñ(L) of the form (4.39).

In the case when the AIP data set satisfy (A1), (A2), and (A3′) similar
formula can be written in terms of the mvf Θμ(λ).

5. Examples

5.1. Tangential interpolation problem

Let λj ∈ C+, ξj ∈ Cd, ηj ∈ Cd (1 ≤ j ≤ n). Consider the following problem. Find
m ∈ Nd×d such that

m(λj)ηj = ξj (1 ≤ j ≤ n). (5.1)

The problem (5.1) is called tangential (or one-sided) interpolation problem and was
considered first by I. Fedchina [29] in the Schur class. In [30], [32] the inclusion
of this (and more general bitangential) problem into the scheme of the AIP was
demonstrated.

For the case of Nevanlinna class let us set B1 = In, B2 = diag (λ1 . . . λn),
C1 =

[
ξ1 · · · ξn

]
, C2 =

[
η1 · · · ηn

]
, and let

P =
[
η∗

kξj − ξ∗kηj

λj − λ̄k

]n

j,k=1

(5.2)

be the unique solution of the Lyapunov equation

PB2 − B∗
2P = C∗

2C1 − C∗
1C2. (5.3)

Assume that P is nonnegative and nondegenerate and that ranC2 = Cd. Then
the data set (B1, B2, C1, C2, P ) satisfies the assumptions (A1)–(A3). Consider the
AIP corresponding to this data set. Due to Lemma 2.10 and Proposition 3.5 every
AIP solution is equivalent to a mvf m(·) ∈ Nd×d and the mapping F : H → H(m)



Abstract Interpolation Problem 225

in (C1), (C2) is uniquely defined by (4.44). Therefore, the conditions (C1), (C2)
can be rewritten as

(Fu)(λ) :=
[
Id −m(λ)

] [C1

C2

]
(B2 − λ)−1u ∈ H(m) (u ∈ Cn); (5.4)

‖Fu‖2
H(m) ≤ (Pu, u) (u ∈ Cn). (5.5)

We claim that the problem (5.1) is equivalent to the problem (5.4), (5.5). Indeed,
the condition (C1) takes the form[

ξj − m(λ)ηj

λ − λj

]n

j=1

u ∈ H(m), u ∈ Cn,

which implies (5.1). Moreover, if m(·) has the integral representation

m(λ) = α + βλ +
∫

R

(
1

t − λ
− t

1 + t2

)
dσ(t), (5.6)

where α, β ∈ Cd×d, α = α∗, β ≥ 0 and σ(t) is a nondecreasing d × d-valued mvf,
then the vvf (Fu)(λ) takes the form

(Fu)(λ) =
[
βηj +

∫
R

dσ(t)ηj

(t − λ)(t − λj)

]n

j=1

u.

Due to [4, Theorem 2.5] Fu ∈ H(m) and

‖Fu‖2
H(m) = u∗

[
η∗

k

(
β +

∫
R

dσ(t)
(t − λj)(t − λ̄k)

)
ηj

]n

j,k=1

u

= u∗
[
η∗

k

m(λj) − m(λk)∗

λj − λ̄k
ηj

]n

j,k=1

u.

(5.7)

Thus, (5.5) is implied by (5.7) and (5.1).
More general bitangential interpolation problems in the classes of Nevan-

linna pairs with multiple points can be included in the AIP by using the data set
(B1, B2, C1, C2, P ):

1) B1 = IN , B2 = diag (J(λ1) . . . J(λ
)), where J(λj) is a Jordan cell, cor-
responding to an eigenvalue λj ∈ C \ R of order nj (1 ≤ j ≤ �), n =
n1 + n2 + · · · + n
.

2) C1 =
[

ξ1 · · · ξn

]
, C2 =

[
η1 · · · ηn

]
;

3) P is a nonnegative solution of (5.3).

If the set {λj}

j=1 contains symmetric points then the solution P of the Lya-

punov equation (5.3) not necessarily exists and is not unique. Assume that there
is a nonnegative nondegenerate solution P of (5.3). If ranC2 
= Cd then the AIP
corresponding to the data set (B1, B2, C1, C2, P ) can be formulated as follows.



226 V. Derkach

Find a normalized Nevanlinna pair {ϕ, ψ} such that:

(Fu)(λ) :=
[
ϕ(λ) −ψ(λ)

] [C1

C2

]
(B2 − λ)−1u ∈ H(ϕ, ψ) (u ∈ Cn); (5.8)

‖Fu‖2
H(ϕ,ψ) ≤ (Pu, u) (u ∈ Cn). (5.9)

One can show that every solution {ϕ, ψ} of the problem (5.8), (5.9) satisfies the
Parseval equality

‖Fu‖2
H(ϕ,ψ) = (Pu, u) (u ∈ Cn).

Regular bitangential interpolation problems in the Schur and Nevanlinna classes
were studied in [42], [10], [26], [32], [9], [7]. Singular tangential and bitangential
interpolation problems considered in [29], [42], [26], [18], [16], [27] can be also
included in the above consideration by imposing the assumption (A2).

5.2. Hamburger moment problem

Let sj ∈ Cd×d, j ∈ N and let Sn be the Hankel block matrix

Sn = (si+j)n
i,j=0.

A Cd×d-valued nondecreasing right continuous function σ(t) is called a solution of
the Hamburger moment problem if∫

tjdσ(t) = sj (j ∈ N). (5.10)

It is known (see [2], [12], [36]) that the Hamburger moment problem (5.10) is
solvable iff Sn ≥ 0 for all n ∈ N. Due to Hamburger-Nevanlinna theorem a function
σ(t) is a solution of the Hamburger moment problem (5.10) if and only if the
associated mvf

m(λ) =
∫ ∞

−∞

dσ(t)
t − λ

has the following nontangential asymptotic at ∞

m(λ) ∼ −s0

λ
− s1

λ2
− · · · − s2n

λ2n+1
+ O(

1
λ2n+2

) (λ→̂∞) (5.11)

for every n ∈ N.
Let L = Cd, let X be the space of all vector polynomials

h(X) =
n∑

j=0

hjX
j , hj ∈ L, (5.12)

and let the nonnegative form K(h, h) be defined by

K(h, h) =
n∑

j,k=0

(sj+khj , hk)L. (5.13)

Assume that all the matrices Sn, n ∈ N are nondegenerate and consider the closure
H of the space X endowed with the inner product K(·, ·). Then the closure M of
the multiplication operator M0 in X is a symmetric operator in H. The moment
problem (5.10) is called indeterminate if the defect numbers of M are equal to d.
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As was shown in [13] the scalar moment problem (d = 1) is indeterminate if and
only if there exists δ > 0 such that

Sn ≥ δ > 0 for all n ∈ N. (5.14)

Slight modification of the proof of this statement in [13] shows that the condi-
tion (5.14) is also necessary and sufficient for the moment problem (5.10) to be
indeterminate for arbitrary d.

Let us consider the abstract interpolation problem in the class Nd×d cor-
responding to the indeterminate moment problem (5.10). Define the operators
B1, B2 : X → X and C1, C2 : X → L by the equalities

B1h =
h(X) − h0

X
, B2h = h, C1h =

n∑
j=1

sj−1hj , C2h = −h(0). (5.15)

Then the data set (B1, B2, C1, C2, K) satisfies the assumption (A1). Clearly, (A2)
is in force, since kerK = {0}. Let us show that (A3) is fulfilled.

Proposition 5.1. The operators B1, C1, C2 admit continuous extensions to the op-
erators B̃1 ∈ [H], and C̃1, C̃2 ∈ [H,L].

Proof. Let B̃1 be the closure of the graph of the operator B1. Then

B̃−1
1 = {{h, Mh + u} : h ∈ domM, u ∈ L}.

As was shown in [36] ρ(M,L) = C in the case of indeterminate moment prob-
lem (5.10). In particular, 0 ∈ ρ(M,L), that is

ran B̃−1
1 = ranM � L = H, ker B̃−1

1 = ranM ∩ L = {0}.

Therefore B̃1 is the graph of a bounded operator in H for which we will keep the
same notation.

It follows from (5.14) that for every polynomial h ∈ X

‖h‖2
H = K(h, h) =

n∑
j,k=0

h∗
ksj+khj ≥ δ

n∑
j,k=0

‖hj‖2 ≥ δ‖h0‖2.

Therefore,

‖C2h‖2 ≤ 1
δ
‖h‖2

H

and, hence, the operator C2 : X ⊂ H → L is bounded. Let us note that the
boundedness of C2 is implied also by the fact that 0 ∈ ρ(M,L), since C2h =
PM,L(0)h, where PM,L(λ) is the skew projection onto L in the decomposition
H = ran (M − λ) � L.

The boundedness of C1 : X ⊂ H → L is implied by the equality

(C1h, u)L = K

(
h(X) − h(0)

X
, u

)
= K(B1h, u). (5.16)
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Indeed, it follows from (5.16) that

|(C1h, u)L| ≤ K(B1h, B1h)1/2K(u, u)1/2

= ‖B1h‖H(s0u, u)1/2

≤ ‖B1‖‖s1/2
0 ‖‖h‖H‖u‖L

and hence C1 is bounded and ‖C1‖ ≤ ‖B1‖‖s1/2
0 ‖. �

Remark 5.2. The definition (5.15) of C1 can be rewritten as

C1h = h̃(0), (5.17)

where the adjacent polynomial h̃ is defined by

(h̃(λ), u)L = K

(
h(X) − h(λ)

X − λ
, u

)
, u ∈ L. (5.18)

Let us consider the [H,L2]-valued operator function

G(λ) =
[

C1

C2

]
(I − λB1)−1, λ ∈ C. (5.19)

Recall some useful formulas (see [33])

(I − λB1)−1h =
Xh(X)− λh(λ)

X − λ
, (h ∈ X ). (5.20)

C1(I − λB1)−1h = h̃(λ), C2(I − λB1)−1h = −h(λ). (5.21)
The corresponding abstract interpolation problem can be formulated as follows.
Find a Nevanlinna pair {ϕ, ψ} ∈ Ñ(Cd), such that

Fh :=
[
ϕ(λ) −ψ(λ)

]
G(λ)h ∈ H(ϕ, ψ); (5.22)

‖Fh‖2
H(ϕ,ψ) ≤ K(h, h) (5.23)

for all h ∈ X .
Since the operators B1, B2 = I satisfy the assumption (U) the mapping F :

X → H(ϕ, ψ) corresponding to the solution {ϕ, ψ} of the AIP is uniquely defined
(see Proposition 4.44). Moreover, since ranC2 = L it follows from Lemma 2.10 that
any solution {ϕ, ψ} of the AIP is equivalent to a pair {Id, m(λ)}, where m ∈ Nd×d.

Theorem 5.3. Let m be a solution of the AIP (B1, B2, C1, C2, K), which assumes
the integral representation (5.6), and let F : X → H(m) be the mapping corre-
sponding to m via the formula (Fh)(λ) :=

[
Id −m(λ)

]
G(λ)h, h ∈ X . Then:

1) σ is a solution of the Hamburger moment problem (5.10);
2) for every polynomial h ∈ X one has

(Fh)(λ) =
∫ ∞

−∞

dσ(t)h(t)
t − λ

, (5.24)

‖Fh‖2
H(m) = K(h, h). (5.25)
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Proof. For a monic polynomial h = uXj (u ∈ L) one obtains from (5.15)–(5.19)

(Gh)(λ) =
[

C1

C2

]
(Xj + λXj−1 + · · · + λj)u

=
[

(λj−1s0 + · · · + λsj−2 + sj−1)u
−λju

]
and hence

(Fh)(λ) =
[

Id −m(λ)
]
G(λ)h

= (λjm(λ) + λj−1s0 + · · · + sj−1)u

=
∫ ∞

−∞

tj

t − λ
dσ(t)u.

(5.26)

When j = 0 it follows from (5.26) and Lemma 2.12 that m(λ) = O(1) if λ→̂∞.
Setting j = 1 one derives from (5.26) that

λm(λ) + s0 = O(1) (λ→̂∞).

Therefore, m(λ) = O( 1
λ) and applying Lemma 2.12, (ii) gives

m(λ) +
s0

λ
= O(

1
λ2

).

Similarly, for h = uXn one obtains from (C1) (λnm(λ) + s0λ
n−1 + · · ·+ sn−1)u ∈

H(m), or by Lemma 2.12, (ii)

m(λ) +
s0

λ
+ · · · + sn−1

λn
= O(

1
λn+1

)

for arbitrary n ∈ N. In view of the Hamburger-Nevanlinna theorem ([2]) this
implies that σ is a solution of the Hamburger moment problem (5.10).

For arbitrary polynomial h =
∑n

j=0 ujX
j ∈ X the formula (5.26) can be

rewritten as (5.24). Applying the formula for the inner product in H(m) (see [4,
Theorem 2.5]) one obtains

‖Fh‖2
H(m) =

∫ ∞

−∞
(dσ(t)h(t), h(t)) =

n∑
j,k=0

(sj+kuj , uk)L = K(h, h).

This proves (5.25).
Conversely, let σ be a solution of the Hamburger moment problem (5.10).

Then it follows from (5.24) and Theorem 2.5 from [4] that Fh ∈ H(m) for arbitrary
polynomial h ∈ X . This proves (C1). (C2) is implied by the equality (5.25). �

To calculate the L-resolvent matrix let us introduce a system of matrix poly-
nomials {Pn(λ)}∞n=0 orthogonal with respect to the form K:

K(Pju, Pkv) = v∗uδjk, u, v ∈ Cd; j, k ∈ N

and a system of adjacent polynomials {P̃k(λ)}∞n=0

v∗P̃k(λ)u = K

(
Pk(t) − Pk(λ)

t − λ
u, v

)
, u, v ∈ Cd; k ∈ N.
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Proposition 5.4. For every u ∈ L the following formulas hold

C+
1 u =

∞∑
k=1

Pk(t)P̃k(0)∗u, C+
2 u = −

∞∑
k=0

Pk(t)Pk(0)∗u. (5.27)

Proof. Indeed, for every j ∈ N ∪ {0}, u, v ∈ L one obtains from (5.15), (5.17)

(C+
1 u, Pjv)H = (u, C1Pjv)L = (u, P̃j(0)v)L

= (P̃j(0)∗u, v)H =

( ∞∑
k=1

Pk(t)P̃k(0)∗u, Pjv

)
H

,

(C+
2 u, Pjv)H = (u, C2Pjv)L = −(u, Pj(0)v)L

= −(Pj(0)∗u, v)H = −
( ∞∑

k=1

Pk(t)Pk(0)∗u, Pjv

)
H

. �

Applying the formulas (4.18), (5.21) and (5.27) one obtains the resolvent
matrix Θ(λ):

θ11(λ)u=u+λC̃1(I−λB̃1)−1

( ∞∑
k=0

Pk(t)Pk(0)∗u

)
=

(
I +λ

∞∑
k=0

P̃k(λ)Pk(0)∗
)

u,

θ12(λ)u=λC̃1(I−λB̃1)−1

( ∞∑
k=0

Pk(t)P̃k(0)∗u

)
=λ

∞∑
k=0

P̃k(λ)P̃k(0)∗u,

θ21(λ)u=λC̃2(I−λB̃1)−1

( ∞∑
k=0

Pk(t)Pk(0)∗u

)
=−λ

∞∑
k=0

Pk(λ)Pk(0)∗u,

θ22(λ)u=u+λC̃2(I−λB̃1)−1

( ∞∑
k=1

Pk(t)P̃k(0)∗u

)
=

(
I−λ

∞∑
k=1

Pk(λ)P̃k(0)∗
)

u.

Application of general result in Corollary 4.14 gives the well-known description of
solutions of the moment problem (5.10)∫

R

dσ(t)
t − λ

= (θ11(λ)q(λ) + θ12(λ)p(λ))(θ21(λ)q(λ) + θ22(λ)p(λ))−1, (5.28)

when the pair {p, q} ranges over the class Ñd×d.

5.3. Truncated Hamburger moment problem

Let s0, s1, . . . , s2n ∈ Cd×d. A Cd×d-valued nondecreasing right continuous function
σ(t) is called a solution of the truncated Hamburger moment problem if∫

tjdσ(t) = sj (j = 0, 1, . . . , 2n − 1) (5.29)∫
t2ndσ(t) ≤ s2n. (5.30)
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It is known that the problem (5.29)–(5.30) is solvable if and only if Sn ≥ 0. A
solution σ of the problem (5.29)–(5.30) is called “exact”, if

∫
t2ndσ(t) = s2n.

Singular truncated Hamburger moment problem has been studied in [20], [15], [1].

Theorem 5.5. ([15]) Let Sn = (si+j)n
i,j=0 ∈ Cd(n+1)×d(n+1)) – be a nonnegative

block Hankel matrix. The following assertions are equivalent:
1) The problem (5.29)–(5.30) has an “exact” solution;
2) Sn admits a nonnegative block Hankel extension Sn+1.

The equivalence (1) ⇔ (2) was proved in [15]. Moreover, it was shown in [15]
that if the conditions 1)–2) in Theorem 5.5 fail to hold then one can replace the
right lower block in the matrix Sn in such a way that the new matrix Sn

′ =
(s′i+j)

n
i,j=0 satisfies 1)–2) in Theorem 5.5 and the sets Z(Sn) and Z(S′

n) coincide.
In what follows it is supposed that Sn satisfies the assumptions 1)–2) of

Theorem 5.5. We will need also the following statement from [15].

Lemma 5.6. Let a block Hankel matrix Sn = (si+j)n
i,j=0 satisfy the assumptions of

Theorem 5.5 and let the matrix T ∈ CN×N (N = (n + 1)d) be given by

T =

⎡⎢⎢⎢⎣
0d Id

. . . . . .
0d Id

0d

⎤⎥⎥⎥⎦ .

Then there exists a matrix X = X∗ ∈ CN×N of rankX = rankSn such that

XSnX = X, SnXSn = Sn, T ranX ⊆ ranX. (5.31)

Let X be the space of vector polynomials h(X) of the form (5.12) of formal
degree n and let the form K(·, ·) be given by (5.13). Define the operators B1, B2 :
X → X and C1, C2 : X → L by (5.15). Then the data set (B1, B2, C1, C2, K) sat-
isfies the assumption (A1). Choosing the basis 1, X, . . . , Xn in X one can identify
X with CN and then the form K(·, ·) is given by

K(h, g) = (Snh, g), h, g ∈ CN , N = (n + 1)d.

The operators B1, B2 and C1, C2 can be identified with their matrix representa-
tions in this basis

B1 = T, B2 = IN , (5.32)
C1 =

[
0 s0 . . . sn−1

]
, C2 =

[
−Id 0 . . . 0

]
. (5.33)

Then B2 − λB1 = IN − λT is invertible for all λ ∈ C \ {0} and

G(λ) =
[
C1

C2

]
(IN − λT )−1 =

[
C1

C2

]⎡⎢⎣Id . . . λnId

. . .
...
Id

⎤⎥⎦ . (5.34)

Since the operators B1 = T , B2 = IN satisfy the assumption (U) and ranC2 =
Cd the mapping F : X → H(ϕ, ψ) corresponding to the solution {ϕ, ψ} of the
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AIP (B1, B2, C1, C2, K) is uniquely defined and any solution {ϕ, ψ} of the AIP is
equivalent to a pair {Id, m(λ)}, where m ∈ Nd×d. The corresponding AIP can be
formulated as follows:

Find a Nevanlinna mvf m ∈ Nd×d such that:
(C1) Fh =

[
Id −m(λ)

]
G(λ)h ∈ H(m) for all h ∈ X ;

(C2) ‖Fh‖2
H(m) ≤ (Snh, h) for all h ∈ X .

Proposition 5.7. Let m be a solution of the AIP (B1, B2, C1, C2, Sn). Then m ad-
mits the integral representation

m(λ) =
∫ ∞

−∞

dσ(t)
t − λ

(5.35)

where σ ∈ Z(Sn). Conversely, if σ ∈ Z(Sn), then m is a solution of the AIP.

Proof. Necessity. The same arguments as in the proof of Theorem 5.3 show that
(C1) implies

m(λ) +
s0

λ
+ · · · + sn−1

λn
= O(

1
λn+1

) (λ→̂∞). (5.36)

Let m(λ) have the integral representation (5.35) and let us set

s
(m)
j =

∫
R

tjdσ(t) (j = 0, 1, . . . , 2n). (5.37)

It follows from (5.36) that

s
(m)
j = sj for j = 0, 1, . . . , n − 1. (5.38)

The rest of the equalities (5.29) and the inequality (5.30) are implied by (C2).
Let us show that for every polynomial h(X) =

∑n
j=0 ujX

j, uj ∈ Cd, the
following equality holds

‖Fh‖2
H(m) =

n∑
j,k=0

u∗
ks

(m)
j+kuj . (5.39)

Indeed, it follows from (5.26) that

(Fh)(λ) =
[
m(λ) λm(λ) + s0 . . . λnm(λ) + λn−1s0 + · · · + sn−1

]
u

=
[∫

R

dσ(t)
t − λ

∫
R

tdσ(t)
t − λ

. . .

∫
R

tndσ(t)
t − λ

]
u ∈ H(m),

(5.40)

where u = col (u0, u1, . . . , un) ∈ C(n+1)d. Due to [4, Theorem 2.5]

‖Fh‖2
H(m) = u∗S(m)

n u, (5.41)

where
S(m)

n =
[
s
(m)
i+j

]n

i,j=0
. (5.42)

Then the inequality S
(m)
n ≤ Sn in (C2) and (5.38) imply that (5.29) and (5.30)

hold.
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Sufficiency. Let σ ∈ Z(Sn) and let m be defined by (5.35). Then it follows
from (5.40) that (C1) holds.

The condition (C2) is implied by (5.41), (5.29) and (5.30), since

‖Fh‖2
H(m) = u∗S(m)

n u ≤ u∗Snu, u ∈ CN . �

In the regular case (when detSn 
= 0) the solution matrix Θ(λ) can be cal-
culated by (4.42). Since C+

1 = S−1
n C∗

1 and C+
2 = S−1

n C∗
2 one obtains from (4.42)

Θ(λ) = I2d − λ

[
C1

C2

]
(IH − λT )−1S−1

n

[
C∗

2 −C∗
1

]
.

Then by Corollary 4.14 the formula (5.28) establishes the one-to-one correspon-
dence between the set of all solutions σ of the truncated moment problem (5.29)–
(5.30) and the set of all equivalence classes of Nevanlinna pairs {p, q} ∈ Ñd×d.

In the singular case (det Sn = 0) let us consider the matrix X ∈ CN×N which
satisfies (5.31). Then the decomposition

X = ranX � kerSn

satisfies the assumptions (A2), (A3), since T ranX ⊆ ranX , and the solution
matrix Θ(λ) takes the form (4.42). Now, let us calculate the operators C+

1 , C+
2 :

L → H. For arbitrary h = Xg ∈ ranX , u ∈ L and j = 1, 2 one obtains

(CjXg, u)Cd = (Xg, C∗
j u)CN

= (Xg, SnXC∗
j u)CN

= (Xg, XC∗
j u)H.

Therefore, C+
1 = XC∗

1 , C+
2 = XC∗

2 , and the mvf Θ(λ) takes the form

Θ(λ) =
(

IL⊕L − λ

[
C1

C2

]
(IH − λT )−1X

[
C∗

2 −C∗
1

])
V, (5.43)

where V ∈ C2d×2d is a unitary matrix such that

V ({0} × Cν)=
[

C1

−C2

]
kerSn =

[
0 s1 . . . sn−1

Id 0 . . . 0

]
kerSn

and

ν = dim
[

0 s1 . . . sn−1

−Id 0 . . . 0

]
kerSn.

Then by Corollary 4.14 the formula (5.28) establishes the one-to-one correspon-
dence between the set of all solutions σ of the truncated moment problem (5.29)–
(5.30) and the set of all equivalence classes of pairs {p, q} ∈ Ñd×d of the form (4.39).
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Birkhäuser Verlag, Basel, 35–51.

[2] N.I. Achieser, The classical moment problem. Moscow, 1961.

[3] D. Alpay, A. Dijksma, J. Rovnyak, and H.S.V. de Snoo, Schur functions, operator
colligations, and reproducing kernel Pontryagin spaces. Oper. Theory: Adv. Appl.
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On the Strong Kreiss Resolvent Condition
in the Hilbert Space

Alexander Gomilko and Jaroslav Zemánek

Abstract. It is proved that if an operator T on a Hilbert space satisfies the
strong Kreiss resolvent condition then so does the operator T m for any m ∈ N.
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1. Introduction

Let H be a Hilbert space with inner product (·, ·) and norm ‖ · ‖, and let L(H)
be the algebra of bounded linear operators on H . We denote the spectrum of
T ∈ L(H) by σ(T ), the identity operator on H by I, and the resolvent of T by
R(T, λ) = (T − λI)−1, λ 
∈ σ(T ).

Let us recall (see, e.g., [1], [2]) that an operator T with spectrum in the unit
disc is said to satisfy the strong Kreiss resolvent condition with constant M ≥ 1 if

‖Rk(T, λ)‖ ≤ M

(|λ| − 1)k
for all |λ| > 1, and k = 1, 2, . . . . [SR]

We recall that the condition [SR] is equivalent to the condition

‖ezT ‖ ≤ Me|z|, for all z ∈ C. (1.1)

In this article we prove that if the condition [SR] holds for an operator T then
it also holds for the operator T m, for any integer m ≥ 2 (with constant depending
on m). It means that if the condition (1.1) holds then there exists Mm ≥ 1 such
that

‖ezT m‖ ≤ Mme|z| for all z ∈ C. (1.2)

Research partially supported by “TODEQ” MTKD-CT-2005-030042. The first author partially
supported by grant 0107U000937, Ukraine.
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2. Auxiliary results

We intend to use the Carleson embedding theorem [3, Ch. 2, § 3]. To this end, we
need the following assertion.

Lemma 2.1. Let α ∈ (0, 1), σ > 1 and let γ be the Jordan curve in the complex
plane defined by

γ = {λα : λ = σ + is, s ∈ (−∞,∞)},
where λα = |λ|αeiα arg λ, argλ ∈ (−π/2, π/2). Then for any s0 ∈ R and h > 0
the length l(γs0(h)) of the curve γs0(h) = γ ∩ {Im z ∈ (s0, s0 + h)} satisfies the
estimate

l(γs0(h)) ≤ 2
√

2
α

h. (2.1)

Proof. We note that γ = {f(s) + ig(s) : s ∈ (−∞,∞)}, where the real-valued
functions

f(s) = (σ2 + s2)α/2 cos(α arctan(s/σ)),

g(s) = (σ2 + s2)α/2 sin(α arctan(s/σ)), (2.2)
satisfy f(−s) = f(s), g(−s) = −g(s), and for s > 0 they are positive and mono-
tonically increasing.

It follows directly from the definition (2.2) that

g′(s) = α(σ2 + s2)α/2−1[s sin(α arctan(s/σ)) + σ cos(α arctan(s/σ))],

and if z(s) = f(s) + ig(s), then

|z′(s)| = (|f ′(s)|2 + |g′(s)|2)1/2 = α(σ2 + s2)α/2−1/2.

Thus we have the following equality

|z′(s)|
g′(s)

=
(σ2 + s2)1/2

[s sin(α arctan(s/σ)) + σ cos(α arctan(s/σ))]
.

From this and the inequalities cos(απ/4) ≥ 1/
√

2, sin(απ/4) ≥ α/2, α ∈ (0, 1),
one derives the estimates

|z′
(s)|

g′(s)
≤

√
2

cos(απ/4)
≤ 2, |s| ≤ σ,

|z′
(s)|

g′(s)
≤

√
2

sin(απ/4)
≤ 2

√
2

α
, |s| ≥ σ,

so that the inequality
|z′

(s)|
g′(s)

≤ 2
√

2
α

, s ∈ R, (2.3)

is true.
Let s0 ∈ R and let s2 > s1 be such that g(s1) = s0, g(s2) = s0 + h, and that

the curve γ intersects the lines Im z = s0 and Im z = s0 + h at the points z(s1)
and z(s2), respectively. Then, in view of (2.3), we have

l(γs0(h)) =
∫ s2

s1

|z′(s)|ds =
∫ s2

s1

|z′(s)|
g′(s)

g′(s)ds ≤ 2
√

2
α

∫ s2

s1

g′(s)ds =
2
√

2
α

h.

The proof of the lemma is finished. �
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Suppose the plane Jordan curve γ belongs to the half-plane Re z > 0. Recall
[3, Ch. 1, § 5] that γ is called a Carleson curve, if there exists a constant N(γ) > 0
such that

l(γ ∩ Qs0(h)) ≤ N(γ)h

for all squares

Qs0(h) = {z ∈ C : Re ∈ (0, h), Im z ∈ (s0, s0 + h)}.

From Lemma 2.1 we obtain the following assertion.

Corollary 2.2. For any m ∈ N, m ≥ 2, σ > 1 the curve

Γm,σ = {λαm − σαm : λ = σ + is, s ∈ (−∞,∞)}, αm = 1/m,

is a Carleson curve such that

l(Γm,σ ∩ Qs0(h)) ≤ 2
√

2m h.

In the next considerations we need the following assertion (see [4]).

Lemma 2.3. For an operator S ∈ L(H) with the spectrum in the half-plane Re λ ≤
1, the following assertions are equivalent:

1) the estimate
‖etS‖ ≤ Met, t ≥ 0, (2.4)

is true;
2) there exists C > 0 such that for all x, y ∈ H the inequality

sup
σ>1

(σ − 1)
∫ σ+i∞

σ−i∞
|(R2(S, λ)x, y)| |dλ| ≤ C‖x‖‖y‖ (2.5)

holds.

Furthermore, if the assertion 1) holds, then the estimate (2.5) is true with the
constant C = 2πM2, and if the assertion 2) holds, then the estimate (2.4) is true
with the constant M = eC/π.

From Corollary 2.2 and Lemma 2.3, we deduce the following statement.

Lemma 2.4. Let S ∈ L(H) satisfy the estimate (2.4). Then its spectrum lies in the
half-plane Re λ ≤ 1, and there exists an absolute constant C1 > 1 such that for
any m ∈ N, m ≥ 2, and for all σ > 1 we have

Jm,σ(x; y) := (σ − 1)
∫ σ+i∞

σ−i∞

|(R2(S, λ1/m)x, y)|
|λ|2(1−1/m)

|dλ|

≤ 8πM2C1m
3‖x‖‖y‖, ∀ x, y ∈ H, (2.6)

Gm,σ := (σ − 1)
∫ σ+i∞

σ−i∞

‖(R(S, λ1/m)‖
|λ|2−1/m

|dλ| ≤
√

2πM(m + 1). (2.7)
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Proof. The Hille-Yosida theorem [5, Chap. 9] and (2.4) imply the first (spectral)
assertion. If m = 1, then by Lemma 2.3

J1,σ(x; y) = (σ − 1)
∫ σ+i∞

σ−i∞
|(R2(S, λ)x, y)| |dλ| ≤ 2πM2‖x‖‖y‖, σ > 1. (2.8)

Let now m ≥ 2. By the change of the integration variable in (2.6):

z = λ1/m = |λ|1/meim−1 arg λ, arg λ ∈ (−π/2, π/2),

we get

Jm,σ(x) = m(σ − 1)
∫

γm,σ

|(R2(S, z)x, y)|
|z|m−1

|dz|

≤ m
(σ − 1)σ1/m

σ

∫
γm,σ

|(R2(S, z)x, y)) |dz|, (2.9)

where γm,σ = {z = λαm : λ = σ + is, s ∈ (−∞,∞)}, αm = 1/m. From (2.8) it
follows that the function (R2(S, z +σαm)x, y) is analytic for Re z > 0 and belongs
to the Hardy space H1 in the half-plane Re z > 0. Moreover

‖(R2(S, z+σαm)x, y)‖H1 := sup
β>0

∫ β+i∞

β−i∞
|(R2(S, z+σαm)x, y)| |dz| ≤ 2πM2‖x‖‖y‖

σαm − 1
.

Then, using Corollary 2.2, the Carleson embedding theorem and the estimate (2.9),
we obtain

Jm,σ(x) ≤ C12
√

2m2 (σ − 1)σ1/m

σ
‖(R2(S, z + σαm)x, y)‖H1

≤ 4
√

2πM2C1
m2(σ − 1)σ1/m

σ(σ1/m − 1)
‖x‖‖y‖

≤ 8πM2C1m
3‖x‖‖y‖, σ > 1, m ≥ 2,

where C1 > 1 is the constant from the Carleson embedding theorem for the space
H1 on a half-plane. Hence the inequality (2.6) holds.

To derive (2.7), we note that the resolvent of S admits the estimate

‖R(S, λ)‖ ≤ M

Reλ − 1
, Re λ > 1.

Then, using the inequalities

cos(π/(2m)) ≥ 1/
√

2, σ − 1 ≤ mσ(σ1/m − 1),

(s2 + σ2)1/(2m) cos(m−1 arctan(s/σ)) ≥ σ1/m,
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where σ > 1 and m ≥ 2, we have for σ > 1:

Gm,σ ≤ M(σ − 1)
∫ σ+i∞

σ−i∞

|dλ|
(Re λ1/m − 1)|λ|2−1/m

≤ 2M(σ − 1)
cos(π/(2m))

∫ ∞

0

(s2 + σ2)1/(2m) cos(m−1 arctan(s/σ)) ds

((s2 + σ2)1/(2m) cos(m−1 arctan(s/σ)) − 1)(s2 + σ2)

≤ 2M(σ − 1)
cos(π/(2m))

(
1 +

1
σ1/m − 1

)∫ ∞

0

ds

s2 + σ2

= Mπ
(σ − 1)

σ cos(π/(2m))

(
1 +

1
σ1/m − 1

)
≤ M

√
2π(m + 1).

The proof of the lemma is complete. �

3. Main result

Theorem 3.1. Let m ∈ N, m ≥ 2 be fixed. Let the operator S ∈ L(H) satisfy the
conditions:

‖eνktS‖ ≤ Met, t ≥ 0, k = 1, 2, . . . , m, (3.1)
where νk = e2πik/m are the m-th roots of the unity. Then there exists such a
constant Mm ≥ 1 that

‖etSm‖ ≤ Mmet, t ≥ 0. (3.2)

Proof. From (3.1) it follows that the spectrum σ(S) is contained in Ωm := {λ ∈
C : Re νkλ ≤ 1, k = 1, 2, . . . , m}, that Ω2 = {λ ∈ C : |Re λ| ≤ 1}, and for m > 2
the set Ωm is the regular m-angle polygon circumscribed to the circle |λ| = 1
with points of contact λ = νk, k = 1, 2, . . . , m. Hence μm ∈ σ(Sm) if and only if
μ ∈ σ(S) ⊂ Ωm.

Observe further that

R(Sm, μm) = μ−m((S/μ)m − I)−1 =
1

mμm−1

m∑
k=1

R(νkS, μ), μ 
∈ Ωm. (3.3)

In particular, (3.3) holds for Reμm > 1. From (3.3) we obtain

R2(Sm, μm) =
1

mμm−1

d

dμ
R(Sm, μm) (3.4)

=
1

m2μ2(m−1)

{
m∑

k=1

R2(νkS, μ) − m − 1
μ

m∑
k=1

R(νkS, μ)

}
, Reμm > 1.

Thus, using (3.4), we have∫ σ+i∞

σ−i∞
|(R2(Sm, λ)x, y)||dλ| ≤ 1

m2

m∑
k=1

∫ σ+i∞

σ−i∞

|(R2(νkS, λ1/m)x, y)|
|λ|2(1−1/m)

|dλ|

+
(m − 1)

m2
‖x‖‖y‖

m∑
k=1

∫ σ+i∞

σ−i∞

‖(R(νkS, λ1/m)‖
|λ|2−1/m

|dλ|, σ > 1.
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Then, using Lemma 2.4 for the operators νkS, k = 1, 2, . . . , m, we obtain

(σ − 1)
∫ σ+i∞

σ−i∞
|(R2(Sm, λ)x, y)||dλ| ≤ 2πM

m
(4MC1m

3 + (m2 − 1))‖x‖‖y‖

≤ 2πm2M(4MC1 + 1)‖x‖‖y‖.
Then, according to Lemma 2.3, we conclude that the estimate (3.2) is true with

Mm = 2em2M(4MC1 + 1). (3.5)

�
The following theorem is the main result of the paper. It is an immediate

corollary of Theorem 3.1.

Theorem 3.2. Let T be a bounded linear operator on a Hilbert space H satisfying
the strong Kreiss resolvent condition [SR]. Then for any m ∈ N, m ≥ 2, the
operator T m satisfies the condition [SR] with the constant Mm defined by (3.5).

Added in proof. A different approach, in the Banach space setting, also concerning
the converse implication, is in preparation.
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Anatomy of the C∗-algebra
Generated by Toeplitz Operators
with Piece-wise Continuous Symbols

Sergei Grudsky and Nikolai Vasilevski

Abstract. We study the structure of the C∗-algebra generated by Toeplitz
operators with piece-wise continuous symbols, putting a special emphasis on
Toeplitz operators with unbounded symbols. We show that none of a finite
sum of finite products of the initial generators is a compact perturbation of a
Toeplitz operator. At the same time the uniform closure of the set of such sum
of products contains a huge number of Toeplitz operators with bounded and
unbounded symbols drastically different from symbols of the initial generators.

Mathematics Subject Classification (2000). Primary 47B35; Secondary 47C15.

Keywords. Toeplitz operator, Bergman space, piece-wise continuous symbol,
unbounded symbol, C∗-algebra.

1. Preliminaries

In the paper we continue a detailed study of the C∗-algebra generated by Toeplitz
operators Ta with piece-wise continuous symbols a acting on the Bergman space
A2(D) on the unit disk D in C, which was initiated in [4, 6].

We start by recalling the necessary definitions and results of [4].
Let D be the unit disk on the complex plane and γ = ∂D be its boundary.

Consider the space L2(D) with the standard Lebesgue plane measure dv(z) = dxdy,
z = x + iy ∈ D, and its Bergman subspace A2(D) which consists of all functions
analytic in D. It is well known that the orthogonal Bergman projection B of L2(D)
onto A2(D) has the form

(Bϕ)(z) =
1
π

∫
D

ϕ(ζ) dv(ζ)
(1 − zζ)2

.

This work was partially supported by CONACYT Project 80503, México.
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Given a function a ∈ L∞, the Toeplitz operator Ta with symbol a is defined as
follows:

Ta : ϕ ∈ A2(D) �−→ B(aϕ) ∈ A2(D).

As was already mentioned in [6], considering Toeplitz operators with piece-
wise continuous symbols, it turns out that neither the curves supporting symbol
discontinuities nor the number of such curves meeting at a boundary point of
discontinuity play actually any essential role for the Toeplitz operator algebra
studied. We can start from very different sets of symbols and obtain exactly the
same operator algebra as a result. Thus, without loss of generality, we will use the
same setup as in [4].

We fix a finite number of distinct points T = {t1, . . . , tm} on the boundary
γ of the unit disk D, and let

δ = min
k �=j

{|tk − tj |, 1}.

Denote by �k, k = 1, . . . , m, the part of the radius of D starting at tk and having
length δ/3; and let L =

⋃m
k=1 �k. We denote by PC(D, T ) the set (algebra) of all

functions piece-wise continuous on D which are continuous in D \L and have one-
sided limit values at every point of L. In particular, every function a ∈ PC(D, T )
has at each point tk ∈ T two (different, in general) limit values:

a−(tk) = a(tk−0) = lim
γ�t→tk, t≺tk

a(t) and a+(tk) = a(tk +0) = lim
γ�t→tk, t�tk

a(t),

where the signs ± correspond to the standard orientation of the boundary γ of D.
For each k = 1, . . . , m, we denote by χk = χk(z) the characteristic function

of the half-disk obtained by cutting D by the diameter passing through tk ∈ T ,
and such that χ+

k (tk) = 1, and thus χ−
k (tk) = 0.

In [4] we define the functions vk = vk(z), k = 1, . . . , m, as follows. For each
k = 1, . . . , m, we introduce two neighborhoods of the point tk:

V ′
k = {z ∈ D : |z − tk| <

δ

6
} and V ′′

k = {z ∈ D : |z − tk| <
δ

3
},

and fix a continuous function vk = vk(z) : D → [0, 1] such that

vk|V ′
k
≡ 1, vk|D\V ′′

k
≡ 0.

But in this paper we need to make the functions vk = vk(z) more specific. For
each k = 1, . . . , m, we introduce the Möbius transformation

αk(z) = i
tk − z

z + tk
, (1.1)

which maps the unit disk D onto the upper half-plane Π, sending the point tk
to 0 and the opposite point −tk to ∞. We assume now that each vk = vk(z) is
a C∞-function and that the function vk(α−1

k (z)) = v̂k(r) depends only on r, the
radial part of a point z = reiθ ∈ Π.
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We denote by T (PC(D, T )) the C∗-algebra generated by all Toeplitz opera-
tors Ta whose symbols a belong to PC(D, T ). It is well known that this algebra is
irreducible and contains the entire ideal K of all compact on A2(D) operators.

Recall that the main reason causing a quite complicated structure of the
algebra T (PC(D, T )) was that the semi-commutator [Ta, Tb) = TaTb − Tab, for
a, b ∈ PC(D, T ), is not compact in general (while the commutator [Ta, Tb] =
TaTb − TbTa is always compact).

This implies that the algebra T (PC(D, T )), apart from its initial generators
Ta with a ∈ PC(D, T ), contains all elements of the form

p∑
k=1

qk∏
j=1

Taj,k
(1.2)

and the uniform limits of sequences of such elements.
In what follows we will need the description of the (Fredholm) symbol algebra

Sym T (PC(D, T )) = T (PC(D, T ))/K of the algebra T (PC(D, T )), which we now
proceed to characterize.

Let γ̂ be the boundary γ, cut at the points tk ∈ T . The pair of points of γ̂
which correspond to the point tk ∈ T , k = 1, . . . , m, will be denoted by tk − 0 and
tk + 0, following the positive orientation of γ. Let X =

⊔m
k=1 Δk be the disjoint

union of segments Δk = [0, 1]k. Denote by Γ the union γ̂ ∪ X with the following
point identification:

tk − 0 ≡ 0k, tk + 0 ≡ 1k,

where tk ± 0 ∈ γ̂, 0k and 1k are the boundary points of Δk, k = 1, . . . , m.

Theorem 1.1 ([7, 8, 9]). The symbol algebra Sym T (PC(D, T )) = T (PC(D, T ))/K
of the algebra T (PC(D, T )) is isomorphic and isometric to the algebra C(Γ). The
homomorphism

sym : T (PC(D, T )) −→ Sym T (PC(D, T )) ∼= C(Γ)

is generated by the mapping of generators of T (PC(D, T ))

sym : Ta �−→
{

a(t), t ∈ γ̂
a(tk − 0)(1 − x) + a(tk + 0)x, x ∈ [0, 1]k

,

where tk ∈ T , k = 1, 2, . . . , m.

The following results were, in particular, obtained in [4].
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Theorem 1.2. Each operator A ∈ T (PC(D, T )) admits the canonical representa-
tions

A = TsA +
m∑

k=1

Tvk
fA,k(Tχk

)Tvk
+ K

= TsA +
m∑

k=1

Tuk
fA,k(Tχk

) + K ′

= TsA +
m∑

k=1

fA,k(Tχk
)Tuk

+ K ′′,

where uk(z) = vk(z)2; K, K ′, K ′′ are compact operators,

fA,k(x) = (sym A)|Δk
, x ∈ [0, 1]k, k = 1, . . . , m,

sA(t) = (symA)(t) −
m∑

k=1

v2
k(t)[fA,k(0)(1 − χk(t)) + fA,k(1)χk(t)]. (1.3)

We mention that sA(t) is a function continuous on γ and that sA(tk) = 0 for
all tk ∈ T .

The next two theorems characterize Toeplitz operators with bounded mea-
surable symbols in the algebra T (PC(D, T )).

Theorem 1.3. An operator A ∈ T (PC(D, T )) is a compact perturbation of a
Toeplitz operator if and only if each operator fA,k(Tχk

), k = 1, . . . , m, is a Toeplitz
operator.

Theorem 1.4. Let A = Ta + K ∈ T (PC(D, T )), thus, for each k = 1, . . . , m, the
operator fA,k(Tχk

) is Toeplitz, i.e., fA,k(Tχk
) = Tak

, for some ak ∈ L∞(D). Then
the symbol a of the operator Ta is

a(z) = sA(z) +
m∑

k=1

ak(z)v2
k(z),

where sA(z) is given by (1.3).
The functions fA,k(x), x ∈ [0, 1], and the symbols ak(z) of the Toeplitz oper-

ators Tak
= fA,k(Tχk

), k = 1, . . . , m, are connected by the formula

fA,k(x) =
2x2

π

ln(1 − x) − ln x

(1 − x) − x

∫ π

0

âk(θ)
(

1 − x

x

) 2θ
π

dθ,

where âk(θ) = ak(α−1
k (eiθ)), where θ is the angular part of z = reiθ ∈ Π, and αk

is given by (1.1).

Anticipating and motivating a further study we give an example showing how
monstrous the symbols of Toeplitz operators from T (PC(D, T )) can be.
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Example. Consider the algebra T (PC(D, T0)) for the special case of the disconti-
nuity set T0 = {t1, t2}, where t2 = −t1. Then the Toeplitz operator

Tχ1 = Ts + Tχ1v2
1

+ T(1−χ2)v2
2

+ K,

where s(z) is a function continuous on D whose restriction on γ coincides with

χ1(t) − χ1(t)v2
1(t) − (1 − χ2(t))v2

2(t) = χ1(t)(1 − v2
1(t) − v2

2(t))

and K is a compact operator, obviously belongs to the algebra T (PC(D, T0)). And
thus for each function f(x) ∈ C[0, 1] the operator f(Tχ1) belongs to the algebra
T (PC(D, T0)) as well.

Introduce the space L2(Π), with the usual Lebesgue plane measure, and its
Bergman subspace A2(Π) which consists of all functions analytic in Π. For each
tk ∈ T , the operator

(Vkϕ)(z) = − 2itk
(z + tk)2

ϕ (αk(z)) (1.4)

is obviously the unitary operator both from L2(Π) onto L2(D), and from A2(Π)
onto A2(D), and its inverse (and adjoint) has the form

(V −1
k ϕ)(w) = − 2itk

(w + i)2
ϕ
(
α−1

k (w)
)
.

It is obvious that
VkTχk

V −1
k = Tχ+ ,

where χ+ is the characteristic function of the right quarter-plane in Π, and that
this unitary equivalence implies that

f(Tχk
) = V −1

k f(Tχ+)Vk. (1.5)

Now for t1 ∈ T0, let a0(z) be a function on the unit disk such that

â0(θ) = a0(α−1
1 (eiθ)) = (sin θ)−β sin(sin θ)−α,

where 0 ≤ β < 1 and α > 0.
By Example 6.4 of [4] the Toeplitz operator Tâ0 is bounded on A2(Π) and

belongs to the algebra generated by Tχ+ Moreover for the function

f0(x) =
2x2

π

ln(1 − x) − ln x

(1 − x) − x

∫ π

0

(sin θ)−β sin(sin θ)−α

(
1 − x

x

) 2θ
π

dθ,

which belongs to C[0, 1] and obeys the property f0(0) = f0(1) = 0, we have that
Tâ0 = f0(Tχ+). Thus the Toeplitz operator

Ta0 = f0(Tχ1) = V −1
1 f0(Tχ+)V1 = V −1

1 Tâ0V1

belongs to the algebra T (PC(D, T0)).
We note that the symbol a0(z) is quite horrible, being unbounded and oscil-

lating near every point of γ \ T and having quite a complicated angular behavior
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approaching the points of T . At the same time the (Fredholm) symbol of the
operator Ta0 has quite a respectable form:

sym Ta0 =

⎧⎨⎩
0, t ∈ γ̂
f0(x), x ∈ Δ1 = [0, 1]
f0(1 − x), x ∈ Δ2 = [0, 1]

.

We describe now some results of [10] which we will use in the paper.
Passing to polar coordinates on the upper half-plane Π we have

L2(Π) = L2(R+, rdr) ⊗ L2([0, π], dθ) := L2(R+, rdr) ⊗ L2(0, π).

We introduce two operators: the unitary operator

U = M ⊗ I : L2(R+, rdr) ⊗ L2(0, π) −→ L2(R) ⊗ L2(0, π),

where the Mellin transform M : L2(R+, rdr) −→ L2(R) is given by

(Mψ)(λ) =
1√
2π

∫
R+

r−iλ ψ(r) dr,

and the isometric imbedding R0 : L2(R) −→ A2
1 ⊂ L2(R× [0, π]), which is given by

(R0f)(λ, θ) = f(λ) ·
√

2λ

1 − e−2πλ
e−(λ+i)θ.

The adjoint operator R∗
0 : L2(R × [0, π]) −→ L2(R) has the form

(R∗
0ψ)(λ) =

√
2λ

1 − e−2πλ

∫ π

0

ψ(λ, θ) e−(λ−i)θ dθ.

Now the operator R = R∗
0U maps the space L2(Π) onto L2(R), and its restriction

R|A2(Π) : A2(Π) −→ L2(R)

is an isometric isomorphism. The adjoint operator

R∗ = U∗R0 : L2(R) −→ A2(Π) ⊂ L2(Π)

is an isometric isomorphism of L2(R) onto the Bergman subspace A2(Π) of the
space L2(Π).

We have

RR∗ = I : L2(R) −→ L2(R) and R∗R = BΠ : L2(Π) −→ A2(Π),

where BΠ is the orthogonal Bergman projection of L2(Π) onto A2(Π).
Denote by H(L1(0, π)) the space of all functions homogeneous of zero order

on the upper half-plane whose restrictions onto the upper half of the unit circle
(angle parameterized by θ ∈ (0, π)) belong to L1(0, π). Writing a = a(θ) we will
often mean both a function from L1(0, π) and its homogeneous extension on the
upper half-plane.
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Theorem 1.5 ([10]). Let a = a(θ) ∈ H(L1(0, π)) such that the Toeplitz operator Ta

is bounded. Then Ta, acting on A2(Π), is unitary equivalent to the multiplication
operator γaI = R TaR∗, acting on L2(R). The function γa(λ) is given by

γa(λ) =
2λ

1 − e−2πλ

∫ π

0

a(θ) e−2λθ dθ, λ ∈ R. (1.6)

In particular, for a = χ+(θ), we have (see [6])

γχ+(λ) =
1

e−πλ + 1
, λ ∈ R, (1.7)

and

Tχ+ = R∗γχ+(λ)R.

We mention as well, see for details [6], that the C∗-algebra with identity T+ gen-
erated by the Toeplitz operator Tχ+ is isomorphic and isomorphic to C(R), and
that this isomorphism is generated by the assignment

Tχ+ �−→ γχ+(λ).

In particular this implies that for every Toeplitz operator Ta, with a = a(θ) ∈
H(L1(0, π)) in the algebra T+ the corresponding function γa(λ), given by (1.6),
must belong to C(R), where R = R∪{±∞} is the two-point compactification of R.

We note that for general symbols c = c(r, θ) the Toeplitz operator Tc is no
longer unitary equivalent to a multiplication operator. The operator RTcR

∗ now
has a much more complicated structure: it turns out to be a pseudodifferential
operator with a certain compound (or double) symbol. The next theorem clarifies
this statement for bounded symbols of a special and important case: c = c(r, θ) =
a(θ)v(r). The case of unbounded a(θ) will be treated in Theorem 2.2.

Theorem 1.6. Given a bounded symbol a(θ)v(r), the Toeplitz operator Tav acting
on A2(Π) is unitary equivalent to the pseudodifferential operator A1 = RTavR

∗,
acting on L2(R). The operator A1 is given by

(A1f)(λ) =
1
2π

∫
R

dξ

∫
R

a1(x, y, ξ)ei(x−y)ξf(y)dy, x ∈ R, (1.8)

where its compound symbol a1(x, y, ξ) has the form

a1(x, y, ξ) = c(x, y) γa

(
x + y

2

)
ṽ(ξ)

with

c(x, y) =
1 − e−π(x+y)

x + y

√
2x

1 − e−2πx

√
2y

1 − e−2πy
, (1.9)

and ṽ(ξ) = v(e−ξ).
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Proof. We have

(A1f)(λ) = (RTa(θ)v(r)R
∗f)(λ) = (R(R∗R)a(θ)v(r)(R∗R)R∗f)(λ)

= ((RR∗)Ra(θ)v(r)R∗(RR∗)f)(λ) = (Ra(θ)v(r)R∗f)(λ)

= (R∗
0a(θ)(M ⊗ I)v(r)(M−1 ⊗ I)R0f)(λ)

=

√
2λ

1 − e−2πλ

∫ π

0

e−(λ−i)θa(θ)dθ
1√
2π

∫
R+

r−iλv(r)dr

· 1√
2π

∫
R

riα−1f(α)

√
2α

1 − e−2πα
e−(α+i)θdα

=
1√
2π

∫
R+

r−iλv(r)dr
1√
2π

∫
R

riα−1f(α)dα

·
√

2λ

1 − e−2πλ

√
2α

1 − e−2πα

∫ π

0

e−(λ+α)θ a(θ)dθ.

The last integral gives∫ π

0

e−(λ+α)θ a(θ)dθ =
1 − e−π(λ+α)

λ + α
γa

(
λ + α

2

)
,

and thus we have

(A1f)(λ) = (RTa(θ)v(r)R
∗f)(λ)

=
1
2π

∫
R+

dr

∫
R

c(λ, α) γa

(
λ + α

2

)
v(r) r−i(λ−α)−1f(α)dα,

where

c(λ, α) =
1 − e−π(λ+α)

λ + α

√
2λ

1 − e−2πλ

√
2α

1 − e−2πα
. (1.10)

Changing variables, λ = x, α = y, and r = e−ξ, we finally have

(A1f)(x) =
1
2π

∫
R

dξ

∫
R

a1(x, y, ξ)ei(x−y)ξf(y)dy, x ∈ R,

with

a1(x, y, ξ) = c(x, y) γa

(
x + y

2

)
ṽ(ξ),

where c(x, y) is given by (1.10), and ṽ(ξ) = v(e−ξ). �

2. Semi-commutators involving unbounded symbols

The following classical semi-commutator property

[Ta, Tb) = TaTb − Tab ∈ K, for all a ∈ L∞(D), b ∈ C(D),

played an essential role in [4]. The question on compactness of the semi-commutator
for unbounded a is quite delicate and does not have any universal answer. In the
next two examples we show that the compactness result is not valid for general,
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and even special, unbounded symbols a and arbitrary b ∈ C(D). At the same time
we will prove it for a certain special (and important for us) case of unbounded
symbols a and a special choice of b ∈ C(D).

The first example is a minor modification of Example 7 from [3], to which we
refer for further details.

Example. Let

a(z) = a(r) = (1 − r2)−β sin(1 − r2)−α ∈ L1(D)

and
b(z) = b(r) = (1 − r2)ε sin(1 − r2)−α ∈ C(D)

where z = reiθ, 0 < ε < β < 1. Then both Ta and Tb are bounded and compact.
The product ab has the form

a(r)b(r) =
(1 − r2)−(β−ε)

2
− (1 − r2)−(β−ε) cos 2(1 − r2)−α

2
= c1(r) − c2(r).

Then the operator Tc1 is unbounded, while the operator Tc2 is compact. That is,
the operator Tab is not bounded, and the (unbounded) semi-commutator is not
compact.

In what follows we will deal with the class of unbounded symbols which, con-
sidered in the upper half-plane setting, are the functions a(θ) ∈ H(L1(0, π)), where
z = reiθ ∈ Π, for which the corresponding Toeplitz operators Ta are bounded.

The second example shows that even for such specific symbols a(θ) the semi-
commutator is not compact for each b(z) ∈ C(Π).

Example. Let
a(z) = a(θ) = θ−β sin θ−α

and
b(z) = w(r) θε sin θ−α,

where z = reiθ, 0 < ε < β < 1, α > 0, and w(r) is a [0, 1]-valued C∞-function
such that

w(r) ≡

⎧⎨⎩ 0, r ∈ [0, δ1]
1, r ∈ [δ2, δ3]
0, r ∈ [δ4, +∞]

,

and 0 < δ1 < δ2 < δ3 < δ4 < +∞.
The operator Ta is bounded by results of Example 6.3 of [4]; the operator Tb

is bounded as well because of b(z) ∈ C(Π). The product ab has the form

a(θ)b(z) =
w(r)θ−δ

2
− w(r)θ−δ cos 2θ−α

2
= c1(z) − c2(z),

where δ = β − ε ∈ (0, 1).
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The Toeplitz operator Tc2 is bounded by Theorem 2.2. To prove that the
semi-commutator [Ta, Tb) is not compact, it is sufficient to show, for example, that
the operator Tc1 is unbounded. Let aδ(θ) = θ−δ, then

γaδ
(λ) =

2λ

1 − e−2πλ

∫ π

0

θ−δe−2λθdθ =
(2λ)δ

1 − e−2πλ

∫ 2πλ

0

u−δe−udu.

It is clear that if λ → +∞ then we have the asymptotics

γaδ
(λ) = c0λ

δ + o(1), (2.1)

∂γaδ
(λ)

∂λ
= δc0λ

δ−1 + o(1), (2.2)

where c0 = 2δΓ(1 − δ).
We will use now the representation (1.8) for the operator A1 = RTc1R

∗.
Denoting

ŵ(x − y) =
1
2π

∫
R

w̃(ξ)ei(x−y)ξ dξ,

where w̃(ξ) = w(e−ξ), we have

(A1f)(x) =
∫

R

c(x, y)γaδ

(
x + y

2

)
ŵ(x − y)f(y)dy,

where the function c(x, y) is given by (1.9).
We show now that the operator A1 is unbounded on L2(R). Introduce the

family of functions

fx0(y) =
{

ε−1/2, y ∈ Iε = [x0 − ε/2, x0 + ε/2]
0, y ∈ R \ Iε

,

where ε = ε(x0) = x
−δ/2
0 . It is clear that ‖fx0‖L2(R) = 1.

Let x ∈ Iε; denoting

K(x, y) = c(x, y)γaδ

(
x + y

2

)
ŵ(x − y)

we have

(A1fx0)(x) = ε−1/2

∫ x0+ε/2

x0−ε/2

K(x, y)dy

= ε1/2K(x, x) + ε−1/2

∫ x0+ε/2

x0−ε/2

(K(x, y) − K(x, x))dy

= I1(x) + I2(x).

When x0 → +∞, for the first summand we have

I1(x) = 1 · γaδ
(x) · ŵ(0) · ε1/2(x0)

= ŵ(0)c0

(
xδ · x−δ/4

0 + o(1)
)

= ŵ(0)c0

(
x

3δ/4
0 + o(1)

)
. (2.3)

As w̃(ξ) ≥ 0, we have that w̃(0) > 0.
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Now for the second summand we have

|I2(x)| ≤ ε3/2 sup
y∈Iε

∣∣∣∣∂K

∂y
(x, y)

∣∣∣∣ .
Both functions ∂c

∂y (x, y) and ∂ŵ
∂y (x − y) are uniformly bounded on x. The former

is bounded by Theorem 4.2, while the latter is bounded as the Fourier transform
of a function with a compact support. Thus we have that

|I2(x)| ≤ const ε3/2 sup
y∈Iε

(∣∣∣∣∂γaδ

∂y

(
x + y

2

)∣∣∣∣ +
∣∣∣∣γaδ

(
x + y

2

)∣∣∣∣) .

Asymptotics (2.1) and (2.2) imply that for x0 → +∞ we have

|I2(x)| ≤ const ε3/2xδ ≤ const
(
x
−δ/2
0

)3/2

xδ
0 = const x

δ/4
0 . (2.4)

Comparing (2.3) and (2.4), for sufficiently large x0 and x ∈ Iε, we have that

|(A1fx0)(x)| ≥ |ŵ(0)| c0

2
x

3δ/4
0 .

Thus

‖A1fx0‖L2(R) ≥
(( |ŵ(0)| c0

2
x

3δ/4
0

)2 ∫ x0+ε/2

x0−ε/2

dx

)1/2

≥ const
(
x

3δ/2
0 · ε(x0)

)1/2

= const x
δ/2
0 .

This obviously yields unboundedness of the operator A1, which in turn implies
unboundedness of Tab.

Now as a special choice of functions continuous on D we select any vk(z),
k = 1, 2, . . . , m, considered in the upper half-plane setting as a function v = v(r),
where z = reiθ ∈ Π, as introduced in Section 1. That is, v is a [0, 1]-valued C∞-
function such that for some 0 < δ1 < δ2 < +∞, we have

v(r) ≡
{

1, r ∈ [0, δ1]
0, r ∈ [δ2, +∞] . (2.5)

Our aim is to prove that for each a(θ) ∈ H(L1(0, π)), for which the corre-
sponding Toeplitz operator Ta is bounded, the semi-commutator TaTv − Tav is
compact. To do this we first represent the operators TaTv and Tav in the form
of pseudodifferential operators with certain compound (or double) symbols and
then use the next result, which can be found, for example, in [5, Theorem 4.2 and
Theorem 4.4].

Denote by V (R) the set of all absolutely continuous functions on R of bounded
total variation, and by Cb(R2, V (R)) the set of all functions a : R2 ×R → C such
that u �→ a(u, ·) is a bounded continuous V (R)-valued function on R2. Then, for
a ∈ Cb(R2, V (R)), we define

cmC
u (a) = max

{
‖a(u + Δu, ·) − a(u, ·)‖C : Δu ∈ R2, ‖Δu‖ ≤ 1

}
,
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and denote by EC
2 the subset of all functions in Cb(R2, V (R)) such that the V (R)-

valued function u �→ a(u, ·) is uniformly continuous on R2 and the following con-
ditions hold,

lim
‖u‖→∞

cmC
u (a) = 0 and lim

|h|→0
sup
u∈R2

‖a(u, ·) − ah(u, ·)‖V = 0, (2.6)

where ah(u, ·) = a(u, ξ + h), for all (u, ξ) ∈ R2 × R.

Theorem 2.1 ([5]). If ∂j
ξ∂

k
y a(x, y, ξ) ∈ Cb(R×R, V (R)) for all k, j = 0, 1, 2, then the

pseudodifferential operator A with compound symbol a(x, y, ξ) defined on functions
f ∈ C∞

0 (R) by the iterated integral

(Af)(x) =
1
2π

∫
R

dξ

∫
R

a(x, y, ξ)ei(x−y)ξf(y)dy, x ∈ R, (2.7)

extends to a bounded linear operator on every Lebesgue space Lp(R), p ∈ (1,∞).
If ∂j

ξ∂k
ya(x, y, ξ) ∈ EC

2 for all k, j = 0, 1, 2, then the pseudodifferential operator
(2.7) with compound symbol

r(x, y, ξ) = a(x, y, ξ) − a(x, x, ξ)

is compact on every Lebesgue space Lp(R), p ∈ (1,∞).

Considering semi-commutators, we prove first that for our selection of sym-
bols a(θ) and v(r) the Toeplitz operator Tav is bounded.

Theorem 2.2. For each a(θ) ∈ H(L1(0, π)) such that the Toeplitz operator Ta is
bounded and the [0, 1]-valued C∞-function v = v(r) of the form (2.5), the Toeplitz
operator Tav is bounded on A2(Π).

Proof. We mention first that the boundedness of Ta is equivalent (by Theorem
1.5) to the boundedness of the corresponding function

γa(λ) =
2λ

1 − e−2πλ

∫ π

0

a(θ) e−2λθ dθ, λ ∈ R.

The C∞-functions with compact support in R+ obviously form a dense set in
L2(R+). Taking any such function f we consider

(A1f)(λ) =
1
2π

∫
R

dξ

∫
R

a1(x, y, ξ)ei(x−y)ξf(y)dy, x ∈ R,

where the compound symbol a1(x, y, ξ) has the form

a1(x, y, ξ) = c(x, y) γa

(
x + y

2

)
ṽ(ξ)

with

c(x, y) =
1 − e−π(x+y)

x + y

√
2x

1 − e−2πx

√
2y

1 − e−2πy
,

and ṽ(ξ) = v(e−ξ). We note that c(x, x) ≡ 1.
The boundedness of the operator A1 follows from Theorem 2.1, Theorems 4.1–

4.4, and the fact that ṽ(ξ) is a C∞-function with a compact support.
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By the calculations of Theorem 1.6 we have that Tav = R∗A1R. Thus the
Toeplitz operator Tav is bounded on A2(Π). �

Now we are ready to prove that the semi-commutator TaTv −Tav is compact.

Theorem 2.3. For each a(θ) ∈ H(L1(0, π)) such that the Toeplitz operator Ta is
bounded and the [0, 1]-valued C∞-function v = v(r) of the form (2.5), the semi-
commutator TaTv − Tav is compact.

Proof. Calculation analogous to that of Theorem 1.6 yields

(A2f)(x) = RTaTvR
∗f = (RaR∗)(RvR∗)f

= γa(x) (RvR∗)f =
1
2π

∫
R

dξ

∫
R

a2(x, y, ξ)ei(x−y)ξf(y)dy, x ∈ R,

with
a2(x, y, ξ) = c(x, y) γa(x) ṽ(ξ),

where c(x, y) is given by (1.9), and ṽ(ξ) = v(e−ξ).
Thus the operator R∗(Tav − TaTv)R = A1 − A2 can be represented as a

difference of two pseudodifferential operators having the compound symbols

r1(x, y, ξ) = a1(x, y, ξ) − a1(x, x, ξ)

= c(x, y) γa

(
x + y

2

)
ṽ(ξ) − γa(x) ṽ(ξ)

and

r2(x, y, ξ) = a2(x, y, ξ) − a2(x, x, ξ)

= c(x, y) γa(x) ṽ(ξ) − γa(x) ṽ(ξ).

The compactness of each of the last pseudodifferential operators easily follows
from Theorem 2.1, Theorems 4.1–4.4, and the fact that ṽ(ξ) is a C∞-function
with a compact support. Indeed, the above property of ṽ(ξ) guarantees that both
a1(x, y, ξ) and a2(x, y, ξ), as well as their two consecutive derivatives on ξ satisfy
the second property in (2.6); while the properties

lim
(x,y)→∞

∂kd1,2

∂yk
(x, y) = 0, for k = 1, 2,

where d1(x, y) = c(x, y) γa

(
x+y

2

)
and d2(x, y) = c(x, y) γa(x) imply the first equal-

ity in (2.6). �

The above result leads directly to the following extension (of the sufficient
part) of Theorem 1.3.

Corollary 2.4. Let the operator A ∈ T (PC(D, T )) be such that in its canonical
representation

A = TsA +
m∑

k=1

Tvk
fA,k(Tχk

)Tvk
+ K
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all operators fA,k(Tχk
) are Toeplitz with possibly unbounded symbols ak, k =

1, . . . , m, correspondingly. Then A = Ta + KA is a compact perturbation of the
Toeplitz operator Ta, where

a(z) = sA(z) +
m∑

k=1

ak(z)v2
k(z),

where sA(z) is given by (1.3).

We note that Corollary 2.4 immediately reveals, via property (1.5), many
Toeplitz operators in T (PC(D, T )) having unbounded symbols. Indeed, recall in
this connection the following result ([4, Theorem 6.2]).

For any L1-symbol a(θ) ∈ H(L1(0, π)) we define the following averaging
functions, corresponding to the endpoints of [0, π],

C(1)
a (θ) =

∫ θ

0

a(u)du, D(1)
a (θ) =

∫ π

π−θ

a(u)du

and

C(p)
a (θ) =

∫ θ

0

C(p−1)
a (u)du, D(p)

a (θ) =
∫ π

π−θ

D(p−1)
a (u)du,

for each p = 2, 3, . . . .
The next statement gives the conditions on some regular behavior of L1-

symbols near endpoints 0 and π guaranteeing that the corresponding Toeplitz
operator is a certain continuous function of Tχ+ , and thus belongs to the alge-
bra T+.

Theorem 2.5. Let a(θ) ∈ H(L1(0, π)) and for some p, q ∈ N,

lim
θ→0

θ−pC(p)
a (θ) = cp (∈ C) and lim

θ→π
θ−q D(q)

a (θ) = dq (∈ C). (2.8)

Then γa(λ) ∈ C(R), and thus Ta ∈ T+.

The conditions (2.8) are obviously satisfied, with p = q = 1, for example,
for any function a(θ) ∈ H(L1(0, π)) which has limits at the endpoints of [0, π]. Of
course, the existence of symbol limits at the endpoints by no means is necessary
for the Toeplitz operator Ta to be an element of T+. As the example on page
247 shows, the corresponding symbol can even be unbounded near each of the
endpoints 0 and π. Many further particular symbols can be given, for example, by
combining polynomial growth with logarithmic and iterated logarithmic growth,
then by considering linear combinations of different symbols, etc. The following
symbol may serve as an illustrative example,

a(θ) =
n∑

k=1

ckθ−βk lnλk θ−1 sin
(
θ−αk lnμk θ−1

)
,

where ck ∈ C, 0 < βk < 1, αk > 0, λk ∈ R, μk ∈ R, k = 1, . . . , n.
We mention especially that when speaking about a compact perturbation of

a Toeplitz operator, say Ta, one should always remember that the coset Ta + K
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contains many Toeplitz operators of the form Ta+k for which the Toeplitz operator
Tk is compact; and that all such operators have the same image sym Ta+k =
symTa in the (Fredholm) symbol algebra SymT (PC(D, T )). At the same time
the properties of the functions a and a + k can be extremely different. Indeed,
even having as nice as possible a, say a ∈ C(D), one can always add, for example,
the function

k(z) = (1 − r2)−β sin(1 − r2)−α + (1 − r)χQ(z), z = reiθ ,

where the first summand is taken from the first example on page 251 and Q is the
set of all points z = r1 + ir2 ∈ D with rational r1 and r2. This converts the initial
symbol a to the symbol a + k, which does not have a limit at every point of D,
and moreover is unbounded near every point of the boundary.

That is, when speaking about the representation A = Ta + K it is preferable
to have a symbol a with fewer unnecessary singularities. It seems that the option
given by Theorem 1.4 and Corollary 2.4 may be optimal in this respect.

3. Toeplitz or not Toeplitz

The key question in the description of Toeplitz operators in T (PC(D, T )) is
whether the operators of the form f(Tχk

), where f(x) ∈ C[0, 1] and k = 1, 2, . . . , m,
are Toeplitz or not. By (1.5) this question reduces to the following question in the
upper half-plane setting: given f(x) ∈ C[0, 1], whether the operator f(Tχ+) is
Toeplitz or not. The last question is in turn equivalent to: whether the function
γ(λ) ∈ C(R), which is connected with f(x) ∈ C[0, 1] by (see (1.7))

γ(λ) = f

(
1

e−πλ + 1

)
,

admits the representation (1.6) for some a(θ) ∈ L1(0, π), i.e.,

γ(λ) = γa(λ) =
2λ

1 − e−2πλ

∫ π

0

a(θ) e−2λθ dθ, λ ∈ R. (3.1)

The statements of the next theorem are necessary for the existence of the
above representation for a given function γ(λ) ∈ C(R).

Theorem 3.1. Let a(θ) ∈ L1(0, π). Then the function γa(λ) is analytic in the whole
complex plane with the exception of the points λn = in, where n = ±1,±2, . . . ,
where γa(λ) has simple poles. Moreover, for any fixed and sufficiently small δ the
function γa(λ) admits, on the set

C \
⋃

Z\{0}
Kn(δ), where Kn(δ) = {λ ∈ C : |λ − in| < δ},

the estimate
|γa(λ)| ≤ const |λ|,

where const depends on δ.
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Proof. The function

βa(λ) =
∫ π

0

a(θ) e−2λθ dθ, λ = x + iy,

is obviously analytic in C, and for large |λ| admits the estimate

|βa(λ)| ≤
∫ π

0

|a(θ)| e−2xθ dθ.

Thus for x > 0 we have
|βa(λ)| ≤ ‖a(θ)‖L1 ,

while for x < 0 we have

|βa(λ)| ≤ e−2πx

∫ π

0

|a(θ)| e2x(π−θ) dθ

= e−2πx

∫ π

0

|a(θ)| dθ ≤ e−2πx ‖a(θ)‖L1 .

The theorem statements now follow from

γa(λ) =
2λ

1 − e−2πλ
βa(λ). �

To give a sufficient condition for the representation (3.1) we start with some
definitions (see [1] for details).

An entire function ϕ(λ) is called a function of exponential type if it obeys an
estimate

|ϕ(λ)| ≤ AeB|λ|,
where the positive constants A and B do not depend on λ ∈ C. The infimum of all
constants B for which this estimate holds is called the type of the function ϕ(λ).

We denote by Lσ
2 the set of all functions of exponential type less than or

equal to σ whose restrictions to R belong to L2(R).
An analytic function on the upper half-plane ϕ(λ) is said to belong to the

Hardy space H2(R) if

sup
y>0

∫
R

|ϕ(x + iy)|2dx < ∞.

The proof of the next theorem can be found, for example, in [1, Theorem 1.4].

Theorem 3.2. Let ϕ(z) ∈ L2π
2 ∩ H2(R). Then there exists a function a(θ) ∈

L2(0, 2π) such that

ϕ(z) =
∫ 2π

0

a(θ) eizθ dθ, λ ∈ C.

As L2(0, 2π) ⊂ L1(0, 2π), the theorem can be used as a sufficient condition
for the existence of representation (3.1). Indeed, given a function γ(λ), introduce

ϕ(z) = i
1 − eiπz

z
γ

(
− iz

2

)
.
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If this function ϕ(z) belongs to L2π
2 ∩H2(R) then γ(λ) does admit representation

(3.1). That is, there is a function a(θ) ∈ L1(0, 2π) such that γ(λ) = γa(λ) and

Ta = R∗γ(λ)R = f(Tχ+),

where

f(x) = γ
(
γ−1

χ+
(x)

)
= γ

(
− 1

π
ln

1 − x

x

)
.

Theorem 3.3. Let

p(x) =
n∑

k=1

akxk, an 
= 0,

be a polynomial of degree n ≥ 2 with complex coefficients. Then the bounded oper-
ator p(Tχ+) is not a Toeplitz operator.

Proof. The operator p(Tχ+) belongs to the algebra generated by all Toeplitz op-
erators on the upper half-plane with homogeneous L∞-symbols a(θ) of zero order.
Thus by [2] the operator p(Tχ+) being Toeplitz must have a symbol which belongs
to H(L1(0, π)). The corresponding function γ(λ), that is, such that p(Tχ+) =
R∗γ(λ)R, obviously has the form

γ(λ) = p
(
γχ+(λ)

)
= p

(
1

e−πλ + 1

)
.

But this function has poles of order n at the points λn = i(2n − 1), where n ∈
Z. Thus by Theorem 3.1 there is no function a(θ) ∈ H(L1(0, π)) for which the
representation (3.1) holds. �

Corollary 3.4. Let A be an operator of the algebra T (PC(D, T )) having the form

A =
p∑

i=1

qi∏
j=1

Tai,j ,

where all ai,j ∈ PC(D, T ). Then A is a compact perturbation of a Toeplitz oper-
ator if and only if A is a compact perturbation of one of the initial generators of
T (PC(D, T )), which is a Toeplitz operator Ta with a ∈ PC(D, T ).

Proof. By Corollary 4.3 of [4], or Theorem 1.2 of this paper, the operator A admits
the canonical representation

A =
p∑

i=1

qi∏
j=1

Tai,j = TsA +
m∑

k=1

Tvk
pA,k(Tχk

)Tvk
+ KA,

where sA = sA(z) ∈ C(D), pA,k = pA,k(x), k = 1, . . . , m, are some polynomials,
and KA is a compact operator. Thus by Theorem 1.3, A is a compact perturbation
of a Toeplitz operator if and only if each pA,k(Tχk

), k = 1, . . . , m, is a Toeplitz
operator, or by (1.5) if and only if each pA,k(Tχ+), k = 1, . . . , m, is a Toeplitz
operator. By Theorem 3.3 the last statement is equivalent to the fact that the
degree of each polynomial pA,k(x), k = 1, . . . , m, must be less than or equal to
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one, which in turn is equivalent to the fact that A is a compact perturbation of a
Toeplitz operator Ta with a ∈ PC(D, T ). �

We summarize now the results obtained on Toeplitz operators of the algebra
T (PC(D, T )). By its construction, the C∗-algebra T (PC(D, T )) consists of its
initial generators, Toeplitz operators Ta with symbols a ∈ PC(D, T ), then of all
elements of the form

p∑
i=1

qi∏
j=1

Tai,j ,

forming thus a nonclosed algebra, and finally of all elements of the uniform closure
of the nonclosed algebra. The information on Toeplitz operators is as follows.

– All initial generators are Toeplitz operators.
– None of the elements of the nonclosed algebra which does not reduce to a

compact perturbation of an initial generator can be (a compact perturbation
of) a Toeplitz operator. Thus at this stage we have not increased the quantity
of Toeplitz operators.

– The uniform closure of the nonclosed algebra contains a huge amount of
Toeplitz operators, with bounded and even unbounded symbols, which are
drastically different from the initial generators. All these Toeplitz operators
are uniform limits of sequences of non-Toeplitz operators.

– The uniform closure, apart from Toeplitz operators, contains many more
non-Toeplitz operators (this is a consequence of Theorem 3.1).

At the same time each operator in the C∗-algebra T (PC(D, T )) admits a
very transparent canonical representation (given in Theorem 1.2).

4. Appendix: Technical statements

We prove here several statements whose results were used in Theorems 2.2 and 2.3.
We start with some properties of the function (see (1.9))

c(x, y) =
1 − e−π(x+y)

x + y

√
2x

1 − e−2πx

√
2y

1 − e−2πy
, x, y ∈ R.

Theorem 4.1. The function c(x, y) is bounded in R2; i.e.,

sup
(x,y)∈R2

|c(x, y)| < ∞.

Proof. Introduce the function

f(u) =
√

u

1 − e−u
.

Then

c(x, y) =
f(2πx) f(2πy)
f2(π(x + y))

.
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Let D1 = [1, +∞) and D−1 = (−∞,−1]. We obviously have the following asymp-
totics in the above domains:

f(u) = u1/2
(
1 + O(e−u)

)
, u ∈ D1, (4.1)

f(u) = |u|1/2eu/2 (1 + O(eu)) , u ∈ D−1, (4.2)

f−2(u) = u−1
(
1 + O(e−u)

)
, u ∈ D1, (4.3)

f−2(u) = |u|−1e−u (1 + O(eu)) , u ∈ D−1. (4.4)

In what follows the relation ϕ(u) ∼ ψ(u) means that

0 < c ≤ ϕ(u)
ψ(u)

≤ C < ∞,

for all u in the domain under consideration. We note as well that if u belongs to
any bounded domain in R, then

f(u) ∼ 1 and f−2(u) ∼ 1. (4.5)

We will prove the statement of the theorem considering successively all possible
locations of x and y on R. The symmetry of c(x, y) with respect to its arguments
implies that it is sufficient to consider only the following cases:

1. x, y ∈ [−1, 1]. Then x + y ∈ [−2, 2], and by (4.5) we have that c(x, y) ∼ 1.
2. x ∈ [−1, 1], y ∈ D1. Then either x + y ∈ D1 and thus by (4.2) and (4.4) we

have

c(x, y) ∼ 1 · (2πy)1/2

π(x + y)
∼ y−1/2,

or y ∈ [1, 2] and thus, as in the first case, c(x, y) ∼ 1.
3. x ∈ [−1, 1], y ∈ D−1. Then either x + y ∈ D−1 and thus by (4.1) and (4.3)

we have

c(x, y) ∼ 1 · |2πy|1/2eπy

|πy|eπ(x+y)
∼ y−1/2,

or y ∈ [−2,−1] and again c(x, y) ∼ 1.
4. x ∈ D1, y ∈ D−1. Then we have the following three possibilities for x + y:

(a) x + y ∈ [−1, 1]. Then by (4.1), (4.2), and (4.5), assuming that x + y =
δ ∈ [−1, 1], we have

c(x, y) ∼ (2πx)1/2 · (2π|y|)1/2eπy · 1 ∼ (δ + y)1/2|y|1/2eπy ∼ |y|eπy.

(b) x + y ∈ D1. Then by (4.1), (4.2), and (4.3) we have

c(x, y) ∼ (2πx)1/2 · (2π|y|)1/2eπy

π(x + y)
∼

{
x1/2|y|1/2eπy

x , x ≥ 2|y|
|y|1/2|y|1/2eπy

1 , x < 2|y|

∼
{

|y|1/2eπy

x1/2 , x ≥ 2|y|
|y|eπy, x < 2|y|

.
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(c) x + y ∈ D−1. Then by (4.1), (4.2), and (4.4) we have

c(x, y) ∼ (2πx)1/2 · (2π|y|)1/2eπy

π|x + y|eπ(x+y)
∼ x1/2|y|1/2e−πx

|x + y|

∼
{

|x|1/2e−πx

y1/2 , |y| ≥ 2x

xe−πx, |y| < 2x
.

5. x ∈ D1, y ∈ D1. Then x + y ∈ D1 and thus by (4.1) and (4.3) we have

c(x, y) =
(2πx)1/2(2πy)1/2

π(x + y)
(
1 + O(e−x) + O(e−y)

)
=

2x1/2y1/2

x + y

(
1 + O(e−x) + O(e−y)

)
.

As 2x1/2y1/2 ≤ x + y, the boundedness of c(x, y) is obvious.
6. x ∈ D−1, y ∈ D−1. Then x + y ∈ D−1 and thus by (4.2) and (4.4) we have

c(x, y) =
(2π|x|)1/2eπx(2π|y|)1/2eπy

π|x + y|eπ(x+y)

(
1 + O(e−|x|) + O(e−|y|)

)
=

2|x|1/2|y|1/2

|x| + |y|
(
1 + O(e−|x|) + O(e−|y|)

)
.

The theorem is proved. �

Theorem 4.2. Both functions ∂c
∂x(x, y) and ∂c

∂y (x, y) are bounded in R2, and more-
over

lim
(x,y)→∞

∂c

∂x
(x, y) = 0 and lim

(x,y)→∞
∂c

∂y
(x, y). (4.6)

Proof. We start with the asymptotics of the derivatives of f(u). We have

f ′(u) =
1
2

√
1 − e−u

u
· 1 − e−u + ue−u

(1 − e−u)2
,

thus, as is easy to see,

f ′(u) = u−1/2
(
1 + O(ue−u)

)
, u ∈ D1, (4.7)

f ′(u) = |u|1/2eu/2 (1 + O(eu)) , u ∈ D−1. (4.8)

Then

∂c

∂y
(x, y) = f(2πx)

2πf ′(2πy)f2(π(x + y)) − 2πf(2πy)f(π(x + y))f ′(π(x + y))
f4(π(x + y))

= 2π c(x, y)
(

f ′(2πy)
f(2πy)

− f ′(π(x + y))
f(π(x + y))

)
. (4.9)
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We check now the boundedness of the logarithmic derivative of f . By (4.1) and
(4.7) we have

f ′(2πy)
f(2πy)

=
(2πy)−1/2

(2πy)1/2

(
1 + O(ye−2πy)

)
= (2πy)−1

(
1 + O(ye−2πy)

)
, y ∈ D1,

and by (4.2) and (4.8),

f ′(2πy)
f(2πy)

=
(2π|y|)1/2eπy

(2π|y|)1/2eπy

(
1 + O(e2πy)

)
= 1 + O(e2πy), y ∈ D−1.

Thus the function ∂c
∂y (x, y) is bounded in R2.

To prove the second equality in (4.6) we note that if both |y| → ∞, and |x +
y| → ∞, and moreover sign y = sign(x + y) then the result follows from (4.9) and
boundedness of c(x, y). If both |y| → ∞, and |x+y| → ∞, but sign y = −sign(x+y)
then by case 4.b of Theorem 4.1 we have that c(x, y) → 0. If (x, y) → ∞ while y
belongs to a bounded domain, then x+y is unbounded and we are in the situation
of the cases 2 or 3 of Theorem 4.1, when c(x, y) → 0. Finally, if (x, y) → ∞ but
x+ y is bounded, then as in the case 4.a of Theorem 4.1 we have that c(x, y) → 0.
In the last three cases the result follows from (4.9), boundedness of the logarithmic
derivatives, and c(x, y) → 0.

Boundedness of ∂c
∂x (x, y) and the first equality in (4.6) follow from the above

and the symmetry of c(x, y) with respect to x and y. �

Theorem 4.3. The function ∂2c
∂y2 (x, y) is bounded in R2, and moreover

lim
(x,y)→∞

∂2c

∂y2
(x, y) = 0.

Proof. For the second derivative of f , after elementary calculations, we have

f ′′(u) = u−3/2
(
1 + O(ue−u)

)
, u ∈ D1, (4.10)

f ′′(u) = |u|1/2eu/2 (1 + O(eu)) , u ∈ D−1. (4.11)

Differentiating (4.9) we have

∂2c

∂y2
(x, y) = 2π

∂c

∂y
(x, y)

(
f ′(2πy)
f(2πy)

− f ′(π(x + y))
f(π(x + y))

)
− 2π2 c(x, y)

[
2

(
f ′′(2πy)
f(2πy)

−
(

f ′(2πy)
f(2πy)

)2
)

−
(

f ′′(π(x + y))
f(π(x + y))

−
(

f ′(π(x + y))
f(π(x + y))

)2
)]

.

We note that by Theorem 4.2 the first summand is bounded and tends to 0 as
(x, y) → ∞. Considering the second summand we have that if |x + y| → ∞ and
y → ∞ then formulas (4.1), (4.2), (4.7), (4.8), (4.10), and (4.11), for u = 2πy or
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u = π(x + y), yield

f ′′(u)
f(u)

−
(

f ′(u)
f(u)

)2

=
{

u−2 (1 + O(ue−u)) − u−2 (1 + O(ue−u)) , u ∈ D1

(1 + O(eu)) − (1 + O(eu)) , u ∈ D−1

=
{

O(u−1e−u), u ∈ D1

O(eu), u ∈ D−1
.

If (x, y) → ∞, but |x + y| is bounded, then we are in the situation of the case 4.a
of Theorem 4.1, and thus c(x, y) → 0 as (x, y) → ∞. Finally, if (x, y) → ∞, but y
is bounded, then we are in the situation of the cases 2 or 3 of Theorem 4.1, and
thus c(x, y) → 0 as (x, y) → ∞. �
Theorem 4.4. Let a(θ) ∈ L1(0, π) be such that

γa(λ) =
2λ

1 − e−2πλ

∫ π

0

a(θ)e−2λθ dθ ∈ L∞(R).

Then, for each j = 1, 2, . . . ,

lim
λ→±∞

djγa

dλj
(λ) = 0.

Proof. Let j = 1. Then

dγa

dλ
(λ) =

2
1 − e−2πλ

∫ π

0

a(θ)e−2λθ dθ +
4πλe−2πλ

(1 − e−2πλ)2

∫ π

0

a(θ)e−2λθ dθ

− 4λ

1 − e−2πλ

∫ π

0

θa(θ)e−2λθ dθ = I1(λ) + I2(λ) + I3(λ).

We consider first the behaviour of the derivative when λ → +∞. We have

I1(λ) =
2
λ

γa(λ) and I2(λ) =
2πe−2πλ

1 − e−2πλ
γa(λ),

and thus the first two summands tend to 0 as λ → +∞.
Consider now the last summand,

|I3(λ)| ≤ 2
∫ δ

0

|a(θ)|(2λθ)e−2λθdλ + 4πλe−2λδ

∫ π

δ

|a(θ)|dθ

≤
∫ δ

0

|a(θ)|dθ + 4πλe−2λδ

∫ π

0

|a(θ)|dθ.

Then for any ε > 0 we can select both δ small enough and λ0 = λ0(δ) large enough,
such that ∫ δ

0

|a(θ)|dθ < ε/2 and 4πλe−2λδ

∫ π

0

|a(θ)|dθ < ε/2,

for all λ ≥ λ0(δ). That is, limλ→+∞ I3(λ) = 0.
The case when λ → −∞ follows from the above and the equality

γa(θ)(λ) = γa(π−θ)(−λ).

The cases when j > 1 are considered analogously. �
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Block Tridiagonal Matrices and a Beefed-up
Version of the Ehrenfest Urn Model

F. Alberto Grünbaum

To the memory of Prof. Mark G. Krein, with gratitude.

Abstract. The very classical Ehrenfest urn model can be solved exactly in
terms of Krawtchouk polynomials. I consider a natural extension of this model
which goes beyond “nearest neighbours” random walks and whose analysis
benefits from the study of a family of matrix-valued orthogonal polynomials.
This subject was started by M.G. Krein around 1949. This paper shows one
more example of his vast and lasting legacy in the never-ending task of finding
new mathematical tools to analyze the physical world.

Mathematics Subject Classification (2000). 33C45, 22E45.

Keywords. Matrix-valued orthogonal polynomials, Karlin-McGregor represen-
tation, Krawtchouk polynomials.

1. Introduction

We establish some general results for finite block tridiagonal matrices which are
motivated by the study of a concrete example of interest in mathematical physics.
Most of the discussion is devoted to this important special example, but as we
observe many of the results are valid in general.

2. The Ehrenfest urn model

Consider two urns where a total of 2N balls, each one carrying a label 1, 2, . . . , 2N
is distributed in these two urns. The state of the system is described by an integer
i denoting the number of balls in one of the urns. At integer values of time one
picks a label 1, 2, . . . , 2N with the uniform distribution and the ball whose label

The author was supported in part by NSF Grant # DMS 0603901.
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is chosen in this fashion is removed from the urn where it is located and placed in
the other urn.

This gives rise to a Markov chain in the finite state space 0, 1, 2, . . . , 2N where
the matrix P given by⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1
1

2N 0 2N−1
2N

2
2N 0 2N−2

2N
. . . 0

. . .
. . . . . . . . .

. . . 0 1
2N

2N
2N 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

This situation arises in a model introduced by P. and T. Ehrenfest, see [9],
in an effort to illustrate the issue that irreversibility and recurrence can coexist.
The background here is, of course, the famous H-theorem of L. Boltzmann, that
claims to start from the time-reversible equations of Newton and obtain the result
that a quantity like entropy increases monotonically in time. On the face of it, this
is a flagrant contradiction.

For a more detailed discussion of the model see [11, 14]. This model has
also been considered in dealing with a quantum mechanical version of a discrete
harmonic oscillator by Schrödinger himself, see [23].

In this case the corresponding orthogonal polynomials (on a finite set) can be
given explicitly. Consider the so-called Krawtchouk polynomials, given by means
of the (truncated) Gauss series

2F̃1

(
a, b
c

; z
)

=
2N∑
0

(a)n(b)n

n!(c)n
zn

with
(a)n ≡ a(a + 1) . . . (a + n − 1), (a)0 = 1.

The polynomials are given by

Ki(x) = 2F̃1

(
−i,−x
−2N

; 2
)

x = 0, 1, . . . , 2N ; i = 0, 1, . . . , 2N.

Observe that
K0(x) ≡ 1, Ki(2N) = (−1)i.

The orthogonality measure is read off from

2N∑
x=0

Ki(x)Kj(x)

(
2N
x

)
22N

=
(−1)ii!
(−2N)i

δij ≡ π−1
i δij 0 ≤ i, j ≤ 2N.
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These polynomials satisfy the three term recursion relation

1
2
(2N − i)Ki+1(x) − 1

2
2NKi(x) +

i

2
Ki−1(x) = −xKi(x)

and this has the consequence that⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1
1

2N 0 2N−1
2N

2
2N 0 2N−2

2N
. . . 0

. . .
. . .

. . .
. . .

. . . 0 1
2N

2N
2N 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

K0(x)
K1(x)

K2N (x)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

(
1 − x

N

)⎛⎜⎜⎜⎝
K0(x)
K1(x)

...
K2N(x)

⎞⎟⎟⎟⎠

any time that x is one of the values x = 0, 1, . . . , 2N . This means that the eigen-
values of the matrix P above are given by the values of 1− x

N at these values of x,
i.e.,

1, 1 − 1
N

, . . . ,−1

and that the corresponding eigenvectors are the values of

[K0(x), K1(x), . . . , K2N (x)]T

at these values of x.
Since the matrix P above is the one step transition probability matrix for our

urn model we conclude that the Karlin-McGregor representation is given by

(Pn)ij = πj

2N∑
x=0

(
1 − x

N

)n

Ki(x)Kj(x)

(
2N
x

)
22N

.

We can use these expressions to rederive some results given in [14].
We have

(Pn)00 =
2N∑
x=0

(
1 − x

N

)n

(
2N
x

)
22N

and the “generating function” for these probabilities, defined by

U(z) ≡
∞∑

n=0

zn(Pn)00

becomes

U(z) =
2N∑
x=0

N

N(1 − z) + xz

(
2N
x

)
22N

.
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In particular U(1) = ∞ and then the familiar “renewal equation”, see [11] given
by

U(z) = F (z)U(z) + 1
where F (z) is the generating function for the probabilities fn of returning from
state 0 to state 0 for the first time in n steps

F (z) =
∞∑

n=0

znfn

gives

F (z) = 1 − 1
U(z)

.

Therefore we have F (1) = 1, indicating that one returns to state 0 with proba-
bility one in finite time. The same is true for any other state, and the physically
important issue has to do with the time that it takes our random walk to return
to state i for the first time if we take this as the initial state.

The results above allow us to compute the expected time to return to state
0. This expected value is given by F ′(1), and we have

F ′(z) =
U ′(z)
U2(z)

.

Since

U ′(z) =
2N∑
x=0

N(N − x)
(N(1 − z) + xz)2

(
2N
x

)
22N

we get F ′(1) = 22N . The same method shows that any state i = 0, . . . , 2N is also
recurrent and that the expected time to return to it is given by

22N(
2N
i

) .

The moral of this is clear: if i = 0 or 2N , or close to these values, i.e., we
start from a state where most balls are in one urn it will take on average a huge
amount of time to get back to this state.

For N = 10000 and a repetition rate of 1 second M. Kac gives about 106000

years as the expected time.
If on the other hand i = N , i.e., we are starting from a very balanced state,

then we will (on average) return to this state fairly soon.
Again, for N = 10000 and a repetition rate of 1 second M. Kac gives about

175 seconds as the expected time.
Thus we see how the issues of irreversibility and recurrence are rather subtle

and that certain models show how they can coexist.
It is worth pointing out that the complete explicit solution in terms of the

Krawtchouk polynomials came up much later that the original work of P. and
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T. Ehrenfest and even after the important contributions of M. Kac. Two papers
dealing with this point are [2] and [17].

3. Tridiagonal matrices and nearest neighbours random walks

The example above is a special case of a class of random walks of the birth-and-
death kind, where the one step transition probability matrix is a tridiagonal one.
Starting with the work of S. Karlin and J. McGregor, [18], one knows that the
corresponding family of orthogonal polynomials and their spectral measure can be
of use in analyzing properties of the random walk. This work is a discrete version
of similar analysis in the continuous case done by W. Feller and H.P. McKean, see
[10, 22].

The Eherenfest model is very special in that all the ingredients that make up
the spectral analysis have been eventually found in great detail.

4. Block tridiagonal matrices: going beyond nearest neighbours

In [12, 13] and [5] one sees examples of so-called Quasi-birth-and-death-processes,
see [21], where the theory of matrix-valued orthogonal polynomials can be used
to study these processes whose one step transition probability matrix is block
diagonal. This theory was, as it is well known, started by M.G. Krein in [19, 20].

One natural way to get processes of this type is to consider Markov chains
either on a finite set or on the non-negative integers where the the transition
probability matrix is pentadiagonal.

5. A beefed-up version of the Ehrenfest urn model

Here we consider the transition probability matrix for a beefed-up Ehrenfert model
based on N balls, (N odd), with N +1 states 0, 1, . . . , N . Notice that we have made
an unimportant change from the standard model where the number of balls was
even. In the previous case this was only a matter of notational convenience, but
now it will be important that we have an odd number of balls and thus an even
number of states.

The state of the system, denoted by i, is the number of balls in the left urn.
From state i you can make a transition to state i − 2, i − 1, i, i + 1, i + 2 with
probabilities (

i
2

)
2
(

N
2

) ,
1
2

i

N
,
i(N − i)

2
(

N
2

) ,
1
2

N − i

N
,
1
2

(
N − i

2

)
(

N
2

) .
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Since the number of states is even and P is pentadiagonal, it is natural to
think of it as a block tridiagonal matrix with 2 × 2 blocks

P =

⎡⎢⎢⎢⎢⎢⎣
B0 A0

C1 B1 A1

. . . . . . . . .
CN−3

2
BN−3

2
AN−3

2

CN−1
2

BN−1
2

⎤⎥⎥⎥⎥⎥⎦ .

The matrices Ai are all invertible. We construct, following Krein, a finite set of
polynomials

P1(λ), P1(λ), . . . , PN−1
2

(λ)

given by the recursion relation

CiPi−1(λ) + BiPi(λ) + AiPi+1(λ) = λPi(λ)

for i = 0, 1, . . . , N−3
2 , where we put P−1(λ) = 0, P0(λ) = I.

One can also consider the so-called polynomials of the second kind, Qi defined
by the same recursion relation with initial conditions given by Q0(λ) = 0 and
Q1(λ) = A−1

0 .
From the expression given above we have

Bi =
1
2

⎛⎜⎜⎜⎜⎜⎜⎝

2i(N − 2i)(
N
2

) N − 2i

N

2i + 1
N

(2i + 1)(N − 2i − 1)(
N
2

)

⎞⎟⎟⎟⎟⎟⎟⎠

Ai =
1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
N − 2i

2

)
(

N
2

) 0

N − 2i − 1
N

(
N − 2i − 1

2

)
(

N
2

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Ci =
1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
2i
2

)
(

N
2

) 2i

N

0

(
2i + 1

2

)
(

N
2

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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Since we are dealing with a finite matrix this recursion relation cannot be
used for i = N−1

2 for the simple reason that we do not have AN−1
2

to be able to
define PN+1

2
(λ).

We can however consider the polynomial(
λI − BN−1

2

)
PN−1

2
(λ) − CN−1

2
PN−3

2

which would be the value of PN+1
2

(λ) given by the recursion relation above if
we had AN−1

2
= I. By a slight abuse of notation we denote this polynomial by

PN+1
2

(λ). We define its zeros as the zeros of the determinant of PN+1
2

(λ). These
happen to be the eigenvalues of P considered as a pentadiagonal (N +1)× (N +1)
matrix.

In the same fashion, the polynomial Q N+1
2

(λ) requires a special definition
and this is handled as before: one pretends that the missing matrix AN−1

2
= I.

As we will see later on these two “last polynomials” play an important role.
For the matrix P given above we find out the following situation

a) These eigenvalues are given by the values of

(i − N − 1)
(
i − N+1

2

)(
N
2

) = λi

for i = 1, 2, . . . , τ(N) where the value of τ(N) depends on the nature of the
odd number N modulo 4. If N = 4i + 3 then τ(N) = 3(i + 1), while of
N = 4i + 1 then τ(N) = 3i + 1.

b) Of these τ(N) eigenvalues, the positive ones are simple eigenvalues and
there are s(N) of them. The value of s(N) depends again on the value of
mod (N, 4). If N = 4i + 3, then s(N) = 2i + 1, if N = 4i+ 1 then s(N) = 2i.
In the first case there is an extra negative simple eigenvalue corresponding
to i = τ(N) = 3(i + 1). When this extra simple eigenvalue is present it sits
at the bottom of the spectrum.

c) Of these τ(N) eigenvalues there is finally a number of nonpositive double
eigenvalues starting with the value 0. The number of them is d(N) and its
value depends, once again, on the value of mod (N, 4). If N = 4i + 3 then
d(N) = i + 1, if N = 4i + 1 then d(N) = 2i.

In summary we may (or may not) have one simple negative eigenvalue at the
bottom of the spectrum, then d(N) negative eigenvalues of which the largest one
is zero and then s(N) simple positive eigenvalues of which the largest is one.

For the considerations below it is convenient to replace the non-symmetric
matrix P by one obtained by conjugating it by a diagonal scalar matrix so as to
get a symmetric one. Since P is no longer tridiagonal this is not automatic, but it
is still possible to do such an adjustment.
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From now on the polynomials Pi refer to the ones obtained going with this
symmetrized version of the original P. We retain the same symbol for this new
version of P.

It may be worth pointing out that if we put together the
(

N+1
2

)
× τ(N)

matrix made up of 2 × 2 blocks

Pi(λj), i = 0, . . . ,
N − 1

2
, j = 1, 2, . . . , τ(N)

and denote this matrix by X , we do not quite have

PX = XΛ

with Λ a block diagonal matrix with 2×2 diagonal blocks λiI. Note that when one
views all these matrices as made up to scalars, we have that P is (N +1)× (N +1),
X is (N + 1) × 2τ(N) and finally Λ is 2τ(N) × 2τ(N).

If one considers PX −XΛ, then all of its 2× 2 blocks except those in the last
row vanish. In this last row the only blocks that are zero are those that correspond
to double eigenvalues. The other 2 × 2 blocks are singular nonzero matrices. Of
course this phenomenon (the distinction between vanishing and being singular) is
absent in the case of a scalar tridiagonal matrix.

We find that there exists a unique collection of symmetric nonnegative ma-
trices 2 × 2 Wk, k = 1, . . . , τ(N) such that

τ(N)∑
k=1

Pi(λk)WkP+
j (λk) = δijI

for 0 ≤ i, j ≤ N−1
2 .

Moreover we have for r = 0, 1, 2, . . .

τ(N)∑
k=1

λr
kPi(λk)WkP+

j (λk) = (Pr)ij .

A way of seeing this relation is to give a formula for the resolvent of P, which
is of course a matrix version of the Stieltjes transform of the discrete measure in
question. The formula is

(P − λI)−1
ij =

τ(N)∑
k=1

Pi(λk)WkP+
j (λk)

λk − λ
.

This is not the only useful expression for the inverse of this block tridiagonal
matrix. There is a well-known construction in the scalar case that can be adapted
to the block situation at hand. This is recalled below. A reader familiar with the
construction of the Green’s function for a second-order differential operator from
two solutions of the homogeneous equation, each one satisfying one of the two
boundary conditions will recognize the analogy of the construction below with its
this classical counterpart, see [26].
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One can give a general expression for the corresponding weight matrix at any
one of the λk, namely

Wk = lim
λ→λk

(λk − λ)(P − λI)−1
00 .

This formula follows directly from the one given above.
We have found that a formula of A. Duran, developed for a different purpose,

see [6], works nicely in this case to give a general expression for the weight matrices
Wk. For k = 1, . . . , τ(N), we have

Wk =
lk(

det(PN+1
2

(t)
)(lk)

(λk)

((
AdjPN+1

2
(t)

))(lk−1)

(λk)QN+1
2

(λk).

Here lk is the multiplicity of λk, which can be one or two.
In the particular case when λk is double, but only in this case, we get the

familiar looking expression

Wk =

⎛⎝N−1
2∑

i=0

P ∗
i (λk)Pi(λk)

⎞⎠−1

.

We have not found an explicit treatment of this finite tridiagonal case in the
literature, but there are several references that touch upon several of these issues
in the context of Gaussian quadrature formulas. For a collection of some of these
papers see [8, 7, 6, 4, 24]. In particular in [8] there are references to other papers
on this topic.

The careful reader will have noticed that we have not given here an explicit
expression for the polynomials Pi(λ) themselves. For the classical Ehrenfest model
this was achieved, as noticed earlier, much later than the time the model was
proposed. One can only conjecture than in the matrix-valued case at hand such
an expression is possible in terms of the matrix-valued hypergeometric function
introduced in [25].

6. Beyond the Ehrenfest model

It may be worth noticing that all the considerations above, with the exception of
the detailed form of the spectrum of the finite block tridiagonal matrix P applies
anytime we are dealing with such a matrix and the matrix blocks Ai are invertible.

In particular one can consider situations where the original model is modified
in fancier ways allowing, for instance, picking not only one or two pairs of indices
but also triplets, etc. This leads to scalar banded matrices which can be seen as
block tridiagonal ones with larger blocks. The study of these simple models already
exhibits situations where the multiplicity of the eigenvalues can range all the way
from one to the maximum possible value, given by the size of the blocks.
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Abstract. We describe all weights which are appropriated for the unitarization
of indecomposable linear representations of primitive partially ordered sets of
finite type.
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0. Introduction

The representation theory of partially ordered sets (posets) in linear vector spaces
has become one of the classical fields in linear algebra (see [1, 2, 3, 4] and others).
See Section 1 for details.

On the other hand when one tries to develop a similar theory for Hilbert
spaces, one will be faced with difficulties even with three subspaces two of which
are orthogonal: it is impossible to obtain their description in a reasonable way (it
is the so-called ∗-wild problem) see [5, 6]. But adding linear relation

α1P1 + · · · + αnPn = γI,

between the projections Pi on corresponding subspaces, in some cases gives nice
answers which have deep interconnections with the linear case (see Section 2 for
details).

The aim of this article is to show that each indecomposable linear repre-
sentation of a primitive poset of finite type can be unitarized with some weight
χ = (α1, . . . , αn, γ) and to describe all possible weights χ appropriated to the uni-
tarization for a given indecomposable linear representation of the primitive poset
(Section 3).

This work has been partially supported by the Scientific Program of National Academy of Sciences
of Ukraine, Project No. 0107U002333.
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1. Posets and their linear representations

In this section we will briefly recall some results concerning partially ordered sets
and their linear representation.

1.1. Posets and Hasse diagrams

Let (N ,≺) be a finite partially ordered set (or poset for short) which for us will be
{1, . . . , n}. By the width of the poset N we will understand the maximal number
of two-by-two incomparable elements of this set.

The poset N of width m is called primitive and denoted by (k1, . . . , km) if
this set is the cardinal sum of m linearly ordered sets N1, . . . ,Nm with orders
k1, . . . , km.

We will use the standard graphic representations for the poset (N ,≺) called
a Hasse diagram. This representation associates to each point x ∈ N the vertex
vx and the arrow vx → vy if x ≺ y and there is no z ∈ N , such that x ≺ z ≺ y.
For example let N = {1, 2, 3, 4, 5, 6} with the following order:

2 ≺ 1, 2 ≺ 3, 4 ≺ 3, 6 ≺ 5,

then the corresponding Hasse diagram is the following:

�
�

�

�
�

��
�

�

�
�

�

v2

v1

v4

v3

v6

v5

For each primitive poset N = (k1, . . . , km) its Hasse diagram has the following
form:

�
�

�

�

�

�

� � �

�
�

�

v
(1)
1

v
(1)
2

v
(1)
k1−1

v
(1)
k1

�
�

�

�

�

�

�
�

�

v
(m)
1

v
(m)
2

v
(m)
km−1

v
(m)
km

1.2. Linear representations of posets. Indecomposability and bricks

By a linear representation π of the poset N in some complex vector space V , we
will understand a relationship such that, for each element i ∈ N corresponding to
the subspace Vi ⊂ V , if i ≺ j, then Vi ⊆ Vj . We will denote the representation π in
the following way: π = (V ; V1, . . . , Vn), where n is the cardinality of N , and for the
primitive posets (k1, . . . , km) we will use the notation π = (V ; V (1)

1 , . . . , V
(1)
k1

; . . . ;

V
(m)
1 , . . . , V

(m)
km

).
By the dimension vector dπ of given representation π we will understand

the vector dπ = (d0; d1, . . . , dn), where d0 = dimV , di = dim Vi (correspondingly,
for representations of primitive posets the dimensional vector will be denoted by
dπ = (d0; d

(1)
1 , . . . , d

(1)
k1

; . . . ; d(m)
1 , . . . , d

(m)
km

)).
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In fact the linear representations of a poset N form the additive category
Rep(N ), where the set of morphisms Mor(π1, π2) between two representations
π1 = (V ; V1, . . . , Vn) and π2 = (W ; W1, . . . , Wn) consists of such linear maps C :
V → W , that C(Vi) ⊂ Wi. Two representations π1 and π2 of a poset N are
isomorphic (or equivalent) if there exists an invertible morphism C ∈ Mor(π1, π2),
i.e., there exists an invertible linear map C : V → W such that C(Vi) = Wi.

One can define a direct sum π = π1 ⊕ π2 of two objects π1, π2 ∈ Rep(N ) in
the following way:

π = (V ⊕ W ; V1 ⊕ W1, . . . , Vn ⊕ Wn).

Using the definition of a direct sum it is natural to define indecomposable rep-
resentations as the representations that are not isomorphic to the direct sum of
two non-zero representations. Otherwise representations are called decomposable.
It is easy to show that a representation π is indecomposable iff there exist no
non-trivial idempotents in End(π). A representation π is called brick if there is no
non-trivial endomorphism of this representation. One can show that brick implies
indecomposability. But there exist indecomposable representations of posets which
are not brick: let us take

Aα =
(

1 α
0 1

)
, α ∈ R\{0},

and consider the representation πα =(V ; V1, V2, V3, V4) of the poset N = (1, 1, 1, 1),

V = C2 ⊕ C2, V1 = C2 ⊕ 0, V2 = 0 ⊕ C2,

V3 =
{
(x, x) ∈ C4|x ∈ C2

}
, V4 =

{
(x, Aαx) ∈ C4|x ∈ C2

}
;

this representation is indecomposable but is not brick.
We call the representation π non-degenerated if the components of dimension

vector dπ satisfy the following conditions:
• di 
= 0;
• if i ≺ j then di < dj ;
• di < d0,

otherwise the representation is called degenerated. Note that in works [3, 4], by the
term non-degenerated, the authors meant only the first and second of the above
conditions.

1.3. Posets and quivers

In studying the representations of the primitive posets it is helpful to use the well-
developed representation theory of quivers (for the representations of quivers see
for example [7, 8]).

A quiver Q = (Q0, Q1, s, t : Q1 → Q0) is given by a set of vertices Q0, which
for us will be {v0, . . . , vn}, and a set Q1 of arrows. An arrow ρ ∈ Q1 starts at the
vertex s(ρ) and terminates at t(ρ). A representation X of Q is given by a vector
space Xvi for each vertex vi ∈ Q0 and linear operator Xρ : Xs(ρ) → Xt(ρ). In a
similar way as for the posets one can define the set of morphisms between two
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representations X and Y , indecomposable and brick representations (see [7] for
the details).

To each poset N one can associate the quiver QN in a similar way as the Hasse
diagram was associated, the only difference being that we add the extra vertex
v0 to the quiver and connect by arrows all vertices that correspond to maximal
elements of N with the vertex v0. More formally, QN

0 = {vx | x ∈ N} ∪ {v0} and
QN

1 consists of the following arrows:
• vx → vy if x ≺ y and there are no such z that x ≺ z ≺ y, and
• vx → v0 if there no such z that x ≺ z.

For example, for each primitive poset N = (k1, . . . , km) the corresponding quiver
QN has the following form:

� �� � � � � �

�

�

�

�

�
����

���	

�� � � � � �

v0

v
(1)
k1

v
(1)
k1−1 v

(1)
2 v

(1)
1

v
(m)
km

v
(m)
km−1 v

(m)
2 v

(m)
1

Remark 1.1. Notice that the underlying graph of the quiver QN that corresponds
to primitive poset N = (k1, . . . , km) is the tree which is usually denoted by
Tk1+1,...,km+1.

It is obvious that each linear representation π of the poset N = (k1, . . . , km)
defines some representation Xπ of the corresponding quiver QN . Indeed, let be
given the representation

π = (V ; V (1)
1 , . . . , V

(1)
k1

; . . . ; V (m)
1 , . . . , V

(m)
km

)

of the poset N , then the corresponding representation Xπ of quiver QN could be
built in the following way: to each vertex v

(j)
i we associate the space V

(j)
i , X

v
(j)
i

=

V
(j)
i (to the vertex v0 we associate the space V , Xv0 = V ) and to each arrow

v
(j)
i → v

(j)
i+1 we associate the embedding V

(j)
i ↪→ V

(j)
i+1 (to the arrows v

(j)
ki

→ v0

we associate the embedding V
(j)
ki

↪→ V ). And vice versa every representation X of
quiver Q with underlaying graph Tk1+1,...,km+1, such that for all ρ ∈ Q1, Xρ is a
monomorphism, defines a representation of the poset N = (k1, . . . , kn):

πX = (V ; V (1)
1 , . . . , V

(1)
k1

; . . . ; V (n)
1 , . . . , V

(n)
kn

),

where V = Xv0 is a representation of the vertex v0, and V
(i)
j = X

v
(i)
j →v

(i)
j+1

· . . . ·
X

v
(i)
ki

→v0
(X

v
(i)
j

) is an image of space corresponding to the vertex v
(i)
j under the

maps that correspond to the path from vertex v
(i)
j to vertex v0.

In fact, having chosen a representation of the poset, then using the above
construction, we build a representation of the corresponding quiver and finally,
after building a representation of the corresponding poset, we will get the repre-
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sentation that is isomorphic to the one with which we started, i.e., π � πXπ in the
category Rep(N ).

Proposition 1.2.

1) The representations π1 and π2 of the poset N are isomorphic if and only if the
corresponding representation Xπ1 and Xπ2 of the quiver QN are isomorphic.

2) The representation π is indecomposable if and only if the corresponding rep-
resentation Xπ of the quiver QN is indecomposable.

Proof. 1) The morphism C : Xπ1 → Xπ2 , establishes an isomorphism between
the representations of the quiver QN if and only if the linear map Cv0 is an
isomorphism between the representations π1 and π2 of N .

2) If the representation π of primitive poset N is decomposable, i.e., π � π1⊕
π2, then the corresponding representation Xπ of the quiver QN has the following
form: for all vi ∈ QN

0 , Xvi = Ui ⊕ Wi, for all vi → vj ∈ QN
1 , Xvi→vj = Γ̂i,j ⊕ Γ̃i,j ,

where Γ̂i,j : Uj → Ui and Γ̃i,j : Wj → Wi, i.e., X is decomposable. �
1.4. Finite type posets

Recall that a poset N has finite (linear) representation type if there exist only
finitely many indecomposable representations of N in Rep(N ). A result obtained
by M.M. Kleiner [2] gives a complete description of the posets of finite type. In case
of primitive posets using connections between posets and quivers and analogous
results for quivers (see [7], for instance) one can obtain description of the primitive
posets of finite type.

Proposition 1.3. Each primitive poset of finite type has one of the following forms:
• (k) for all k ∈ N;
• (k1, k2) for all k1, k2 ∈ N;
• (k, 1, 1), for all k ∈ N;
• (2, 2, 1);
• (3, 2, 1);
• (4, 2, 1).

Proof. if. As it was shown in the previous subsection that for every representation
of primitive posets one can build a representation of the corresponding quiver,
non-isomorphic representations of the poset correspond to non-isomorphic repre-
sentations of the quiver. The quivers Ak+1, Ak1+k2+1, Dk+3, E6, E7, E8 are the
corresponding quivers for the posets listed in the statement. Each of these quivers
has finitely many non-isomorphic indecomposable representations (see [7]), hence
the listed posets also have finitely many non-isomorphic indecomposable represen-
tations.

only if. One can show that each primitive poset that is not included in the list
contains a subposet with corresponding extended Dynkin quiver. But this quiver
has infinitely many non-isomorphic indecomposable representations (see [9, 10] and
others for description). We list infinite series of non-isomorphic indecomposable
representations of the corresponding poset:
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• for the poset (1, 1, 1, 1) (the corresponding quiver is D̃4):

V = C2 = 〈e1, e2〉; V1 = 〈e1〉, V2 = 〈e2〉,
V3 = 〈e1 + e2〉, V4 = 〈e1 + λe2〉, λ 
= 0, 1;

• for the poset (2, 2, 2) (the corresponding quiver is Ẽ6):

V = C3 = 〈e1, e2, e3〉,
V1 = 〈e1〉, V2 = 〈e1, e2〉, V3 = 〈e3〉, V4 = 〈e2, e3〉,

V5 = 〈e1 + e2 + e3〉, V6 = 〈e1 + e2 + e3, λe1 + e2〉, λ 
= 0, 1;

• for the poset (3, 3, 2) (the corresponding quiver is Ẽ7):

V = C4 = 〈e1, e2, e3, e4〉,
V1 = 〈e1〉, V2 = 〈e1, e2〉, V3 = 〈e1, e2, e3〉,
V4 = 〈e4〉, V5 = 〈e3, e4〉, V6 = 〈e2, e3, e4〉,

V7 = 〈e1 + e2 + e3, λe1 + e3 + e4〉, λ 
= 0, 1;

• for the poset (5, 2, 1) (the corresponding quiver is Ẽ8):

V = C6 = 〈e1, e2, e3, e4, e5, e6〉,
V1 = 〈e1〉, V2 = 〈e1, e2〉, V3 = 〈e1, e2, e3〉, V4 = 〈e1, e2, e3, e4〉,

V5 = 〈e1, e2, e3, e4, e5〉, V6 = 〈e5, e6〉, V7 = 〈e3, e4, e5, e6〉,
V8 = 〈e1 + e3 + e4 + e5, λe1 + e3 + e5 + e6, e2 + e4〉, λ 
= 0, 1.

Hence the theorem is proved. �

1.5. Coxeter functors for representations of posets in linear spaces

Coxeter functors for representations of quivers were studied in [12] for proving
Gabriel’s theorem. Similar Coxeter functors F+, F− act in the category Rep(N )
of linear representations of posets that was constructed in [4]. We will not give
their full construction here, but we recall some basic necessary facts.

There are functors σ, ρ, ρ∗ (σ2 = id, ρ ◦ ρ∗ = id, ρ∗ ◦ ρ = id) which act
between categories Rep(N ) and Rep(N ∗) (where N ∗ is dual to poset N ). These
functors change the dimensions of the representations by the following formulas:

(d0; d
(1)
1 , . . . , d

(1)
k1

; . . . ; d(m)
1 , . . . , d

(m)
km

)
ρ�−→ (

m∑
j=1

d
(j)
kj

− d0; d
(1)
k1

, d
(1)
k1

− d
(1)
1 , . . . ,

d
(1)
k1

− d
(1)
k1−1; . . . ; d

(m)
k1

, . . . , d
(m)
km

− d
(m)
km−1), for ρ : Rep(N ) → Rep(N ∗);

(d0; d
(1)
1 , . . . , d

(1)
k1

; . . . ; d(m)
1 , . . . , d

(m)
km

)
ρ∗
�−→ (

m∑
j=1

d
(j)
1 − d0; d

(1)
1 − d

(1)
2 ,

d
(1)
1 − d

(1)
3 , . . . , d

(1)
1 ; . . . ; d(m)

1 − d
(m)
2 , . . . , d

(m)
1 ), for ρ∗ : Rep(N ∗) → Rep(N ).
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(d0; d
(1)
1 , . . . , d

(1)
k1

; . . . ; d(m)
1 , . . . , d

(m)
km

) σ�−→ (d0; d0 − d
(1)
1 , . . . , d0 − d

(1)
k1

; . . . ;

d0 − d
(m)
1 , . . . , d0 − d

(m)
km

).

By definition F− = ρ ◦ σ : Rep(N ) → Rep(N ), F+ = σ ◦ ρ = Rep : (N ) →
Rep(N ), hence their action on generalized dimensions could be written as follows:

(d0; d
(1)
1 , . . . , d

(1)
k1

; . . . ; d(m)
1 , . . . , d

(m)
km

) F+

�−→ (
m∑

j=1

d
(j)
kj

− d0;
m∑

j=2

d
(j)
kj

− d0,

m∑
j=2

d
(j)
kj

− d0 + d
(1)
1 , . . . ,

m∑
j=2

dkj − d0 + d
(1)
k1−1; . . . ;

m−1∑
j=1

d
(j)
kj

− d0 + d
(m)
km−1); (1.1)

(d0; d
(1)
1 , . . . , d

(1)
k1

; . . . ; d(m)
1 , . . . , d

(m)
km

) F−
�−→ ((m − 1)d0 −

m∑
j=1

d
(j)
kj

; d(1)
2 − d

(1)
1 ,

d
(1)
3 − d

(1)
1 , . . . , d

(1)
k1−1 − d

(1)
1 , d0 − d

(1)
1 ; . . . ; d(m)

kl−1 − d
(m)
1 , d0 − d

(m)
1 ). (1.2)

Importance of these functors is due to the following fact (see [4]):
Any non-degenerate representation of finite type poset N is the following:

(F+)kπ, where π is degenerate.

2. Representations of posets in Hilbert spaces

In this section we will consider the unitary representation of the posets. We will
show how these representations are connected with ∗-representation of certain
∗-algebras that are generated by projections and linear relations. The represen-
tations of these algebras associated with primitive posets could be studied using
the Coxeter functors, which will allow us to study unitary representations of the
posets, using a similar technique.

2.1. Unitary representations of posets

Denote by Rep(N , H) a sub-category in Rep(N ). Its set of objects consists of
representations in finite-dimensional Hilbert spaces and two objects π and π̃ are
equivalent in Rep(N ) if there exists a morphism between them that is a unitary
operator U : H → H̃ such that U(Hi) = H̃i (unitary equivalent). Representa-
tion π ∈ Rep(N , H) is called irreducible iff the C∗-algebra generated by a set
of orthogonal projections {Pi} on the subspaces {Hi} is irreducible. Let us re-
mark that indecomposability of representation π in Rep(N ) implies irreducibility
of C∗({Pi, i ∈ N}) but the converse is not true (see [11] for details).

The problem of classifying all irreducible objects in category Rep(N , H) be-
comes much harder. Even for primitive poset N = (1, 2) it is impossible to classify
in a reasonable way all irreducible representations: indeed this leads us to classify
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up to unitary equivalence three subspaces in Hilbert space, two of which are or-
thogonal, but it is well known [5] that such a task is ∗-wild. Hence it is natural to
consider some additional relation.

Let us consider those objects π ∈ Rep(N , H), π = (H ; H1, . . . , H2), which
satisfy the following linear relation:

α1P1 + · · · + αnPn = γI, (2.1)

where αi, γ are some positive real numbers and Pi is an orthogonal projection
on space Hi. These objects form a category (in the sequel this category will be
also denoted by Rep(N , H), of course we will consider only those representations
in Hilbert spaces which satisfy the required relation). We can also fix the weight
χ = (α1, . . . , αn; γ) ∈ Rn+1

+ and consider those representations that satisfy (2.1)).
The category of such representations (which is a subcategory of Rep(N , H)) we
will denote by Repχ(N , H).

The surprising result of [13] is that if there is an indecomposable π ∈ Rep(N )
that is equivalent to some π′ ∈ Rep(N , H), then π is brick.

2.2. Certain ∗-algebras and their representation in the category of Hilbert spaces

Let be given the weight χ = (α1, . . . , αn; γ) ∈ Rn+1
+ and consider the following

∗-algebra AN ,χ, which is generated by n projections and corresponds to poset N
of order n:

AN ,χ := C
〈
p1, p2, . . . , pn

∣∣ pi = p2
i = p∗i , pipj = pjpi = pi, i ≺ j,

α1p1 + · · · + αnpn = γe
〉
. (2.2)

It is easy to see that every ∗-representation π of ∗-algebra AN ,χ gives us a repre-
sentation of poset N in category Repχ(N , H) (Hi = π(pi)), and vice versa every
representation of poset N in category Repχ(N , H) generates the ∗-representation
of AN ,χ. This means that categories Repχ(N , H) and Rep(AN ,χ) are equivalent.

For primitive poset N = (k1, . . . , km), weights, for convenience, will be de-
noted by χ = (α(1)

1 , . . . , α
(1)
k1

; . . . ; α(m)
1 , . . . , α

(m)
km

; γ) and correspondingly

AN ,χ = C
〈
p
(1)
1 , . . . , p

(1)
k1

, . . . , p
(m)
1 , . . . , p

(m)
km

∣∣ p
(j)2
i = p

(j)∗
i = p

(j)
i ,

p
(j)
i p

(j)
k = p

(j)
k p

(j)
i = p

(j)
min{i,k},

m∑
j=1

kl∑
i=1

α
(j)
i p

(j)
i = γe

〉
. (2.3)

Under some conditions there exist isomorphisms between these algebras and
∗-algebras AΓ,χ̂ which are associated with star-shaped graphs Γ = Tk1+1,...,km+1

and character χ̂ = (β(1)
1 , . . . , β

(1)
k1

; . . . ; β(m)
1 , . . . , β

(m)
km

; γ). ∗-Algebras AΓ,χ̂ defined
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in the following way:

AΓ,χ̂ = C
〈
q
(1)
1 , . . . , q

(1)
k1

, . . . , q
(m)
1 , . . . , q

(m)
km

∣∣ q
(j)∗
i = q

(j)
i ,

q
(j)
i q

(j)
k = q

(j)
k q

(j)
i = δi,kq

(j)
k ,

m∑
j=1

kl∑
i=1

β
(j)
i q

(j)
i = γe

〉
. (2.4)

Proposition 2.1. Let N be a primitive poset and

χ = (α(1)
1 , . . . , α

(1)
k1

; . . . ; α(m)
1 , . . . , α

(m)
km

; γ)
and

χ̂ = (β(1)
1 , . . . , β

(1)
k1

; . . . ; β(m)
1 , . . . , β

(m)
km

; γ)

be two given weights such that for all j = 1, . . . , m, i = 1, . . . , kj the following
conditions hold:

β
(j)
i =

kj∑
s=i

α(j)
s ,

then there exists an isomorphism φ between ∗-algebras AN ,χ and AΓ,χ̂.

Proof. One can easily prove this map, which is given on generators of algebras, in
the following way:

p
(j)
i

φ�−→
i∑

s=1

q(j)
s , j = 1, . . . , l, i = 1, . . . , kj ,

establishes the isomorphism between AN ,χ and AΓ,χ̂. �

The isomorphism φ can be extended to an equivalence functor between cat-
egories of representations of the algebras. Let π be a representation of ∗-algebra
AΓ,χ̂ then φ◦π is a representation of AN ,χ. Furthermore if π1 and π2 are equivalent
objects in Rep(AΓ,χ̂) then φ ◦ π1 and φ ◦ π2 are equivalent objects in Rep(AN ,χ).

Let us recall some definitions from [15]:

Definition 2.2. An irreducible finite-dimensional ∗-representation π of the algebra
AΓ,χ̂ such that

π(q(j)
i ) 
= 0, j = 1, . . . , m, i = 1, . . . , kj and

kj∑
i=1

π(q(j)
i ) 
= I, j = 1, . . . , m

will be called non-degenerate. By Rep(AΓ,χ̂) we will denote a full subcategory of
non-degenerate representations in the category Rep(AΓ,χ̂).

Objects that corresponds to the subcategory Rep(AΓ,χ̂) in RepAN ,χ) will be
called non-degenerated as well. Non-degenerate representations of ∗-algebra AN ,χ

correspond to non-degenerate representations of poset N .
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For the Hilbert representation (H ; H1, . . . , Hn) of a poset N to be degener-
ated means that one of the following conditions holds:

• there exist i such that Hi = 0, i.e., Pi = 0;
• there exist i such that Hi = Hi−1, i.e., Pi = Pi−1;
• there exist i such that Hi = H , i.e., Pi = I.

In this case one can obtain a non-degenerate representation of some subposet
of N by the following procedure. If for some i, Pi = 0, then one automatically has
a representation of poset N ′ = N \{i}. If Pi = Pi−1, then one can consider π as a
representation of poset N ′ where π(i − 1) = Hi = Hi−1 and

∑
j∈N\{i−1,i} αjPj +

(αi−1 + αi)Pi−1 = γI. And finally, if for some i π(i) = H one can consider
representation π as representation of N ′ for which holds

∑
j∈N ′ αjPj = (γ −αi)I.

2.3. Coxeter functors for representations of ∗-algebras AN ,χ

in case of primitive poset N
In [14] there were developed Coxeter functors for representations of quivers in
Hilbert spaces which preserve the so-called ‘orthoscalarity’ condition. It was proved
that any irreducible representation of a quiver whose underlying graph is a Dynkin
diagram can be obtained from the simplest ones by using these Coxeter functors.

These functors allow us to construct some other Coxeter functors Φ+ and
Φ−, which act on representations of algebras AΓ,χ̂. Recall that ∗-algebras AΓ,χ̂ and
their involutive representations have been studied in many recent works (see [15,
17] and others). Using the isomorphism φ between ∗-algebras AΓ,χ̂ and AN ,χ

we obtain two new functors which we will also denote by Φ+ and Φ− and call
Coxeter functors. These functors act from category Rep(AN ,χ) to Rep(AN ,χΦ+ )
and Rep(AN ,χΦ− ) respectively, where

χΦ+ = (γ −
k1∑

i=1

α
(1)
i , α

(1)
1 , . . . , α

(1)
k1−1; . . . ;

γ −
km∑
i=1

α
(m)
i , α

(m)
1 , . . . , α

(m)
km−1; (m − 1)γ −

m∑
j=1

α
(j)
kj

);

χΦ− = (α(1)
2 , α

(1)
3 , . . . , α

(1)
k1

,
m∑

j=2

kj∑
i=1

α
(j)
i − γ; . . . ;

α
(km)
2 , . . . ,

m−1∑
j=1

kj∑
i=1

α
(j)
i − γ;

m∑
j=1

kj∑
i=1

α
(j)
i − γ).

In other words, these functors can be considered as functors from Repχ(N , H) to
RepχΦ± (N , H), and these functors change the dimensions of representations by
formulas similar to (1.1) and (1.2).
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3. Unitarization of linear representations of primitive posets

This section is devoted to the interconnection between linear and unitary rep-
resentation of the primitive posets. Actually for primitive posets of finite type
we will obtain a complete list of possible weights that are appropriate to given
indecomposable linear representations.

3.1. Unitarization

Let be given the representation π ∈ Rep(N ), π = (V ; V1, . . . , Vn) of the poset N .
We say that π can be unitarized if there exists an appropriate choice of hermitian
structure 〈·, ·〉C in V , such that the corresponding projection Pi : V → Vi satisfies
the following relation:

α1P1 + · · · + αnPn = γI,

for some weight χ = (α1, . . . , αn; γ) ∈ Rn+1
+ , and correspondingly we say that π

can be unitarized with weight χ if this weight is fixed.
Recall that a similar notion of unitarization was provided in article [14] for the

unitarization of representations of a given quiver Q. In fact that work studied the
question when it is possible to define hermitian structure on each space Xi, i ∈ Q0,
in such a way that in each vertex i the following condition is satisfied:∑

j−→i

Xj−→iX
∗
i−→j +

∑
i−→j

X∗
i−→iXj−→j = αiIXi ,

where X∗
i−→j denotes the adjoint map to Xj−→i with respect to hermitian structure

in Xi and Xj . One of the results of paper [14] is that if Q is a Dynkin quiver then
every representation could be unitarizable, and if Q is an extended Dynkin quiver
then there are representations that cannot be unitarized.

One can obtain an analogous fact for representations of a primitive poset of
finite type using Coxeter functors. Noticed that it can be obtained using results
from [14].

Proposition 3.1. Every indecomposable linear representation of a primitive poset
of finite type can be unitarized with some weight.

Proof. To start with, remark that it is obvious that any one-dimensional repre-
sentation with dimension vector dπ = (1; d1, . . . , dn) of any poset can be unita-
rized with weight χ = (α1, . . . , αn; γ) satisfying trace condition

∑
s∈N dsαs = γ.

All indecomposable representations of primitive posets N = (k), k ∈ N and
N = (k1, k2), k1, k2 ∈ N are one-dimensional hence they could be unitarized.

Let π be some representation of a primitive poset N of finite type. There
are two possibilities: π is degenerate or π is non-degenerate. In the first case the
representation π can be considered as one of some subposets N ′ of N . Then by
induction it can be unitarized and a corresponding unitary representation of N ′

can be restricted to a unitary representation of N which is a unitarization of π.
In the latter case representation π has the form (F−)kπ = π′ where π′ is de-

generate ([4] and Section 1.5), hence (F−)kπ = π′. Each degenerate representation
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π′ can be unitarized with some weight χ′. Applying functor (Φ+)k to its corre-
sponding unitary representation, we obtain a unitary representation with some
weight χ equivalent to π. Therefore π unitarizes with weight χ. As a result we
obtain a statement of the theorem and even more: this gives the algorithm which
allows us to describe all possible weights that are appropriated for the unitarization
of the given representation of a finite type primitive poset. �

The next theorem gives a complete list of all possible weights for non-degener-
ated representations of primitive posets of finite type. In other words it describes
the set of weights χ for every primitive poset N such that ∗-algebra AN ,χ has
irreducible representation in fixed dimension D. Analogous results for ∗-algebras
AΓ,χ̂ were obtained in [15] and the following theorem can be obtained using those
results but we did it independently. The list of weights is organized in the follow-
ing way: for each representation of primitive poset N = (k1, . . . , kn) (which for
us is given by generalized dimensional d = (d(1)

1 , . . . , d
(1)
k1

; . . . ; d
(n)
1 , . . . , d

(n)
kn

; d0),
since this gives a representation up to isomorphism) we state the condition on
weights χ = (α1, . . . , αk1 ; β1, . . . ; γ), under which it is possible to unitarize the lin-
ear representation. A complete list (for all representations including degenerated)
is available online (http://arxiv.org/pdf/0807.0155).

Theorem 3.2. For primitive poset N its non-degenerate linear representation with
dimension D unitarizes with every weight χ for which conditions C are satisfied:

1. Poset N = (1; 1; 1) � � �

Dimensions D Conditions C
(1; 1; 1; 2) α < γ, β < γ, δ < γ, α + β + δ = 2γ

2. Poset N = (2; 1; 1) �

�

�
�

�

�
�

Dimensions D Conditions C

(1, 2; 1, 2; 1; 3) α1 + α2 < γ, α1 + α2 + β2 + δ < 2γ, β1 + β2 <
γ, α2 + β1 + β2 + δ < 2γ, α2 + β2 < γ, α1 +
2α2 + β1 + 2β2 + δ = 3γ

(1, 2; 1, 2; 2; 3) β2 + δ < γ, α2 + β1 + 2β2 + δ < 2γ, α2 + δ <
γ, α1+2α2+β2+δ < 2γ, α1+α2+β1+β2+δ <
2γ, α1 + 2α2 + β1 + 2β2 + 2δ = 3γ
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3. Poset N = (3; 2; 1) �

�

�

�

�

�

�

�
�

Dimensions D Conditions C

(1, 2, 3; 1, 2; 2; 4) α1 + α2 + α3 < γ, α1 + α2 + α3 + β2 + δ <
2γ, α1 +α2 +2α3 +β1 +2β2 +δ < 3γ, α3 +δ <
γ, α2+2α3+β2+δ < 2γ, α2+α3+β1+β2+δ <
2γ, α1 + 2α2 + 3α3 + β1 + 2β2 + 2δ = 4γ

(1, 2, 3; 1, 3; 2; 4) β2 + δ < γ, α3 +β1 +2β2 + δ < 2γ, α2 +2α3 +
β1+2β2+2δ < 3γ, α2+α3+β2 < γ, α1+2α2+
2α3+β1+2β2+δ < 3γ, α1+α2+2α3+β2+δ <
2γ, α1 + 2α2 + 3α3 + β1 + 3β2 + 2δ = 4γ

(1, 2, 3; 2, 3; 2; 4) α3 + β1 + β2 < γ, α2 + 2α3 + β1 + β2 + δ <
2γ, α1 + 2α2 + 3α3 + β1 + 2β2 + δ < 3γ, α1 +
α2 + α3 + β1 + β2 + δ < 2γ, α1 + α2 + 2α3 +
β1 + 2β2 + 2δ < 3γ, α2 + α3 + β1 + 2β2 + δ <
2γ, α1 + 2α2 + 3α3 + 2β1 + 3β2 + 2δ = 4γ

4. Poset N = (4; 2; 1) �

�

�

�

�

�

�

�

�

�
�

Dimensions D Conditions C
(1, 2, 3, 4; 1, 3; 2; 5) α1 +α2 +α3 +α4 < γ, α1 +α2+α3 +α4 +β2 +

δ < 2γ, α1 + α2 + α3 + 2α4 + β1 + 2β2 + δ <
3γ, α1 + α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ <
4γ, α3 + α4 + β2 < γ, α2 + 2α3 + 2α4 + β1 +
2β2 +δ < 3γ, α2 +α3 +2α4+β2 +δ < 2γ, α1+
2α2 + 3α3 + 4α4 + β1 + 3β2 + 2δ = 5γ

(1, 2, 3, 4; 2, 3; 2; 5) α1 + α2 + α3 + α4 < γ, α4 + β1 + β2 < γ, α3 +
2α4 + β1 +β2 + δ < 2γ, α2 + 2α3 + 3α4 +β1 +
2β2 + δ < 3γ, α2 + α3 + α4 + β1 + β2 + δ <
2γ, α1 + 2α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ <
4γ, α1+α2+2α3+2α4+β1+2β2+δ < 3γ, α1+
2α2 + 3α3 + 4α4 + 2β1 + 3β2 + 2δ = 5γ
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(1, 2, 3, 4; 2, 4; 2; 5) α4 + β1 + β2 < γ, α2 + α3 + α4 + β2 < γ, α1 +
2α2+2α3+2α4+β1+2β2+δ < 3γ, α1+2α2+
2α3 +3α4 +β1 +3β2 +2δ < 4γ, α3 +α4 +β1 +
2β2 + δ < 2γ, α2 + 2α3 + 3α4 + 2β1 + 3β2 +
2δ < 4γ, α1 + α2 + 2α3 + 3α4 + β1 + 2β2 + δ <
3γ, α1 +2α2 +3α3 +4α4 +2β1 +4β2 +2δ = 5γ

(1, 2, 3, 4; 1, 3; 3; 5) β2 + δ < γ, α3 + α4 + δ < γ, α2 + 2α3 + 2α4 +
β2 + δ < 2γ, α1 + 2α2 + 3α3 + 3α4 + β1 +
2β2 + 2δ < 4γ, α1 + α2 + α3 + 2α4 + β2 + δ <
2γ, α1 + α2 + 2α3 + 3α4 + β1 + 3β2 + 2δ <
4γ, α2 + α3 + 2α4 + β1 + 2β2 + 2δ < 3γ, α1 +
2α2 + 3α3 + 4α4 + β1 + 3β2 + 3δ = 5γ

(1, 2, 3, 4; 2, 3; 3; 5) α3 +α4 + δ < γ, α1 +α2 +α3 +α4 +β1 +β2 +
δ < 2γ, α1 + α2 + α3 + 2α4 + β1 + 2β2 + 2δ <
3γ, α1 + α2 + 2α3 + 3α4 + 2β1 + 3β2 + 2δ <
4γ, α2+α3+2α4+β1+β2+δ < 2γ, α1+2α2+
3α3 + 4α4 + β1 + 2β2 + 2δ < 4γ, α2 + 2α3 +
2α4 + β1 + 2β2 + 2δ < 3γ, α1 + 2α2 + 3α3 +
4α4 + 2β1 + 3β2 + 3δ = 5γ

(1, 2, 3, 4; 2, 4; 3; 5) α4 + β2 + δ < γ, α3 + 2α4 + β1 + 2β2 + δ <
2γ, α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ < 3γ, α1 +
2α2 + 3α3 + 4α4 + β1 + 3β2 + 2δ < 4γ, α2 +
α3 + α4 +β1 + 2β2 + δ < 2γ, α1 +2α2 +2α3 +
3α4 + 2β1 + 3β2 + 2δ < 4γ, α1 + α2 + 2α3 +
2α4 + β1 + 2β2 + 2δ < 3γ, α1 + 2α2 + 3α3 +
4α4 + 2β1 + 4β2 + 3δ = 5γ

(1, 2, 3, 4; 2, 4; 3; 6) β2 + δ < γ, α4 +β1 +2β2 + δ < 2γ, α3 +2α4 +
β1 + 2β2 + 2δ < 3γ, α2 + 2α3 + 3α4 + β1 +
3β2 + 2δ < 4γ, α2 + α3 + α4 + β1 + β2 + δ <
2γ, α1 + 2α2 + 2α3 + 3α4 + β1 + 2β2 + 2δ <
4γ, α1+α2+2α3+2α4+β1+2β2+δ < 3γ, α1+
2α2 + 3α3 + 4α4 + 2β1 + 4β2 + 3δ = 6γ

(1, 2, 3, 5; 2, 4; 3; 6) α4 + β1 + β2 < γ, α3 + 2α4 + β1 + β2 + δ <
2γ, α2+2α3+3α4+β1+2β2+δ < 3γ, α1+2α2+
3α3+4α4+2β1+3β2+2δ < 5γ, α1+α2+α3+
2α4 +β2 + δ < 2γ, α1 +α2 + 2α3 + 3α4 + β1 +
3β2 +2δ < 4γ, α2 +α3 +2α4 +β1 +2β2 +2δ <
3γ, α1 +2α2 +3α3 +5α4 +2β1 +4β2 +3δ = 6γ
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(1, 2, 4, 5; 2, 4; 3; 6) α3 + α4 + δ < γ, α2 + 2α3 + 2α4 + β2 + δ <
2γ, α1 + 2α2 + 3α3 + 3α4 + β1 + 2β2 + 2δ <
4γ, α1 + 2α2 + 3α3 + 4α4 + β1 + 3β2 + 3δ <
5γ, α3 + α4 + β1 + 2β2 + δ < 2γ, α2 + 2α3 +
3α4 + 2β1 + 3β2 + 2δ < 4γ, α1 + α2 + 2α3 +
3α4+β1+2β2+δ < 3γ, α1+2α2+4α3+5α4+
2β1 + 4β2 + 3δ = 6γ

(1, 3, 4, 5; 2, 4; 3; 6) α2 +α3 +α4 +β2 < γ, α1 +2α2 +2α3 +2α4 +
β1 +2β2 + δ < 3γ, α1 +2α2 +2α3 +3α4 +β1 +
3β2 + 2δ < 4γ, α1 + 2α2 + 3α3 + 4α4 + 2β1 +
4β2 + 2δ < 5γ, α2 + α3 + 2α4 + β1 + β2 + δ <
2γ, α1 + 2α2 + 3α3 + 4α4 + β1 + 2β2 + 2δ <
4γ, α2 + 2α3 + 2α4 + β1 + 2β2 + 2δ < 3γ, α1 +
3α2 + 4α3 + 5α4 + 2β1 + 4β2 + 3δ = 6γ

(2, 3, 4, 5; 2, 4; 3; 6) α1 +α2 +α3 +α4 +β1 +β2 +δ < 2γ, α1 +α2 +
α3 +2α4 +β1 +2β2 +2δ < 3γ, α1 +α2 +2α3 +
3α4+2β1+3β2+2δ < 4γ, α1+2α2+3α3+4α4+
2β1+3β2+3δ < 5γ, α1+α2+2α3+2α4+β2+
δ < 2γ, α1 +2α2 +3α3 +3α4 +β1 +3β2 +2δ <
4γ, α1 + 2α2 + 2α3 + 3α4 + β1 + 2β2 + δ <
3γ, 2α1+3α2+4α3+5α4+2β1+4β2+3δ = 6γ
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Direct and Inverse Theorems in the Theory
of Approximation of Banach Space Vectors
by Exponential Type Entire Vectors

Yaroslav Grushka and Sergiy Torba

Abstract. An arbitrary operator A on a Banach space X such that either
A or iA generates the C0-group with certain growth condition at infinity is
considered. The direct and inverse theorems on connection between the degree
of smoothness of a vector x ∈ X with respect to the operator A, the rate of
convergence to zero of the best approximation of x by exponential type entire
vectors for the operator A, and the k-module of continuity are established.
These results allow to obtain Jackson-type and Bernstein-type inequalities in
weighted Lp spaces.

Mathematics Subject Classification (2000). Primary 41A25, 41A27, 41A17,
41A65.

Keywords. Direct and inverse theorems, Module of continuity, Banach space,
Non-quasianalytic operators, Entire vectors of exponential type.

1. Introduction

Direct and inverse theorems which establish the relationship between the degree of
smoothness of a function with respect to the differentiation operator and the rate
of convergence to zero of its best approximation by trigonometric polynomials are
well known in the theory of approximation of periodic functions. Jackson’s and
Bernstein’s inequalities are ones among such results.

N.P. Kuptsov proposed a generalized notion of module of continuity, ex-
panded onto C0-groups in a Banach space [1]. Using this notion, N.P. Kuptsov [1]
and A.P. Terekhin [2] proved the generalized Jackson’s inequalities for the cases of

This work was partially supported by the Ukrainian State Foundation for Fundamental Research
(project N14.1/003).
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bounded group and s-regular group. Recall that group {U(t)}t∈R is called s-regular
if resolvent of its generator A satisfies the condition

∃θ ∈ R : ‖Rλ(eiθAs)‖ ≤ C

Imλ
.

G.V. Radzievsky studied direct and inverse theorems [3, 4], using the notion
of K-functional instead of module of continuity, but it should be noted that the
K-functional has two-sided estimates with regard to the module of continuity at
least for bounded C0-groups.

In the papers [5, 6] and [7] authors investigated the case of a group of unitary
operators in a Hilbert space and established Jackson-type inequalities in Hilbert
spaces and their rigs. These inequalities are used to estimate the rate of conver-
gence to zero of the best approximation of both finite and infinite smoothness
vectors for operator A by exponential type entire vectors.

We consider C0-groups, generated by so-called non-quasianalytic operators
[8], i.e., groups satisfying ∫ ∞

−∞

ln ‖U(t)‖
1 + t2

dt < ∞. (1.1)

We recall that the belonging of group to the C0 class means that for every x ∈ X
vector-function U(t)x is continuous on R with respect to the norm of space X.

As it was shown in [5], the set of exponential type entire vectors for the
non-quasianalytic operator A is dense in X, so the problem of approximation by
exponential type entire vectors is correct. On the other hand, it was shown in [9]
that condition (1.1) is close to the necessary one, so in the case when (1.1) doesn’t
hold, the class of entire vectors isn’t necessary dense in X, and the corresponding
approximation problem loses its meaning.

The purpose of this work is to obtain Jackson- and Bernstein-type inequalities
and inverse theorems in the case where a vector of a Banach space is approximated
by exponential type entire vectors for a non-quasianalytic operator, and to give
some applications of these results to weighted Lp spaces. First, in Section 2, all
necessary definitions and the statement of approximation problem are given, next,
in Section 3 we describe required apparatus, in Section 4 direct and inverse the-
orems are established, and, in the last Section 5, we give some examples of using
the results in weighted Lp spaces.

2. Preliminaries

Let A be a closed linear operator with dense domain of definition D(A) in the
Banach space (X, ‖·‖) over the field of complex numbers.

Let C∞(A) denotes the set of all infinitely differentiable vectors of operator
A, i.e.,

C∞(A) =
⋂

n∈N0

D(An), N0 = N ∪ {0}.
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For number α > 0 we set

Eα(A) =
{
x ∈ C∞(A) | ∃c = c(x) > 0 ∀k ∈ N0

∥∥Akx
∥∥ ≤ cαk

}
.

The set Eα(A) is a Banach space with respect to the norm

‖x‖Eα(A) = sup
n∈N0

‖Anx‖
αn

.

Then E(A) =
⋃

α>0 Eα(A) is a linear locally convex space with respect to the
topology of inductive limit of Banach spaces Eα(A):

E(A) = lim ind
α→∞ Eα(A).

Elements of space E(A) are called exponential type entire vectors of operator A.
The type σ(x, A) of vector x ∈ E(A) is defined as the number

σ(x, A) = inf {α > 0 : x ∈ Eα(A)} = lim sup
n→∞

‖Anx‖
1
n . (2.1)

Denote by Ξα(A) the following set

Ξα(A) =
{
x ∈ E(A) |σ(x) ≤ α

}
. (2.2)

It is easy to see that

Eα(A) ⊂ Ξα(A) =
⋂
ε>0

Eα+ε(A). (2.3)

The question if the inclusion in the equation (2.3) is strict naturally arises. If
the operator A is a generator of bounded C0-group U(t), then, as follows from
[2, Theorem 1], Eα(A) = Ξα(A). But if the group U(t) is unbounded (as is for
non-quasianalytic operators A), it is possible that Eα(A) 
= Ξα(A), that is there
exists such vector x that σ(x) = r, but x 
∈ Er(A). We will return to this question
later, discussing the generalization of the Bernstein inequality in Section 4 and in
Section 5, where the example of such operator A and vector x is constructed.

For arbitrary x ∈ X we set, according to [7, 6],

Er(x, A) = inf
y∈Ξr(A)

‖x − y‖ , r > 0,

i.e., Er(x, A) is the best approximation of element x by exponential type entire
vectors y of operator A for which σ(y, A) ≤ r. For fixed x, Er(x, A) does not
increase and Er(x, A) → 0, r → ∞ for every x ∈ X if and only if the set E(A)
of exponential type entire vectors is dense in X. Particularly, as indicated above,
the set E(A) is dense in X if A generates C0-group {U(t) : t ∈ R} and this group
belongs to non-quasianalytic class (that is, it satisfies (1.1)).

Example. Let X is one of the Lp(2π) (1 ≤ p < ∞) spaces of integrable in pth
degree over [0, 2π], 2π-periodical functions or the space C(2π) of continuous 2π-
periodical functions (the norm in X is defined in a standard way), and let A is
the differentiation operator in the space X (D(A) = {x ∈ X ∩ AC(R) : x′ ∈ X};
(Ax)(t) = dx

dt , where AC(R) denotes the space of absolutely continuous functions
over R). It can be proved that in such case E(A) coincides with the set of all
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trigonometric polynomials, and for y ∈ E(A) σ(y, A) = deg(y), where deg(y) is
the degree of trigonometric polynomial y.

Note that all previous definitions do not change if we replace the operator
A by any operator of form eiθA, θ ∈ R. Moreover, main results of this article do
not depend on which operator generates group U(t) – either A or iA. So, in what
follows, we always assume that the operator iA is the generator of C0-group of
linear continuous operators {U(t) : t ∈ R} on X. Moreover, we suppose that the
operator A is non-quasianalytic.

For t ∈ R+, we set

MU (t) := sup
τ∈R, |τ |≤t

‖U(τ)‖ . (2.4)

The estimation ‖U(t)‖ ≤ Meωt for some M, ω ∈ R implies MU (t) < ∞ (for all
t ∈ R+). It is easy to see that the function MU (·) has the following properties:

1) MU (t) ≥ 1, t ∈ R+;
2) MU (·) is monotonically non-decreasing on R+;
3) MU (t1 + t2) ≤ MU (t1)MU (t2), t1, t2 ∈ R+.

According to [1], for x ∈ X, t ∈ R+ and k ∈ N we set as a generalization of
module of smoothness,

ωk(t, x, A) = sup
0≤τ≤t

∥∥Δk
τx

∥∥ , where (2.5)

Δk
h = (U(h) − I)k =

k∑
j=0

(−1)k−j

(
j

k

)
U(jh), k ∈ N0, h ∈ R (Δ0

h ≡ 1). (2.6)

Moreover, let

ω̃k(t, x, A) = sup
|τ |≤t

∥∥Δk
τx

∥∥ . (2.7)

Remark 2.1. It is easy to see that in the case of bounded group {U(t)} (‖U(t)‖ ≤
M, t ∈ R) the quantities ωk(t, x, A) and ω̃k(t, x, A) are equivalent within constant
factor (ωk(t, x, A) ≤ ω̃k(t, x, A) ≤ M ωk(t, x, A)), and in the case of isometric
group (‖U(t)‖ ≡ 1, t ∈ R) these quantities coincide.

It is immediate from the definition of ω̃k(t, x, A) that for k ∈ N:

1) ω̃k(0, x, A) = 0;
2) for fixed x the function ω̃k(t, x, A) is non-decreasing and is continuous by the

variable t on R+;
3) ω̃k(nt, x, A) ≤

(
1 + (n − 1)MU ((n − 1)t)

)k
ω̃k(t, x, A) (n ∈ N, t > 0);

4) ω̃k(μt, x, A) ≤
(
1 + μMU (μt)

)k
ω̃k(t, x, A) (μ, t > 0);

5) for fixed t ∈ R+ the function ω̃k(t, x, A) is continuous in x.
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3. Integration kernels and spectral subspaces

In contrast to the Hilbert space case and selfadjoint operators, we do not have
spectral decomposition of operator as the convenient tool to deal with entire vec-
tors of exponential type, we need another instruments. This section devoted to two
such things – the investigation of properties of generalizations of classic integral
kernels, such as

1
2π

(
sin x

2
x
2

)2

and
1

Kn

(
sin x

2n
x
2n

)2n

, (3.1)

and to determining the relationship between entire vectors of exponential type and
spectral subspaces of non-quasianalytic operators, constructed in [8].

3.1. One class of integration kernels

Integral kernels, generalizing (3.1), were first constructed in [10]. They are entire
functions, bounded and fast decreasing on real axis. They will be used later for
constructing of approximation. Now we describe how these kernels are constructed
and state their properties.

In what follows we denote as Q the class of functions α : R �→ R, satisfying
the following conditions:

I) α(·) is measurable and bounded on any segment [−T, T ] ⊂ R.
II) α(t) > 0, t ∈ R.

III) α(t1 + t2) ≤ α(t1)α(t2), t1, t2 ∈ R.
IV)

∫∞
−∞

|ln(α(t))|
1+t2 dt < ∞.

Note that these conditions are properties of norm of non-quasianalytic group.
Without lost of generality we may assume that the function α(t) satisfies additional
conditions:

V) α(t) ≥ 1, t ∈ R; 1

VI) α(t) is even on R and is monotonically increasing on R+;
VII)

∥∥α−1
∥∥

L1(R)
=

∫ ∞
−∞ |α−1(t)|dt < ∞.

Really, it is easy to verify that assumptions V), VII) and condition that the func-
tion α(t) is even in VI) don’t confine the general case if one examine the function
α1(t) = α̃(t)α̃(−t), where α̃(t) = (1 + α(t))(1 + t2). In [11, Theorems 1 and 2] it
has been proved that the monotony condition on α(t) in VI) doesn’t confine the
general case too.

It follows from VII) that

α(t) → ∞, t → ∞. (3.2)

1As shown in [8], for non-quasianalytic groups the condition ‖U(t)‖ ≥ 1 always holds, therefore
in this paper the condition V) automatically takes place.
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Let β(t) = lnα(t), t ∈ R. Conditions III)–VII) and (3.2) lead to conclusion that

β(t) > 0, β(−t) = β(t), β(t) → ∞, t → ∞;

β(t1 + t2) ≤ β(t1) + β(t2), t1, t2 ∈ R (3.3)∫ ∞

1

β(t)
t2

dt < ∞ (3.4)

Because of (3.3) there exists limit limt→∞
β(t)

t . And, by virtue of (3.4):

lim
t→∞

β(t)
t

= 0. (3.5)

Also, using monotony of β(t), for t ∈ [k, k + 1], k ∈ N one gets

β(t)
t2

≥ β(k)
(k + 1)2

≥ 1
4

β(k)
k2

,

thus using (3.4) it is easy to obtain that
∞∑

k=1

β(k)
k2

< ∞, (3.6)

moreover, all terms of series (3.6) are positive. From the convergence of series
(3.6) it follows the existence of such sequence {Qn}∞n=1 ⊂ R that Qn > 1, Qn →
∞, n → ∞ and

∞∑
k=1

β(k)
k2

Qk = S < ∞. (3.7)

We set

ak :=
β(k)Qk

S k2
, k ∈ N.

The definition of ak and (3.7) result in equality
∞∑

k=1

ak = 1. (3.8)

We construct the sequence of functions, which, obviously, are entire for every
n ∈ N:

fn(z) :=
n∏

k=1

Pk(z), where Pk(z) =
(

sin akz
2

akz
2

)2

, z ∈ C, n ∈ N.

Similarly to the proof of Denjoy-Carleman theorem [12, p. 378] it can be concluded
that the sequence of (entire) functions fn(z) converges uniformly to the function

f(z) =
∞∏

k=1

(
sin akz

2
akz
2

)2

, z ∈ C

in every disk {z ∈ C | |z| ≤ R}. Thus, by Weierstrass theorem, the function f(z)
is entire.
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It can be verified that 0 < ‖f‖L1(R) < ∞. Thus let

Kα(z) :=
1

‖f‖L1(R)

f(z), z ∈ C. (3.9)

Functions Kα(z) are generalizations of integral kernels (3.1). The following two
lemmas state properties of these kernels.

Lemma 3.1 ([13]). Let α ∈ Q. Then the function Kα(z), constructed above, satisfies

1) Kα(t) ≥ 0, t ∈ R;
2)

∫∞
−∞ Kα(t) dt = 1;

3) ∀r > 0 ∃cr = cr(α) > 0 ∀z ∈ C |Kα(rz)| ≤ cr
er|Im z|
α(|z|)

Let α ∈ Q, and Kα : C �→ C is the function constructed by the function α as
above. We set

Kα,r(z) := rKα(rz), z ∈ C, r ∈ (0,∞).

Lemma 3.1 ensures us that the function Kα,r has the following properties:

1) Kα,r(t) ≥ 0, t ∈ R;
2)

∫∞
−∞ Kα,r(t) dt = 1;

3) ∀z ∈ C |Kα,r(z)| ≤ rcr
er|Im z|
α(|z|) ; r > 0.

Next lemma describes the behavior of derivatives of Kα,r(t).

Lemma 3.2 ([13]). For every r ∈ (0,∞) there exists a constant c̃r = c̃r(α) > 0
such that for each n ∈ N the following inequality holds

|K(n)
α,r(t)| ≤ c̃r

√
2πn α

(
n
r

)
α(|t|) rn, t ∈ R.

Remark 3.3. If the function α(t) satisfies the conditions of lemma 3.1, but, more-
over, has polynomial order of growth at infinity, i.e., ∃m ∈ N0, ∃M > 0:

α(t) ≤ M(1 + |t|)2m, t ∈ R, (3.10)

another integral kernel may be used:

K̃α(z) =
1

Km

(
sin z

2m
z

2m

)2m

, Km =
∫ ∞

−∞

(
sin x

2m
x

2m

)2m

dx.

In much the same way as in Lemmas 3.1 and 3.2 one can show that∣∣K̃α(rz)
∣∣ ≤ C̃r

er|Im z|

α(|z|) , where C̃r =
M

Km

(
1 +

2m

r

)2m

,

and ∣∣K̃(n)
α,r(t)

∣∣ ≤ c̃r

√
2πn α(n

r )
α(|t|) rn, where c̃r < 2rC̃r,

that is to say, defined in such a way integral kernel satisfies Lemmas 3.1 and 3.2.
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3.2. Spectral subspaces of non-quasianalytic operators

Main instrument for proving generalized Bernstein inequality is the theory of spec-
tral subspaces of non-quasianalytic operator A, constructed in [8]. Recall that
spectral subspaces (denoted by L(Δ)) are defined for all segments Δ ⊂ R and are
characterized by the following properties:

1) The operator A is defined on whole L(Δ) and is bounded on it;
2) L(Δ) is invariant with respect to A;
3) the spectrum of part AΔ of operator A, induced in L(Δ), consists of inter-

section of spectrum of A with the interior of segment Δ and, perhaps, the
endpoints of segment Δ. And at that, if the endpoint of segment Δ does not
belong to the spectrum of A, it does not belong to the spectrum of AΔ either;

4) if there is some subspace L on which the operator A is defined everywhere
and is bounded, and this subspace is invariant with respect to A, and at
the same time the spectrum of L-induced part of A is included in Δ, then
L ⊂ L(Δ).
Now we describe the construction of spectral subspaces and their main prop-

erties, and later state the relationship with the entire vectors of exponential type.
Let θ(t) (−∞ < t < ∞) is the entire function of order 1 with zeroes on the positive
imaginary ray:

θ(t) = C
∞∏

k=1

(
1 − t

itk

)
, where 0 < t1 ≤ t2 ≤ . . . ,

∞∑
k=1

1
tk

< ∞, (3.11)

C is a constant. Define by E
(∞)
θ the class of entire functions φ(t) of finite type and

order 1 which satisfies for all m = 0, 1, . . . and for all a > 0 the condition

M
(m,a)
θ (φ) :=

∫ ∞

−∞
|tmθ(at)φ(t)| dt < ∞. (3.12)

As shown in [8, Lemma 1.1.1], the Fourier transform of functions from E
(∞)
θ is

non-quasianalytic, that is the following property takes place:

Proposition 3.4. For any segment Δ of real axis and for any open finite interval
I ⊃ Δ there exists φ(t) ∈ E

(∞)
θ such that its Fourier transform equals one in Δ

and equals zero outside I.

Moreover, the class E
(∞)
θ is linear and is closed under convolutions and dif-

ferentiation.
Next step is the construction of finite functions of operator A. For C0-group

with non-quasianalytic generator there exists [11] such entire function θ(t) of order
1 with zeroes on the positive imaginary ray that

‖U(t)‖ ≤ |θ(t)| ∀t ∈ R.

Let’s consider arbitrary φ(t) ∈ E
(∞)
θ and construct linear operator

Pφ =
∫ ∞

−∞
φ(t)U(t) dt. (3.13)
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The operator, defined by (3.13), is bounded due to (3.12). Next, consider arbitrary
segment Δ of real axis and denote by E

(∞)
θ (Δ) the set of such functions φ(t) ∈

E
(∞)
θ that the Fourier transform φ̃(λ) = 1 in some interval containing Δ. Denote

by L(Δ) the subspace of vectors x such that

Pφx = x (3.14)

for all φ(t) ∈ E
(∞)
θ (Δ).

Operators Pφ are useful to studying of vectors Anx and to proving of the
Bernstein inequality because of properties (3.13), (3.14) and property [8, p. 445]

APφ = PφA = P−iφ′ , (3.15)

which allow to deal with derivatives of some entire functions instead of Banach-
space operators and vectors.

The following theorem shows the close relationship between spectral sub-
spaces and entire vectors of exponential type.

Theorem 3.5 ([14]). For all α > 0

Eα(A) ⊂ Ξα(A) = L([−α, α]),

moreover, Ξα(A) is the closed subspace of X.

4. Direct and inverse theorems

In this section we establish generalizations of well-known Jackson’s inequality (di-
rect theorem), Bernstein inequality and the inverse theorem.

4.1. Abstract Jackson-type inequality

Direct theorem can be proven in several ways, one of which is indirect – that is,
we can show that there exists a vector or an approximation method giving good
estimate for the best approximation. But from the practical point of view more
interesting is the method giving direct expression for the approximation, even if
this approximation is not the best.

We show how to construct an approximation of a Banach-space vector by
entire vectors of exponential type and state the main results (an analogue of the
Jackson’s inequality) for it.

Let the group {U(t) : t ∈ R} satisfies (1.1). Then it follows from [11, Theo-
rems 1 and 2] that ∫ ∞

−∞

ln (MU (|t|))
1 + t2

dt < ∞. (4.1)

We fix arbitrary k ∈ N and set

α(t) :=
(
MU (|t|)

)k(1 + |t|)k+2, t ∈ R.
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The function α is, obviously, even on R. Condition (4.1) and properties of function
MU (·) imply α ∈ Q, and, moreover,∫ ∞

−∞

(
(1 + |t|)MU (|t|)

)k

α(t)
dt =

∫ ∞

−∞

dt

(1 + |t|)2 = 2. (4.2)

Using lemma 3.1 (or remark 3.3 if α(t) ≤ M(1 + |t|)m) for the function α(t), we
construct the family of kernels Kα,r.

In what follows, we assume x ∈ X, r ∈ (0,∞) and n ∈ {1, . . . , k}. We define

xr,n :=
∫ ∞

−∞
Kα,r(t)U(nt)xdt.

Let ν ∈ N0. It can be shown that xr,n ∈ C∞(A) =
⋂

ν∈N0
D(Aν) and

Aνxr,n =
(−1)ν

nν

∫ ∞

−∞
K(ν)

α,r(t)U(nt)xdt. (4.3)

Moreover, for the relation (4.3) we can get [13]

lim sup
ν→∞

(
‖Aνxr,n‖

)1/ν ≤ r

n
.

The last inequality brings us to the conclusion that

xr,n ∈ E(A) and σ(xr,n, A) ≤ r

n
, (4.4)

that is xr,n, as the entire vector of exponential type, constructed from vector x, is
a candidate for constructing of the approximation.

For arbitrary x ∈ X we define

x̃r,k :=
∫ ∞

−∞
Kα,r(t)(x + (−1)k−1(U(t) − I)kx)dt

=
∫ ∞

−∞
Kα,r(t)

k∑
n=1

(−1)n+1

(
k

n

)
U(nt)xdt (4.5)

Using definition (4.5) one can get

x̃r,k =
k∑

n=1

(−1)n+1

(
k

n

)∫ ∞

−∞
Kα,r(t)U(nt)xdt =

k∑
n=1

(−1)n+1

(
k

n

)
xr,n.

Therefore, accordingly to (4.4),

x̃r,k ∈ E(A) and σ(x̃r,k, A) ≤ r.

Hence for an arbitrary x ∈ X we have

Er(x, A) = inf
y∈E(A) : σ(y,A)≤r

‖x − y‖ ≤ ‖x − x̃r,k‖ .
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x̃r,k is the approximation of vector x. Remark that the rule by which we set the
vector x̃r,k in correspondence to vector x is the linear operator

Lr,kx =
∫ ∞

−∞
Kα,r(t)

k∑
n=1

(−1)n+1

(
n

k

)
U(nt)xdt,

defined on all X, that is we constructed linear approximation method and gave the
direct expression for it.

Next we state the generalizations of Jackson’s inequality.

Theorem 4.1 ([13]). Suppose that {U(t) : t ∈ R} satisfies condition (1.1). Then
for every k ∈ N there exists a constant mk = mk(A) > 0, such that for all x ∈ X
the following inequality holds

Er(x, A) ≤ mk · ω̃k

(
1
r
, x, A

)
, r ≥ 1. (4.6)

Remark 4.2. If, additionally, the group {U(t)} is bounded (MU (t) ≤ M̃ < ∞, t ∈
R), then the assumption r ≥ 1 can be changed to r > 0.

Theorem 4.1 allows us to prove the analogue of classic Jackson’s inequality
for m times differentiable functions.

Corollary 4.3 ([13]). Let x ∈ D(Am), m ∈ N0. Then for every k ∈ N0

Er(x, A) ≤ mk+m

MU

(
m
r

)
rm

ω̃k

(
1
r
, Amx, A

)
, r ≥ 1, (4.7)

where constants mn (n ∈ N) are the same as in Theorem 4.1.

By setting in corollary 4.3 k = 0 and taking into account that ω̃0 (·, Amx, A) ≡
‖Amx‖, one can conclude the following inequality:

Corollary 4.4 ([13]). Let x ∈ D(Am), m ∈ N0. Then

Er(x, A) ≤ mm

rm

(
MU (1/r)

)m‖Amx‖ r ≥ 1, (4.8)

where the constants mn (n ∈ N) are the same as in Theorem 4.1.

4.2. Generalized Bernstein inequality

One of the well-known inequalities in approximation theory is the Bernstein in-
equality. If f(x) is an entire function of exponential type σ > 0, and

|f(x)| ≤ M, −∞ < x < ∞,

then
|f ′(x)| ≤ σM, −∞ < x < ∞. (4.9)

This inequality was generalized for exponential type entire vectors in [14], but
in contrast to the classical one, the generalized inequality ‖Anx‖ ≤ cnαn‖x‖ has
the constants cn in it. In this section we show that the constants cn grows slowly
than exponent and that in the general case of non-quasianalytic group U(t) it is
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impossible to prove an analogue of Bernstein inequality with cn ≤ c uniformly for
all n ∈ N.

Theorem 4.5 (Bernstein-type inequality). For every x ∈ E(A) with type, not ex-
ceeding some α ≥ 1, the following inequality holds

‖Anx‖ ≤ cnαn‖x‖, (4.10)

where constants cn do not depend on x and α and are growing slowly than exponent,
i.e., for any ε > 0 there exists such cε that cn ≤ cε(1+ε)n for all positive integer n.

Proof. Let’s consider majorant θ(t) for the function ‖U(t)‖, constructed in [11].
Remark that θ(t) is of the form (3.11). As it was done in (3.9) in Section 2, by the
function θ(t) one can construct the entire function K(t) of exponential type.

Let’s consider arbitrary ε > 0 and such function φα(t) that its Fourier trans-
form equals 1 in [−α, α] and equals 0 outside

(
− α(1 + 2ε), α(1 + 2ε)

)
. According

to [8, Lemma 1.1.1], one can use as φα(t) the function

φα(t) =
K2(αε t) sin

(
α(1 + ε)t

)
πt

. (4.11)

Denote by

φ(t) :=
K2

(
ε t) sin

(
(1 + ε)t

)
πt

.

Then φα(t) = αφ(αt). As it follows from (3.13) and (3.15), it is enough to estimate
the quantity ∫ ∞

−∞
|φ(n)

α (t)θ(t)| dt.

to prove the theorem. For α ≥ 1 we have |θ(t)| ≤ |θ(αt)| and∫ ∞

−∞
|φ(n)

α (t)θ(t)| dt ≤
∫ ∞

−∞
|φ(n)(αt)θ(αt)|αdt. (4.12)

The change of variables τ = α · t gives

dnφ(αt)
dtn

=
dnφ(τ)

dτn
· αn,

thus ∫ ∞

−∞
|φ(n)(αt)θ(αt)|αdt = αn ·

∫ ∞

−∞
|φ(n)(τ)θ(τ)| dτ.

It is easy to see that the last integral exists and does not depend on α. Let it
equals cn > 0. Then

‖Anx‖ = ‖P(−i)nφ(n)x‖ ≤ cnαn‖x‖.
Let’s show that cn are growing slowly than exponent. Using the estimate [14, Proof
of Theorem 1]

|φ(n)
r,ε (t)| ≤ c(!)c2

ε

√
2πn(r + 2ε)n

∣∣∣∣θ
(

n
r+2ε

)
θ(t)

∣∣∣∣2
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on derivatives of φr,ε(t) = K2(εt) sin rt
rt we obtain∣∣φ(n)(t)

∣∣ ≤ c(!)c2
ε

√
2πn

π
(1 + ε)(1 + 3ε)n

∣∣∣∣θ(n)
θ(t)

∣∣∣∣2.
Using [14, Proof of Theorem 1]

lim
n→∞

(∣∣∣θ2
(n

α

)∣∣∣)1/n

= 1, α ∈ R+,

and the arbitrary of ε > 0, from the last inequality we can get that cn grows slowly
then the exponent. �

We see that the inequality (4.10) differs from direct analogue of classic one
(4.9) by the constants cn, which equals 1 in the classic case. The question if these
constants cn are the characteristic property of our generalization or only the im-
perfection of proof, naturally arises. It is shown in [2, Theorem 1] that for bounded
C0-group U(t) the direct analogue of Bernstein inequality (with cn ≡ 1) can be
proved. But for non-quasianalytic operators the situation is different. In Section 5.2
we construct the example of operator A and vector x such that the type of x equals
some α > 1, but x 
∈ Eα(A), which means that there is no such constant c that

∀k ∈ N0

∥∥Akx
∥∥ ≤ cαk,

that is there exists a counterexample for any inequality of the form (4.10) with
any bounded sequence cn.

As the consequence of Theorem 4.5 we get the following estimate for operator Δk
h:

Corollary 4.6 ([14]). Let x ∈ E(A) and σ(x) ≤ α, α ≥ 1. Then for all k ∈ N

‖Δk
hx‖ ≤ ck(hα)kMU (kh)‖x‖, (4.13)

where constants ck are the same as in Theorem 4.5 and the function MU (t) is
defined by (2.4).

4.3. Inverse theorem

Following results generalize classical Bernstein theorem (also known as inverse
theorem).

Theorem 4.7 ([14]). Let ω(t) is the function of type of a module of continuity for
which the following conditions are satisfied:

1. ω(t) is continuous and nondecreasing for t ∈ R+.
2. ω(0) = 0.
3. ∃c > 0 ∀t ∈ [0, 1] ω(2t) ≤ cω(t).
4.

∫ 1

0
ω(t)

t dt < ∞.

If, for x ∈ X, there exist n ∈ N and m > 0 such that

Er(x, A) ≤ m

rn
ω

(
1
r

)
, r ≥ 1, (4.14)
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then x ∈ D(An) and for every k ∈ N there exists a constant mk > 0 such that

ωk(t, Anx, A) ≤ mk

(
tk

∫ 1

t

ω(u)
uk+1

du +
∫ t

0

ω(u)
u

du

)
, 0 < t ≤ 1/2. (4.15)

The following lemma is used for the proof of theorem.

Lemma 4.8 ([14]). Suppose that the function ω(t) satisfies conditions 1–3 of theo-
rem 4.7. If, for x ∈ X, there exists m > 0 such that

Er(x, A) ≤ mω

(
1
r

)
, r ≥ 1, (4.16)

then, for every k ∈ N, there exists a constant c̃k > 0 such that

ωk(t, x, A) ≤ c̃ktk
∫ 1

k

ω(τ)
τk+1

dτ, 0 < t ≤ 1/2. (4.17)

5. Examples of application of abstract direct
and inverse theorems in particular spaces

In this section we discuss two applications of presented theory. First is the ap-
proximation of continuous functions by entire functions in the weighted Lp(R, μ)
spaces with growing at the infinity weight (for example, L1(R, xn) spaces). Similar
problems studied in several papers (see the review [15]). Second is the approxima-
tion of continuous functions by entire functions in the weighted Lp(R, μ) spaces
with decreasing at the infinity weight. Many papers, started from the works of S.
Bernstein [16, 17], concerned to this problem.

5.1. Direct and inverse theorems of approximation by exponential type entire
functions in the space Lp(R, μp)

We consider a real-valued function μ(t) satisfying the following conditions:
1) μ(t) ≥ 1, t ∈ R;
2) μ(t) is even, monotonically non-decreasing when t > 0;
3) μ(t) satisfies naturally occurring in many applications condition μ(t + s) ≤

μ(t) · μ(s), s, t ∈ R.
4)

∫∞
−∞

ln μ(t)
1+t2 dt < ∞,

or alternatively, instead of 4), the equivalent condition holds:

4′)
∑∞

k=1
ln μ(k)

k2 < ∞.

Let’s consider several important classes of functions satisfying conditions 1)–4).
1. Constant function μ(t) ≡ 1, t ∈ R.
2. Functions with polynomial order of growth at the infinity. It is easy to check
that for such functions following estimate holds:

∃k ∈ N, ∃M ≥ 1 μ(t) ≤ M(1 + |t|)k, t ∈ R.
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3. Functions of the form

μ(t) = e|t|
β

, 0 < β < 1, t ∈ R.

4. μ(t) represented as a power series for t > 0. I.e.,

μ(t) =
∞∑

n=0

|t|n
mn

,

where {mn}n∈N is the sequence of positive real numbers satisfying two conditions:
• m0 = 1, m2

n ≤ mn−1 · mn+1, n ∈ N;
• ∀k, l ∈ N (k+l)!

mk+l
≤ k!

mk

l!
ml

.

The function μ(t), defined above, obviously satisfies conditions 1) and 2). The
condition ∀k, l ∈ N (k+l)!

mk+l
≤ k!

mk

l!
ml

implies
n∑

k=0

tksn−kn!
k!(n − k)! mn

≤
n∑

k=0

tksn−k

mkmn−k
, (5.1)

and it is easy to see that condition 3) follows from inequality (5.1). Denjoy-
Carleman theorem [12, p. 376] asserts that the following conditions are equivalent:

a) μ(t) satisfies condition 4);

b)
∑∞

n=1

(
1

mn

)1/n

< ∞;

c)
∑∞

n=1
mn−1
mn

< ∞.

5. μ(t) as a module of an entire function with zeroes on the imaginary axis. We
consider

ω(t) = C
∞∏

k=1

(
1 − t

itk

)
, t ∈ R,

where C ≥ 1, 0 < t1 ≤ t2 ≤ · · · ,
∑∞

k=1
1
tk

< ∞. We set μ(t) := |ω(t)|. Then μ(t)
satisfies conditions 1)–3), and, as shown in [8], μ(t) satisfies condition 4) also.

Let’s proceed to the description of spaces Lp(R, μp). Let the function μ(t)
satisfies conditions 1)–4). We consider the space Lp(R, μp), 1 ≤ p ≤ ∞ of functions
x(s), s ∈ R, integrable in pth degree with the weight μp:

‖x‖p
Lp(R,μp) =

∫ ∞

−∞
|x(s)|pμp(s) ds.

Lp(R, μp) is the Banach space. We consider the differential operator

(Ax)(t) =
dx

dt
, D(A) = {x ∈ Lp(R, μp) ∩ AC(R) : x′ ∈ Lp(R, μp)}.

The operator A generates the group of shifts {U(t)}t∈R in the space Lp(R, μp).
This group isn’t bounded. As shown in [13],

‖U(t)‖Lp(R,μp) ≤ μ(|t|), t ∈ R.

To obtain meaningful results of approximation by entire functions, we need
to establish how the space E(A) and the space of entire functions of exponential
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type are connected. Denote by Bσ the set of exponential functions of entire type
σ. We showed [14] that the following embedding holds

Ξσ(A) ⊂ Bσ ∩ Lp(R, μp). (5.2)

It was shown in [14] that for all functions μ(t), satisfying

μ(t) ≥ 1 + R|t|q

for some q > 1 − 1
p , R > 0 and for all t > t0 ≥ 0, the reverse embedding holds.

In this paper we improve this result and show that Bσ ∩ Lp(R, μp) ⊂ Ξσ(A) for
all weights μ(t), satisfying conditions 1)–4). Let f ∈ Bσ ∩ Lp(R, μp). Obviously
f ∈ Lp(R). f is entire function, so (see [18, p. 191]) it is bounded on the real axis.
One can conclude that f ∈ S′ (remind that S′ is the Schwartz space of tempered
distributions, see [19]).

To prove that f ∈ Ξσ(A) by the use of Theorem 3.5, let’s consider majorant
θ(t) for the function μ(t), constructed as in the proof of Theorem 4.5. We need to
show that for all φ ∈ E

(∞)
θ ([−σ, σ])

f = Pφf =
∫ ∞

−∞
φ(t)U(t)fdt.

Note that it follows from the definition of class E
(∞)
θ that every such φ ∈ S. Let’s

consider φ ∈ E
(∞)
θ ([−σ, σ]). As φ ∈ S and f ∈ S′, the convolution φ ∗ f is well

defined [19, p. 324]. But for φ1(t) = φ(−t)

(Pφ1f)(x) =
∫ ∞

−∞
φ1(t)U(t)f(x)dt =

∫ ∞

−∞
φ(t)f(x − t)dt = (φ ∗ f)(x).

The Fourier transform of φ ∗ f equals to

φ̃ ∗ f = φ̃ · f̃ = f̃ ,

because by the definition of E
(∞)
θ ([−σ, σ]) we have φ̃ = 1 on [−σ, σ], and by the

Paley-Wiener theorem supp f ⊂ [−σ, σ]. Thus,

Pφ1f = f ∀φ1 ∈ E
(∞)
θ ([−σ, σ]),

(since φ(−t) also runs over all E
(∞)
θ ([−σ, σ]) so f ∈ L([−σ, σ]) and by the means

of Theorem 3.5, f ∈ Ξσ(A).
We have shown that Ξσ(A) = Bσ ∩ Lp(R, μp) for all weights μ(t), satisfying

conditions 1)–4). Note that ‖f−gσ‖Lp(R,μp) is defined only for those functions that
belongs to Lp(R, μp) (because of ‖gσ‖Lp(R,μp) ≤ ‖f − gσ‖Lp(R,μp) + ‖f‖Lp(R,μp)),
thus the best approximation by exponential type entire vectors is the same as the
best approximation by entire functions of exponential type.

By applying Theorems 4.1, 4.5, 4.7 and Corollary 4.3 we get several results
for the approximation theory in Lp(R, μp) spaces.
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Corollary 5.1. For every k ∈ N there exists a constant mk(p, μ) > 0 such that for
all f ∈ Lp(R, μp)

Er(f) ≤ mk · ω̃k

(
1
r
, f

)
, r ≥ 1.

Corollary 5.2. Let f ∈ W m
p (R, μp), m ∈ N0. Then for all k ∈ N0

Er(f) ≤ mk+m

μ
(

m
r

)
rm

ω̃k

(
1
r
, f (m)

)
, r ≥ 1,

where constants mn (n ∈ N) are the same as in Corollary 5.1.

Corollary 5.3. Let f ∈ Lp(R, μp)∩Bσ, σ ≥ 1. Then for all n ∈ N there exist such
constants cn > 0, not depending on σ and growing slower than exponent, that

‖f (n)‖Lp(R,μp) ≤ cnσn‖f‖Lp(R,μp).

Corollary 5.4. Let ω(t) be a function of type of a module of continuity for which
the following conditions are satisfied:

1. ω(t) is continuous and nondecreasing for t ∈ R+.
2. ω(0) = 0.
3. ∃c > 0 ∀t ∈ [0, 1] ω(2t) ≤ cω(t).
4.

∫ 1

0
ω(t)

t dt < ∞.

If, for f ∈ Lp(R, μp) there exist such n ∈ N and m > 0 that

Er(f) ≤ m

rn
ω

(
1
r

)
, r ≥ 1,

then f ∈ Wn
p (R, μp) and for every k ∈ N there exists a constant mk > 0 such that

ωk(t, f (n)) ≤ mk

(
tk

∫ 1

t

ω(u)
uk+1

du +
∫ t

0

ω(u)
u

du

)
, 0 < t ≤ 1/2.

5.2. Exponential type entire functions in the space Lp(R, μ−p) and
constants in the Bernstein inequality

We consider the same real-valued function μ(t) as in the previous subsection, but
another functional space. Consider the space Lp(R, μ−p) of functions x(s), s ∈ R,
integrable in pth degree with the weight μ−p:

‖x‖p
Lp(R,μ−p) =

∫ ∞

−∞
|x(s)|pμ−p(s) ds.

Lp(R, μ−p) is the Banach space. We consider the same differential operator as in
the previous subsection

(Ax)(t) =
dx

dt
, D(A) = {x ∈ Lp(R, μ−p) ∩ AC(R) : x′ ∈ Lp(R, μ−p)}.
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The operator A generates the group of shifts {U(t)}t∈R in the space Lp(R, μ−p).
This group isn’t bounded for unbounded μ(t). Let’s show this and that the group
is non-quasianalytic. Indeed, let’s consider for arbitrary t ≥ 1

x(s) =

{
1, s ∈ [t, t + 1],
0, s 
∈ [t, t + 1].

Obviously, x(s) ∈ Lp(R, μ−p). We have

‖U(t)x‖p =
∫ ∞

−∞
|x(t + s)|pμ−p(s) ds =

∫ 1

0

μ−p(s) ds = C > 0,

the last quantity does not depend on t. But

‖x‖p =
∫ ∞

−∞
|x(s)|pμ−p(s) ds =

∫ t+1

t

μ−p(s) ds,

and from the monotony of μ(s) for s ∈ [0, 1] we get
1

μ(t + 1)
≤ 1

μ(t + s)
≤ 1

μ(t)
,

so ‖x‖p ≤ 1
μp(t) . For unbounded μ(t) this shows that

‖U(t)‖ ≥ ‖U(t)x‖
‖x‖ ≥ Cμ(t) → ∞,

that is the group U(t) is unbounded.
From the other hand, for every function x, because of the property 3),

‖U(t)x‖p =
∫ ∞

−∞

∣∣∣∣x(t + s)
μ(s)

∣∣∣∣p ds

=
∫ ∞

−∞

∣∣∣∣x(t + s) · μ(t)
μ(s) · μ(t)

∣∣∣∣p ds

≤
∫ ∞

−∞

∣∣∣∣x(t + s) · μ(t)
μ(t + s)

∣∣∣∣p ds

=
(
μ(t)

)p‖x‖p,

so ‖U(t)‖Lp(R,μ−p) ≤ μ(t), that is the group U(t) is non-quasianalytic.
Now we construct an example of vector such that the type of x equals some

α > 1, but x 
∈ Eα(A). Consider μ(t) = (1 + |t|)3 and (for the simplicity)

x(t) = t · eikt, k ∈ N.

Then we can calculate

Anx(t) =
(
t · eikt

)(n) = n(ik)n−1eikt + (ik)nt · eikt.

Let

a =
∫ ∞

∞
|eikt|pμ−p(t) dt, b =

∫ ∞

∞
|t · eikt|pμ−p(t) dt.
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It is easy to see that 0 < a < ∞ and 0 < b < ∞, and from the property |y| − |z| ≤
|y + z| ≤ |y| + |z| of the absolute value we obtain

nkn−1a − knb ≤ ‖Anx‖Lp(R,μ−p) ≤ nkn−1a + knb. (5.3)

It can be seen from the inequality (5.3) that there is no such constant c > 0 that
‖Anx‖Lp(R,μ−p) ≤ c · kn for all n ∈ N, that is x 
∈ Ek(A), but, on the other hand,
for any ε > 0 there exists such constant cε that ‖Anx‖Lp(R,μ−p) ≤ cε · (k+ ε)n, that
is x ∈ Ξk(A) and σ(x) = k.
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c© 2009 Birkhäuser Verlag Basel/Switzerland

Results on Convergence in Norm of
Exponential Product Formulas and Pointwise
of the Corresponding Integral Kernels

Takashi Ichinose and Hideo Tamura

Abstract. For the last one and a half decades it has been known that the
exponential product formula holds also in norm in nontrivial cases. In this
note, we review the results on its convergence in norm as well as pointwise of
the integral kernels in the case for Schrödinger operators, with error bounds.
Optimality of the error bounds is elaborated.
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1. Introduction

The Trotter product formula, Trotter–Kato product formula or exponential prod-
uct formula is usually a product formula which in strong operator topology ap-
proximates the group/semigroup with generator being a sum of two operators. It is
often a useful tool to study Schrödinger evolution groups/semigroups in quantum
mechanics and to study Gibbs semigroups in statistical mechanics.

To think of a typical case, let A and B be selfadjoint operators in a Hilbert
space H with domains D[A] and D[B] and H := A + B their operator sum with
domain D[H ] = D[A]∩D[B]. Assume that H is selfadjoint or essentially selfadjoint
on D[H ] and denote its closure by the same H . Then Trotter [44] proved the
unitary product formula

[e−itB/2ne−itA/ne−itB/2n]n − e−itH → 0, strongly,

[e−itA/ne−itB/n]n − e−itH → 0, strongly, n → ∞,
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and also, when A and B are nonnegative, the selfadjoint product formula

[e−tB/2ne−tA/ne−tB/2n]n − e−tH → 0, strongly,

[e−tA/ne−tB/n]n − e−tH → 0, strongly. n → ∞,

The convergence is locally uniform, i.e., uniform on compact t-intervals, respec-
tively in the real line R and in the closed half-line [0,∞). Kato [29] discovered
the latter selfadjoint product formula to hold also for the form sum H := A+̇B
with form domain D[H1/2] = D[A1/2] ∩ D[B1/2], which we assume for simplicity
is dense in H. However, it remains to be an open problem whether the unitary
product formula for the form sum holds.

However, since around 1993 we have begun to know that selfadjoint product
formulas converge even in (operator) norm, though in some special cases, by the
following two first results. Rogava [37] proved, when B is A-bounded and H =
A + B is selfadjoint, among others, the abstract product formula that

‖[e−tA/ne−tB/n]n − e−tH‖ = O(n−1/2 log n), n → ∞,

locally uniformly in [0,∞). Helffer [13] proved, when H := −Δ + V (x) is a
Schrödinger operator in L2(Rd) with nonnegative potential V (x) satisfying
|∂α

x V (x)| ≤ Cα (|α| ≥ 2) so that H is selfadjoint on the domain D[−Δ] ∩ D[V ],
the symmetric product formula that

‖[e−tV/2ne−t(−Δ)/ne−tV/2n]n − e−tH‖ = O(n−1), n → ∞,

locally uniformly in [0,∞). Many works were done to extend these results before
2000, e.g., in [5, 20, 22, 32, 33, 35] for the abstract product formula, [9, 10, 17,
18, 19, 41] for the Schrödinger operators, and after that, e.g., in [23, 27, 16],
[3, 4, 6, 7] for the abstract product formula. In most of them, use was made of
operator-theoretic methods, though of a probabilistic method in [17, 18, 19, 41].

In this note, we want to describe more recent results on convergence in norm
for exponential product formulas and also pointwise of the corresponding integral
kernels, mainly based on our works since around 2000, [23, 27, 24, 25, 26]. As for the
error bounds, although it is easy to see by the Baker–Campbell–Hausdorff formula
(e.g., [45], [40]) that with both operators A and B being bounded, the nonsymmet-
ric product formula has an optimal error bound O(n−1) while the symmetric one
does O(n−2), it was shown in [27] that even the symmetric product formula has an
optimal error bound O(n−1) in general, if both A and B are unbounded. However,
in [25] (cf. [26]), a better upper sharp error bound O(n−2) has been obtained for
the symmetric product formula with the Schrödinger operator −Δ + V (x) hav-
ing nonnegative potentials V (x) growing polynomially at infinity, in spite that
both −Δ and V are unbounded operators. In this note we mention, with a sketch
of proof, a latest complementary result [2] which settles the sharp optimal error
bound is in fact O(n−2) with the symmetric product formula for the harmonic
oscillator, by estimating the error not only from above but also from below, in
norm as well as pointwise.
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Theorems are described in Section 2. Optimality of error bounds is discussed
separately in Section 3. The idea of proof is briefly mentioned in Section 4. In Sec-
tion 5 we give concluding remarks, and also refer to a connection of the exponential
product formula with the Feynman path integral.

It should be also noted that in almost the same context with the notion of
norm ideals (e.g., [12], [38]) we are able to deal with the trace norm convergence
as in [46, 30, 31, 34, 14, 21, 42]. For an extensive literature on this we refer to [47].

The content of this note is an expanded version of the lecture entitled “On
convergence pointwise of integral kernels and in norm for exponential product
formulas” given by T.I. at the International Conference “Modern Analysis and
Applications (MAA 2007)”, Odessa, Ukraine, April 9–14, 2007, which is a slightly
extended version of of the lecture (unpublished) given at the Conference on “Heat
Kernel in Mathematical Physics”, Blaubeuren, Germany, November 28–December
2, 2006.

2. Theorems

We begin with our result which extends ultimately Rogava and Helffer’s.

Theorem 2.1 (Ichinose-Tamura-Tamura-Zagrebnov 2001 [23, 27]). Let A and B
be nonnegative selfadjoint operators, and assume H = A + B is selfadjoint on
D[H ] = D[A] ∩ D[B]. Then as n → ∞,

‖[e−tB/2ne−tA/ne−tB/2n]n − e−tH‖ = O(n−1), (2.1)

‖[e−tA/ne−tB/n]n − e−tH‖ = O(n−1). (2.2)

The convergence is locally uniform in the closed half-line [0,∞), while on the whole
half-line [0,∞), if H is strictly positive, i.e., H ≥ ηI for some η > 0. The error
bound O(n−1) in (2.1) and (2.1) is optimal.

We can go beyond this result. First, focussing on the Schrödinger operator
−Δ + V (x), we ask whether norm convergence implies pointwise convergence of
integral kernels. The answer is yes, though strong convergence does not. This prob-
lem is discussed for Schrödinger operators with potentials of polynomial growth
(Theorem 2.2), with positive Coulomb potential (Theorem 2.3), and also for the
Dirichlet Laplacian (Theorem 2.4). Pointwise convergence of integral kernels for
Schrödinger semigroups is important, because it gives a time-sliced approximation
to the imaginary-time Feynman path integral.

Next, we ask, for the unitary exponential/Trotter product formula, whether
there are nontrivial cases where it converges in norm, though it does not in general
hold (see [15]). The answer is yes. In fact, it holds for the Dirac operator and
relativistic Schrödinger operator (Theorem 2.5).

Let H = H0 + V := −Δ + V (x) with V (x) a real-valued function. By
K(n)(t, x, y) we denote the integral kernel of [e−tH0/2ne−tV/ne−tH0/2n]n, and by
e−tH(x, y) that of e−tH .
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Theorem 2.2 (Ichinose-Tamura 2004 [25] (positive potential of polynomial
growth)). Assume that V (x) is in C∞(Rd), bounded below and satisfies

|∂α
x V (x)| ≤ Cα〈x〉m−δ|α|, 〈x〉 = (1 + x2)1/2

with some 0 < δ ≤ 1.
(i) (In norm)

‖[e−tH0/2ne−tV/ne−tH0/2n]n − e−tH‖L2 = O(n−2), (2.3)

locally uniformly in the open half-line (0,∞).

(ii) (Integral kernel)

[K(n)(t, x, y) − e−tH(x, y)] = O(n−2),

in C∞(Rd × Rd)-topology, locally uniformly in (0,∞), (2.4)

i.e., together with all x, y-derivatives.

This theorem improves the result of Takanobu [41], who used a probabilistic
method with the Feynman–Kac formula (see Sect. 5) to show uniform pointwise
convergence of the integral kernels, roughly speaking, with error bound O(n−ρ/2),
if V (x) satisfies V (x) ≥ C(1 + |x|2)ρ/2 and |∂α

x V (x)| ≤ Cα(1 + |x|2)(ρ−δ|α|)+/2 for
some constants C, Cα ≥ 0 and ρ ≥ 0, 0 < δ ≤ 1. The claim of Theorem 2.2 is a
little bit sharpened in Theorems 3.1 and 3.2, in the next section, in the case of the
harmonic oscillator.

Theorem 2.3 (Ichinose-Tamura 2006 [26] (positive Coulomb potential)). Let H :=
−Δ + V (x) with V (x) ≥ 0. Assume that V (−Δ + 1)−α: L2(Rd) → L2(Rd) is
bounded for some 0 < α < 1, and that V ∈ C∞ near a neighbourhood U of both p
and q (after p, q ∈ Rd taken). Then

[K(t/n)n(x, y) − e−tH(x, y)] = O(n−1),

in C∞(U)-topology, locally uniformly in (0,∞). (2.5)

The condition is satisfied if V is in L2(R3)+L∞(R3), in particular, if V is the
positive Coulomb potential 1/|x|. We don’t know what happens at the singularities
of V (x).

Theorem 2.4 (Ichinose-Tamura 2006 [26] (Dirichlet Laplacian)). Let Ω ⊂ Rd be
a bounded domain with smooth boundary and χΩ the indicator function of Ω. Let
H0 := −Δ in L2(Rd), and H := −ΔD the Dirichlet Laplacian in Ω with domain
D[H ] = H2(Ω) ∩ H1

0 (Ω). Then for 0 < σ < 1
6 ,(

χΩ e−tH0/n χΩ

)n(x, y) − e−tH(x, y) = O(n−σ),

locally uniformly in (t, x, y) ∈ (0,∞) × Ω × Ω. (2.6)

We don’t know what happens when x or y approaches the boundary of Ω.

Corollary.
‖[χΩ e−tH0/n χΩ]nf − e−tHf‖L2 → 0, f ∈ L2(Ω).
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Consequently, Theorem 2.4 is a stronger statement than this corollary, though
the latter is also obtained by Kato [29] as an abstract result: If A is a nonnegative
selfadjoint operator and P an orthogonal projection in a Hilbert space H, then
(Pe−tA/nP )n → e−tAP , strongly, as n → ∞, where AP := (A1/2P )∗(A1/2P ). In
passing, however, it is an open question whether it holds that (Pe−itA/nP )n →
e−itAP P , strongly (Zeno product formula). A partial answer was given in [11].

All Theorems 2.2–2.4 hold with order of products exchanged, e.g., in Theo-
rem 2.2, [e−tV/2ne−tH0/ne−tV/2n]n instead of [e−tH0/2ne−tV/ne−tH0/2n]n.

Theorem 2.5 (Ichinose-Tamura 2004 [24] (Unitary Trotter in norm)). Let A and
B be selfadjoint, and assume H := A + B to be essentially selfadjoint in a Hilbert
space H. Assume that there exists a dense subspace D of H with D ⊂ D[A]∩D[B]
such that e−itA, e−itB : D → D. Further assume that the commutators [A, B],
[A, [A, B]] and [B, [A, B]] are bounded on H. Then

‖
(
e−itB/2ne−itA/ne−itB/2n

)n − e−itH‖ = O(n−2), n → ∞, (2.7)

locally uniformly in the real line R.

As important applications we have ones to the Dirac operator H = H0 +
V = (iα · ∇ + mβ) + V (x) in L2(R3)4, where α = (α1, α2, α3) and β are the 4
Dirac matrices, with ∂γV (x)(|γ| = 2) being bounded, as well as to the relativistic
Schrödinger operator H = H0 + V =

√
−Δ + m2 + V (x) on L2(Rd) with ∂γ

xV (x)
being bounded for 1 ≤ |γ| ≤ 4 (0 ≤ |γ| ≤ 4, if m = 0). In these cases, H are
essentially selfadjoint, and satisfy the conditions in the theorem. So it holds that

‖[e−itV/2ne−itH0/ne−itV/2n]n − e−itH‖L2 = O(n−2), n → ∞, (2.8)

locally uniformly in R.

However, this theorem does not apply to Schrödinger operators except for
the Stark Hamiltonian (−Δ + V (x)) + a · x in L2(Rd), where a is a constant real
vector in Rd.

Finally it should be noted that we have shown in Theorems 2.2–2.4 that the
convergence is uniform only on compact t-intervals which are away from 0, though
in Theorems 2.1 and 2.5, on ones which are allowed to be not away from 0.

3. Optimality of error bounds

In this section we discuss optimality of error bounds. The error bound O(1/n) in
Theorem 2.1 is optimal, because if both A and B are bounded operators, by the
Baker–Campbell–Hausdorff formula we know

[e−tA/ne−tB/n]n − e−tH = R′
n · n−1,

[e−tB/2ne−tA/ne−tB/2n]n − e−tH = Rn · n−2,
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for some R′
n and Rn being uniformly bounded operators which in general are not

the zero operator. From this, optimality in the former non-symmetric case is evi-
dent. But even in the symmetric case it is optimal. Indeed, there exist unbounded
nonnegative selfadjoint operators A, B such that H = A + B is selfadjoint and

‖[e−tB/2ne−tA/ne−tB/2n]n − e−tH‖ ≥ c(t)n−1

for some continuous function c(t) with c(t) > 0, t > 0 and c(0) = 0 ([27]).
However, further in some special symmetric case in Theorem 2.2 where −Δ, V

are taken as A, B, we have seen the symmetric product formula hold with a sharp
error bound O(n−2). We can make more precise this result with the 1-dimensional
harmonic oscillator H := H0 + V := 1

2 (−∂2
x + x2) in L2(R).

Theorem 3.1 (Azuma-Ichinose 2007 [2]). There exists bounded continuous func-
tions C(t) ≥ 0 and c(t) ≥ 0 in t ≥ 0, which are positive except t = 0 with
C(0) = c(0) = 0, independent of n, such that for n = 1, 2, . . . ,

c(t)n−2 ≤ ‖[e− t
2n V e−

t
n H0e−

t
2n V ]n − e−tH‖ ≤ C(t)n−2, t ≥ 0 . (3.1)

This theorem mentions an error bound from below, extending the harmonic
oscillator case of Theorem 2.2 which treats only the right-half inequality with
C(t) = C being a positive constant depending on each compact t-interval in the
open half-line (0,∞).

It is anticipated that the same is true for the Schrödinger operator H =
−Δ + V (x) with growing potentials like V (x) = |x|2m treated in Theorem 2.2.

Theorem 3.1 is obtained as a corollary from the following theorem of its inte-
gral kernel version. Here one calculates explicitly the integral kernel K(n)(t, x, y)
of [e−tV/2ne−tH0/ne−tV/2n]n to estimate its difference from the integral kernel
e−tH(x, y) of e−tH .

Theorem 3.2 (Azuma-Ichinose 2007 [2]). There exists a bounded operator R(t)
and uniformly bounded operators {Q(n)(t)}∞n=1 with integral kernels R(t, x, y) and
Q(n)(t, x, y) being uniformly bounded continuous functions in (0,∞)×R×R such
that

K(n)(t, x, y) − e−tH(x, y) =
[
R(t, x, y) + Q(n)(t, x, y)n−1

]
n−2; (3.2)

they satisfy

sup
x,y

|R(t, x, y)|, sup
n

sup
x,y

|Q(n)(t, x, y)| → 0, t → 0 ; sup
x,y

|R(t, x, y)| → 0, t → ∞.

R(t, x, y) is explicitly given by

R(t, x, y) = e−tH(x, y)
t2

12

[
t
(1

4
et + e−t

et − e−t
+

(et + e−t)xy − (x2 + y2)
(et − e−t)2

)
+

1
16

(
1 +

4xy − (et + e−t)(x2 + y2)
et − e−t

)]
. (3.3)

If t > 0, R(t, x, y) can become positive and negative.
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Lemma 3.3.

K(n)(t, x, y)

=
1√
π

( √
1 + t2

4n2(
1 + t

n

√
1 + t2

4n2 + t2

2n2

)n

−
(
1 − t

n

√
1 + t2

4n2 + t2

2n2

)n

)1/2

× exp

[
2
√

1 + t2

4n2(
1 + t

n

√
1 + t2

4n2 + t2

2n2

)n

−
(
1 − t

n

√
1 + t2

4n2 + t2

2n2

)n xy

]

× exp

{[
− t

4n
− n

2t

(
1− (3.4)

(
1 + t

n

√
1 + t2

4n2 + t2

2n2

)n−1

−
(
1 − t

n

√
1 + t2

4n2 + t2

2n2

)n−1

(
1 + t

n

√
1 + t2

4n2 + t2

2n2

)n

−
(
1 − t

n

√
1 + t2

4n2 + t2

2n2

)n

)]
(x2 + y2)

}
.

Proof. Calculate the Gaussian integral

K(n)(t, x, y) ≡
( n

2πt

)n
2

n − 1︷ ︸︸ ︷∫
R

· · ·
∫
R

n∏
j=1

[
e−

t
4n x2

j e−
(xj−xj−1)2

2t/n e−
t

4n x2
j−1

]
dx1 · · · dxn−1,

where x = xn, y = x0. We shall encounter with continued fraction to lead to the
final expression (3.4) of the lemma.

To show Theorem 3.2, we simply calculate the difference K(n)(t, x, y) −
e−tH(x, y), though it is not so simple.

Here we mention what the operator with R(t, x, y) as its integral kernel is. By
the Baker–Campbell–Hausdorff formula (e.g., [45], [40]), if A and B are bounded
operators, we have

[e−tB/2ne−tA/ne−tB/2n]n − e−t(A+B)

= exp
(
− t(A + B) − n−2 t2

24
[2A + B, [A, B]] − Op(n−3)

)
= e−t(A+B) − n−2 t2

24

∫ t

0

e−(t−s)(A+B)[2A + B, [A, B]]e−s(A+B)ds + Op(n−3),

where Op(n−3) is an operator with norm of O(n−3). In our case where A =
− 1

2∂2
x, B = 1

2x2, we can show R(t, x, y) is just the integral kernel of the oper-
ator

− t2

24

∫ t

0

e−(t−s)H [2H0 + V, [H0, V ]]e−sHds,

which does make sense, though H0 and V are unbounded operators. We have
[2H0 + V, [H0, V ]] = −4H0 + 2V = −4H + 6V .
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4. Idea of proof

Put K(τ) = e−τB/2e−τAe−τB/2. Note that 0 ≤ K(τ) ≤ 1. Then we need to
estimate the difference between K(t/n)n and e−tH . The general technique of proof
is: (i) to establish an appropriate version of Chernoff’s theorem ([8]):[

(1 + τ−1(1 − K(τ))−1 − (1 + H)−1
]
→ 0, τ ↓ 0

=⇒ [K(t/n)n − e−tH ] → 0, n → ∞
and/or (ii) to do telescoping:

e−tH − K(t/n)n =
n∑

k=1

e−(k−1)tH/n(e−tH/n − K(t/n))K(t/n)n−k

to estimate each summand on the right. The former method (i) seems to be more
efficient than the latter (ii).

In fact, to prove Theorem 1, we use the former method, establishing the
following norm version of Chernoff’s theorem with error bounds. The case without
error bounds was noted by Neidhardt–Zagrebnov [33].

Lemma 4.1 (Ichinose-Tamura [23]).
I. Let {F (t)}t≥0 be a family of selfadjoint operators with 0 ≤ F (t) ≤ 1, and

H ≥ 0 a selfadjoint operator in a Hilbert space H. Define St := t−1(1−F (t)).
Then

(a) For 0 < α ≤ 1, ‖(1 + St)−1 − (1 + H)−1‖ = O(tα), t ↓ 0

implies

(b) For every fixed δ > 0,

‖F (t/n)n − e−tH‖ = δ−2t−1+αeδtO(n−α), n → ∞, t > 0.

Therefore for α = 1 this convergence is uniform on each compact interval
[0, L] in the closed half-line [0,∞).

II. Moreover, in case H ≥ ηI for some constant η > 0, if for every ε > 0 there
exists δ(ε) > 0 such that F (t) ≤ 1 − δ(ε) for all t ≥ ε, then

‖F (t/n)n − e−tH‖ = (1 + 2/η)2t−1+αO(n−α), n → ∞, t > 0.

Therefore for α = 1 this convergence is uniform on the whole closed half-line
[0,∞).

Condition II is satisfied, e.g., for F (τ) = e−τB/2e−τAe−τB/2. For the proof,
we refer to [23].

For the proof of Theorems 2.2–2.5 we employ the latter method (ii), and
further, for Theorems 2.2–2.4, make a crucial use of Agmon’s kernel theorem:

Lemma 4.2 (Agmon’s kernel theorem [1]). Let T : L2(Rd) → L2(Rd) be a bounded
operator with ranges of T and its adjoint T ∗ satisfying R[T ], R[T ∗] ⊂ Hm(Rd),
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m > d. If T is an integral operator with integral kernel T (x, y) being a bounded
continuous function in Rd × Rd such that

(Tf)(x) =
∫

T (x, y)f(y) dy, f ∈ L2,

then
|T (x, y)| ≤ C(‖T ‖m + ‖T ∗‖m)

d
m ‖T ‖1− d

m ,

where ‖T ‖m := ‖T ‖L(L2→Hm) is the operator norm of T as an operator of L2(Rd)
into the Sobolev space Hm(Rd).

Indeed, we estimate the L(L2 → Hm)-operator norm of the difference

T = [e−tV/2netΔ/ne−tV/2n]n − et(−Δ+V ).

5. Concluding remarks

We have so far considered the case where the operator sum H = A + B of two
nonnegative selfadjoint operators A and B is selfadjoint. However, otherwise, the
exponential product formula in norm does not in general hold for the form sum
H = A + B of two selfadjoint operators A ≥ 0, B ≥ 0, even if it is essentially
selfadjoint on D[A] ∩ D[B] (see [43]). Nevertheless, there is some case where it
holds:

Theorem 5.1 (Ichinose-Neidhardt-Zagrebnov 2004 [16]). Let H = A+̇B be the
form sum of A and B. If D[Hα] ⊆ D[Aα] ∩ D[Bα] for some 1

2 < α < 1, and
D[A

1
2 ] ⊆ D[B

1
2 ], then

‖[e−tB/2ne−tA/ne−tB/2n]n − e−tH‖ = O(n−(2α−1)), (5.1)

‖[e−tA/ne−tB/n]n − e−tH‖ = O(n−(2α−1)), (5.2)

locally uniformly in [0,∞).

This error bound in (5.1)/(5.2) is also optimal. For this we refer to [43]. The
condition for the domains of A and B is not symmetric. It is an open question
whether one may improve it so as to become symmetric with respect to A and B.

Finally, as we should like to mention, there is a very nice Feynman path
integral formula which represents the Schrödinger semigroup, called the Feynman–
Kac formula

(e−tHf)(x) = (e−t(−Δ+V )f)(x)

=
∫

B∈C([0,∞)→Rd),B(0)=x

exp[−
∫ t

0

V (B(s))ds]f(B(t))dμ(B),
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where μ(·) is the Wiener measure on the path space C([0,∞) → Rd) (e.g., ([39]).
We may use this formula to get whatever results, in fact, a lot of them. This is
a big advantage! But disadvantage is that it is only restricted to the Schrödinger
operator or Laplacian. For instance, if we think of the semigroup for the relativis-
tic Schrödinger operator H =

√
−Δ + m2 + V (x), we have to establish another

Feynman–Kac formula (cf. [28]).
Indeed, the Feynman–Kac formula is one of the realizations of Feynman path

integral as a true integral on a path space. However, as Nelson [36] noted, the
exponential/Trotter product formula also can give a meaning to the Feynman
path integral as a time-sliced approximation by finite-dimensional integrals (cf.
[15]). What it has advantage at is that we may apply it to the sum H = A + B of
any two selfadjoint operators A, B bounded from below.
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Generalized Selfadjoint Operators

Ivan Ya. Ivasiuk

Abstract. An essential problem in mathematical physics is to introduce and
investigate operators perturbed by singular perturbations. Such operators are
usually introduced with the aid of the theory of selfadjoint extensions of Her-
mitian operators. Berezansky and Brasche have proposed another viewpoint
(see [3]) from which such objects are constructed by using operators in a
Hilbert space chain (rigging).

My report is concerned with operators that act from a positive space
into a negative space of some Hilbert rigging. We investigate the generalized
selfadjointness of such operators.
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Keywords. Selfadjoint operators, generalized selfadjoint operators, Hilbert
space rigging.

1. Basic definitions

Let us consider a complex Hilbert space with rigging

H− ⊃ H0 ⊃ H+ (1.1)

defined in the usual way ([4], Ch. 14, §1), H− = (H+)′ . Let I : H− → H+,
J : H− → H0, J : H0 → H+ be standard isometric operators connected with (1.1)
and such that the equality I = JJ holds.

Let A : H+ → H− be some linear operator with domain D(A) dense in H+.
For A, it is easy to define the adjoint operator A+ : H+ → H−. So, let ψ ∈ H+

be such that the functional ϕ → (Aϕ, ψ)H0 ∈ C , defined on D(A), is continuous
and therefore has the representation (Aϕ, ψ)H0 = (ϕ, ψ+)H0 , ψ

+ ∈ H−. Such ψ
form D(A+) of the operator A+ and A+ψ := ψ+. If H+ = H0, then we have the
usual definition of an adjoint operator.

If A : H+ → H− is continuous, then A+ : H+ → H− exists, is bounded, and

(Aϕ, ψ)H0 = (ϕ, A+ψ)H0 , ϕ, ψ ∈ H0. (1.2)

For any A, the operator A+ is closed. If A ⊂ B, then A+ ⊃ B+.
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Definition 1.1. A is generalized Hermitian if

(Aϕ, ψ)H0 = (ϕ, Aψ)H0 , ϕ, ψ ∈ D(A). (1.3)

Indeed, (1.3) means that A ⊂ A+ and the last inclusion is an alternative
definition of the hermicity of A. It follows from the inclusion A ⊂ A+ that A is
closable and (Ã)+ = A+.

Definition 1.2. A : H+ → H− is called generalized selfadjoint if A+ = A and
generalized essentially selfadjoint if A+ = Ã.

Remark 1.3. Consider a Schrödinger operator in the space L2(Rd), d = 1, 2, . . .
with potential q generated by the mapping

L := −�+ q; L : C∞
0 (Rd) → L2(Rd). (1.4)

When q is real-valued and q ∈ L2
loc(R

d), the mapping (1.4) is well defined and
determines a Hermitian operator in L2(Rd). But if q is a generalized function, the
operator defined by (1.4) does not act in L2(Rd). In article [3], the following point
of view on the construction was proposed.

We construct the operator B : H+ → H− corresponding to L = −Δ. Then
we construct the “selfadjoint” operator C : H+ → H− corresponding to q (x) ;
for a generalized q (x), this is possible to do because H− consists of generalized
functions. Finally, we put A := B̃ + C : H+ → H−.

2. Sufficient conditions for generalized selfadjointness

We will give some results represented by Yu.M. Berezansky and J. Brasche in [3].

Proposition 2.1. The generalized selfadjointness and the generalized essentially
selfadjointness of an operator A are equivalent to the same classical properties of
the operator IA as an operator on H+. Also, there holds the equality

IA+ = (IA)∗, (2.1)

where the ∗ denotes the usual adjointness in H+ .

Proposition 2.2. Let the restriction of a generalized Hermitian operator A : H+ →
H−, D(A) = H+, on H0 be bounded (i.e., there exists c > 0 such that for every
φ ∈ H+, Aφ ∈ H0 and ‖Aφ‖H0

≤ c ‖φ‖H0
). Then A is bounded and generalized

selfadjoint.

Proposition 2.3. Let the restriction of A : H+ → H− on the space H0 be essentially
selfadjoint and strongly positive in the following sense: there exists ε > 0 such that

(Aϕ, ϕ)H0 ≥ ε ‖ϕ‖2
H+

, ϕ ∈ D(A). (2.2)

Then this operator is generalized essentially selfadjoint.

The next results were obtained by me.
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Proposition 2.4. Let for A : H+ → H− its action A : H0 → H0, D(A) ⊂ H+ on
the space H0 be essentially selfadjoint and

∃ε > 0, ∃b ∈ R : ∀ϕ ∈ D(A) (Aϕ, ϕ)H0 ≥ ε||ϕ||2H+
+ b||ϕ||2H0

. (2.3)

Then A is generalized essentially selfadjoint.

This proposition shows that condition (2.2) can be weakened. This can be
obtained from the following statement.

Theorem 2.5. Let an operator A : H+ → H− be generalized selfadjoint, D(A) ⊂
H+, and an operator B be Hermitian in H0, H+ ⊂ D(B) and bounded as an
operator from H+ into H−. Then the operator A + B : H+ → H− is generalized
selfadjoint.

The next result is an analogue of Relich-Kato’s theorem.

Theorem 2.6. Let A : H+ → H− be a generalized selfadjoint operator and B : H+ →
H− be a Hermitian operator, D(B) ⊇ D(A). If ∀f ∈ D(A) there holds the inequal-
ity ‖Bf‖H− ≤ p ‖Af‖H− +q ‖f‖H+

, q ≥ 0, p ∈ [0, 1), then A+B also is generalized
selfadjoint.

3. Generalized essentially selfadjointness of the i d
dt

operator in
weight Hilbert riggings

In their work, Yu.M. Berezansky and J. Brasche considered an example of an
operator which is “good” (i.e., in particular, selfadjoint) an one acting from H0

into H0, but is not selfadjoint with respect to Hilbert rigging H0 in the general
sense ([3], Example 3.4). But it is easy to see that its construction is not correct
(as was noticed by Yu.M. Berezansky).

To move in the right way, it is necessary to use one of M.G. Krein’s results
obtained in [6] (see, also, [1], Ch. 1, Theorem 1.2). In our case, it is stated as
follows:

Suppose that in the space H+ we have a continuous operator A with the
norm ‖A‖+ and which is Hermitian in H0, i.e., (Au, v)0 = (u, Av)0, u, v ∈ H+.
Then A is continuous on the space H0 and ‖A‖0 ≤ ‖A‖+ .

So, let us consider, for example, some Hermitian operator T : H+ → H−
with domain D(T ) = H+ which is continuous on H+ and Hermitian in H0. From
the Krein’s result and Proposition 2.2 we obtain that T : H+ → H− is selfadjoint.
Then we have to look for an example in the class of operators unbounded and not
determined on the whole H+.

In view of this, it will be shown that such an example cannot be constructed
for Hilbert weight riggings of spaces L2([0, 1]) and L2(R) for the first order differen-
tial operator either. Moreover, it will be shown that in these cases the generalized
selfadjointness is equivalent to the usual one. We will follow our article [5] and we
will give sketches of the proofs.
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3.1. Case of L2([0, 1])

Let us consider the rigging

L2([0, 1], p−1dt) ⊃ L2([0, 1], dt) ⊃ L2([0, 1], pdt), (3.1)

where L2([0, 1], pdt) is the L2 space with weight p such that

p ∈ C1(0, 1]; p(t) ≥ 1, t ∈ [0, 1]; p(t) → +∞, t → 0. (3.2)

Isometric operators, which are connected with (3.1), have representations: (Ig)(t) =
p−1(t)g(t), (Jg)(t) = p−

1
2 (t)g(t), (Jf)(t) = p−

1
2 (t)f(t), where g ∈ H−, f ∈ H0.

Let us consider the operator A : H0 → H0, (Af)(t) = i df
dt with domain D(A)

dense in H0 such that D(A) = {x ∈ AC[0, 1] | x
′ ∈ L2(0, 1), x(0) = x(1)}. Here

AC[0, 1] is the set of absolutely continuous functions on the segment [0, 1].

Remark 3.1. To consider the operator A as that acting in H0, it is sufficient to
determine it on D(A). But, since in general D(A) � H+, then, to consider the
operator A : H+ → H−, it is necessary to constrict its domain on H+.

So, in what follows, the operator A � D+(A) will be denoted by A, where
D+(A) = D(A) ∩ H+.

Theorem 3.2. Let p satisfy conditions (3.2). The operator A : H0 → H0 with do-
main D+(A) is selfadjoint iff

1∫
0

p(t) dt < ∞. (3.3)

Proof. Outline of the proof.
Necessity. Let us suppose the opposite that

1∫
0

p(t) dt = ∞. (3.4)

Then D+(A) ⊂ {x ∈ AC[0, 1] | x
′ ∈ L2(0, 1), x(0) = x(1) = 0}. So, A is not

selfadjoint. We obtain a contradiction.
Sufficiency. It is easy to see that under condition (3.3), D(A) ⊂ H+ and

D+(A) = D(A). It is well known that the operator A : D(A) → H0 is selfadjoint.
�

Let us consider an operator A : H+ → H− with domain D+(A) which is
dense in H+. According to Proposition 2.1, the generalized selfadjointness of this
operator is equivalent to the selfadjointness of IA : H+ → H+. Then the generalized
selfadjointness is equivalent to the usual selfadjointness of the operator S := JAJ =
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J−1IAJ : H0 → H0, where D(S) = {x ∈ H0

∣∣Jx ∈ D+(A)}. So, we will further
investigate the operator S = JAJ : L2[0, 1] → L2[0, 1] with domain:

D(S) = {x ∈ L2[0, 1] | p−
1
2 x ∈ AC[0, 1],

(p−
1
2 x)

′ ∈ L2(0, 1), (p−
1
2 x)(0) = (p−

1
2 x)(1)},

where (Jx)(t) = p−
1
2 (t)x(t).

Theorem 3.3. Let p satisfy condition (3.2). The operator A : H+ → H− with do-
main D+(A) is generalized essentially selfadjoint iff p satisfies condition (3.3).

Proof. Outline of the proof.
Necessity. Let us suppose the opposite that (3.4) holds. Then D(S) = {x ∈

L2[0, 1] | p−
1
2 x ∈ AC[0, 1], (p−

1
2 x)

′ ∈ L2(0, 1), (p−
1
2 x)(0) = (p−

1
2 x)(1) = 0}. It is

easy to show that
D(S∗) ⊇ {y ∈ L2[0, 1] | p−

1
2 (t)y(t) ∈ AC[0, 1], (p−

1
2 (t)y(t))

′ ∈ L2[0, 1]}. It follows
Ker(S∗ ± i) 
= {0}. So, S is not essentially selfadjoint, and we obtain a contradic-
tion.

Sufficiency. Let the weight p be such that (3.3) holds. Then ∃x ∈ D(S)
such that (p−

1
2 x)(0) = (p−

1
2 x)(1) = c 
= 0. So, for any y ∈ D(S∗) there holds

(p−
1
2 y)(0) = (p−

1
2 y)(1). Then Ker(S∗ ± i) = {0} and S is essentially selfadjoint.

�

It follows from the above-proved, that the operator A : H+ → H− with do-
main D+(A) is generalized essentially selfadjoint iff it is selfadjoint in the normal
sense as an operator from H0 into H0.

3.2. Case of L2(R)
Let us consider the rigging

L2(R, p−1dt) ⊃ L2(R, dt) ⊃ L2(R, pdt), (3.5)

where L2(R, pdt) is the space with weight p such that p ∈ C∞(R); p(t) ≥ 1, t ∈ R.

Consider an operator A : H+ → H− generated by the mapping (Af)(t) = idf
dt

and with domain D(A) = C∞
0 (R) (C∞

0 (R) is the space of finite and infinitely
differentiable function on R). It is dense in H0 and H+. As is well known, the
operator A : H0 → H0 with domain D(A) is essentially selfadjoint.

Instead of investigating the generalized essentially selfadjointness of A : H+ →
H−, we will examine the essentially selfadjointness of S := JAJ = J−1IAJ : H0 →
H0, where D(S) = {x ∈ H0

∣∣Jx ∈ D(A)}. Because p−
1
2 ∈ C∞(R) and ∀t ∈

R p−
1
2 (t) > 0, D(S) = D(A) = C∞

0 (R).

Theorem 3.4. The operator S is generalized essentially selfadjoint in L2(R).

Proof. Outline of the proof.
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It is necessary to show that Ker(S∗ ± i) = {0}. Let y ∈ Ker(S∗ ± i). Then y
satisfies the equation

−(p−1(t)y(t))
′
+ ((p−

1
2 (t))

′
p−

1
2 (t) ∓ 1)y(t) = 0,

whose solutions are y±(t) = c±p
1
2 (t) exp{±

t∫
0

p(s)ds}. But y±(t)∈L2(R). �

So, the operator A : H+ → H− is generalized essentially selfadjoint in the
sense of rigging (3.5) with domain D(A) = C∞

0 (R) and, at the same time, A : H0 →
H0 is essentially selfadjoint in the usual sense on D(A).
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1. Introduction

The present article is a continuation of a series of M.M. Djrbashian’s investigations
that have resulted in his factorization theory for all functions meromorphic in the
unit disc of the complex plane [4, 5, 6, 7]. M.G. Krein considered M.M. Djrbashian’s
complex analysis results important for the development of the operator theory.
He expressed this opinion orally on several occasions. Some applications of M.M.
Djrbashian’s results [4], along with the author’s theory for the half-plane [11], are
given in [8, 9, 11].

More precisely, the present article continues the author’s work [10] which
generalizes the early results of M.M. Djrbashian [2, 3] devoted to the analysis of
some spaces and classes of regular functions defined by means of the Riemann–
Liouville fractional integration. Namely, [2, 3] contain an investigation of the spaces
Ap

α, α > −1, p ≥ 1 (or initially Hp(α)), of functions f(z) holomorphic in |z| < 1
which are defined by the condition∫∫

|ζ|<1

(1 − |ζ|)α|f(ζ)|pdσ(ζ) = sup
0<r<1

∫ 1

0

(1 − t)αtdt

∫ 2π

0

|f(treiϑ)|pdϑ < +∞,
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where σ(ζ) is Lebesgue’s area measure, and Nevanlinna’s classes of functions f(z)
meromorphic in |z| < 1 (see [1], Section 216) which are defined by the condition∫ 1

0

(1 − r)αT (r, f)dr = sup
0<r<1

∫ 1

0

(1 − t)αT (rt, f)dt < +∞, α > −1, (1.1)

where T (r, f) is Nevanlinna’s growth characteristic.
By the well-known equilibrium relation between Nevanlinna’s growth and de-

crease characteristics, for functions f(z) holomorphic in |z| < 1 (1.1) is equivalent
to the condition ∫∫

|z|<1

∣∣ log |f(z)|
∣∣(1 − |z|)αdσ(z) < +∞. (1.2)

The present article deals with some classes of functions u(z) subharmonic in |z| < 1
(which, in particular, can be log |f(z)| with f(z) holomorphic in |z| < 1), the
squares of which are summable with some general measures. As a result, the union
of the considered classes coincides with the set of all functions subharmonic in
|z| < 1, and the considered representations become factorizations for all functions
holomorphic in |z| < 1.

2. Classes of square summable subharmonic functions

Everywhere below, we assume that ω(x) ∈ ΩN2 , i.e., ω(x) is a continuously
differentiable in [0, 1), strictly decreasing, real function, such that ω(0) = 1,
ω(1) = ω(1 − 0) = 0 and |ω′(x)| is non-increasing in [0, 1). Note that ΩN2 is
a subset of the class ΩN of [10].

Further, we define N2
ω as the set of functions u(z) subharmonic in |z| < 1,

such that u(z) belong to the Lebesgue space L2
ω considered in [10], i.e.,

‖u‖2
L2

ω
=

1
2π

∫∫
|z|<1

[
u(z)

]2
dμω(z) < +∞, (2.1)

where dμω(reiϑ) = −dϑdω(r2).

Proposition 2.1. The union of the classes N2
ω over all ω(x) ∈ ΩN2 coincides with

the set of all functions subharmonic in |z| < 1.

Proof. Let u(z) be any function subharmonic in |z| < 1. Then one can see that

ϕ(r) =
1
2π

∫ 2π

0

[
u
(
reiϑ

)]2
dϑ

is a continuous function in [0, 1). Besides, by setting

ω(x) = Mϕ

∫ 1

x

dt

1 +
(∨√

t
0

)+
ϕ

, Mϕ =
( ∫ 1

0

dt

1 +
(∨√

t
0

)+
ϕ

)−1

,
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where
(∨√

t
0

)+
ϕ stands for a positive variation of ϕ(r) in [0,

√
t], one can verify

that ω(x) ∈ ΩN2 and

ϕ(r)
∣∣∣ d

dr
ω(r2)

∣∣∣ =
2Mϕrϕ(r)

1 +
(∨r

0

)+
ϕ

≤ 2Mϕ < +∞.

Hence, u(z) ∈ N2
ω for the chosen ω(x). �

Now, suppose that d0 ∈ (0, 1) is some fixed number and introduce the following
Green potential formed by ordinary Blaschke factors and a bounded, nonnegative
Borel measure ν(ζ) in |ζ| ≤ d0:

G0(z) =
∫∫

|ζ|<d0

log |b(z, ζ)| dν(ζ), b(λ, ζ) =
ζ − λ

1 − λζ

|ζ|
ζ

.

Then, obviously, G0(z) belongs to N2
ω. Hence, forming G0(z) by the Riesz asso-

ciated measure of a function u(z) ∈ N2
ω we conclude that also the subharmonic

function
u0(z) = u(z) − G0(z)

belongs to N2
ω. So, further we shall assume that the Riesz associated measure of a

function u(z) ∈ N2
ω is such that

inf
{
|ζ| : ζ ∈ supp ν

}
≥ d0,

where d0 ∈ (0, 1) is a fixed number, and this assumption will not affect the gener-
ality of our argument.

Further, one can see that L2
ω ⊂ L1

ω for any ω(t) ∈ ΩN , and, consequently, the
inclusion u(z) ∈ N2

ω implies u(z) ∈ L1
ω. Hence, by Theorem 4.3 of [10], the Riesz

associated measure of u(z) satisfies the density condition∫∫
|ζ|<1

(∫ 1

|ζ|2
ω(t)dt

)
dν(ζ) < +∞, (2.2)

and the following Riesz-type representation is true:

u(z) = G(z) + U(z), |z| < 1, (2.3)

where

G(z) =
∫∫

|ζ|<1

log |bω(z, ζ)|dν(ζ)

is a Green-type potential formed by the Blaschke-type factors bω(z, ζ) of [10]. This
potential is convergent in |z| < 1 in virtue of (2.2), and the integral

U(z) =
1
π

∫∫
|ζ|<1

u(ζ)Re
{
Cω(zζ)

}
dμω(ζ) − u(0)

=
1
π

∫∫
|ζ|<1

[
u(ζ) − u(0)

2

]
Re

{
Cω(zζ)

}
dμω(ζ),
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where

Cω(z) =
∞∑

k=0

z

Δk
, Δk = −

∫ 1

0

tkdω(t),

is M.M. Djrbashian’s Cauchy-type kernel, is uniformly convergent in |z| < 1, where
it represents a harmonic function.

Representation (2.3) is inherent in a class of functions which is wider than N2
ω.

Thus, the inclusion u(z) ∈ N2
ω has to imply some additional statements.

Theorem 2.2. The following statements are true:
1◦. Both summands G(z) and U(z) in the right-hand side of representation (2.3)

of a function u(z) ∈ N2
ω (ω ∈ ΩN2) are of N2

ω.
2◦. The operator

Qωu(z) =
1
π

∫∫
|ζ|<1

[
u(ζ) − u(0)

2

]
Re

{
Cω(zζ)

}
dμω(ζ), |z| < 1,

is identical on the set of harmonic functions of N2
ω and it paps Green-type

potentials G(z) ∈ N2
ω to identical zero.

3◦. If U(z) is any harmonic function of N2
ω, then in L2

ω the function U(z)−U(0)
is orthogonal to any Green-type potential G(z) ∈ N2

ω.

Proof. 1◦. By Theorem 3.1 of [10], U(z) = Re f(z) where

f(z) =
1
π

∫∫
|ζ|<1

u(ζ)Cω(zζ) dμω(ζ) − u(0)

is a holomorphic function in |z| < 1, such that f(z) ∈ L2
ω, i.e., f(z) belongs to

the Hilbert space A2
ω of [10]. Thus, U(z) belongs to the harmonic space A2

ω, i.e.,
U ∈ N2

ω. Hence, G(z) ∈ N2
ω.

2◦. One can see that representation (2.3) can be written in the form

u(z) = G(z) + Qωu(z).

For any harmonic function of N2
ω, the same representation is true without the

summand Gω(z), i.e., Qω is identical operator on the set of harmonic functions
from N2

ω. Consequently, by applying Qω to the above representation, we get

Qωu(z) = QωG(z) + Q2
ωu(z) = QωG(z) + Qωu(z).

Thus, QωG(z) ≡ 0.
3◦. Denote U0(z) = U(z) − U(0) for brevity. Then U0(z) = Re F (z) where

F (z) =
1
π

∫∫
|ζ|<1

U0(ζ)Cω(zζ)dμω(ζ)

is a holomorphic function in |z| < 1, such that F (0) = 0 and

‖F (z)‖2
A2

ω
=

∞∑
k=1

|ak|2Δk < +∞,
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where {ak}∞1 are the coefficients of the Taylor expansion for F (z) in |z| < 1. It is
obvious that for any r ∈ (0, 1)

Fr(z) =
1
π

∫∫
|ζ|<r

U0(ζ)Cω(zζ)dμω(ζ)

is a function of A2
ω , which possesses the Taylor series expansion

Fr(z) =
∞∑

k=1

ak

Δk

(
−

∫ r2

0

tkdω(t)
)

zk, |z| < 1.

Besides, one can see that∥∥F (z) − Fr(z)
∥∥

A2
ω

=
∞∑

k=1

|ak|2
Δk

(∫ r2

0

tkdω(t)
)2

≤
∞∑

k=1

|ak|2
∣∣∣∣ ∫ r2

0

tkdω(t)
∣∣∣∣ → 0

as r → 1 − 0. Consequently, setting

U0(z, r) = Re Fr(z) =
1
π

∫∫
|ζ|<r

U0(ζ)Re
{
Cω(zζ)

}
dμω(ζ)

we conclude that ‖U0(z) − U0(z, r)‖L2
ω
→ 0 as r → 1 − 0, and hence the following

equalities are true for the inner product of U0(z) and G(z) in L2
ω:(

U0(z),G(z)
)
ω

= lim
r→1−0

(
U0(z, r), G(z)

)
ω

= lim
r→1−0

1
2π

∫∫
|z|<1

(
1
π

∫∫
|ζ|<r

U0(ζ)Re
{
Cω(zζ)

}
dμω(ζ)

)
G(z)dμω(z)

= lim
r→1−0

1
2π

∫∫
|ζ|<r

(
1
π

∫∫
|z|<1

G(z)Re
{
Cω(ζ z)

}
dμω(z)

)
U0(ζ)dμω(ζ)

=
(
0, U0(z)

)
ω

+
1
2
G(0)U0(0) = 0. �

In addition, the following statement is true for the L2
ω-norms of the Green-type

potentials, which we give without proof.

Theorem 2.3. If ν(ζ) is a nonnegative Borel measure in |ζ| < 1 which satisfies
(2.2) with some ω(x) ∈ ΩN2 , then the Green type potential Gω(z) with the Riesz
measure ν(ζ) belongs to N2

ω if and only if there exists finite

‖G‖2
L2

ω
= lim

ρ→1−0

∫∫
|ζ|<1

∫∫
|ζ′|<1

(
log |bω(z, ζ)|, log |bω(z, ζ′)|

)
ωρ

dν(ζ)dν(ζ ′),

(2.4)
where ωρ(x) = ω(x)χ[0,ρ](x) and χ[0,ρ](x) is the characteristic function of [0, ρ].

Remark 2.4. In virtue of Theorems 2.2 and 2.3, the class N2
ω coincides with the

set of all those functions u(z) subharmonic in |z| < 1 which are representable in
the form (2.3), where U(z) is a harmonic function of N2

ω and G(z) is a convergent
Green-type potential with finite L2

ω-norm. Note that with the use of some formulas
from [10], the value of the inner product in (2.4) can be exactly calculated. This
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results in a density condition for the Riesz measure dν(ζ)dν(ζ′), which includes
the arguments of ζ and ζ′.
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Asymptotics of Toeplitz Matrices with Symbols
in Some Generalized Krein Algebras

Alexei Yu. Karlovich

To the memory of Mark Krein (1907–1989)

Abstract. Let α, β ∈ (0, 1) and

Kα,β :=

{
a ∈ L∞(T) :

∞∑
k=1

|â(−k)|2k2α < ∞,

∞∑
k=1

|â(k)|2k2β < ∞
}

.

Mark Krein proved in 1966 that K1/2,1/2 forms a Banach algebra. He also
observed that this algebra is important in the asymptotic theory of finite
Toeplitz matrices. Ten years later, Harold Widom extended earlier results of
Gabor Szegő for scalar symbols and established the asymptotic trace formula

trace f(Tn(a)) = (n + 1)Gf (a) + Ef (a) + o(1) as n → ∞
for finite Toeplitz matrices Tn(a) with matrix symbols a ∈ K

1/2,1/2
N×N . We show

that if α + β ≥ 1 and a ∈ Kα,β
N×N , then the Szegő-Widom asymptotic trace

formula holds with o(1) replaced by o(n1−α−β).

Mathematics Subject Classification (2000). Primary 47B35; Secondary 15A15,
47B10.

Keywords. Toeplitz matrix, generalized Krein algebra, Szegő-Widom limit the-
orem, Wiener-Hopf factorization.

1. Introduction and the main result

For 1 ≤ p ≤ ∞, let Lp := Lp(T) and Hp := Hp(T) be the standard Lebesgue and
Hardy spaces on the unit circle T, respectively. Denote by {â(k)}k∈Z the sequence
of the Fourier coefficients of a function a ∈ L1(T),

â(k) =
1
2π

∫ 2π

0

a(eiθ)e−ikθdθ (k ∈ Z).

This work is partially supported by the grant FCT/FEDER/POCTI/MAT/59972/2004.
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For α, β ∈ (0, 1), put

Kα,0 :=

{
a ∈ L∞(T) :

∞∑
k=1

|â(−k)|2k2α < ∞,

}
,

K0,β :=

{
a ∈ L∞(T) :

∞∑
k=1

|â(k)|2k2β < ∞
}

,

Kα,β := Kα,0 ∩ K0,β.

It was Mark Krein [18] who first discovered that K1/2,1/2 forms a Banach algebra
under pointwise multiplication and the norm

‖a‖1/2,1/2 := ‖a‖L∞ +

( ∞∑
k=−∞

|â(k)|2(|k| + 1)

)1/2

.

By the same method, one can show that if α, β ∈ [1/2, 1), then Kα,0 and K0,β are
Banach algebras under pointwise multiplication and the norms

‖a‖α,0 := ‖a‖L∞ +

( ∞∑
k=0

|â(−k)|2(k + 1)2α

)1/2

,

‖a‖0,β := ‖a‖L∞ +

( ∞∑
k=0

|â(k)|2(k + 1)2β

)1/2

,

respectively. Further, if max{α, β} ≥ 1/2, then Kα,β is a Banach algebra under
pointwise multiplication and the norm

‖a‖α,β := ‖a‖L∞ +

( ∞∑
k=0

|â(−k)|2(k + 1)2α

)1/2

+

( ∞∑
k=0

|â(k)|2(k + 1)2β

)1/2

(see [4, Chap. 4] and also [6, Sections 10.9–10.11] and [2, Theorem 1.3]). In these
sources even more general algebras are considered. The algebra K1/2,1/2 is re-
ferred to as the Krein algebra. The algebras Kα,0, K0,β, and Kα,β will be called
generalized Krein algebras.

Suppose N ∈ N. For a Banach space X , let XN and XN×N be the spaces of
vectors and matrices with entries in X , respectively. Let I be the identity operator,
P be the Riesz projection of L2 onto H2, Q := I−P , and define I, P , and Q on L2

N

elementwise. For a ∈ L∞
N×N and t ∈ T, put ã(t) := a(1/t) and (Ja)(t) := t−1ã(t).

Define Toeplitz operators

T (a) := PaP | ImP, T (ã) := JQaQJ | ImP

and Hankel operators

H(a) := PaQJ | ImP, H(ã) := JQaP | ImP.
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The function a is called the symbol of T (a), T (ã), H(a), H(ã). We are interested
in the asymptotic behavior of finite block Toeplitz matrices

Tn(a) :=
(
â(j − k)

)n

j,k=0

generated by (the Fourier coefficients of) the symbol a as n → ∞. It should be
noted that asymptotics of Toeplitz matrices was one of the topics of Mark Krein’s
interests. In particular, he proved [18] that K1/2,1/2 is an optimal smoothness
class for the validity of the strong Szegő limit theorem for scalar positive symbols
(independently this result was obtained by Devinatz [8]; for an extension of this
result to matrix positive definite symbols, see Böttcher and Silbermann [3]). Many
results about asymptotic properties of Tn(a) as n → ∞ are contained in the books
by Grenander and Szegő [11], Böttcher and Silbermann [4, 5, 6], Hagen, Roch, and
Silbermann [12], Simon [24], and Böttcher and Grudsky [1].

Let spA denote the spectrum of an operator A. If f is an analytic function
in an open neighborhood of spA, then we will simply say that f is analytic on
sp A. We assume that the reader is familiar with basics of trace class operators
and their operator determinants (see Gohberg and Krein [10, Chap. 3 and 4] or
Section 3). If A is a trace class operator, then trace A denotes the trace of A and
det(I − A) denotes the operator determinant of I − A.

The following result was proved by Widom [26, Theorem 6.2] (see also [6,
Section 10.90]). It extends earlier results by Szegő (see [11]) and now it is usually
called the Szegő-Widom asymptotic trace formula.

Theorem 1.1 (Widom). Let N ≥ 1. If a belongs to K
1/2,1/2
N×N and f is analytic on

sp T (a) ∪ sp T (ã), then

trace f(Tn(a)) = (n + 1)Gf (a) + Ef (a) + o(1) as n → ∞, (1.1)

where

Gf (a) :=
1
2π

∫ 2π

0

(trace f(a))(eiθ)dθ,

Ef (a) :=
1

2πi

∫
∂Ω

f(λ)
d

dλ
log detT [a− λ]T [(a − λ)−1]dλ,

and Ω is any bounded open set containing sp T (a)∪sp T (ã) on the closure of which
f is analytic.

Our main result is the following refinement of Theorem 1.1, which gives a
higher-order asymptotic trace formula.

Theorem 1.2. Let N ≥ 1 and α, β ∈ (0, 1). Suppose that α + β ≥ 1. If a ∈ Kα,β
N×N

and f is analytic on sp T (a) ∪ sp T (ã), then (1.1) is true with o(1) replaced by
o(n1−α−β).

Notice that higher-order asymptotic trace formulas are known for other clas-
ses of symbols: see [25] for W ∩ Kα,α with α > 1/2 (here W stands for the
Wiener algebra of functions with absolutely convergent Fourier series), [14] for
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weighted Wiener algebras, [15] for Hölder-Zygmund spaces, [16] for generalized
Hölder spaces. All these classes consist of continuous functions only. More precisely,
they are decomposing algebras of continuous functions in the sense of Budyanu and
Gohberg. An invertible matrix function in such an algebra admits a Wiener-Hopf
factorization within the algebra. The proofs of [14, 15, 16] are based on a combina-
tion of this observation and an approach of Böttcher and Silbermann [3] (see also
[4, Sections 6.15–6.22] and [6, Sections 10.34–10.40]) to higher-order asymptotic
formulas of Toeplitz determinants with Widom’s original proof of Theorem 1.1
(see [26] and [6, Section 10.90]). As far as we know, Vasil’ev, Maximenko, and
Simonenko have never published a proof of the result stated in the short note [25],
however, their result can be proved by the same method.

Generalized Krein algebras Kα,β may contain discontinuous functions. To
study them we need a more advanced factorization theory in decomposing algebras
of L∞ functions developed by Heinig and Silbermann [13]. We present main results
of this theory in Section 2 and then apply them to Kα,β with α + β ≥ 1 and
max{α, β} > 1/2. Under these assumptions, if both Toeplitz operators T (a) and
T (ã) are invertible, then a admits simultaneously canonical right and left Wiener-
Hopf factorizations a = u−u+ = v+v− in Kα,β

N×N . The factors and their inverses in
these factorizations are stable under small perturbations of a in the norm of Kα,β

N×N .
We will use this fact in Section 4 for factorizations of a− λ, where λ belongs to a
compact neighborhood Σ of the boundary of a set Ω containing spT (a)∪ sp T (ã).

Section 3 contains some preliminaries on trace class operators and their de-
terminants. Further we formulate the Borodin-Okounkov formula under weakened
smoothness assumptions. This is an exact formula which relates determinants of fi-
nite Toeplitz matrices det Tn(a) and operator determinants of I−QnH(b)H(c̃)Qn,
where QnH(b)H(c̃)Qn are truncations of the product of Hankel operators H(b)
and H(c̃) with b := v−u−1

+ and c := u−1
− v+. Here Qn := I −Pn and Pn is the finite

section projection.
If a − λ ∈ Kα,β

N×N , then we can effectively estimate the speed of convergence

of the trace class norm of I − QnH [b(λ)]H [c̃(λ)]Qn to zero as n → ∞ uniformly
in λ ∈ Σ. This speed is o(n1−α−β). Combining this estimate with the Borodin-
Okounkov formula for a − λ and then applying Widom’s “differentiate-multiply-
integrate” arguments with respect to λ ∈ Σ, we prove Theorem 1.2 in Section 4.

2. Wiener-Hopf factorization and generalized Krein algebras

2.1. Wiener-Hopf factorization in decomposing algebras

For a unital algebra A, let GA denote the its group of invertible elements.
Mark Krein [17] was the first to understand the Banach algebraic background

of Wiener-Hopf factorization and to present the method in a crystal-clear manner.
Gohberg and Krein [9] proved that a ∈ GWN×N admits a Wiener-Hopf factor-
ization. Later Budyanu and Gohberg developed an abstract factorization theory
in decomposing algebras of continuous functions. Their results are contained in
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[7, Chap. 2]. Heinig and Silbermann [13] extended the theory of Budyanu and
Gohberg to the case of decomposing algebras which may contain discontinuous
functions. The following definitions and results are taken from [13] (see also [4,
Chap. 5]).

Let A be a Banach algebra of complex-valued functions on the unit circle T
under a Banach algebra norm ‖ · ‖A. The algebra A is said to be decomposing if it
possesses the following properties:
(a) A is continuously embedded in L∞;
(b) A contains all Laurent polynomials;
(c) PA ⊂ A and QA ⊂ A.

Using the closed graph theorem it is easy to deduce from (a)–(c) that P and
Q are bounded on A and that PA and QA are closed subalgebras of A. For k ∈ Z
and t ∈ T, put χk(t) := tk. Given a decomposing algebra A put

A+ = PA,
◦
A−= QA,

◦
A+= χ1A+, A− = χ1

◦
A− .

Let A be a decomposing algebra. A matrix function a ∈ AN×N is said to admit
a right (resp. left) Wiener-Hopf factorization in AN×N if it can be represented in
the form

a = a−da+ (resp. a = a+da−),
where a± ∈ G(A±)N×N and

d = diag(χκ1 , . . . , χκN ), κi ∈ Z, κ1 ≤ κ2 ≤ · · · ≤ κN .

The integers κi are usually called the right (resp. left) partial indices of a; they
can be shown to be uniquely determined by a. If κ1 = · · · = κN = 0, then the
Wiener-Hopf factorization is said to be canonical. A decomposing algebra A is said
to have the factorization property if every matrix function in GAN×N admits a
right Wiener-Hopf factorization in AN×N .

Let R be the restriction to the unit circle T of the set of all rational functions
defined on the whole plane C and having no poles on T.

Theorem 2.1. Let A be a decomposing algebra. If at least one of the sets

(R∩
◦

A−) + A+ or
◦

A− +(R∩ A+)

is dense in A, then A has the factorization property.

2.2. Stability of factors and their inverses under small perturbations

Let A be a Banach algebra equipped with a norm ‖ · ‖A. We will always consider
an admissible norm ‖ ·‖AN×N in AN×N . Recall that a Banach algebra norm is said
to be admissible (see [6, Section 1.29]) if there exist positive constants m and M
such that

m max
1≤i,j≤N

‖aij‖A ≤ ‖a‖AN×N ≤ M max
1≤i,j≤N

‖aij‖A

for every matrix a = (aij)N
i,j=1 ∈ AN×N .

The following result can be extracted from a stability theorem for factors and
their inverses in the Wiener-Hopf factorization in decomposing algebras given in
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[20, Theorem 6.15]. There it was assumed, in addition, that a decomposing algebra
is continuously embedded in the set of all continuous functions. However, the result
is also true for decomposing algebras in the sense of Heinig and Silbermann adopted
in this paper.

Theorem 2.2. Let A be a decomposing algebra and N ≥ 1. Suppose a, c ∈ AN×N

both admit canonical right (resp. left) Wiener-Hopf factorizations in AN×N . Then
for any ε > 0 there exists a δ > 0 such that if

‖a − c‖AN×N < δ,

then for every canonical right (resp. left) Wiener-Hopf factorization a = a
(r)
− a

(r)
+

(resp. a = a
(l)
+ a

(l)
− ) one can choose a canonical right (resp. left) Wiener-Hopf fac-

torization c = c
(r)
− c

(r)
+ (resp. c = c

(l)
+ c

(l)
− ) such that

‖a(r)
± − c

(r)
± ‖AN×N < ε, ‖[a(r)

± ]−1 − [c(r)
± ]−1‖AN×N < ε

(resp. ‖a(l)
± − c

(l)
± ‖AN×N < ε, ‖[a(l)

± ]−1 − [c(l)
± ]−1‖AN×N < ε ).

2.3. Invertibility in generalized Krein algebras

For 1 ≤ p ≤ ∞, let Hp := {a ∈ Lp : a ∈ Hp} and let C := C(T) denote the set of
all continuous functions on T. If α, β ≥ 1/2, then in view of [2, Lemma 6.2],

Kα,0 ⊂ C + H∞, K0,β ⊂ C + H∞. (2.1)

Hence, if α, β ∈ (0, 1) and α + β ≥ 1, then

Kα,β ⊂ (C + H∞) ∪ (C + H∞). (2.2)

The following result was proved by Krein [18] for α = β = 1/2.

Theorem 2.3 (see [2, Theorem 1.4]). Let α, β ∈ (0, 1).
(a) Suppose α ≥ 1/2 and K is either Kα,0 or Kα,1−α. If a ∈ K, then

a ∈ GK ⇐⇒ a ∈ G(C + H∞).

(b) Suppose β ≥ 1/2 and K is either K0,β or K1−β,β. If a ∈ K, then

a ∈ GK ⇐⇒ a ∈ G(C + H∞).

Corollary 2.4. Let α, β ∈ (0, 1).
(a) Suppose α ≥ 1 − β ≥ 1/2. If a ∈ Kα,β, then

a ∈ GKα,β ⇐⇒ a ∈ G(C + H∞).

(b) Suppose β ≥ 1 − α ≥ 1/2. If a ∈ Kα,β, then

a ∈ GKα,β ⇐⇒ a ∈ G(C + H∞).

(c) Suppose α ≥ β ≥ 1/2 or β ≥ α ≥ 1/2. If a ∈ Kα,β, then

a ∈ GKα,β ⇐⇒ a ∈ G
(
(C + H∞) ∩ (C + H∞)

)
.
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Proof. (a) Let a ∈ Kα,β = K1−β,β ∩ Kα,0. By Theorem 2.3(a),

a ∈ GK1−β,β ⇐⇒ a ∈ G(C + H∞), a ∈ GKα,0 ⇐⇒ a ∈ G(C + H∞).

Thus a ∈ GKα,β ⇐⇒ a ∈ G(C + H∞). Part (a) is proved. Part (b) follows form
Theorem 2.3(b) in the same fashion.

(c) Let a ∈ Kα,β = Kα,0 ∩ K0,β. From Theorem 2.3 it follows that

a ∈ GKα,0 ⇐⇒ G(C + H∞), a ∈ GK0,β ⇐⇒ G(C + H∞).

Hence a ∈ GKα,β = G(Kα,0 ∩K0,β) ⇐⇒ a ∈ G
(
(C + H∞) ∩ (C + H∞)

)
. Part (c)

is proved. �

2.4. Wiener-Hopf factorization in generalized Krein algebras

Lemma 2.5. Let α, β ∈ (0, 1) and max{α, β} > 1/2. Then Kα,β is a decomposing
algebra with the factorization property.

Proof. The statement is proved by analogy with [2, Lemma 7.7]. By [2, Lemma 6.1],
the projections P and Q are bounded on Kα,β. Hence Kα,β is a decomposing
algebra. Assume that β > 1/2. Taking into account that

Kα,β = L∞ ∩ (QBα
2 + PBβ

2 ),

where Bα
2 and Bβ

2 are Besov spaces, from [22, Sections 3.5.1 and 3.5.5] one can
deduce that R∩PKα,β is dense in PKα,β. Analogously, if α > 1/2, then R∩QKα,β

is dense in QKα,β. Theorem 2.1 gives the factorization property of Kα,β. �

Theorem 2.6. Let N ≥ 1, α, β ∈ (0, 1), α + β ≥ 1, and max{α, β} > 1/2. If
a ∈ Kα,β

N×N and both T (a) and T (ã) are invertible on H2
N , then a is invertible in

Kα,β
N×N and admits canonical right and left Wiener-Hopf factorizations in Kα,β

N×N .

Proof. Once one has at hands Corollary 2.4 and Lemma 2.5, the proof is developed
as in [2, Theorem 1.7(a)]. For the convenience of the reader we give a complete
proof here.

Suppose α = max{α, β}. It is clear that for every β ∈ (0, 1) one has β ≥ 1/2
or 1 − β ≥ 1/2. Thus α ≥ β ≥ 1/2 (≥ 1 − β) or α ≥ 1 − β ≥ 1/2 (≥ β). In the
first case from (2.1) it follows that

Kα,β
N×N ⊂ (C + H∞)N×N ∩ (C + H∞)N×N .

Since T (ã) and T (a) are invertible, from [6, Theorem 2.94(a)] we deduce that det a
and det ã belong to G(C +H∞). Hence, det a belongs to G

(
(C +H∞)∩(C +H∞)

)
.

By Corollary 2.4(c), det a ∈ GKα,β. Then, in view of [19, Chap. 1, Theorem 1.1],
a ∈ GKα,β

N×N .
The case α ≥ 1 − β ≥ 1/2 is treated with the help of Corollary 2.4(a). Then

a ∈ GKα,β
N×N . Analogously, if β = max{α, β}, then by using Corollary 2.4(b) or

(c), one cans how that a ∈ GKα,β
N×N .

By Simonenko’s factorization theorem (see, e.g., [7, Chap. 7, Theorem 3.2]
or [20, Theorem 3.14]), if T (a) is invertible on H2

N , then a admits a canonical
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right generalized factorization in L2
N , that is, there exist functions a−, a+ such

that a = a−a+ and a±1
− ∈ (H2)N×N , a±1

+ ∈ (H2)N×N . On the other hand, in
view of Lemma 2.5, a admits a right Wiener-Hopf factorization in Kα,β

N×N , that is,
there exist functions u± ∈ G(Kα,β

± )N×N such that a = u−du+ and d is a diagonal
term of the form d = diag(χκ1 , . . . , χκN ). It is clear that u±1

− ∈ (H2)N×N and
u±1

+ ∈ (H2)N×N . Thus a = u−du+ is a right generalized factorization of a in L2
N .

It is well known that the set of partial indices of such a factorization is unique
(see, e.g., [20, Corollary 2.1]). Thus d is the identity matrix and a = u−u+.

Since T (ã) is invertible on H2
N , from [6, Proposition 7.19(b)] it follows that

T (a−1) is also invertible on H2
N . By what has just been proved, there exist functions

f± ∈ G(Kα,β
± )N×N such that a−1 = f−f+. Put v± := f−1

± . Then a = v+v− and
v± ∈ G(Kα,β

± )N×N . �

3. The Borodin-Okounkov formula

3.1. Trace class operators, Hilbert-Schmidt operators, and operator determinants

In this subsection we collect necessary facts from general operator theory in Hilbert
spaces (see [10, Chap. 3–4]).

Let H and K be separable Hilbert spaces. For a bounded linear operator
A : H → K and n ∈ Z+, we define

sn(A) := inf
{
‖A − F‖ : dimF ≤ n

}
.

For 1 ≤ p < ∞, the collection Cp(H,K) of all bounded linear operators A : H → K
satisfying

‖A‖Cp(H,K) :=

( ∞∑
n=0

sp
n(A)

)1/p

< ∞

is called the p-Schatten-von Neumann class. If p = 1, then C1(H,K) is called
the trace class and if p = 2, then C2(H,K) is called the class of Hilbert-Schmidt
operators. We will simply write Cp(H) instead of Cp(H,H).

One can show that, for every A ∈ C1(H) and for every orthonormal basis
{ϕj}∞j=0 of H, the series

∑∞
j=0〈Aϕj , ϕj〉H converges absolutely and that its sum

does not depend on the particular choice of {ϕj}∞j=0. This sum is denoted by
traceA and is referred to as the trace of A. It is well known that

| traceA| ≤ ‖A‖C1(H)

for all A ∈ C1(H).
The Hilbert-Schmidt norm of an operator A ∈ C2(H,K) can be expressed in

the form

‖A‖C2(H,K) =

⎛⎝ ∞∑
j,k

|〈Aϕj , ψk〉K|2
⎞⎠1/2

,

where {ϕj}∞j=0 and {ψk}∞k=0 are orthonormal bases of H and K, respectively.
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We will need the following version of the Hölder inequality. If B ∈ C2(H,K)
and A ∈ C2(K,H), then AB ∈ C1(H) and

‖AB‖C1(H) ≤ ‖A‖C2(K,H)‖B‖C2(H,K). (3.1)

Let A be a bounded linear operator on H of the form I +K with K ∈ C1(H).
If {λj(K)}j≥0 denotes the sequence of the nonzero eigenvalues of K (counted up to
algebraic multiplicity), then

∑∞
j=0 |λj(K)| < ∞. Therefore the (possibly infinite)

product
∏
j≥0

(1 + λj(K)) is absolutely convergent. The operator determinant of A

is defined by
detA = det(I + K) =

∏
j≥0

(1 + λj(K)).

In the case where the spectrum of K consists only of 0 we put det(I + K) = 1.

Lemma 3.1. If A ∈ C1(H) and ‖A‖C1(H) < 1, then | log det(I − A)| ≤ 2‖A‖C1(H).

Proof. Since A ∈ C1(H), by formula (1.16) of [10, Chap. IV],

log det(I − A) = trace log(I − A). (3.2)

On the other hand,

log(I − A) = −
∞∑

j=1

1
j
Aj . (3.3)

From (3.2), (3.3), and | traceA| ≤ ‖A‖C1(H) we get

| log det(I − A)| ≤

∣∣∣∣∣∣trace

⎡⎣ ∞∑
j=1

1
j
Aj

⎤⎦∣∣∣∣∣∣ ≤
∞∑

j=1

| traceAj | ≤
∞∑

j=1

‖Aj‖C1(H). (3.4)

By Hölder’s inequality,

‖Aj‖C1(H) ≤ ‖A‖C1(H)‖Aj−1‖C∞(H) ≤ ‖A‖C1(H)‖A‖j−1
C∞(H).

Taking into account that ‖A‖C∞(H) ≤ ‖A‖C1(H), we get ‖Aj‖C1(H) ≤ ‖A‖j
C1(H).

Hence, (3.4) yields

| log det(I − A)| ≤
∞∑

j=1

‖A‖j
C1(H) =

‖A‖C1(H)

1 − ‖A‖C1(H)
≤ 2‖A‖C1(H)

because ‖A‖C1(H) < 1. �

3.2. The Borodin-Okounkov formula under weakened hypotheses

For a ∈ L∞
N×N and n ∈ Z+, define the operators

Pn :
∞∑

k=0

â(k)χk �→
n∑

k=0

â(k)χk, Qn := I − Pn.

The operator PnT (a)Pn : PnH2
N → PnH2

N may be identified with the finite block
Toeplitz matrix Tn(a) = (â(j − k))n

j,k=0.
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In June 1999, Its and Deift raised the question whether there is a general for-
mula that expresses the determinant of the Toeplitz matrix Tn(a) as the operator
determinant of an operator I − K where K acts on �2{n + 1, n + 2, . . . }. Borodin
and Okunkov showed in 2000 that such a formula exists (however, it was known
even much earlier. In 1979, Geronimo and Case used it to prove the strong Szegő
limit theorem). Further, in 2000, several different proofs of it were found by Basor
and Widom and by Böttcher. We refer to the books by Simon [24], Böttcher and
Grudsky [1, Section 2.8], Böttcher and Silbermann [6, Section 10.40] for the exact
references, proofs, and historical remarks on this beautiful piece of mathematics.
Below we formulate the Borodin-Okounkov formula in a form suggested by Widom
under assumptions on the symbol a of Tn(a) which are slightly weaker than in [6,
Section 10.40].

Theorem 3.2. Suppose a ∈ (C + H∞)N×N ∪ (C + H∞)N×N satisfies the following
hypothesis:

(i) there are two factorizations a = u−u+ = v+v−, where u−, v− ∈ G(H∞)N×N

and u+, v+ ∈ G(H∞)N×N ;
Put b := v−u−1

+ and c := u−1
− v+. Suppose that

(ii) H(b)H(c̃) ∈ C1(H2
N ).

Then the constants

G(a) := lim
r→1−0

exp
(

1
2π

∫ 2π

0

log det ar(eiθ)dθ

)
, (3.5)

where

ar(eiθ) :=
∞∑

n=−∞
â(n)r|n|einθ,

and
E(a) :=

1
det T (b)T (c)

are well defined, are not equal to zero, and the Borodin-Okounkov formula

detTn(a) = G(a)n+1E(a) det
(
I − QnH(b)H(c̃)Qn

)
(3.6)

holds for every n ∈ N. If, in addition,
(iii) H(a)H(ã−1) ∈ C1(H2

N ),
then E(a) = detT (a)T (a−1).

Proof. From (i) and [6, Proposition 2.14] it follows that the operators T (a) and
T (a−1) are invertible on H2

N . If a ∈ (C + H∞)N×N , then from [6, Proposi-
tion 10.6(a)] we deduce that the limit in (3.5) exists, is finite and nonzero. Hence
the constant G(a) is well defined. The proof of [6, Proposition 10.6(a)] equally
works also for the case a ∈ (C + H∞)N×N . Therefore, G(a) is well defined in this
case as well.

From [6, Proposition 2.14] it follows also that the operators T (b), T (c) are
invertible and T (b)T (c) = I − H(b)H(c̃). From (ii) and the above equality we get
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that det T (b)T (c) makes sense. Since T (b)T (c) is invertible, detT (b)T (c) 
= 0 and
therefore the constant E(a) is well defined.

The Borodin-Okounkov formula (3.6) is proved in [6, Section 10.40] under
the assumption that a ∈ K

1/2,1/2
N×N admits right and left canonical Wiener-Hopf

factorizations in K
1/2,1/2
N×N . The two proofs given in [6, Section 10.40] work equally

under weaker hypotheses (i)–(ii).
Applying [6, Proposition 2.14], we get

I − H(b)H(c̃) = T (b)T (c) = T (v−)T (u−1
+ )T (u−1

− )T (v+)

and

T (v+)
(
I − H(b)H(c̃)

)
T−1(v+) = I − T (v+)H(b)H(c̃)T−1(v+)

= T (v+)T (v−)T (u−1
+ )T (u−1

− )

= T−1(a−1)T−1(a).

From these equalities and [10, Chap. IV, Section 1.6] it follows that

det T (b)T (c) = det
(
I − H(b)H(c̃)

)
= det

(
I − T (v+)H(b)H(c̃)T−1(v+)

)
= detT−1(a−1)T−1(a).

(3.7)

From (iii) and T (a)T (a−1) = I−H(a)H(ã−1) it follows that detT (a)T (a−1) makes
sense. By [10, Chap. IV, Section 1.7],

detT−1(a−1)T−1(a) · detT (a)T (a−1) = detT−1(a−1)T−1(a)T (a)T (a−1) = 1.

Hence

detT−1(a−1)T−1(a) =
1

detT (a)T (a−1)
. (3.8)

Combining (3.7) and (3.8), we arrive at E(a) = detT (a)T (a−1). �

4. Proof of the main result

4.1. Hilbert-Schmidt norms of truncations of Hankel operators

Let γ ∈ R. By �γ
2 we denote the Hilbert space of all sequences {ϕk}∞k=0 such that

∞∑
k=0

|ϕk|2(k + 1)2γ < ∞.

Clearly, the sequence {ek/(k+1)γ}∞k=0, where (ek)j = δkj and δkj is the Kronecker
delta, is an orthonormal basis of �γ

2 . If γ = 0, we will simply write �2 instead of �0
2.
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In this subsection we will estimate Hilbert-Schmidt norms of truncations of
Hankel operators acting between �2 and �γ

2 by the rules

H(a) : {ϕj}∞j=0 �→
{ ∞∑

j=0

â(i + j + 1)ϕj

}∞

i=0
,

H(ã) : {ϕj}∞j=0 �→
{ ∞∑

j=0

â(−i − j − 1)ϕj

}∞

i=0
.

Notice that one can identify Hankel operators acting on H2 and on �2. For ϕ =
{ϕj}∞j=0 and n ∈ Z+, define

(Qnϕ)j =
{

ϕj if j ≥ n + 1,
0 otherwise.

For a ∈ Kα,β and n ∈ N, put

r−n (a) :=

( ∞∑
k=n+1

|â(−k)|2(k + 1)2α

)1/2

,

r+
n (a) :=

( ∞∑
k=n+1

|â(k)|2(k + 1)2β

)1/2

.

Lemma 4.1. Let −1/2 < γ < 1/2 and α, β ∈ (0, 1). Suppose b, c ∈ Kα,β.

(a) If α ≥ γ + 1/2, then there exists a positive constant M(α, γ) depending only
on α and γ such that for all sufficiently large n,

‖H(c̃)Qn‖C2(
2,
γ
2 ) ≤ M(α, γ)

r−n+1(c)
nα−γ−1/2

. (4.1)

(b) If β ≥ −γ +1/2, then there exists a positive constant M(β, γ) depending only
on β and γ such that for all sufficiently large n,

‖QnH(b)‖C2(

γ
2 ,
2) ≤ M(β, γ)

r+
n+1(b)

nβ+γ−1/2
. (4.2)

Proof. (a) It is easy to see that

(H(c̃)Qnej)k =

{
ĉ(−k − j − 1) if j ≥ n + 1, k ∈ Z+,

0 otherwise.
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Then

‖H(c̃)Qn‖2
C2(
2,
γ

2 ) =
∞∑

j,k=0

∣∣∣∣∣
〈

H(c̃)Qnej ,
ek

(k + 1)γ

〉

γ
2

∣∣∣∣∣
2

=
∞∑

j,k=0

|(H(c̃)Qnej)k|2(k + 1)2γ

=
∞∑

k=0

∞∑
j=n+1

|ĉ(−k − j − 1)|2(k + 1)2γ

=
∞∑

k=n+2

|ĉ(−k)|2
k−n−1∑

j=1

j2γ .

(4.3)

If −1/2 < γ < 1/2, then

k−n−1∑
j=1

j2γ ≤ (k − n)1+2γ

1 + 2γ
. (4.4)

From (4.3) and (4.4) it follows that

‖H(c̃)Qn‖2
C2(
2,
γ

2 ) ≤
1

1 + 2γ

∞∑
k=n+2

|ĉ(−k)|2(k − n)1+2γ

≤ 1
1 + 2γ

∞∑
k=n+2

|ĉ(−k)|2(k + 1)2α (k − n)1+2γ

k2α

≤ 1
1 + 2γ

(
sup

k≥n+2

(k − n)1+2γ

k2α

)[
r−n+1(c)

]2
.

(4.5)

If 1 + 2γ = 2α, then

sup
k≥n+2

(
k − n

k

)2α

≤ 1. (4.6)

Combining (4.5) and (4.6), we arrive at (4.1) with M(α, γ) = (2α)−1/2.
If α > γ + 1/2, then put

A :=
2γ + 1

2α − 2γ − 1
> 0.

Let n ≥ 2/A. Then

xn := (A + 1)n =
2αn

2α − 2γ − 1
∈ [n + 2,∞).

It is not difficult to show that the function

fn(x) := (x − n)1+2γx−2α, x ∈ [n + 2,∞)
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attains its absolute maximum at xn. Thus

sup
k≥n+2

(k − n)1+2γ

k2α
≤ fn(xn) =

A1+2γ

(A + 1)2α
n1+2γ−2α. (4.7)

Combining (4.5) and (4.7), we arrive at (4.1) with

M(α, γ) := (1 + 2γ)−1/2A1/2+γ(A + 1)−α

for all n ≥ 2/A. Part (a) is proved. The proof of part (b) is analogous. �

4.2. Trace class norms of truncations of products of two Hankel operators

The following fact is well known (see, e.g., [6, Section 10.12] and also [23], [21,
Chap. 6]).

Lemma 4.2. Let N ≥ 1, α, β ∈ (0, 1), and α + β ≥ 1. If b, c ∈ Kα,β
N×N , then

H(b)H(c̃) ∈ C1(H2
N ).

We will also need a quantitative version of the above result for truncations
of the product H(b)H(c̃).

For a ∈ Kα,β
N×N and n ∈ N, put

R−
n (a) :=

( ∞∑
k=n+1

‖â(−k)‖2
CN×N

(k + 1)2α

)1/2

,

R+
n (a) :=

( ∞∑
k=n+1

‖â(k)‖2
CN×N

(k + 1)2β

)1/2

.

Lemma 4.3. Let N ≥ 1, α, β ∈ (0, 1), and α + β ≥ 1. Then there exists a constant
L = Lα,β,N depending only on N and α, β such that for every b, c ∈ Kα,β

N×N and
all sufficiently large n,

‖QnH(b)H(c̃)Qn‖C1(H2
N ) ≤

L

nα+β−1
R+

n+1(b)R
−
n+1(c). (4.8)

Proof. Put γ := 1/2−β. Then γ ∈ (−1/2, 1/2) and α ≥ γ+1/2 because α+β ≥ 1.
Let bij and cij , where i, j ∈ {1, . . . , N}, be the entries of b, c ∈ Kα,β

N×N , respectively.
By Lemma 4.1, there exist positive constants M(α, γ) and M(β, γ) depending only
on α, β, and γ such that for all sufficiently large n and all i, j ∈ {1, . . . , N},

‖QnH(bij)‖C2(

γ
2 ,
2) ≤ M(β, γ)

r+
n+1(bij)

nβ+γ−1/2
, (4.9)

‖H(c̃ij)Qn‖C2(
2,
γ
2 ) ≤ M(α, γ)

r−n+1(cij)
nα−γ−1/2

. (4.10)
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From Hölder’s inequality (3.1) and (4.9)–(4.10) it follows that

‖QnH(bij)H(c̃ij)Qn‖C1(
2) ≤ ‖QnH(bij)‖C2(

γ
2 ,
2)‖H(c̃ij)Qn‖C2(
2,
γ

2 )

≤ M(α, γ)M(β, γ)
r+
n+1(bij)r−n+1(cij)

nα+β−1

(4.11)

for all i, j ∈ {1, . . . , N} and all large n.
It is not difficult to verify that there exist positive constants AN and BN

depending only on the dimension N such that

‖QnH(b)H(c̃)Qn‖C1(H2
N ) ≤ AN max

1≤i,j≤N
‖QnH(bij)H(c̃ij)Qn‖C1(
2) (4.12)

and

max
1≤i,j≤N

r+
n+1(bij) ≤ BNR+

n+1(b), max
1≤i,j≤N

r−n+1(cij) ≤ BNR−
n+1(c) (4.13)

for all sufficiently large n and all b, c ∈ Kα,β
N×N . Combining (4.11)–(4.13), we arrive

at (4.8) with L = Lα,β,N := ANB2
NM(α, γ)M(β, γ). �

4.3. Tails of the norms of functions in generalized Krein algebras

Lemma 4.4. Let N ≥ 1, α, β ∈ (0, 1), and max{α, β} ≥ 1/2. Suppose Σ is a
compact set in the complex plane. If a : Σ → Kα,β

N×N is a continuous function, then

lim
n→∞ sup

λ∈Σ
R−

n

(
a(λ)

)
= 0, lim

n→∞ sup
λ∈Σ

R+
n

(
a(λ)

)
= 0. (4.14)

Proof. This statement is proved by analogy with [14, Proposition 2.3] and [16,
Lemma 6.2]. Let us prove the first equality in (4.14). Assume the contrary. Then
there exist a constant C > 0 and a sequence {nk}∞k=1 such that

lim
k→∞

sup
λ∈Σ

R−
nk

(
a(λ)

)
≥ C.

Hence there are a number k0 ∈ N and a sequence {λk}∞k=k0
such that for all k ≥ k0,

R−
nk

(
a(λk)

)
≥ C

2
> 0. (4.15)

Since {λk}∞k=k0
is bounded, there is its convergent subsequence {λkj}∞j=1. Let λ0

be the limit of this subsequence. Clearly, λ0 ∈ Σ because Σ is closed. Since the
function a : Σ → Kα,β

N×N is continuous at λ0, for every ε ∈ (0, C/2), there exists a
Δ > 0 such that |λ − λ0| < Δ, λ ∈ Σ implies ‖a(λ) − a(λ0)‖Kα,β

N×N
< ε. Because

λkj → λ0 as j → ∞, for that Δ there is a number J ∈ N such that |λkj − λ0| < Δ
for all j ≥ J , and thus

‖a(λkj ) − a(λ0)‖Kα,β
N×N

< ε for all j ≥ J. (4.16)

On the other hand, (4.15) implies that

R−
nkj

(
a(λkj )

)
≥ C

2
> 0 for all j ≥ J. (4.17)
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By the Minkowski inequality,

R−
nkj

(
a(λkj )

)
≤ R−

nkj

(
a(λ0)

)
+ R−

nkj

(
a(λkj ) − a(λ0)

)
≤ R−

nkj

(
a(λ0)

)
+ ‖a(λkj ) − a(λ0)‖Kα,β

N×N
.

(4.18)

From (4.16)–(4.18) we get for all j ≥ J ,

R−
nkj

(
a(λ0)

)
≥ C

2
− ε > 0.

Therefore,
∞∑

k=0

∥∥[a(λ0)]̂(−k)
∥∥2

CN×N
(k + 1)2α = +∞

and this contradicts the fact that a(λ0) ∈ Kα,β
N×N . Hence, the first equality in (4.14)

is proved. The second equality in (4.14) can be proved by analogy. �

4.4. Proof of Theorem 1.2
Proof. The proof is developed similarly to the proofs of [14, Theorem 1.5], [15,
Theorem 1.4], [16, Theorem 2.2] with some modifications. For the convenience of
the reader, we provide some details.

Without loss of generality, we can suppose that max{α, β} > 1/2 (otherwise
max{α, β} ≤ 1/2 and α + β ≥ 1 imply that α = β = 1/2 and this is exactly the
case of Theorem 1.1).

Let Ω be a bounded open set containing the set spT (a) ∪ sp T (ã) on the
closure of which f is analytic. From (2.2) and [6, Theorem 7.20] it follows that
Ω contains the spectrum (eigenvalues) of Tn(a) for all sufficiently large n. Fur-
ther, Corollary 2.4 and Theorem [6, Theorem 2.94] imply that the spectrum of
a in Kα,β

N×N is contained in Ω. Hence f(a) ∈ Kα,β
N×N and f(Tn(a)) is well defined

whenever f is analytic on spT (a) ∪ sp T (ã).
One can choose a closed neighborhood Σ of its boundary ∂Ω such that f is

analytic on Σ and Σ∩ (sp T (a)∪ spT (ã)) = ∅. If λ ∈ Σ, then T (a)−λI = T [a−λ]
and T (ã) − λI = T [(a − λ)˜] are invertible on H2

N . From Theorem 2.6 it follows
that (a−λ)−1 ∈ Kα,β

N×N and that a−λ admits canonical right and left Wiener-Hopf
factorizations

a − λ = u−(λ)u+(λ) = v+(λ)v−(λ)

in the algebra Kα,β
N×N . Since a − λ : Σ → Kα,β

N×N is a continuous function with re-
spect to λ, from Lemma 2.5 and Theorem 2.2 we that these canonical factorizations
can be chosen so that the functions

u±1
− , v±1

− : Σ → (Kα,β ∩ H∞)N×N , u±1
+ , v±1

+ : Σ → (Kα,β ∩ H∞)N×N

are continuous with respect to λ ∈ Σ.
Put b(λ) := v−(λ)u−1

+ (λ) and c(λ) := u−1
− (λ)v+(λ). By Lemma 4.2,

H [b(λ)]H [c̃(λ)] ∈ C1(H2
N ) (4.19)
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for all λ ∈ Σ. On the other hand, since (a−λ)−1 ∈ Kα,β
N×N , we also have (ã−λ)−1 =

[(a − λ)˜]−1 ∈ Kα,β
N×N . Then from Lemma 4.2 it follows that

H [a − λ]H [(ã − λ)−1] ∈ C1(H2
N ) (4.20)

for all λ ∈ Σ. From (2.2), (4.19)–(4.20), and Theorem 3.2 we conclude that

detTn(a − λ) =G(a − λ)n+1 detT [a− λ]T [(a − λ)−1]

× det
(
I − QnH [b(λ)]H [c̃(λ)]Qn

) (4.21)

for all λ ∈ Σ and all n ∈ N.
From Lemmas 4.3 and 4.4 it follows that there exists a number n0 ∈ N such

that

∥∥QnH [b(λ)]H [c̃(λ)]Qn

∥∥
C1(H2

N )
≤

L

(
sup
λ∈Σ

R+
n

(
b(λ)

))(
sup
λ∈Σ

R−
n

(
c(λ)

))
nα+β−1

< 1

(4.22)

for all λ ∈ Σ and all n ≥ n0. Here L is a positive constant depending only only on
α, β an N . Combining (4.22) and Lemma 3.1, we arrive at the estimate∣∣ log det

(
I − QnH [b(λ)]H [c̃(λ)]Qn

)∣∣
≤ 2L

nα+β−1

(
sup
λ∈Σ

R+
n

(
b(λ)

))(
sup
λ∈Σ

R−
n

(
c(λ)

)) (4.23)

for all λ ∈ Σ and all n ≥ n0.
From (4.21), (4.23), and Lemma 4.4 we conclude that
log detTn(a − λ) =(n + 1) logG(a − λ)

+ log detT [a− λ]T [(a − λ)−1] + o(n1−α−β)
(4.24)

as n → ∞ uniformly with respect to λ ∈ Σ. Hence we can differentiate both sides
with respect to λ, multiply by f(λ), and integrate over ∂Ω. The rest of the proof is
the repetition of Widom’s arguments [26, Theorem 6.2] (see also [6, Section 10.90]
and [5, Theorem 5.6]) with o(1) replaced by o(n1−α−β). �
Remark 4.5. Formula (4.24) for λ = 0 and a ∈ Kα,α

N×N with α > 1/2 was obtained
by Silbermann [23] by using methods of [3] (see also [4, Sections 6.15–6.23] and [6,
Sections 10.34–10.37]). On the other hand, for α+β = 1, formula (4.24) with λ = 0
was proved by Böttcher and Silbermann [4, Theorem 6.11] and [6, Theorem 10.30].
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Lévy theorems for series and Fourier integrals. Amer. Math. Soc. Transl. (2) 93
(1970), 177–199.



Asymptotics of Toeplitz matrices 359

[19] N.Ya. Krupnik, Banach Algebras with Symbol and Singular Integral Operators.
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orem. Doklady Math. 68 (2003), 361–362.

[26] H. Widom, Asymptotic behavior of block Toeplitz matrices and determinants. II.
Advances in Math. 21 (1976), 1–29.

Alexei Yu. Karlovich
Departamento de Matemática
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Generators of Random Processes
in Ultrametric Spaces and Their Spectra

Witold Karwowski

Abstract. The L2(S) space of square integrable functions on an ultrametric
space S has rather specific structure. As a consequence in a natural way
there appear in L2(S) the operators of which unitary counterparts in L2(Rn)
would be difficult to construct. Such class of self-adjoint operators emerge from
theory of random processes on ultrametric spaces. In this paper we collect
known material on spectral properties of the generators of random processes
on SB an ultrametric space of sequences. (The set of p-adic numbers is a
subset of SB .) Then we discuss structure of the eigenspaces of the generators.

Mathematics Subject Classification (2000). Primary 60J35; Secondary 47B25,
60J75.

Keywords. p-adics, nonarchimedean, random process, semigroup generator.

1. Introduction

It is a well-known fact that many systems of very diverse nature develop hier-
archical structures. One can easily give examples ranging from social structure,
government administration or descriptive sciences like taxonomy to complicated
physical phenomena like spin glasses or turbulent cascades. Going in other direc-
tion one finds hierarchical structures in neural networks and cognitive systems [9].
Some phenomena (like for instance relaxations in spin glasses [15] or development
of a turbulent cascades [14]) can be described by random processes in ultramet-
ric spaces.This requires a more precise mathematical formulation. A hierarchical
structure is conveniently visualized as a tree graph, and for its mathematical de-
scription one needs a suitable labelling system. A model example is the correspon-
dence between the set of p-adic numbers Qp [10] and the tree with p branches
emerging from every branching point. Parts of the branches (edges) between two
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consecutive branching levels are of equal lengths. The ratio of the lengths of the
edges between consecutive branching levels is constant and equals p.

There is a one to one correspondence between ends of the tree and p-adic
numbers. The distance between ends of two branches is equal to the p-adic distance
between corresponding p-adic numbers.

A natural generalization of the p-adic model would be to allow for the trees
with number of edges that depends on branching point and that does not have to be
a prime number. Such trees can be labelled by the spaces SB of numerical sequences
introduced and studied in [2]. When constructing a probabilistic model for time
evolution of a hierarchical system one represents the system by appropriate tree
and then study the random processes on the corresponding space SB. According
to [2] SB is a complete separable metric space with nonarchimedean metric. The
p-adic spaces Qp are special cases of SB. Note that Qp has the algebraic structure
of a field while it is not even possible to define addition in SB in general.

There are different methods to construct random processes on p-adics. Evans
[6] based his method on p-adic Fourier transform. Vladimirov [16],[17] constructed
the α-stable processes representing their generators by fractional differential op-
erator Dα. Kochubei [11],[12], [13] investigated strong stochastic differential equa-
tions on Qp. Aldous and Evans [5] and also Kaneko [7] constructed the processes
in terms of Dirichlet forms. The method developed in [1] is independent of the
algebraic structure of Qp and hence carry over to SB. The random processes on
SB are constructed and studied in [2]. These constructions are based on solving the
Chapman-Kolmogorov equations and then obtaining the transition functions. The
coefficients in the Chapman-Kolmogorov equations are determined by distances
between the initial and target states and the structure of the state space.

This fact is of consequence if the symmetry properties are concerned. The
transition functions of a random process on Qp is invariant under p-adic transla-
tions. Since there is no addition in SB a similar statement for SB cannot even be
formulated in general.

Another class of processes on Qp has been constructed in [8]. The general
method was the same as in [1] and [2] but the coefficients in the Chapman-
Kolmogorov equations were determined by the p-adic distance between initial and
target states and in addition by the target states explicitly.
It is well known that Qp can be made a measurable space. Roughly, the measure
is defined as follows. One defines a set function α on the p-adic balls so that it
is equal to the ball radius. The function α can be extended to a Haar measure
invariant under p-adic translation.

Actually similar procedure works for SB. One defines a set function α to be
equal 1 on an arbitrarily chosen ball. Then the structure of SB and requirement
of additivity determines the values of α on all balls in SB. Further one shows that
α extends to a Borel measure on SB.

Let Pt(x, A), x ∈ SB, A ⊂ SB be a transition function. By standard proce-
dure Pt(x, A) extends to a strongly continuous Markovian semigroup Tt, t > 0 in
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L2(SB). By the Stone theorem
Tt = e−Ht, (1.1)

where H is a nonnegative self-adjoint operator in L2(SB).
Spectral analysis of the generators H appears in probabilistic papers [1],[2]

as a side product rather than the main point of investigations. Thus not being of
much interest for probabilistic it stays unknown to the analysts. The aim of this
note is to put together the results scattered in several publications and thus expose
them to the analytically oriented readers. We also add a couple of new results on
the structure of the eigenspaces. To make the main points readable we find it
necessary to give basic facts about the space SB (Section 2) and the probabilistic
context (Section 3). The generators are discussed in Section 4.

2. The space SB

In this section we introduce the spaces SB and list their basic properties. The
presentation follows [2]. Put Z, N and N0 for the set of integers, positive integers
and non-negative integers respectively. For any k ∈ Z let Sk be the family of all
sequences {αi}i≤k such that αi ∈ N0 and αi = 0 for all i ≤ N where N ≤ k. Put

S =
⋃
k∈Z

Sk.

Let αk+1∈ N0. Then the product {αi}i≤k×{αk+1} can be identified with {αi}i≤k+1,

{αi}i≤k × {αk+1} = {αi}i≤k+1. (2.1)

To simplify notations we put {α}k := {αi}i≤k.
If αi = 0 for all i ≤ k then we write {α}k = {0}k.

Definition 2.1. Let B{α}k
be a function defined on S with values in N \ {1}.

1. We say that {α}k+1 is the B-product of {α}k and {αk+1} iff

{α}k+1 = {α}k × {αk+1} (2.2)
and

0 ≤ αk+1 ≤ B{α}k
− 1. (2.3)

2. We say that {α}k+l, l ∈ N is the B-product of {α}k and the ordered l-tuple
{αk+1, . . . , αk+l}

{α}k+l = {α}k × {αk+1, . . . , αk+l}
iff

{α}k+l = (. . . (({α}k × {αk+1}) × {αk+2}) × · · · × {αk+l}) (2.4)

where all products are B-products in the sense of 1. We then write

{α}k+l = {α}k × {αk+1} × · · · × {αk+l}. (2.5)
�
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Remark 2.2. Whenever we write a formula like the right side of (2.5) we always
mean the B-product. �
Definition 2.3. Given a function B{α}k

, we define SB ⊂ S by
1. {0}k ∈ SB for all k ∈ Z,
2. {α}k+1 ∈ SB iff {α}k+1 = {α}k × {αk+1}, where {α}k ∈ SB.

�
Proposition 2.4. {α}k ∈ SB iff there is l ∈ N such that

{α}k = {0}k−l × {αk−l+1} × · · · × {αk}.
�

Definition 2.5. We say that a sequence {αi}i∈Z belongs to the set SB iff {α}k ∈ SB

for all k ∈ Z. �
To simplify notations we write

α := {αi}i∈Z. (2.6)

Let q > 1. For any pair α, β ∈ SB we define
ρq(α, α) = 0

ρq(α, β) = q−i0 ,
(2.7)

where i0 is such that αi0 
= βi0 and αi = βi if i < i0.
It is easy to verify that the following proposition holds:

Proposition 2.6. ρq is a metric on SB satisfying the non-Archimedean triangle
inequality

ρq(α, β) ≤ max{ρq(α, γ), ρq(γ, β)}. (2.8)
�

It is clear that for any q, q′ > 1 the metrics ρq and ρq′ are equivalent. Thus
we fix a number q > 1 throughout the paper and drop the subscript q. Set

Sk
B := {α ∈ SB; αi = 0 for i ≥ k}, (2.9)

and
SB,0 :=

⋃
k∈Z

Sk
B. (2.10)

Proposition 2.7. SB equipped with the metric ρ is a complete metric space and
SB,0 is a dense subset of it. �

Given α ∈ SB and N ∈ Z the set

K(α, qN ) = {β ∈ SB; ρ(α, β) ≤ qN} (2.11)

will be called a ball of radius qN centered at α. As consequences of (2.8) we have
1) If β ∈ K(α, qN ) then K(β, qN ) = K(α, qN ).
2) K(α, qN ), K(β, qN ) are either disjoint or identical, for any α, β ∈ SB.
3) If α ∈ SB and αi = 0 for i < −N , then K(α, qN ) = K(0, qN ).
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It follows from (2.11) that K(α, qN ) is uniquely defined by {α}−(N+1) and thus
we can identify

{α}−(N+1) = K(α, qN ). (2.12)
With this notation we have

4) K(α, qN+1) = {α}−(N+2) =
⋃
γ

{α}−(N+2) × {γ}. (2.13)

where the union is taken over γ satisfying: 0 ≤ γ ≤ B{α}−(N+2)
− 1. Thus the ball

K(α, q(N+1)) is the union of B{α}−(N+2)
disjoint balls of radius qN . Let M ∈ Z be

given. Then according to 3) for any β ∈ SB there is N > M such that β ∈ K(0, qN).
Thus

SB =
⋃

N>M

K(0, qN). (2.14)

Put K(M) for the family of all disjoint balls of radius qM . It follows that K(M) is
countable. Thus

K(M) = {KM
i }i∈N, (2.15)

where KM
i is a ball of radius qM and KM

i ∩ KM
j = ∅ iff i 
= j. As a consequence

of (2.13), (2.14), we have
SB =

⋃
i∈N

KM
i . (2.16)

We also have

Proposition 2.8. A ball in SB is both open and compact. �

Looking back at the discussion leading to definition of the spaces SB one
realizes that SB is uniquely determined by choice of the function B{α}k

. We shall
now specify two classes of SB .
Let j ∈ N0, l ∈ N. Set

S0
j = {{α}j ∈ Sj ; αi = 0, i ≤ 0} (2.17)

Sl =
l−1⋃
j=0

S0
j . (2.18)

Put k = nl + s, where n ∈ Z, s = 0, . . . , l − 1. Then

L{α}k = {. . . , 0−1, 00, αnl+1, . . . , αk}s (2.19)

defines a map of S onto Sl. Let Bl
{α}j

, {α}j ∈ Sl stand for a function defined on

Sl with its values in N\{1}. We define the function B{α}k
on S by

B{α}k
= Bl

L{α}k
. (2.20)

If B{α}k is defined by (2.20) then we say that the corresponding SB belongs to
the Ll class. It will be convenient to have following equivalence relation in S. We
say that {α}i, {β}j ∈ S are L-equivalent if i = j modulo l and L{α}i = L{β}j.
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Note that Sl is a countable infinite set. Hence the set of L-equivalence classes
in S is also countable infinite. If B{α}k is defined by (2.20) then the number of
L-equivalence classes in SB is finite and equal to the number of the B-products

{0}0 × {γ1} × · · · × {γs}}, s = 1, . . . , l.

The important examples of SB ‘s are obtained by further specification.
Take l = 1. Then Sl = S1 is a one element set S1 = {{0}0}. Define B{0}0

= p,
where p is a prime number.Then we have B{α}k

≡ p. The corresponding space SB

will be denoted by SBp. Let α ∈ SBp. Then αk ∈ {0, 1, . . . , p − 1}. If N is such
that αk = 0 for k < N , then

a =
∞∑

i=N

αip
i (2.21)

is the Hensel representation for a p-adic number. Conversely, let a ∈ Qp be given
by (2.21) then defining αk = 0 for k < N we obtain α ∈ SBp. Thus we defined a
one to one correspondence between SBp and Qp. The set Qp is a field. Ignoring
its algebraical structure we say only that it is equipped with a norm which defines
the following metric. Let a, b ∈ Qp be given by the Hensel representation (2.21)
then

ρ(p)(a, a) = 0 and ρ(p)(a, b) = p−i0 ,

where i0 is such that αi0 
= βi0 and αi = βi for i < i0. Put q = p in (2.7). If
α, β ∈ SBp correspond to a, b ∈ Qp respectively then

ρp(α, β) = ρ(p)(a, b). (2.22)

3. Stochastic processes on SB

In this section we outline the construction of a class of stochastic processes on SB .
The main step in this direction will be a construction of the processes on K(M).
Let αi ∈ KM

i , i ∈ N. Then according to (2.13)

KM
i = K(αi, qM ) = {αi}−(M+1). (3.1)

Put P{αi}−(M+1){αj}−(M+1)
(t), t ∈ R+ for the transition probability from KM

i to
KM

j in time t. Whenever possible we shall use the simplified notation

PM,M
ij := P{αi}−(M+1){αj}−(M+1)

(t). (3.2)

Thus the forward and backward Chapman-Kolmogorov equations read:

Ṗ M,M
ij (t) = −ãjP

M,M
ij (t) +

∞∑
l=1
l�=j

ũljP
M,M
il , (3.3a)

ṖM,M
ij (t) = −ãjP

M,M
ij (t) +

∞∑
l=1
l�=j

ũilP
M,M
lj , (3.3b)
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i, j ∈ N. We impose the initial condition

PM,M
ij (0) = δij . (3.4)

The coefficients ũlj and ãj will be defined as follows. Let a(N), N ∈ Z be a
sequence such that

a(N) ≥ a(N + 1) (3.5a)

and
lim

N→∞
a(N) = 0, (3.5b)

Put
U(N + 1) = a(N) − a(N + 1). (3.6)

Let ρ(αl, αj) = qN+m, m ∈ N. Define

B(αj , m, M) ≡ (B{αj}−(M+m+1)
− 1)B{αj}−(M+m)

· · ·B{αj}−(M+2)
. (3.7)

Set
u(αj , m, M) := B−1(αj , m, M)U(M + m) (3.8)

and define
ũlj = u(αj , m, M). (3.9)

To underline the fact that the elementary balls have radius qM we write

ãj = ãj(M). (3.10)

Lemma 3.1. If ãj(M) =
∑∞

l=1 ũjl then

ãj(M) = a(M). (3.11)

The solution of the Chapman-Kolmogorov equations satisfying the initial
conditions (3.4) reads

P M,M
ii =

∞∑
n=0

(
B{αi}−(M+n+2)

· · ·B{αi}−(M+2)

)−1 (
B{αi}−(M+n+2)

− 1
)

exp
{
−

(
a(M + n) + u(αi, 1, M + n)

)
t
}

. (3.12)

If ρ(αi, αj) = qM+k, k ∈ N then

PM,M
ij (t) = B−1(αj , k, M)B−1

{αi}−(M+k+1)

(
B{αi}−(M+k+1)

− 1
)

[
∞∑

n=0

(
B{αi}−(M+k+n+2)

· · ·B{αi}−(M+k+2)

)−1 (
B{αi}−(M+k+n+2)

− 1
)

exp
{
−

(
a(M + k + n) + u(αi, 1, M + k + n)

)
t
}

− exp
{
−

(
a(M + k − 1) + u(αi, 1, M + k − 1)

)
t
}
]. (3.13)
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Thus we have found the transition functions for the processes on K(M). To obtain
the transition functions for the processes on SB we proceed as follows. Let M, N ∈
Z and M ≤ N . Then {β}−(N+1) is an union of the balls of radius qM i.e.,

{β}−(N+1) =
⋃
γ

{β}−(N+1) × {γ−N} × · · · {γ−(M+1)}, (3.14)

where the union runs over all B-products of {β}−(N+1) and the (N − M)-tuples
γ. Set

P{α}−(M+1){β}−(N+1)
(t) =

∑
γ

P{α}−(M+1){β}−(N+1)×{γ−N}×···×{γ−(M+1)}(t). (3.15)

One shows that (3.15) does not depend on M provided M ≤ N.
Since α = ∩M≤N{α}−(M+1) we define

P (α, {β}−(N+1), t) = P{α}−(M+1){β}−(N+1)
(t). (3.16)

It is further shown that P (α, {β}−(N+1), t) extends to a transition function for a
process on SB.

4. The Markovian semigroup and its generator

The next step of our discussion will be to define a Borel measure μ on SB and the
Markovian semigroup Tt, t > 0 of selfadjoint operators in L2(SB , μ) determined
by P (α, {β}−(N+1), t).

Recall that K(M) defined by (2.15) is the family of all disjoint balls of radius
qM . Then

K :=
⋃

M∈Z

K(M)

is the family of all balls in SB. We define a set function μ on K as follows

μ({0}−1) = 1, (4.1)

and
μ({α}−(M+1)) = B{α}−(M+1)

μ({α}−M ) (4.2)

for all α∈ SB and M ∈ Z. It follows from (4.2) that the numbers μ({α}−(M+1)×{γ}),
0 ≤ γ ≤ B{α}−(M+1)

− 1 are equal. By standard arguments μ can be extended to a
Borel measure on SB. It is shown that the transition function P (α, {β}−(k+1), t) de-
termines a μ-symmetric Markovian integral kernel which in turn extends uniquely
to a self adjoint Markovian semigroup Tt, t > 0 in L2(SB , μ). Moreover we have

Proposition 4.1. The Markovian semigroup Tt, t > 0 in L2(SB , μ) defined by
P (α, {β}−(k+1), t) is strongly continuous.

To summarize Tt, t > 0 is a strongly continuous self-adjoint contraction semi-
group and hence it has the representation

Tt = e−Ht, t ≥ 0
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where H is a non-negative self-adjoint operator. Let f ∈ L2(SB, μ). Then by
definition

(Hf)(η) = lim
t↓0

t−1 [f(η) − (Ttf) (η)] = lim
t↓0

t−1

[
f(η) −

∫
SB

f(ξ)P (η, dξ, t)
]

whenever the strong limit exists. It is shown that the characteristic function of
every ball χ{α}−(M+1)

belongs to the domain of H. We have the explicit formula
which is valid for all α ∈ SB and M ∈ Z

Hχ{α}−(M+1)
(η) =

⎧⎪⎨⎪⎩
a(M) if η ∈ {α}−(M+1),

− B−1(α, k, M) (a(M + k − 1) − a(M + k))

if ρ(η, α) = qM+k.

(4.3)

Put D0 for the linear hull spanned by the characteristic functions of all balls in
SB. Then we have

Corollary 4.2. D0 is a core for H.

The spectral properties of H are described by

Theorem 4.3. Let −H denote as above the generator of the strongly continuous
semigroup Tt with the kernel defined by (3.16). Then
(a) For any M ∈ Z such that a(M) > 0 and α ∈ SB there corresponds an

eigenvalue hM,α of H given by

hM,α =
(
B{α}−(M+2)

− 1
)−1 (

B{α}−(M+2)
a(M) − a(M + 1)

)
(4.4)

and a B{α}−(M+2)
− 1-dimensional eigenspace spanned by vectors of the form

eM,α =
s∑

γ=0

bγχ{α}−(M+2)×{γ} (4.5)

where
s∑

γ=0

bγ = 0 and s = B{α}−(M+2)
− 1. (4.6)

If a(M) = 0 then χ{α}−(M+1)
is an eigenvector of H to the eigenvalue 0.

(b) The linear hull spanned by the vectors eM,α, M ∈ Z, α ∈ SB is dense in
L2(SB, μ).

Proposition 4.4. Let SB ∈ Ll, α, β ∈ SB and M, N ∈ Z be such that a(M), a(N) >
0. If {α}−(M+2) and {β}−(N+2) are L-equivalent then hM,α and hN,β have the
same multiplicity. If in addition M = N then hM,α = hM,β.

Proof. If {α}−(M+2) and {β}−(M+2) are L-equivalent then

B{α}−(M+2)
= BL{α}−(M+2)

= BL{β}−(M+2)
= B{β}−(M+2)

.

By Theorem 4.3 the eigenspaces of hM,α and hM,β are of equal dimensions. If in
addition M = N then the equality hM,α = hN,β follows from (4.4). �
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The processes and their generators discussed so far have been constructed
from the solutions of the Chapman-Kolmogorov equations with coefficients ũlj

defined by (3.8), (3.9) and thus depending only on the distance ρ(αl, αj) and the
structure of SB. However the procedure we have been using can be extended to the
models with ũlj depending also on the target state explicitly. Since the formulation
allowing for the full generality of SB would involve a very heavy notation we shall
limit our considerations to the processes on Qp. Such processes have been studied
in [8]. The generators and their spectral properties can be found in [3]. Here we
present the results of [3] modified according to its generalization done in [4].

Let R be a σ-finite Borel measure on Qp. If ρ(αl, αj) = pM+m then we define

ũjl = R({αl}−(M+1))u(M + m). (4.7)

Put

W M
j = −

∞∑
m=1

u(M + m)R({αj}−(M+1) \ {αj}−(M+m+1)). (4.8)

Then we have

Lemma 4.5. If ãj(M) =
∑∞

l=1 ũjl then

ãj(M) = −WM
j (4.9)

Let the coefficients ũjl, ãj(M) in the Chapman-Kolmogorov equations be
defined by (4.7) and (4.9) respectively. The solutions will be given in terms of
following expressions

−Wα
N =

∞∑
k=N

(u(k) − u(k + 1))R({α}−(k+1)) (4.10)

We have to distinguish two cases:
1. If R(Qp) is finite then we assume R(Qp) = 1. This assumption is not signifi-

cant if the corresponding stochastic process is concerned. Then the solutions
read

P (α, {α}−(M+1), t) = R({α}−(M+1)){
1 +

∞∑
m=0

(
R−1({α}−(M+m+1)) −R−1({α}−(M+m+2))

)
exp {tWα

M+m+1}
}

.

(4.11)

If ρ(α, β) = pM+k then

P (α, {β}−(M+1), t) = R({β}−(M+1)){
1 +

∞∑
m=0

(
R−1({β}−(M+k+m+1)) −R−1({β}−(M+k+m+2))

)
exp {tWβ

M+k+m+1}
}

−R({β}−(M+1))R−1({β}−(M+k+m+1)) exp {tWβ
M+k}. (4.12)
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2. If R(Qp) = ∞ then we have

P (α, {α}−(M+1), t) = R({α}−(M+1))
∞∑

m=0

(
R−1({α}−(M+m+1)) −R−1({α}−(M+m+2))

)
exp {tWα

M+m+1}. (4.13)

If ρ(α, β) = pM+k then

P (α, {β}−(M+1), t) = R({β}−(M+1)){ ∞∑
m=0

(
R−1({β}−(M+k+m+1)) −R−1({β}−(M+k+m+2))

)
exp {tWβ

M+k+m+1}
}

(4.14)

It is further found that P (α, {β}−(M+1), t) defines a strongly continuous semi-
group Tt, t ≥ 0 of self-adjoint operators in L2(Qp,R). Thus the semigroup can be
represented by

Tt = e−Ht, t ≥ 0. (4.15)

The generator H is given by

Hχ{α}−(M+1)
(η) =

⎧⎪⎨⎪⎩
− Wα

M if η ∈ {α}−(M+1),

−R({α}−(M+1))u(M + j)

if ρ(η, α) = pM+j .

(4.16)

In analogy to Theorem 4.3 we have

Theorem 4.6. Let −H stands for generator of the Markovian semigroup Tt, t ≥ 0
in L2(Qp,R) with the integral kernel P (η, A, t) defined by (4.13), (4.14). Then

1. For any α ∈ Qp, M ∈ Z there corresponds an eigenvalue hM,α of H given by

hM,α = Wα
M . (4.17)

To this eigenvalue there corresponds a p− 1-dimensional eigenspace spanned
by the vectors of the form

eM,α =
p−1∑
γ=0

bγχ{...,α−(M+2),α−(M+1),γ}, (4.18)

where
∑p−1

γ=0 bγR({α}−(M+1) × γ}) = 0.

2. Denote by es
M,α, s = 1, 2, . . . , p − 1 the orthonormalized eigenvectors corre-

sponding to hM,α. If R(Qp) = ∞ then the orthonormal system {es
M,α}, α ∈

Qp, M ∈ Z, s = 1, . . . , p − 1 is a basis for L2(Qp,R). If R(Qp) = 1 then the
above vectors together with the constant function 1 form a basis for L2(Qp,R).
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Proposition 4.7. Let α, β ∈ Qp, M ∈ Z, l ∈ N and ρ(α, β) = pM . Then

hN,α = hN,β (4.19)

for N ≥ M. If in addition

R({α}−(M−l+1)) = R({β}−(M−l+1)) (4.20)

for l = 1, 2, . . . , l0 then (4.19) holds for N ≥ M − l0.

Proof. We have to prove that Wα
N = Wβ

N . Since ρ(α, β)= pM we have {α}−(N+1) =
{β}−(N+1) if N ≥ M. Thus

R({α}−(k+1)) = R({β}−(k+1)), k ≥ N ≥ M

and consquently Wα
N = Wβ

N by (4.8). If in addition (4.20) is assumed then (4.19)
holds for N ≥ M − l0. �
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1. Introduction

The employing of non-Hermitian operators for the description of experimentally
observable data goes back to the early days of quantum mechanics [14, 18, 30].
A steady interest to non-Hermitian Hamiltonians became enormous after it has
been discovered that complex Hamiltonians possessing so-called PT -symmetry
(the product of parity and time reversal) can have a real spectrum (like self-adjoint
operators) [9, 15, 26, 34]. The results obtained gave rise to a consistent complex
extension of the standard quantum mechanics (see the review paper [8] and the
references therein).

One of key moments in the PT -symmetric quantum theory is the description
of a previously unnoticed symmetry (hidden symmetry) for a given PT -symmetric
Hamiltonian A that is represented by a linear operator C. The properties of C
are nearly identical to those of the charge conjugation operator in quantum field
theory and the existence of C provides an inner product whose associated norm is
positive definite and the dynamics generated by A is then governed by a unitary
time evolution. However, the operator C depends on the choice of A and its finding
is a nontrivial problem [7, 10, 12].

The concept of PT -symmetry can be placed in a more general mathematical
context known as pseudo-Hermiticity. A linear densely defined operator A acting in
a Hilbert space H is pseudo-Hermitian if there is an invertible bounded self-adjoint
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operator η : H → H such that
A∗η = ηA, (1.1)

where the sign ∗ stands for the adjoint of the corresponding operator. Including
the concept of PT -symmetry in a pseudo-Hermitian framework enables one to
make more clear basic constructions of PT -symmetric quantum mechanics and to
achieve a lot of nontrivial physical results [1, 6, 17, 19, 27, 28].

The related notion of quasi-Hermiticity and its physical implications were
discussed in detail in [16, 31].

Using Langer’s observation [22] that a Hilbert space H with the indefinite
metric [f, g]η = (ηf, g) (0 ∈ ρ(η)) is a Krein space, one can reduce the investigation
of pseudo-Hermitian operators to the study of self-adjoint operators in a Krein
space [2, 3, 25, 29, 32]. The present paper continues such trend of investigations
and its aim is to analyze pseudo-Hermitian operators with C-symmetries in the
Krein space setting. The special attention will be paid to the generalization of the
concept of C operators.

The existence of a C-symmetry for a pseudo-Hermitian operator A means
that A has a maximal dual pair {L+, L−} of invariant subspaces of H [23, 24].

The paper is organized as follows. Section 2 contains all necessary Krein
space results in the form convenient for our presentation. Their proofs and detailed
analysis can be found in [5]. Section 3 deals with the study of C-symmetries by the
Krein space methods. A more physical presentation of the subject can be found
in [7]–[13, 19, 29, 32]. Section 4 contains some generalization of the concept of
C-symmetry where operators C are supposed to be unbounded in H. The case
of unbounded metric operator η has been recently studied in [20]. Examples of
C-symmetries and generalized C-symmetries are presented in Section 5.

For the sake of simplicity, we restrict ourselves to the case where a self-
adjoint operator η is also unitary. For such a self-adjoint and unitary operator η
the notation J (i.e., η ≡ J) will be used. Note that the requirement of unitarity of
η is not restrictive because the general case of a self-adjoint operator η is reduced
to the case above if, instead of the original scalar product (·, ·) in H, ones consider
another (equivalent to it) scalar product (|η|·, ·), where |η| =

√
η2 is the modulus

of η.

2. Elements of the Krein’s spaces theory

Let H be a Hilbert space with scalar product (·, ·) and let J be a fundamental
symmetry in H (i.e., J = J∗ and J2 = I). The corresponding orthoprojectors
P+ = 1/2(I +J), P− = 1/2(I −J) determine the fundamental decomposition of H

H = H+ ⊕ H−, H− = P−H, H+ = P+H. (2.2)

The space H with an indefinite scalar product (indefinite metric)

[x, y] := (Jx, y), ∀x, y ∈ H (2.3)

is called a Krein space if dimH+ = dimH− = ∞.
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A (closed) subspace L ⊂ H is called nonnegative, positive, uniformly posi-
tive if, respectively, [x, x] ≥ 0, [x, x] > 0, [x, x] ≥ α‖x‖2 for all x ∈ L \ {0}.
Nonpositive, negative, and uniformly negative subspaces are introduced similarly.
The subspaces H+ and H− in (2.2) are maximal uniformly positive and maximal
uniformly negative, respectively.

Let L+ be a maximal positive subspace (i.e., the closed set L+ does not
belong as a subspace to any positive subspace). Its J-orthogonal complement

L− = L
[⊥]
+ = {x ∈ H | [x, y] = 0, ∀y ∈ L+}

is a maximal negative subspace of H and the direct J-orthogonal sum

H′ = L+[+̇]L− (2.4)

is a dense set in H. (Here the brackets [·] means the orthogonality with respect
to the indefinite metric.) The linear set H′ coincides with H if and only if L+

is a maximal uniformly positive subspace. In that case L− = L
[⊥]
+ is a maximal

uniformly negative subspace.
The subspaces L+ and L− in (2.4) can be decomposed as follows:

L+ = (I + K)H+ L− = (I + Q)H−,

where K : H+ → H− is a contraction and (Q = K∗ : H− → H+) coincides with
the adjoint of K.

The self-adjoint operator T = KP+ +K∗P− acting in H is called an operator
of transition from the fundamental decomposition (2.2) to (2.4). Obviously,

L+ = (I + T )H+, L− = (I + T )H−. (2.5)

The collection of operators of transition admits a simple ‘external’ descrip-
tion. Namely, a self-adjoint operator T in H is an operator of transition if and
only if

‖Tx‖ < ‖x‖ (∀x 
= 0) and JT = −TJ. (2.6)

The important particular case of (2.4), where H′ coincides with H (i.e., H =
L+[+̇]L−) corresponds to the more strong condition ‖T ‖ < 1 in (2.6).

Let PL± : H′ → L± be the projectors onto L± with respect to decomposition
(2.4). Repeating step by step the proof of Proposition 9.1 in [21] where the case
H = L+[+̇]L− has been considered, one gets

PL− = (I − T )−1(P− − TP+), PL+ = (I − T )−1(P+ − TP−), (2.7)

where T is the operator of transition from (2.2) to (2.4).

3. The condition of C-symmetry

A linear densely defined operator A acting in a Krein space (H, [·, ·]) is called J-self-
adjoint if its adjoint A∗ satisfies the condition A∗J = JA. Obviously, J-self-adjoint
operators are pseudo-Hermitian ones in the sense of (1.1).
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Since a J-self-adjoint operator A is self-adjoint with respect to the indefinite
metric (2.3), one can attempt to develop a consistent quantum theory for J-self-
adjoint Hamiltonians with real spectrum. However, in this case, we encounter the
difficulty of dealing with the indefinite metric [·, ·]. Since the norm of states carries
a probabilistic interpretation in the standard quantum theory, the presence of an
indefinite metric immediately raises problems of interpretation. One of the natural
ways to overcome this problem consists in the construction of a hidden symmetry
of A that is represented by the linear operator C. This symmetry operator C
guarantees that the pseudo-Hermitian Hamiltonian A can be used to define a
unitary theory of quantum mechanics [8, 11].

By analogy with [8] the definition of C can be formalized as follows.

Definition 3.1. A J-self-adjoint operator A has the property of C-symmetry if there
exists a bounded linear operator C in H such that: (i) C2 = I; (ii) JC > 0;
(iii) AC = CA.

The next simple statement clarifies the structure of pseudo-Hermitian oper-
ators with C-symmetries.

Proposition 3.2. Let A be a J-self-adjoint operator. Then A has the property of
C-symmetry if and only if A admits the decomposition

A = A+[+̇]A−, A+ = A � L+, A− = A � L− (3.8)

with respect to a certain choice of J-orthogonal decomposition of H

H = L+[+̇]L−, L− = L
[⊥]
+ , (3.9)

where L+ is a maximal uniformly positive subspace of the Krein space (H, [·, ·]).

Proof. Let A admit the decomposition (3.8) with respect to (3.9). Denote C =
PL+ − PL− , where PL± are projectors onto L± according to (3.9). Obviously, the
bounded linear operator C satisfies C2 = I and CA = AC. Furthermore, by virtue
of the second relation in (2.6) and (2.7),

C = PL+ − PL− = (I − T )−1(I + T )(P+ − P−) = J(I − T )(I + T )−1, (3.10)

where T is the operator of transition from (2.2) to (3.9). Hence JC = (I − T )(I +
T )−1 > 0 (since ‖T ‖ < 1). Thus A has C-symmetry.

Conversely, assume that A has C-symmetry and denote L+ = (I + C)H and
L− = (I − C)H. Since C2 = I, one gets H = L++̇L− and

Cf− = −f−, Cf+ = f+, ∀f± ∈ L±. (3.11)

Therefore,

[f+, f+] = [Cf+, f+] = (JCf+, f+) > 0, [f−, f−] = −[Cf−, f−] = −(JCf−, f−) < 0.

Thus L+ (L−) is a positive (negative) linear set of H.
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The property of JC to be self-adjoint in H implies that C∗J = JC, i.e., C is
J-self-adjoint. In that case

[f+, f−] = [Cf+, f−] = [f+, Cf−] = −[f+, f−]

and hence, [f+, f−] = 0.
Summing the results established above, one concludes that the operator C

determines an J-orthogonal decomposition (3.9) of H, where L+ and L− are pos-
itive and negative linear subspaces of H. Such type of decomposition is possible
only in the case where L+ is a maximal uniformly positive subspace of H and
L− = L

[⊥]
+ [5].

To complete the proof it suffices to observe that (3.8) follows from the rela-
tions AC = CA and L± = (I ± C)H. �

Corollary 3.3. A J-self-adjoint operator A has the property of C-symmetry if and
only if H =

√
JCA(

√
JC)−1 is a self-adjoint operator in H.

Proof. Denote for brevity F = JC. It follows from the conditions (i), (ii) of the
definition of C-symmetry that F is a bounded uniformly positive operator in H.

If a J-self-adjoint operator A has the property of C-symmetry, then

(
√

FAx,
√

Fy) = [CAx, y] = [ACx, y] = [Cx, Ay] = (
√

Fx,
√

FAy).

This means that H =
√

FA(
√

F )−1 is a self-adjoint operator in H with respect to
the initial product (·, ·).

Conversely, if H =
√

FA(
√

F )−1 is self-adjoint, then

[CAx, y] = (H
√

Fx,
√

Fy) = (
√

Fx, H
√

Fy) = [Cx, Ay] = [ACx, y]

for any x, y ∈ H. Therefore, CA = AC and A has C-symmetry. �

It follows from the proof that the scalar product (x, y)C := [Cx, y] determined
by C is equivalent to the initial scalar product (·, ·) in H. Thus the existence of
a C-symmetry for a J-self-adjoint operator A ensures unitarity of the dynamics
generated by A in the norm ‖ · ‖2

C = (·, ·)C equivalent to the initial one.
In contrast to Proposition 3.2, Corollary 3.3 does not emphasize the property

of A to be diagonalizable into two operator parts in H.
Denote

U =
1
2
[(I + C)P+ + (I − C)P−]. (3.12)

It is clear that CU = UJ . This gives U : H+ → L+ and U : H− → L−, where
H± are subspaces of the fundamental decomposition (2.2) and L± = (I ±C)H are
reducing subspaces for A in Proposition 3.2. Furthermore, it follows from (3.12)
that the operators U± = U � H± determine bounded invertible mappings of H±
onto L± (since the subspaces H+ and L+ are maximal uniformly positive and H−
and L− are maximal uniformly negative).
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By virtue of Proposition 3.2, the transformation U decomposes an J-self-
adjoint operator A with C symmetry into the 2 × 2-block form

U−1AU =
(

U−1
+ AU+ 0

0 U−1
− AU−

)
with respect to the fundamental decomposition (2.2). For this reason the mapping
determined by U can be considered as a generalization of the Foldy-Wouthuysen
transformation well-known in quantum mechanics (see, e.g., [33]).

4. Generalized C-symmetry

The concept of C-symmetry can be weakened as follows.

Definition 4.1. A J-self-adjoint operator A has the property of generalized C-
symmetry if there exists a linear densely defined operator C in H such that:

(i) C2 = I;
(ii) the operator JC is positive self-adjoint in H;
(iii) D(A) ⊂ D(C) and AC = CA.

The main difference with Definition 3.1 is that the operator C is not assumed
to be bounded.

Proposition 4.2 (cf. Proposition 3.2). A J-self-adjoint operator A has the property
of generalized C-symmetry if and only if A admits the decomposition

A = A+[+̇]A−, A+ = A � L+, A− = A � L− (4.13)

with respect to a certain choice of J-orthogonal sum

H ⊃ H′ = L+[+̇]L− L− = L
[⊥]
+ , (4.14)

where L+ is a maximal positive subspace of the Krein space (H, [·, ·]).
Proof. If L+ satisfies the condition of Proposition 4.2, then L+[+̇]L− is a dense
set in H [5]. Denote C = PL+ − PL− , where PL± are projectors in L+[+̇]L− onto
L±. It follows from the definition of C and (4.13) that C2 = I, CA = AC, and
D(C) = L+[+̇]L−.

The operator C is also defined by (3.10), where T is the operator of transition
from (2.2) to L+[+̇]L−. Since T satisfies (2.6), the operator JC = (I −T )(I +T )−1

is positive self-adjoint in H. Thus A has a generalized C-symmetry.
Conversely, assume that A has generalized C-symmetry and denote

T = (I − F )(I + F )−1, F = JC. (4.15)

Since F is positive self-adjoint, the operator T satisfies ‖Tx‖ < ‖x‖ (x 
= 0)
and

JC = F = (I − T )(I + T )−1. (4.16)
The conditions (i) and (ii) of Definition 4.1 imply JF = C = F−1J . Combin-

ing this relation with (4.15) one gets JT = −TJ . So, the operator T satisfies the
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conditions of (2.6). This means that T is the operator of transition from (2.2) to
the direct J-orthogonal sum (2.4) (or (4.14)), where a maximal positive subspace
L+ has the form (2.5) and L− = L

[⊥]
+ .

Since the projectors PL± are defined by (2.7), relation (4.16) implies (cf.
(3.10)) PL+ − PL− = J(I − T )(I + T )−1 = C. Hence, L+ = (I + C)D(C) and
L− = (I − C)D(C). In that case, the decomposition (4.13) immediately follows
from the relation AC = CA. �

Corollary 4.3. If a J-self-adjoint operator A possesses a generalized C-symmetry
given by an operator C in the sense of Definition 4.1, then its adjoint C∗ provides
the property of a generalized C-symmetry for A∗.

Proof. Since A is J-self-adjoint, the relation AJ = JA∗ holds. Therefore, if A is
decomposed with respect to (4.14) in the sense of Proposition 4.2, then A∗ has the
similar decomposition with respect to the dense subset JL+[+̇]JL− of H, where
JL+ is a maximal positive subspace of the Krein space (H, [·, ·]). Therefore, A∗

has a generalized C-symmetry.
The J-orthogonal sum (4.14) is uniquely determined by the operator C =

J(I−T )(I +T )−1, where T is the operator of transition from (2.2) to L+[+̇]L−. It
follows from (2.5) and (2.6) that T ′ = −T is the operator of transition from (2.2)
to JL+[+̇]JL−. According to the proof of Proposition 4.2 and (2.6), the operator

C′ = J(I − T ′)(I + T ′)−1 = J(I + T )(I − T )−1 = (I − T )(I + T )−1J = C∗

provides the property of generalized C-symmetry for A∗. �

Corollary 4.4. If a J-self-adjoint operator A has a generalized C-symmetry, then
C \ R belongs to the continuous spectrum of A (i.e., σc(A) ⊃ C \ R).

Proof. Assume that a J-self-adjoint operator A with generalized C-symmetry has
a non-real eigenvalue z ∈ C \ R. By Proposition 4.2, at least one of the operators
A± in (4.13) have the eigenvalue z. However, this is impossible because A± are
symmetric in the pre-Hilbert spaces L± with scalar products [·, ·] and −[·, ·], re-
spectively. Therefore, σp(A) ∩ (C \ R) = ∅. Further σr(A) ∩ (C \ R) = ∅ since A∗

has a generalized C-symmetry.
In view of (4.13) and (4.14), R(A−zI) ⊆ L+[+̇]L− = H′ 
= H for any non-real

z. Hence, σc(A) ⊃ C \ R. �

Denote by HC the completion of D(C) with respect to the positive sesquilinear
form

(f, g)C := [Cf, g] = (JCf, g), ∀f, g ∈ D(C).
In contrast to the case of C-symmetry (see Section 3), the norm ‖ · ‖2

C = (·, ·)C is
not equivalent to the initial one.

If a J-self-adjoint operator A has a generalized C-symmetry, then

(Af, g)C = [CAf, g] = [ACf, g] = [Cf, Ag] = (f, Ag)C , ∀f, g ∈ D(A).

Hence, A is a symmetric operator in HC .
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5. Schrödinger operator with PT -symmetric zero-range potentials

5.1. An example of C-symmetry

Let H = L2(R) and let J = P , where Pf(x) = f(−x) is the space parity operator
in L2(R). In that case, the fundamental decomposition (2.2) of the Krein space
(L2(R), [·, ·]) takes the form

L2(R) = Leven
2 ⊕Lodd

2 , (5.17)

where H+ =Leven
2 and H−=Lodd

2 are subspaces of even and odd functions in L2(R).
Consider the one-dimensional Schrödinger operator with singular zero-range

potential

− d2

dx2
+ Vγ , Vγ = iγ[< δ′, · > δ+ < δ, · > δ′], γ ≥ 0 (5.18)

where δ and δ′ are, respectively, the Dirac δ-function and its derivative (with
support at 0).

It is easy to verify that PT [− d2

dx2 + Vγ ] = [− d2

dx2 + Vγ ]PT , where T is the
complex conjugation operator T f(x) = f(x). Thus the expression (5.18) is PT -
symmetric [8, 10].

The operator realization Aγ of −d2/dx2 + Vγ in L2(R) is defined as

Aγ = Areg � D(Aγ), D(Aγ) = {f ∈ W 2
2 (R\{0}) : Aregf ∈ L2(R)}, (5.19)

where the regularization of −d2/dx2 + Vγ onto W 2
2 (R\{0}) takes the form

Areg = − d2

dx2
+ iγ[< δ′ex, · > δ+ < δex, · > δ′].

Here −d2/dx2 acts on W 2
2 (R\{0}) in the distributional sense and

< δex, f >=
f(+0) + f(−0)

2
, < δ′ex, f >= −f ′(+0) + f ′(−0)

2
for all f(x) ∈ W 2

2 (R\{0}).
The operator Aγ defined by (5.19) is a P-self-adjoint operator in the Krein

space L2(R).
According to [4], Aγ has C-symmetry for all γ 
= 2. The corresponding oper-

ator C ≡ Cγ takes the form
Cγ = αγP + iβγR, (5.20)

where αγ = γ2+4
|γ2−4| and βγ = 4γ

|γ2−4| are ‘hyperbolic coordinates’ (α2
γ −β2

γ = 1) and
Rf(x) = (sign x)f(x).

The operator Aγ is reduced by the decomposition

L2(R) = Lγ
+[+̇]Lγ

−, Lγ
+ = (I + Cγ)L2(R), Lγ

− = (I − Cγ)L2(R). (5.21)

Here Cγ = P(I − Tγ)(I + Tγ)−1, where the operator Tγ

Tγ = i
2
γ
RP (γ > 2); Tγ = i

γ

2
RP (γ < 2) (5.22)

is the operator of transition from the fundamental decomposition (5.17) to (5.21).
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Let us assume γ > 2 (the case γ < 2 is completely similar). By (2.5), (5.17),
and (5.22)

Lγ
+ = {feven + i

2
γ
Rfeven : feven∈Leven

2 }, Lγ
− = {fodd − i

2
γ
Rfodd : fodd∈Lodd

2 }.

If γ → 2, then the invariant subspaces Lγ
+ and Lγ

− for Aγ ‘tend’ to each other
and for γ = 2 they coincide with the hyper-maximal neutral subspace

L2 = {feven + iRfeven : feven∈Leven
2 } = {fodd − iRfodd : fodd∈Lodd

2 }.
The spectrum of A2 coincides with C and any point z ∈ C\R+ is an eigenvalue

of A2 [4]. Therefore, the P-self-adjoint operator A2 has no C-symmetry as well as
generalized C-symmetry (see Corollary 4.4).

The obtained result is in accordance with the ‘physical’ concept of PT -
symmetry. Indeed, it is easy to verify that the PT -symmetry of (5.18) is unbroken
for γ 
= 2 and broken for γ = 2 in the sense of [7] – [12]. According to the general
concepts of the theory [10, 11], the existence of a hidden C-symmetry is an intrinsic
property of unbroken PT -symmetry.

5.2. An example of generalized C-symmetry

Let us consider a Hilbert space H =
⊕∞

1 L2(R) with elements f = {f1, f2, . . .},
where fi∈L2(R) and the scalar product (·, ·)H is defined by the formula

(f, g)H =
∞∑

i=1

(fi, gi)L2(R).

The operator Jf = {Pf1,Pf2, . . .} is a fundamental symmetry in H (i.e.,
J = J∗ and J2 = I) and (H, [·, ·]) endowed by the indefinite metric (2.3) is a Krein
space.

The operator

A�γ f = {Aγ1f1, Aγ1f2, . . .}, �γ = {γi}, γi ≥ 0,

where Aγi are defined by (5.19), is J-self-adjoint in H. If 2 is not a limit point
for the set �γ (i.e., 2 does not belong to the closure of �γ), the operator A�γ has
C-symmetry with C =

⊕∞
1 Cγi where Cγi are given by (5.20).

Let us assume that 2 
= γi (i ∈ N) and there exists a subsequence γj of �γ such
that γj → 2. In that case the operator T =

⊕∞
1 Tγi with Tγi determined by (5.22)

satisfies the conditions (2.6) and ‖T ‖ = 1. Therefore, T is the operator of transition
from the fundamental decomposition of (H, [·, ·]) to the J-orthogonal sum (2.4)
that is dense in H. Since ‖T ‖ = 1 the subspaces L± in (2.4) are determined by the
unbounded operator

C =
∞⊕
1

Cγi = J(I − T )(I + T )−1.

Thus the operator A�γ has a generalized C-symmetry.
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Abstract. The article gives an overview of recent results in the theory of
difference-differential lattices generated by various forms of the Lax equation
•
J(t) = Φ(J(t), t) + [J(t), A(J(t), t)] of the following type. It is required that
J(t) : l2 → l2 be able to be mapped into a self-adjoint, or unitary, or normal
operator L(t) of multiplication by an independent variable in separable Hilbert
space L2(C, dρ(·, t)). Here dρ is a probability measure with infinite compact
support defined on the Borel σ-algebra B(C) (spectral measure of L(t)).

The article presents an algorithm that solves such lattices via the Inverse
Spectral Problem. For the case of unitary J(t), three applications (in terms
of the Verblunsky coefficients) are presented.
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1. Introduction

This article gives a brief sketch of the recently-born theory of difference-differential

lattices generated by various forms of the Lax equation
•
J(t) = Φ(J(t), t) +

[J(t), A(J(t), t)] of the following type. It is required that J(t) : l2 → l2 be able
to be mapped into a self-adjoint, or unitary, or normal operator L(t) of multipli-
cation by an independent variable in separable Hilbert space L2(C, dρ(·, t)). The
probability measure dρ has an infinite compact support and is defined on the
Borel σ-algebra B(C). The operator L is bounded. The Lax equation is treated
in the weak (coordinate-wise) sense. These restrictions define a class of difference-
differential lattices that can be integrated using the method presented here.
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The results of this article are based on the classical theory of Jacobi matrices
(see Mark Krein’s article [1]) and are inspired by recent advances in the spectral
theory of block unitary and normal matrices (see [2, 3]). The basic ideas for the
self-adjoint case can be found in [4]. A complete proof for the unitary case is
presented in [5]. The normal case is analyzed in [6].

The most simple (but not so trivial) case of a self-adjoint L (this case will
be referred to as the “self-adjoint case”) was extensively studied during last few
decades. A classical lattice of this type is the well-known Toda lattice

ȧn = 1
2an(bn+1 − bn)

ḃn = a2
n − a2

n−1

(1.1)

Here, n = 0, 1, . . . ; t ∈ [0,∞), and a−1 = 0 is the boundary condition. The corre-
sponding Lax equation has the form

L̇(t) = [L, A] = LA − AL. (1.2)

Here

A =

⎛⎜⎜⎜⎜⎝
0 −a0(t) ·

a0(t) 0 −a1(t) ·
a1(t) 0 −a2(t) ·

a2(t) 0 −a3(t) ·
· · · · · ·

⎞⎟⎟⎟⎟⎠
The initial boundary value problem is stated as follows: find the solution

(a(t), b(t)) subject to to the given initial data (a(0), b(0)) in the class

K[0, T ] = {an(t), bn(t) ∈ C1
[ 0,T ]→R

| ∀ t ∈ [0, T ],

an(t) > 0, sup
n∈N0

max
t∈[ 0,T ]

max(an(t), bn(t)) < +∞}.

The solution can be found in [7]. The main idea is to connect the Toda lattice
with the measure transformation

dρ(λ, t) = C(t) · eλtdρ(λ, 0),

where λ ∈ R, t ∈ [0,∞), and C is a normalizing factor.
In [8], one can find examples of the mapping + multiplication measure trans-

formations for the case where the corresponding chains of differential equations
can efficiently be found and integrated. Article [8] deals with the following more
general Lax equation:

L̇(t) = Φ(L(t), t) + [L(t), 〈Φ(L(t), t)DL(t) +
1
2
Ψ(L(t), t)〉]

Here DL = ∂
∂λ . For the matrix A = (ajk)∞j,k=0, the matrix 〈A〉 is built in the

following way: 〈A〉jk = ajk if j > k, 〈A〉jk = 0 if j = k, and 〈A〉jk = −akj if j < k.
Analogous results for the case of a unitary multiplication operator L can

be found in the OPUC theory. In [9], one can find the so-called Schur flow. The
following theorem can be found in that article:
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Theorem 1.1. Let αn(t), n ∈ Z+, be a sequence of complex-valued functions,
|αn(t)| < 1 for t � 0 and α−1 = −1. The following three statements are equivalent:

1. αn solve the Schur flow equations

α′
n(t) = (1 − |αn(t)|2)(αn+1(t) − αn−1(t)), t > 0;

2. The CMV matrices C(t) satisfy the Lax equation

C′(t) = [B, C];

(B is a matrix, whose exact form we do not give here. Instead, we will later
represent a more abstract construction from which this form results as a very
simple technical side effect.)

3. Due to Verblunsky’s theorem, there exists a one-to-one correspondence be-
tween the coefficients αn(t) and the nontrivial probability measures on the
unitary circle T. The third statement of the theorem says that the measure
dμ(ζ, t), having αn(t) as its Verblunsky coefficients, satisfies the relation

dμ(ζ, t) = C(t)et(ζ+ζ−1)dμ(ζ, 0),

where C is a normalizing factor.

All these cases are quite similar: they use a common spectral technique.
Now, let us note that on R, the operator of multiplication by an independent

variable L is self-adjoint due to the equality z = z̄, z ∈ R). In L2(T, dρ), it is
unitary because z̄ = z−1 ∀z ∈ T = {z ∈ C : |z| = 1}. And in L2(C, dρ), it is
normal because z · z̄ = |z|2 = z̄ · z. No other cases exist. This observation gives us
an idea to unite all three cases (difference-differential lattices generated by the Lax
equation for a self-adjoint, unitary and normal L) into one theory with a single
spectral approach.

A breakthrough in this direction became possible due to articles [2], [3]. The
most significant result of these articles is the way of building the orthonormal basis
in L2(T, dρ) and L2(C, dρ). In this basis, the operator I−1LI has a convenient
block structure. The mapping I is built in such a way that the matrices of L
and I−1LI coincide. This observation furnishes an opportunity to efficiently build
difference-differential lattices starting from an abstract measure transformation.

The united theory still has practical applications. The corresponding lattices
now have matrix-valued coefficients and arguments. The theory can be represented
in a coordinate-wise form if necessary.

2. The unitary case: theory and examples

Consider a three-diagonal block Jacobi matrix

L(t) =

⎛⎜⎜⎝
b0(t) c0(t) ·
a0(t) b1(t) c1(t) ·

a1(t) b2(t) c2(t) ·
· · · · ·

⎞⎟⎟⎠ (2.1)
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in the space

l2 = H0 ⊕H1 ⊕H2 ⊕ · · · , H0 = C, Hn = C2, n ≥ 1. (2.2)

l2 is a Hilbert space with natural scalar product: for f, g ∈ l2 with coordinates in
the standard orthonormal basis

e0 =
(

1,

(
0
0

)
,

(
0
0

)
, . . .

)
,

en,1 =

⎛⎝0,

(
0
0

)
, · · · ,

(
0
0

)
,

(
1
0

)
n

,

(
0
0

)
. . .

⎞⎠ ,

en,2 =

⎛⎝0,

(
0
0

)
, · · · ,

(
0
0

)
,

(
0
1

)
n

,

(
0
0

)
. . .

⎞⎠ ,

the norm and the scalar product are defined as

‖f‖2
l2 =

∞∑
n=0

‖fn‖2
Hn

, (f, g)l2 =
∞∑

n=0

(fn, gn)Hn

Here,
‖fn‖2

Hn
= ‖fn‖2

C2 = |fn,1|2 + |fn,2|2,
(fn, gn)Hn = (fn, gn)C2 = fn,1 · gn,1 + fn,2 · gn,2.

Assume that in the standard orthonormal basis, L has the following form:

L(t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

b0;22 c0;21 c0;22

a0;12 b1;11 b1;12 0 0
0 b1;21 b1;22 c1;21 c1;22

a1;11 a1;12 b2;11 b2;12 0 0
0 0 b2;21 b2;22 c2;21 c2;22

a2;11 a2;12 b3;11 b3;12

0 0 b3;21 b3;22

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2.3)

All the entries are assumed to be continuously differentiable functions on the
interval [0, T ]. Consider the following polynomials in λ :

Φ(λ, t) =
l∑

j=0

ϕj(t)λj , ϕj(t) ∈ C1
[0,∞)→R

, λ ∈ T, (2.4)

Ψ(λ, t) =
m∑

j=0

ψj(t)λj , ψj(t) ∈ C1
[0,∞)→C

, λ ∈ T. (2.5)

Denote by D the differential operator ∂
∂λ and consider the following operators:

Ω = Φ(L(t), t) ◦ D,

Ω̂ = Φ(L∗(t), t) ◦ D,

Ψ = Ψ(L(t), t), Ξ = −Ω − Ω̂∗ − Ψ.
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I =

⎛⎜⎜⎜⎜⎝
1
2Ξ0,1;0,1 Ξ0,1;1,1 Ξ0,1;1,2 Ξ0,1;2,1 Ξ0,1;2,2

0 1
2Ξ1,1;1,1 Ξ1,1;1,2 Ξ1,1;2,1 Ξ1,1;2,2

0 0 1
2Ξ1,2;1,2 Ξ1,2;2,1 Ξ1,2;2,2

0 0 0 1
2Ξ2,1;2,1 Ξ2,1;2,2

0 0 0 0 1
2Ξ2,2;2,2

⎞⎟⎟⎟⎟⎠ (2.6)

Consider the following differential equation:
d

dt
L(t) = Φ(L(t), t) + [L(t), Ω + I +

1
2
Ψ]. (2.7)

Here [A, B] = AB − BA. This Lax equation can be rewritten as the lattice in
coordinate-wise form by using the matrix-variables an, bn, cn. The Cauchy problem
for the differential equation (2.7) can be stated as follows.

Suppose we have a bounded unitary block Jacobi matrix L0 with entries
an;11 > 0, cn,22 > 0. Find L(t), t ∈ [0; T ], with continuously differentiable entries
such that L(t) is a solution of (2.7) for t ∈ [0, T ] where T depends only on the
initial condition

L(0) = L0 (2.8)

and functions Φ, Ψ (see (2.4), (2.5)).

Theorem 2.1. A solution of the Cauchy problem (2.7), (2.8) exists and can be
found in the following way.

Let ρ(·, 0) be the spectral measure of the Jacobi matrix L0. Denote M =
supp ρ(·, 0) ⊂ T. Consider the Cauchy problem

dλ(t)
dt

= Φ(λ(t), t), λ(0) = μ, μ ∈ M, t ≥ 0. (2.9)

From the standard theory of differential equations, it is well known that one can
choose T > 0 such that for every μ ∈ M , there exists a unique solution λ(·, μ) of
the Cauchy problem (2.9) defined on the interval [0, T ].

For every fixed t ∈ [0, T ], consider the mapping

ωt : M −→ T
μ �−→ λ(t, μ) (2.10)

and construct the measure q

ρ̃(Δ, t) = ρ(ω−1
t (Δ), 0), Δ ∈ B(T). (2.11)

Here ω−1
t (Δ) is the full preimage of the set Δ under the mapping ωt. Since λ(t, μ)

is continuous, we obtain that ρ̃(·, t) ∈ M. Here M is the set of all non-zero finite
measures on B(T) with infinite compact support.

Let us consider the following partial differential equation:

∂s(λ, t)
∂λ

Φ(λ, t) +
∂s(λ, t)

∂t
= Ψ(λ, t)s(λ, t), (2.12)

s(λ, 0) = 1, λ ∈ T, t ≥ 0.
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Let s(λ, t) be its nonnegative solution. Let us build a new measure

ρ(Δ, t) =
∫
Δ

s(λ, t)dρ̃(λ, t), Δ ∈ B(T). (2.13)

It is obvious that ρ(·, t) ∈ M. Thus, the functions Φ and Ψ define, through equations
(2.9), (2.12) and equalities (2.11), (2.13), some measure transformation of type
“mapping + multiplication”:

M � ρ(·, 0) �→ ρ(·, t) ∈ M, t ∈ [0, T ]. (2.14)

The last step is to reconstruct L(t) from its spectral measure ρ(·, t), t ∈ [0, T ] by
solving the Inverse Spectral Problem. This can be done as follows.

Consider the following family of functions:

1, z, z̄ =
1
z
, z2, z̄2 =

1
z2

, . . . (2.15)

Let us build the orthonormal basis

P0(z, t), P1,1(z, t), P1,2(z, t), P2,1(z, t), P2,2(z, t), . . .

in the space L2(T, dρ(·, t)) (by using the standard Shmidt orthogonalization pro-
cedure). L(t) is the operator of multiplication by an independent variable in the
space L2(T, dρ(·, t)). Thus, the solution can be represented as follows:

Lj,α;k,β(t) =
∫
T

λPk,β(λ, t)Pj,α(λ, t)dρ(λ, t).

Theorem 2.2. Let the coefficients ϕj(t), ψj(t) in (2.4), (2.5) be analytical functions
in the neighbourhood of the interval [0; T ]. Then the solution of the Cauchy problem
(2.7), (2.8) is unique.

Corollary 2.3. Let Φ(λ, t) ≡ 0, Ψ(λ, t) = λ+ 1
λ . Then we obtain the above-mentioned

Leonid Golinskii’s case (see [9]):

Proof. At Φ(λ, t) ≡ 0 we have Ω = Φ(L(t), t) ◦D(t) = O, Ω̂ = Φ(L∗(t), t) ◦D(t) =
O, Ψ(L(t), t) = L + L∗, Ξ = −Ω− Ω̂∗ − Ψ = −Ψ = −L − L∗. Substitute this into
(2.7):

d

dt
L(t) = Φ(L(t), t) + [L(t), Ω + I +

1
2
Ψ] = [L, B],

where B = I + 1
2Ψ = (L+L∗)−−(L+L∗)+

2 . �

Corollary 2.4. Let Φ(λ, t) ≡ 0, Ψ(λ, t) = λ. Then we obtain a two-dimensional
analog of the Toda lattice for the unitary case.

Proof. At Φ(λ, t) ≡ 0 we have Ω = Φ(L(t), t) ◦D(t) = O, Ω̂ = Φ(L∗(t), t) ◦D(t) =
O, Ψ(L(t), t) = L(t), Ξ = −Ω − Ω̂∗ − Ψ = −Ψ = −L.

Substitute this into (2.7):
d

dt
L(t) = Φ(L(t), t) + [L(t), Ω + I +

1
2
Ψ] = [L, A],
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where

A = I +
1
2
Ψ =

1
2

⎛⎜⎜⎜⎜⎝
0 −c0;10 −c0;11 0 0

a0;01 0 −b1;01 0 0
0 b1;10 0 −c1;10 −c1;11

0 a1;00 a1;01 0 −b2;01

0 0 0 b2;10 0

⎞⎟⎟⎟⎟⎠
Note that A is not uniquely determined: the differential equation does not change
if we replace A with A + T where T is an arbitrary operator commuting with L.

Now, if we rewrite A and L in terms of the Verblunsky coefficients,

L = C({αn}) =

⎛⎜⎜⎜⎜⎝
ᾱ0 ᾱ1ρ0 ρ0ρ1

ρ0 −ᾱ1α0 −α0ρ1 0 0
0 ᾱ2ρ1 −ᾱ2α1 ᾱ3ρ2 ρ2ρ3

ρ1ρ2 −α1ρ2 −ᾱ3α2 −α2ρ3

0 0 ᾱ4ρ3 −ᾱ4α3

⎞⎟⎟⎟⎟⎠ (2.16)

then we obtain the “Toda” flow for the unitary case:

α′
n(t) = (|αn|2 − 1)αn−1. (2.17)

There are many ways to prove this. The simplest one is to slightly modify [9,
Theorem 2]. Similarly, the next example is obtained. �
Corollary 2.5. Let Φ(λ, t) ≡ 0, Ψ(λ, t) = λ2. Then we obtain the analog of the
Kac-van Moerbeke lattice.

Proof. Recall that the classical Kac-van Moerbeke lattice for a self-adjoint L has
the following form:

ẋn(t) = xn(xn+1 − xn−1), n = 0, 1, . . . ; x−1 = 0. (2.18)

In our case, the Lax equation has the same form as that in the previous example
with A = I + 1

2Ψ where Ψ = L2 and Ξ = −L2. In terms of the Verblunsky
coefficients, the Kac-van Moerbeke flow is:

α′
n(t) = (1 − |αn|2)(αn+1ᾱnαn−1 − αn−2 + |αn−1|2(αn + αn−2)). (2.19)

The theory presented above provides a possibility ofbuilding many other difference-
differential flows. �

3. Some generalizations

3.1. Lattices generated by normal operators

For the case of a normal operator L of multiplication by an independent variable,
a similar result holds. L(t) has the following block structure:

L(t) =

⎛⎜⎜⎝
b0(t) c0(t) ·
a0(t) b1(t) c1(t) ·

a1(t) b2(t) c2(t) ·
· · · · ·

⎞⎟⎟⎠ ; (3.1)
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an =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

an;0,0 an;0,1 an;0,2 · · · an;0,n−1 an;0,n

0 an;1,1 an;1,2 · · · an;1,n−1 an;1,n

0 0 an;2,2 · · · an;2,n−1 an;2,n

...
...

...
. . .

...
...

0 0 0 · · · an;n−1,n−1 an;n−1,n

0 0 0 · · · 0 an;n,n

0 0 0 · · · 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

n+1

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
n+2,

cn =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

cn;0,0 cn;0,1 0 · · · 0 0
cn;1,0 cn;1,1 cn;1,2 · · · 0 0
cn;2,0 cn;2,1 cn;2,2 · · · 0 0

...
...

...
. . .

...
...

cn;n−1,0 cn;n−1,1 cn;n−1,2 · · · cn;n−1,n 0
cn;n,0 cn;n,1 cn;n,2 · · · cn;n,n cn;n,n+1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

n+2

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
n+1,

an;0,0 > 0, an;1,1 > 0, . . . , an;n,n > 0;

cn;0,1 > 0, cn;1,2 > 0, . . . , cn;n,n+1 > 0, n ∈ N0.

The Lax equation is the same as that for the unitary case:
d

dt
L(t) = Φ(L(t), t) + [L(t), Ω + I +

1
2
Ψ].

It is necessary to note that, for the time being, the author cannot prove the unique-
ness theorem for the Cauchy problem in the normal case. Normal operators can
have quite a complex spectrum: there can be interior points. This is the main
source of difficulties in this case.

3.2. Difference-differential lattices on Fock spaces

There exists Projective Spectral Theorem (see [10]), which builds the unitary iso-

morphism between the Fock space F(H) =
∞⊕

n=0
Fn(H) and L2(H−, dρ). Instead

of L(t), we have here a commutative Jacobi field (L(ϕ))ϕ∈H . Here H is a Hilbert
space.

It is well known that dimFn(H) =
(
n+dim H−1

n

)
.

If dimH = 1 (H = R), we obtain the self-adjoint case, because

(dimFn(H))∞n=0 = (1, 1, 1, . . . ).

If dimH = 2 (H = R2), we obtain the normal case, because

(dimFn(H))∞n=0 = (1, 2, 3, 4, . . . ).

Completely new results can be obtained for higher dimensions: for H = R3, we
have

(dimFn(H))∞n=0 = (1, 3, 6, 10, 15, . . . ).



Nonisospectral Flows on Block Jacobi Matrices 395

And for H = R4, we have

(dimFn(H))∞n=0 = (1, 4, 10, 20, 35, . . .).

The corresponding investigations are to be carried out in the nearest future. For
details, see [11].
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Abstract. The general properties of compact extrema and the conditions for
compact extrema in terms of the compact derivatives in Hilbert space are
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1. Introduction

The extremum problems for integral functionals play an important role in the
modern nonlinear analysis and its applications. Diverse methods are employed to
investigate these problems (see, e.g., [1]–[3]). One of the fundamental difficulties
in these questions for the case of a Hilbert-type space, such as the Sobolev space
W 1

2 , is an essential deterioration of the analytical properties of integral functionals
(see [4], [5]). Another aspect of the above problem is that the extrema of such
functionals are sought, as a rule, on some compact sets. These cases exclude an
application of the classical Fréchet conditions for local extrema.

Our investigations [13], [16], [18]–[20] (see also [14], [17], [21]) have showed
that both the analytical properties and extrema of variations on Sobolev spaces of
the W 1

2 -type can be expressed in terms of subspaces of W 1
2 , spanned by absolutely

convex compact sets (with corresponding norms). This leads to the notions of
K-continuity, K-differentiability, K-extrema, etc. Such an approach allows us to
receive, for the K-extrema, analogs of both the general classical conditions for local
extrema and the well-known conditions for the extrema of variational functionals
on spaces of the C1-type.
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In the first two sections of this work, we consider the general properties of
compact (or K-) extrema in Hilbert spaces and the conditions for K-extrema in
terms of the K-derivatives. The following two sections deal with the K-analytical
properties of and the analytical conditions for the K-extrema of the main varia-
tional functional in W 1

2 .

2. Compact extremum in Hilbert spaces

In this and subsequent sections of the work, we pay our main attention to the
compact (K-) extrema of functionals acting in Hilbert space. But the general
notion of a K-extremum (as well as those of K-continuity and K-differentiability)
can be introduced for an arbitrary complete locally convex space (LCS).

Definition 2.1. Let E be a complete LCS, Φ : E → R. We say that the functional Φ
has a compact extremum (or K-extremum) at a point y ∈ E if for each absolutely
convex (a.c.) compactum C ⊂ E, the restriction Φ to (y + span C) has a local
extremum at y with respect to the norm ‖ · ‖C in span C generated by C.

Remark 2.2.

1) It follows from the well-known completeness criterion [6, I.1.6] that the spaces
(span C, ‖ · ‖C) are Banach spaces.

2) The correctness of the above Definition 2.1 follows from the compactness of
conv(C1

⋃
C2) in the case of the compactness of both C1 and C2 [6, II.4.3].

So, Φ does not have to simultaneously possess a (strict) maximum at y with
respect to (y + span C1) and a minimum at y with respect to (y + span C2).

3) One can propose a more elementary form of the definition of a K-extremum:
Φ has a K-extremum at y ∈ E if for each a.c. compactum C ⊂ E, there exists
δ > 0 such that an extremum of the restriction Φ to (y + span C) occurs on
(y + δ · C).

4) In view of the boundedness of compacta, every local extremum is a K-ext-
remum as well. The converse of this statement is not true. Let us consider a
simple example.

Example 1. Let B be a closed unit ball in a reflexive Banach space C. If we pass
to the weak topology σ(E, E∗) in E, then B is compact in Eσ. Since, in addition
[7, 8.2.2], any compactum C ⊂ Eσ is bounded in E, then B ⊃ δ · C for a sufficiently
small δ > 0. Set

Φ(x) =
{

‖x‖, x ∈ B;
1 − ‖x‖, x /∈ B.

Then the restrictions Φ
∣∣
δ·C(x), x 
= 0, are positive for a sufficiently small δ > 0,

whence it follows that Φ has a strict K-minimum at zero in Eσ. However, Φ has
no local extremum at zero in Eσ because each zero neighborhood in Eσ intersects
both B\{0} and E\2B.
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Note that in the above case, each K-extremum in Eσ is a local extremum
in E and, therefore, the theory of K-extrema in Eσ is part of the theory of local
extrema in E.

Let us pass to the case of Hilbert space. First of all, we state the fact that
(nondegenerated) compact ellipsoids in Hilbert space are universal compacta that
absorb all the other compacta. In what follows, H and Hi are complete infinite-
dimensional separable Hilbert spaces.

Definition 2.3. A set Cε ⊂ H , ε = (εk)∞k=1, εk > 0, is called a (nondegenerated)
ellipsoid in H if, for some choice of an orthonormal basis (ek)∞k=1 in H ,

Cε = {x =
∞∑

k=1

xkek ∈ H

∣∣∣∣ ∞∑
k=1

|xk|2
ε2

k

≤ 1}. (2.1)

Remark 2.4. Note that the norm ‖ · ‖Cε , generated by Cε in span Cε, is obviously
the Hilbert norm:

‖x‖2
Cε

=
∞∑

k=1

|xk|2
ε2

k

; 〈x, y〉Cε =
∞∑

k=1

xkyk

ε2
k

.

Let us mention the known test (see, e.g., [8], [9]).

Theorem 2.5. The ellipsoid (2.1) is compact iff εk → 0.

The idea of proof of the following theorem belongs to Yu.V. Bogdansky.

Theorem 2.6. A closed set C ⊂ H is compact iff for an arbitrary choice of the
orthonormal basis in H, there exists a compact ellipsoid Cε ⊃ C.

The proof is based upon two lemmas. The first one is the known statement
on number series [10] complemented by an estimate of the series sum.

Lemma 2.7. Let
∞∑

n=1
an be a convergent positive number series, rn =

∞∑
k=n

ak,

n = 1, 2, . . ., S = r1. Then the series
∞∑

n=1
(an/

√
rn) also converges; moreover,

∞∑
n=1

an√
rn

≤ a1√
S

+ 2
√

S.

The second lemma is an analog of the known result on termwise integration
in Lebesgue integrals [11, Ch. III]; the proof can be found in [22].

Lemma 2.8. A convex set C ⊂ l2 is compact iff

lim
n→∞

(
sup

x=(xk)∈C

∞∑
k=n

|xk|2
)

= 0.
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Proof of Theorem 2.6. The proof of the necessity is obvious. Conversely, let C be
compact in H . Let us choose an arbitrary orthonormal basis (ek)∞k=1 in H and set

ε2
n =

√√√√sup
x∈C

∞∑
k=n

|xk|2 (n = 1, 2, . . .), x =
∞∑

k=1

xkek ∈ C, MC = sup
x∈C

‖x‖.

According to Lemma 2.8, εn ↘ 0 as n → ∞. Set ε = (εk)∞k=1. Then for x ∈ C,
according to Lemma 2.7,

∞∑
n=1

|xn|2
ε2

n

≤
∞∑

n=1

|xn|2√
∞∑

k=n

|xk|2
≤ |x1|2√

∞∑
k=1

|xk|2
+ 2

√√√√ ∞∑
k=1

|xk|2

=
|x1|2
‖x‖ + 2‖x‖ ≤ 3‖x‖ ≤ 3MC ,

whence C ⊂ 3MC · Cε = C3MC ·ε. �
Corollary 2.9. For two arbitrary orthonormal bases in H, each compact ellipsoid
Cε relative to the first basis is contained in some compact ellipsoid Cε′ relative to
the second basis.

Corollary 2.10. Let A : H2 → H1 be some compact embedding of H2 into H1. Then
the operator A transfers a unit ball of H2 into some compact ellipsoid of H1.

In what follows, we denote by εC(H) the set of all compact ellipsoids in H .

Remark 2.11.
1) The result of Theorem 2.6 extends, obviously, to the compact ellipsoids rel-

ative to the orthogonal bases (ek)∞k=1 in H that satisfy the condition

0 < m ≤ ‖ek‖ ≤ M < +∞ (k = 1, 2, . . .).

2) Condition (2.1) for the compact ellipsoid Cε ∈ εC(H) is related to the degree
of convergence to zero of the Fourier coefficients for x ∈ Cε. In addition,
Corollary 2.10 allows us to choose a convenient basis in H . Let us demonstrate
this by concrete examples.

Example 2. Let H = L2[0; 2π], ek = eikt/
√

2π (k ∈ Z). Then xk are the Fourier
coefficients of a function x = x(t) relative to the normed exponential system in
L2[0; 2π]. Since the degree of convergence of xk to zero determines, as is well
known [12, Vol. 2, Ch. XVIII], the smoothness class of the function, then Condi-
tion (2.1) is in fact the condition for the smoothness of x(t).

E.g., it follows from εk = O
(

1
|k|m

)
, m ∈ N, that xk = o

(
1

|k|m
)
, whence

x(m−1) ∈ BV [0; 2π]. It follows from εk = O(q|k|), 0 < q < 1, that xk = o(q|k|),
whence x(t) is analytical on [0; 2π].

Example 3. Let H =
◦

W 1
2 [0; 2π], ek = eikt/

√
2π(k2 + 1) (k ∈ Z). Then xk are the

Fourier coefficients of a function x = x(t) relative to the normed exponential



Compact Extrema: A General Theory 401

system in
◦

W 1
2 [0; 2π]. Hence, in this case Condition (2.1) is the higher condition for

the smoothness of x(t).
For example, it follows from εk = O

(
1

|k|m
)
, m ∈ N, that xk = o

(
1

|k|m+1

)
,

whence x(m) ∈ BV [0; 2π]. Analogously, it follows from εk = O
(

1
|k|m

)
in the space

H =
◦

W p
2 [0; 2π], p ∈ N, that xk = o

(
1

|k|m+p

)
, whence x(m+p−1) ∈ BV [0; 2π].

Let us pass to consideration of the K-extrema of real functionals in Hilbert
space Φ : H → R. From Theorem 2.6 and Definition 2.1 it obviously follows

Theorem 2.12. A functional Φ has a K-extremum at a point y ∈ H iff, for each
Cε ∈ εC(H), the restriction of Φ to (y + span Cε) has a local extremum at y rela-
tive to the Hilbert norm ‖ · ‖Cε generated by Cε.

Let us introduce, based on Corollary 2.10, the notion of local realization of a
K-extremum and check the possibility of such realization.

Definition 2.13. Let Φ have a K-extremum at a point y ∈ H1. If for some
Cε ∈ εC(H) and some compact injective embedding A : H2 → H1, the condition

�A ⊂ span Cε (2.2)

is fulfilled, then we say that the operator A carries out local realization in H2 of
the given K-extremum that corresponds to Cε.

Remark 2.14. As was shown in [13, Thm. 3], it follows from (2.2) that A transfers
a unit ball B ⊂ H2 into some multiple of Cε : A(B) ⊂ δ · Cε. Whence and from
Remark 2.2 (3) it follows that the composition Φ ◦ A has a local extremum at the
point A−1(y) ∈ H2.

Theorem 2.15. If Φ has a K-extremum at a point y ∈ H, then for any Cε ∈ εC(H)
there exists local realization of the given K-extremum in H that corresponds to Cε.

Proof. If ε = (εk)∞k=1 and (ek)∞k=1 is the corresponding orthonormal basis in H ,
then it suffices to set

A(x) =
∞∑

k=1

εkxkek for x =
∞∑

k=1

xkek ∈ H. �

Example 4.
1) It follows from Example 2 (p. 400) that the compact identical embedding

Wm
2 [0; 2π] ↪→ L2[0; 2π], m ∈ N, carries out local realization of the K-extrema

in L2[0; 2π] for εk = O
(

1
|k|m+1

)
, k ∈ Z.

2) It follows from Example 3 (p. 400) that the compact identical embedding
◦

W
m+p

2 [0; 2π] ↪→
◦

W
p

2[0; 2π]; m, p ∈ N, carries out local realization of the K-

extrema in
◦

W
p

2[0; 2π] for εk = O
(

1
|k|m

)
, k ∈ Z.
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3. Compact extremum conditions in terms of
the compact derivatives

The general notions of K-continuity and K-differentiability are introduced for an
arbitrary complete LCS, although the applications to the K-extrema theory will
further be connected in preference to Hilbert spaces.

Definition 3.1. Let E be a complete LCS, Φ : E → R. We say that the func-
tional Φ is compactly continuous (K-continuous) [or compactly differentiable (K-
differentiable), twice K-differentiable, etc.] at a point y ∈ E if for each absolutely
convex compactum C ⊂ E, the restriction of Φ to (y + span C) is continuous (or,
respectively, Fréchet differentiable, twice Fréchet differentiable, etc.) at y with re-
spect to the norm ‖ · ‖C in span C, generated by C. The corresponding compact
derivatives (K-derivatives) will be denoted by Φ′

K(y), Φ′′
K(y), etc.

Remark 3.2.
1) Note, by analogy with Remark 2.2, that the correctness of the definition of

K-derivatives follows from the compactness of conv(C1

⋃
C2) together with

the compactness of C1 and C2 in E.
2) For arbitrary a.c. compacta C, C1, C2 in E, the definitions of the first- and

second-order K-derivatives can be written out explicitly as

Φ(y + h) − Φ(y) = Φ′
K(y) · h + o(‖h‖C); (3.1)

(Φ′
K(y + h) − Φ′

K(y)) · k = Φ′′
K(y) · (h, k) + o(‖h‖C1 · ‖k‖C2). (3.2)

3) Formally, the linear functional Φ′
K(y) in (3.1) and bilinear form Φ′′

K(y) in (3.2)
are only K-continuous. But in the case of Hilbert space, as is shown below, the
K-continuity for linear and bilinear forms coincides with the usual continuity.

Theorem 3.3. Let F be an arbitrary LCS. A linear operator A : H → F is contin-
uous iff all restrictions A : Cε → F , Cε ∈ εC(H), are continuous with respect to
the norms ‖ · ‖Cε.

Proof. Denote by HK the space H equipped with inductive topology generated by
the subspaces (span Cε, ‖ · ‖Cε), Cε ∈ εC(H). The continuous embedding of HK

into H is evident. Let us prove the continuity of the inverse embedding.
Let, on the contrary, there exist a zero neighborhood U ⊂ HK such that is not

zero neighborhood in H . Let B1 be a unit ball in H . Then, by assumption, for every
n = 1, 2, . . . there exists an element xn ∈ 1

4n B1\U . Set C = abs . convH{2nxn}n∈N.
Since ‖2nxn‖ ≤ 1

2n → 0 as n → ∞, then C is a compactum in H . Then, by The-
orem 2.6, C is contained in some Cε ∈ εC(H). Since the embedding HCε ↪→ HK

is continuous, then Cε and therefore C is absorbed by the set U . However, the
embeddings 2nxn ∈ C\2nU imply C\2nU 
= ∅, n ∈ R, i.e., C is not absorbed by
U , a contradiction.

Thus, HK and H are isomorphic; this fact allows us to apply to the operator
A : HK → F the well-known theorem on inductive limit [II.6.1][6]. �
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Corollary 3.4. The K-derivatives Φ′
K(y), Φ′′

K(y), . . . of a functional Φ : H → R
are continuous forms on H.

Note that in the case of nonlinear functionals in H , the K-continuity can be
different from the usual one [14]. Let us pass to the K-extremum conditions in
terms of the K-derivatives. The classical necessary conditions for local extrema
in Banach space [15] lead, together with Definitions 2.1 and 3.1, to analogous
conditions for K-extrema.

Theorem 3.5. Let E be a complete LCS and Φ : E → R have a K-minimum (or a
K-maximum) at a point y ∈ E. Then:

1) If Φ is K-differentiable at y, then Ψ′
K(y) = 0.

2) If Φ is twice K-differentiable at y, then Φ′′
K(y) ≥ 0

(or, respectively, Φ′′
K(y) ≤ 0).

To receive the sufficient condition for the Hilbert case, let us introduce an
auxiliary notion.

Definition 3.6. Let g be a bilinear continuous form on H . We say that the form
g is K-positive definite: g � 0 (mod K) if for an arbitrary compact ellipsoid Cε ∈
εC(H), the restriction of g to span Cε is positive definite with respect to the inner
product 〈·, ·〉Cε , generated by Cε.

Applying the classical sufficient condition for local extrema in Hilbert
space [15], together with Definitions 2.1, 3.1 and Theorem 3.5, we receive an anal-
ogous sufficient condition for K-extrema.

Theorem 3.7. Let a functional Φ : H → R be twice K-differentiable at a point
y ∈ H. If:

1) Φ′
K(y) = 0;

2) Φ′′
K(y) � 0(modK) (or Φ′′

K(y) � 0(modK));
then Φ has a strict K-minimum (or, respectively, a strict K-maximum) at y.

Further, the case of a functional of two variables will be of special importance
to us. First, we formulate an auxiliary statement about operator matrices.

Lemma 3.8. ([16], Prop. 3.1) Let B = (Bij : Hj → Hi)2i,j=1 be a selfadjoint lin-
ear continuous operator in H1 × H2 (so, B11 = B∗

11, B22 = B∗
22, B12 = B∗

21). The
operator B is positive definite on H1 × H2 (B � 0) iff:

1) B11 � 0, B22 � 0;
2) �2

1(B) := B11 − B12 · B−1
22 · B21 � 0, �1

2(B) := B22 − B21 · B−1
11 · B12 � 0.

Application of Lemma 3.8 to the subspaces Cε ∈ εC(H) immediately leads to
a sufficient condition for the K-positive definiteness of a symmetric bilinear form
in H1 × H2.

Theorem 3.9. Let g be a symmetric bilinear continuous form on H1 × H2, and B
be a linear continuous operator associated with g and acting in

H1 × H2, B = (Bij : Hj → Hi)2i,j=1.
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If:
1) B11 � 0(mod K), B22 � 0(mod K);
2) �2

1(B) � 0(mod K), �1
2(B) � 0(mod K).

then the form g is K-positive definite on H1 × H2: g � 0(mod K).

It is obvious that the reversal of all signs in the above conditions leads to the
sufficient condition for g � 0(mod K). Finally, applying Theorem 3.9 to the K-
Hessian (∂ijKΦ)2i,j=1, together with Theorem 3.7, we obtain the sufficient condition
for K-extrema in terms of the second-order partial K-derivatives of Φ.

Theorem 3.10. Let a functional Φ : H1 × H2 → R be twice K-differentiable at a
point (y1, y2) ∈ H1 × H2. Suppose that:

1) ∂1KΦ(y1, y2) = 0, ∂2KΦ(y1, y2) = 0;
2) ∂11KΦ(y1, y2) � 0(mod K), ∂22KΦ(y1, y2) � 0(mod K);
3) �2

1KΦ(y1, y2) = (∂11KΦ − ∂12KΦ · ∂−1
22KΦ · ∂21KΦ)

∣∣
(y1,y2)

� 0(mod K),

�1
2KΦ(y1, y2) = (∂22KΦ − ∂21KΦ · ∂−1

11KΦ · ∂12KΦ)
∣∣
(y1,y2)

� 0(mod K).

Then Φ has a strict K-minimum at (y1, y2).

The reversal of all signs in conditions 1)–3) leads to sufficient conditions for a
strict K-maximum of Φ. Also, we represent here for references the corresponding
conditions for a local minimum (which we failed to find in literature).

Theorem 3.11. Let a functional Φ : H1 × H2 → R be twice Fréchet differentiable
at a point (y1, y2) ∈ H1 × H2. Suppose that:

1) ∂1Φ(y1, y2) = 0, ∂2Φ(y1, y2) = 0;
2) ∂11Φ(y1, y2) � 0, ∂22Φ(y1, y2) � 0;
3) �2

1Φ(y1, y2) = (∂11Φ − ∂12Φ · ∂−1
22 Φ · ∂21Φ)

∣∣
(y1,y2)

� 0,

�1
2Φ(y1, y2) = (∂22Φ − ∂21Φ · ∂−1

11 Φ · ∂12Φ)
∣∣
(y1,y2)

� 0.

Then Φ has a strict local minimum at (y1, y2).

Note that any of inequalities 3) in Theorem 3.10-3.11 and, similarly, any
of inequalities 2) in Lemma 3.8 and Theorem 3.9 can be omitted. Note also, in
conclusion of this Section, that in work [17] both sufficient and necessary conditions
for the K-extrema of functionals of n Hilbert variables in terms of the second-order
partial K-derivatives can be found.

4. K-analytical properties of the basic variational functional
in Sobolev space W 1

2

It was explained in the 60–70ies of the last century ([3], [4]) that the Euler–
Lagrange functional

Φ(y) =

b∫
a

f(x, y, y′)dx (4.1)
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in spaces with Hilbert integral metric possesses considerably worse differential
properties than those in the Banach space of the Ck-type. An attentive analysis
of the variational situation in Sobolev spaces of the W 1

2 -type shows that the con-
ditions similar to quadratic ones in y′ for the integrand in (4.1) are necessary even
for the well-definiteness of the functional (4.1). For example, the functional

Φ(y) =

b∫
a

(y′)6dx = (‖y′‖L6)
6

is only densely defined in W 1
2 ([a; b], R), although f ∈ C∞.

Further, the basic notion is one of pseudoquadratic mapping.

Definition 4.1. Let X be a compact space with finite Borel measure, Y , Z and F
be real Banach spaces, and f : X × Y × Z → F be a Borel function. The mapping
f is said to be pseudoquadratic in z ∈ Z: f ∈ K2(z) if it can be represented in the
form

f(x, y, z) = P (x, y, z) + Q(x, y, z) · ‖z‖ + R(x, y, z) · ‖z‖2, (4.2)
where, for each compactum CY ⊂ Y , the Borel mappings P , Q and R are essen-
tially bounded on X × CY × Z in x ∈ X.

At first, let us obtain the well-definiteness condition for the functional (4.1) in
W 1

2 . In what follows, E is a Banach space, f : [a; b] × E × E → R, u = f(x, y, z).

Theorem 4.2. If f ∈ K2(z), then the variational functional (4.1) is well defined
everywhere on W 1

2 ([a; b], E).

Proof. Let us fix y(·) ∈ W 1
2 ([a; b], E) and set CY = y([a; b]). Using the nota-

tion (4.2), we see that f(x, y, y′) is measurable and

Φ(y) =

b∫
a

f(x, y, y′)dx =

b∫
a

Pdx +

b∫
a

Q · ‖y′‖dx +

b∫
a

R · ‖y′‖2dx,

where

|P (x, y, y′)| ≤ MP , |Q(x, y, y′)| ≤ MQ, |R(x, y, y′)| ≤ MR a.e. on [a; b]. (4.3)

Moreover,∣∣∣∣
b∫

a

P (x, y, y′)dx

∣∣∣∣ ≤ MP · (b − a),
∣∣∣∣

b∫
a

Q(x, y, y′) · ‖y′‖dx

∣∣∣∣ ≤ MQ ·
b∫

a

‖y′‖dx

≤ MQ ·
√

(b − a) · ‖y‖W 1
2
,

∣∣∣∣
b∫

a

R(x, y, y′) · ‖y′‖2dx

∣∣∣∣ ≤ MR · ‖y‖2
W 1

2
,

whence |Φ(y)| < ∞ for all y(·) ∈ W 1
2 ([a; b], E). �

The K-continuity of the functional (4.1) in W 1
2 requires more severe con-

straints on f and the Hilbert space of the values of y(·).
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Definition 4.3. Let, in the preceding notation, f ∈ K2(z) and be continuous in
(y, z). The mapping f is said to be Weierstrass pseudoquadratic in z∈Z:f ∈WK2(z)
if the representation (4.2) can be chosen such that the mappings P , Q and R are
uniformly continuous and bounded on X × CY × Z for each compactum CY ⊂ Y .

Let us demonstrate, in proving the theorem on the K-continuity, the methods
that are further used to prove the K-differentiability and the twice K-differenti-
ability of the variational functional in W 1

2 . Further, in the preceding notation,
E = H is a Hilbert space, f : [a; b] × H × H → R.

Theorem 4.4. If f ∈ WK2(z), then the functional (4.1) is K-continuous every-
where on W 1

2 ([a; b], H).

Proof. Let us fix y(·) ∈ W 1
2 ([a; b], H) and set CY = y([a; b]). In the the notation

(4.2), we obtain:

Φ(y + h) − Φ(y) =

b∫
a

[P (x, y + h, y′ + h′) − P (x, y, y′)]dx (4.4)

+

b∫
a

[Q(x, y + h, y′ + h′) · ‖y′ + h′‖ − Q(x, y, y′) · ‖y′‖]dx

+

b∫
a

[R(x, y + h, y′ + h′) · ‖y′ + h′‖2 − R(x, y, y′) · ‖y′‖2]dx,

where P , Q and R are uniformly continuous on [a; b] × CY × H and the esti-
mates (4.3) hold. For an arbitrary δ > 0, set

eδ = (|h|2 + |h′|2 > δ2), eδ = (|h| < δ, |h′| < δ); (4.5)

in addition,

(‖h‖2
W 1

2
< δ3) ⇒ (meδ < δ), and [a; b] = eδ ∪ eδ. (4.6)

Let us fix ε > 0, ε < 1, and choose δ = δ(ε) > 0 such that∫
eδ

‖y′‖2dx < ε2; (x < eδ) ⇒ (|ΔP | < ε, |ΔQ| < ε, |ΔR| < ε) (4.7)

Now, suppose that
‖h‖2

W 1
2

< δ3. (4.8)

Let us fix an a.c. compactum CΔ in W 1
2 ([a; b], H). By virtue of the Arzéla–

Ascoli theorem, ∀δ > 0 ∃η > 0 :

(h ∈ η · CΔ) ⇔ (‖h‖CΔ ≤ η) ⇒ (|h(x)| < δ, ∀x ∈ [a; b]). (4.9)

Hence, in view of (4.7) and (4.3),

|ΔP | < 2MP + ε, |ΔQ| < 2MQ + ε, |ΔR| < 2MR + ε (4.10)
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as ‖h‖CΔ ≤ η, x ∈ [a; b]. Whence, using the estimates (4.3), (4.5)–(4.6) and (4.10),
we obtain:∣∣∣∣

b∫
a

[P (x, y + h, y′ + h′) − P (x, y, y′)]dx

∣∣∣∣ ≤ ∫
eδ

|ΔP |dx +
∫
eδ

|ΔP |dx

< ε · (b − a) + (2MP + ε) · ε < (b − a + 2MP + 1) · ε =: C1 · ε. (4.11)

Next, using the identity

Q(x, y + h, y′ + h′) · ‖y′ + h′‖ − Q(x, y, y′) · ‖y′‖
= ΔQ · ‖y′ + h′‖ + Q(x, y, y′) · (‖y′ + h′‖ − ‖y′‖)

and the estimates (4.3) and (4.6)–(4.10), we obtain:∣∣∣∣
b∫

a

[Q(x, y + h, y′ + h′) · ‖y′ + h′‖ − Q(x, y, y′) · ‖y′‖]dx

∣∣∣∣
≤

b∫
a

|ΔQ| · ‖y′ + h′‖dx +

b∫
a

|Q| ·
∣∣‖y′ + h′‖ − ‖y′‖

∣∣dx

≤
∫
eδ

|ΔQ| · ‖y′ + h′‖dx +
∫
eδ

|ΔQ| · ‖y′ + h′‖dx +

b∫
a

|Q| · ‖h′‖dx

≤ ε ·
√

(b − a) · (‖y‖W 1
2

+ ‖h‖W 1
2
) + (2MQ + ε) ·

√
(b − a) · (ε + ‖h‖W 1

2
)

+ MQ ·
√

(b − a) · ‖h‖W 1
2

<
√

(b − a) ·
[
ε(‖y‖W 1

2
+ δ3/2) + (2MQ + ε) · (ε + δ3/2) + MQ · δ3/2

]
< ε ·

√
(b − a) · (5MQ + ‖y‖W 1

2
+ 3) =: C2 · ε (4.12)

Further, using the identity

R(x, y + h, y′ + h′) · ‖y′ + h′‖2 − R(x, y, y′) · ‖y′‖2

= ΔR · ‖y′ + h′‖2 + R(x, y, y′) · (‖y′ + h′‖2 − ‖y′‖2)

= ΔR · ‖y′ + h′‖2 + R(x, y, y′) · (2〈y′, h′〉 + ‖h′‖2)

and the estimates (4.3), (4.7)–(4.8) and (4.10), we obtain:∣∣∣∣
b∫

a

[R(x, y + h, y′ + h′) · ‖y′ + h′‖2 − R(x, y, y′) · ‖y′‖2]dx

∣∣∣∣
≤

b∫
a

|ΔR| · ‖y′ + h′‖2dx +

b∫
a

|R| · (2|〈y′, h′〉| + ‖h′‖2)dx



408 I.V. Orlov

≤
∫
eδ

|ΔR| · ‖y′ + h′‖2dx +
∫
eδ

|ΔR| · ‖y′ + h′‖2dx

+ 2

b∫
a

|R| · |〈y′, h′〉|dx +

b∫
a

|R| · ‖h′‖2dx

≤ 2ε · (‖y‖2
W 1

2
+ ‖h‖2

W 1
2
) + (2MR + ε) · 2

(∫
eδ

‖y′‖2dx + ‖h‖2
W 1

2

)
+ 2MR · ‖y‖W 1

2
· ‖h‖W 1

2
+ MR · ‖h‖2

W 1
2

< 2ε ·
(
‖y‖2

W 1
2

+ δ3
)

+ (4MR + 2ε) · (ε2 + δ3) + 2MR · ‖y‖W 1
2
· δ 3

2 + MR · δ3

< ε ·
(
2‖y‖2

W 1
2

+ 2MR · ‖y‖W 1
2

+ 9MR + 6
)

=: C3 · ε. (4.13)

Finally, it follows from (4.4) and (4.11)–(4.13) that

|Φ(y + h) − Φ(y)| < (C1 + C2 + C3) · ε
as ‖h‖W 1

2
< δ

3
2 , δ = δ(ε), ‖h‖CΔ ≤ η = η(ε). This means the K-continuity of Φ at

any point y(·) ∈ W 1
2 ([a; b], H). �

Note that it was shown in [14] that there exist variational functionals that
are K-continuous, but not continuous in the usual sense (see Example 6 below).

Definition 4.5. Let, in the preceding notation, f be from C1 in (y, z) and f ∈
WK2(z). We say that f belongs to the class W 1K2(z) if the representation (4.2)
can be chosen such that not only P , Q and R, but also the gradients ∇P := ∇yzP ,
∇Q := ∇yzQ and ∇R := ∇yzR are uniformly continuous and bounded on X ×
CY × Z for each compactum CY ⊂ Y .

Theorem 4.6. If f ∈ W 1K2(z), then the variational functional (4.1) is K-differen-
tiable everywhere on W 1

2 ([a; b], H). In addition,

Φ′
K(y)h =

b∫
a

[∂f

∂y
(x, y, y′)h +

∂f

∂z
(x, y, y′)h′

]
dx.

The proof of Theorem 4.6 uses the “δ-procedure” from the preceding proof;
this procedure becomes rather complicated when passing to the class W 1K2(z).
Also, the following strengthening of the property of absolute continuity of the
Lebesgue integral is used.

Lemma 4.7. Let (X, μ) be a finite measure space, and CΔ be a compactum in
L1(X, μ). Then ∀ε > 0 ∃δ > 0:(

eδ ⊂ X, μ(eδ) < δ, h ∈ CΔ

)
⇒

(∫
eδ

|h(x)|dμ ≤ ε ·
∫
X

|h(x)|dμ

)
.
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Remark 4.8. Note that, without loss of generality, the representation (4.2) for
f ∈ W 1K2(z) can be replaced by

f(x, y, z) = P̃ (x, y, z) + R̃(x, y, z) · ‖z‖2

with analogous conditions for P̃ and R̃. Indeed, consider this partition of unity in
H : 1 = ϕ1(z) + ϕ2(z) where, for some Mz > 0, ε > 0,

supp ϕ1(z) ⊂ (‖z‖ ≤ Mz), supp ϕ2(z) ⊂ (‖z‖ ≥ Mz+ε), 0 ≤ ϕ1 ≤ 1, 0 ≤ ϕ2 ≤ 1

and ϕ1, ϕ′
1, ϕ2, ϕ′

2 are uniformly continuous and bounded on H . Set

P̃ = (P + Q · ‖z‖ + R · ‖z‖2) · ϕ1(z), R̃ =
(

P

‖z‖2
+

Q

‖z‖ + R

)
· ϕ2(z).

Direct calculations show that P̃ , ∇P̃ , R̃, ∇R̃ are also uniformly continuous and
bounded on [a; b] × CH × H for each compactum CH ⊂ H . The same is true for
the classes WK2(z) (see above) and W 2K2(z) (see below).

Definition 4.9. Let, in the preceding notation, f be from C2 in (y, z) and f ∈
W 1K2(z). We say that f belongs to the class W 2K2(z) if the representation (4.2)
can be chosen such that not only P , ∇P , Q, ∇Q, R, ∇R, but also the Hessians
H(P ) := Hyz(P ), H(Q) := Hyz(Q), H(R) := Hyz(R) are uniformly continuous
and bounded on X × CY × Z for each compactum CY ⊂ Y .

Theorem 4.10. If f ∈ W 2K2(z), then the variational functional (4.1) is twice K-
differentiable everywhere on W 1

2 ([a; b], H). In addition,

Φ′′
K(y)(h, k) =

b∫
a

[∂2f

∂y2
(x, y, y′)(h, k) +

∂2f

∂y∂z
(x, y, y′)((h′, k) + (h, k′))

+
∂2f

∂z2
(x, y, y′)(h′, k′)

]
dx. (4.14)

The proof is also based on the “δ-procedure”, which becomes even more
complicated when passing to the class W 2K2(z).

Remark 4.11.
1) In [5], it was first proved that the variational functional (4.1) in W 1

2 is not
twice Fréchet differentiable at all, except for the pure quadratic case with
respect to y′.

2) If f ∈ WK2(z), then the application of the Cezàro operator

(Tf)(z) =
1
z

z∫
0

f(x, y, s)ds

leads to a function from W 1K2(z) and the repeated application of the Cezàro
operator leads to a function from W 2K2(z).
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5. Analytical conditions for the K-extrema of variational
functionals in Sobolev space W 1

2

The main aim of this section is to describe both necessary and sufficient conditions
for the K-extrema of variational functionals in W 1

2 in terms of the usual strong
derivatives of the integrand, like in the C1-situation.

In the situation under consideration, it is convenient for us to complement
the notion of a K-extremum, termed further a strong K-extremum, by the notion
of a weak K-extremum; the latter occurs only on some concrete types of compact
ellipsoids. Taking into account Remark 2.2 (3) and Theorem 2.12, let us give the
following

Definition 5.1. We say that the variational functional (4.1) has a strong K-ex-
tremum at a point y(·) ∈ W 1

2 ([a; b], H) if to each compact ellipsoid Cε in
W 1

2 ([a; b], H), there corresponds δ > 0 such that an extremum of Φ occurs on
(y + δ · Cε).

We say that Φ has a weak K-extremum at y(·) ∈ W 1
2 ([a; b], H) if to some fixed

(nondegenerated) compact ellipsoid Cε0 in W 1
2 ([a; b], H), there corresponds δ0 > 0

such that an extremum of Φ occurs on (y + δ0 · Cε0 ).

Note that Φ can simultaneously have both a weak K-maximum and a weak
K-minimum that correspond to two different compact ellipsoids with zero inter-
section. Now, let us consider examples of strong and weak K-extrema.

Example 5. Define ϕ(t) = t as 0 ≤ t ≤ 1 − δ, ϕ(t) = 2 − t as 1 + δ ≤ t ≤ +∞,
ϕ ↗ on [1 − δ; 1], ϕ ↘ on [1; 1 + δ], where δ is small enough, ϕ ∈ C2[0, +∞). Set

Φ(y) =

1∫
0

ϕ(y2 + y′2)dx, y(·) ∈ W 1
2 ([0; 1], R). (5.1)

Direct estimates show [18] that:

1) Φ has a strong K-minimum at the point y0(t) ≡ 0.
2) Φ has no local minimum at y0.

Below, we shall also prove the existence of this K-minimum with the help of the
sufficient conditions for a K-extremum.

Example 6. Define ϕ(0) = 0, ϕ(t) > 0 as 0 < t < 6π, ϕ(t) < 0 and ϕ(t) ↘ as
t > 6π, ϕ(t) = O∗(t2) as t → +∞, ϕ ∈ C2[0, +∞). Set

Φ(y) =

4π∫
2π

ϕ(|y′ ln y′|1−δ)dx; y(·) ∈ W 1
2 ([2π; 4π], C).

where 0 < δ < 1.
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Direct calculations show [13] that:

1) Φ is well defined in W 1
2 ([2π; 4π], C).

2) For the orthonormal basis {eikx/
√

2π(k2 + 1)}k∈Z, the following estimate of
lower and upper bounds for the semiaxis lengths of the compact ellipsoid Cε

realizing a minimum of Φ holds:

λ0

√
k2 + 1
k2

≤ εk ≤ 4
√

2π(k2 + 1)
k2

(0 < λ0 <
√

2π, |k| ≥ 2).

Here, the lower estimates confirm the weak K-extremum of Φ at zero and the
upper estimates confirm that the this extremum is not a strong K-extremum.

Let us pass to the description of the extremals for strong K-extrema. First,
Theorem 3.5 (1) immediately implies

Theorem 5.2. If f ∈ W 1K2(z) and the variational functional (4.1) has a strong
K-extremum at a point y(·) ∈ W 1

2 ([a; b], H), then Φ′
K(y) = 0.

Whence, by analogy with the derivation of the classical Euler–Lagrange equa-
tion, it is not difficult to obtain the equation for a K-extremal ([18], [19]).

Theorem 5.3. Let f ∈ W 2K2(z), y ∈ W 2
2 ([a; b], H), y(a) = y(b) = 0. Then, for the

variational functional (4.1) in W 1
2 ([a; b], H), the equality Φ′

K(y) = 0 is equivalent
to the generalized Euler–Lagrange equation

∂f

∂y
(x, y, y′) − d

dx

[
∂f

∂z
(x, y, y′)

]
a.e.= 0. (5.2)

The last two results allow us to refer to the solutions of the equation (5.2) as

K-extremals of the functional (4.1) in space
◦

W 1
2 ([a; b], H). Further, let us consider

an analog of the necessary Legendre extremum condition. The main difference
between our approach and the classical one to proving the above-mentioned nec-
essary and below sufficient conditions is the use of the density points instead of
the interior points. Let us demonstrate this with the proof of Theorem 5.4.

Theorem 5.4. Let f ∈ W 2K2(z), y(·) be a K-extremal of the functional (4.1) in
◦

W 1
2 ([a; b], H) and the function ∂2f

∂y∂z (x, y, y′) be absolutely continuous on [a; b]. If
the variational functional (4.1) has a strong K-minimum (or a K-maximum) at
a point y(·), then

∂2f

∂z2
(x, y, y′) ≥ 0

(
or, respectively,

∂2f

∂z2
(x, y, y′) ≤ 0

)
a.e. on [a; b]. (5.3)
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Proof. Let us transform the expression (4.14). For this purpose, we use Theo-
rems 4.6, 5.4, and integrate by parts the second summand on the right of (4.14):

b∫
a

∂2f

∂y∂z
(x, y, y′)((h′, k) + (h, k′))dx =

b∫
a

∂2f

∂y∂z
(x, y, y′)d(h(x), k(x))

=
∂2f

∂y∂z
(x, y, y′)(h(x), k(x))

∣∣∣∣∣
b

a

−
b∫

a

d

dx

(
∂2f

∂y∂z
(x, y, y′)

)
(h, k)dx

= (under h(a) = h(b) = 0, k(a) = k(b) = 0) = −
b∫

a

d

dx

(
∂2f

∂y∂z
(x, y, y′)

)
(h, k)dx.

Then (4.14) takes the form

Φ′′
K(y)(h, k) =

b∫
a

([
− d

dx

(
∂2f

∂y∂z
(x, y, y′)

)
+

∂2f

∂y2
(x, y, y′)

]
(h, k)

+
∂2f

∂z2
(x, y, y′)(h′, k′)

)
dx. (5.4)

Now, let us assume that (5.3) is not fulfilled and that there exists k2
0 > 0

such that the inequality

∂2f

∂z2
(x, y(x) y′(x))(h0, h0) ≤ −k2

0 < 0 (x ∈ A1
0)

holds true for some A1
0 ⊂ [a; b], mA1

0 > 0, and some fixed h0 ∈ H .
Let us choose a set A2

0 ⊂ [a; b], mA1
0 + mA2

0 > b− a, such that the inequality[
− d

dx

(
∂2f

∂y∂z
(x, y, y′)

)
+

∂2f

∂y2
(x, y, y′)

]
(h0, h0) ≤ C2

0 < ∞ (x ∈ A2
0)

holds true.
Then the set A0 := A1

0

⋂
A2

0 is also of a positive measure. Now, let x0 be an
arbitrary density point of A0. Choose a neighborhood Oδ0(x0) such that

μ(A0

⋂
Oδ(x0))

2δ
> 1 − ε0 (0 < ε0 < 1)

as δ < δ0. Define the function

h(x) =

⎧⎪⎨⎪⎩
√

δ
(
1 + x−x0

δ

)
, as x0 − δ ≤ x ≤ x0;√

δ
(
1 − x−x0

δ

)
, as x0 ≤ x ≤ x0 + δ;

0, otherwise.

Then for x ∈ (x0 − δ; x0 + δ) we obtain

h′2(x) =
1
δ
, h2(x) ≤ δ. (5.5)
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Taking into account (5.4), we obtain for h̃(x) = h(x) · h0:

Φ′′
K(y)(h̃, h̃) =

b∫
a

[
− d

dx

(
∂2f

∂y∂z
(x, y, y′)

)
+

∂2f

∂y2
(x, y, y′)

]
(h̃(x), h̃(x))dx

+

b∫
a

∂2f

∂z2
(x, y, y′)(h̃′(x), h̃′(x))dx

=

x0+δ∫
x0−δ

[
− d

dx

(
∂2f

∂y∂z
(x, y, y′)

)
+

∂2f

∂y2
(x, y, y′)

]
(h0, h0) · h2(x)dx

+

x0+δ∫
x0−δ

∂2f

∂z2
(x, y, y′)(h0, h0) · h′2(x)dx.

Taking into account (5.5), we see from here that

Φ′′
K(y)(h̃, h̃) ≤ C2

0 · δ ·2δ +[(1− ε0) ·2δ] · 1
δ
· (−k2) = 2C2

0 · δ2 +2(1− ε0) · (−k2) < 0

for sufficiently small δ ∈ (0; δ0). It follows that Φ′′
K(y)(th̃, th̃) < 0 for all t ∈ R\{0}.

Since Φ′
K(y)(th̃, th̃) = 0, it immediately follows from the second-order Taylor for-

mula for the line R·h̃ that Φ(y+th̃)−Φ(y) < 0 for sufficiently small t and, therefore,
Φ does not realize a minimum on each compact ellipsoid Cε ⊂ W 1

2 ([a; b], H) for
which Cε

⋂{R·h̃} 
= {0}. Hence, Φ has no strong K-minimum at y, in contradiction
with the hypothesis of Theorem. �

To obtain an analog of the Legendre–Jacobi sufficient condition for the K-
extrema of variational functionals in W 1

2 , we need to investigate preliminarily in
◦

W 1
2 ([a; b], H) the quadratic functional

Φ̂(h) =

b∫
a

(P (h′, h′) + Q(h, h)) dx, (5.6)

where P (x) and Q(x) are bilinear continuous forms for every x ∈ [a; b] and the
mappings P and Q from [a; b] into the space (H, H)∗ ∼= (H, H) of the bilinear
continuous forms over H are also continuous. Let us introduce the Jacobi condition
for the functional (5.6).

Definition 5.5. Define a Jacobi equation

− d

dx
(PU ′) + QU

a.e.= 0, U(a) = 0, U ′(a) = IH . (5.7)

in the class of the mappings U ∈ W 1
2 ([a; b],L(H)). We say that the functional (5.6)

satisfies the Jacobi condition if, for each solution U(x) of the equation (5.7), the
operators U(x) are continuously invertible as a < x ≤ b.
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Remark 5.6. It can be obtained [Rem. 2.1][20] that the solutions of the equa-
tion (5.7) belong, in fact, to class C1. In particular, U ′(a) is well defined.

Theorem 5.7. Let P (x) � 0 for a ≤ x ≤ b and the Jacobi condition from Defi-
nition 5.5 be fulfilled. Then the quadratic functional (5.6) is positive definite on
◦

W 1
2 ([a; b], H).

The proof can be found in [Thm. 2.1][20]. Now, let us formulate a K-analog
of the sufficient Legendre–Jacobi extremum condition.

Theorem 5.8. Let f ∈ W 2K2(z) and the assumptions of Theorem 5.4 be fulfilled.

If for a K-extremal y(·) ∈
◦

W 1
2 ([a; b], H),

1) (∂2f/∂z2)(x, y, y′) � 0 everywhere on [a; b] (a strengthened Legendre condi-
tion);

2) for the quadratic functional Φ′′
K(y) (see (4.14)) the Jacobi condition is ful-

filled, i.e., for each solution U(x) of the Jacobi equation

− d

dx

(
∂2f

∂z2
(x, y, y′)U ′

)
+

[
− d

dx

(
∂2f

∂y∂z
(x, y, y′)

)
+

∂2f

∂y2
(x, y, y′)

]
U

a.e.= 0

in the class W 1
2 ([a; b],L(H)) with initial conditions U(a) = 0, U ′(a) = IH ,

the operator U(x) is continuously invertible for all a < x ≤ b.

Then the Euler–Lagrange functional (4.1) has a strict K-minimum at y(·).

Proof. By virtue of Theorem 5.7, the quadratic functional (4.14) is positive definite

on
◦

W 1
2 ([a; b], H). Here, in view of (5.4),

P (x) =
∂2f

∂z2
(x, y, y′), Q(x) = − d

dx

(
∂2f

∂y∂z
(x, y, y′)

)
+

∂2f

∂y2
(x, y, y′).

Hence, Φ′′
K(y) � 0 at the K-extremal y(·). Whence, by virtue of Theorem 3.7, Φ

has a strong strict K-minimum at y(·). �

The Legendre–Jacobi condition for a K-maximum can be obtained, obviously,
by changing the sign in condition 1) of Theorem 5.8. Let us give an example of
application of Theorem 3.7.

Example 7. Consider once more the functional (5.1) from Example 5. In this case,
the variational Euler–Lagrange equation (5.2) takes the form

dϕ

dt
(y−y′′) − 2

d2ϕ

dt2
(y + y′′)(y′)2 = 0. (5.8)

Thus, the function y(x) ≡ 0 satisfies the equation (5.8), i.e., it is a K-extremal for
the functional (5.1). Direct calculation shows that

∂2f

∂y2
= 4

d2ϕ

dt2
y2 + 2

dϕ

dt
,

∂2f

∂y∂z
= 4

d2ϕ

dt2
yz,

∂2f

∂z2
= 4

d2ϕ

dt2
z2 + 2

dϕ

dt
, (5.9)
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whence (∂2f/∂y2) = 2 > 0 on the K-extremal, and the Jacobi equation takes, on
the K-extremal y(x) ≡ 0, the form

U ′′ − U = 0; U(0) = 0, U ′(0) = 1.

The solution U(x) = shx to this equation is not zero on (0; 1], i.e., it satisfies
the Jacobi condition in the class W 1

2 ([0; 1], R). Hence, by Theorem 5.8, the func-
tional (5.1) has a strong strict K-minimum at zero. As was noted above, this
minimum is not local.

Let us give one more sufficient condition for a strong K-extremum of the
variational functional (4.1) in W 1

2 , based on Theorems 3.7 and 3.11.

Lemma 5.9. Let f ∈ W 2K2(z) and y(·) be a K-extremal of the functional (4.1)

in
◦

W 1
2 ([a; b], H). If f ′′(x, y, y′) � 0 (in (y, z)) for all x ∈ [a; b], then the func-

tional (4.1) has a strong strict K-minimum at y(·).
Proof. According to the well-known positive definiteness test (see, e.g., [15]), for
every x ∈ [a; b] there exists α(x) > 0 such that

f ′′(x, y, y′) · ((h1, h2), (h1, h2)) =
∂2f

∂y2
(h1, h1) + 2

∂2f

∂y∂z
(h1, h2) +

∂2f

∂z2
(h2, h2)

≥ α(x) · (‖h1‖2 + ‖h2‖2)

for all (h1, h2) ∈ H2. Using the compactness of [a; b], we can choose α > 0 such
that α does not depend on x. In particular,

∂2f

∂y2
(h(x), h(x)) + 2

∂2f

∂y∂z
(h(x), h′(x)) +

∂2f

∂z2
(h′(x), h′(x))

≥ α(x) · (‖h(x)‖2 + ‖h′(x)‖2)

for all x ∈ [a; b] and h(·) ∈
◦

W 1
2 ([a; b], H). It follows from here and (4.14) that

Φ′′
K(y)(h, h) ≥ α ·

( b∫
a

‖h(x)‖2dx +

b∫
a

‖h′(x)‖2dx

)
= α · ‖h(x)‖2

W 1
2
,

that is Φ′′
K(y) � 0. Whence, by Theorem 3.7, Φ has a strong strict K-minimum

at y(·). �

Theorem 5.10. Let, under the assumptions of Lemma 5.9, the inequalities
1) (∂2f/∂y2)(x, y, y′) � 0, (∂2f/∂z2)(x, y, y′) � 0;
2) �2

1f(x, y, y′) � 0, �1
2f(x, y, y′) � 0;

be fulfilled on the K-extremal y(·) for all x ∈ [a; b]. Then the variational func-
tional (4.1) has a strong strict K-minimum at y(·).
Proof. According to Theorem 3.11, the assumptions 1)–2) of Theorem 5.10 provide
the positive definiteness of the form f ′′(x, y, y′) for all x ∈ [a; b]. It remains to apply
Lemma 5.9. �
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The reversal of all signs in inequalities 1)–2) of Theorem 5.10 leads, obviously,
to conditions for a strong strict K-maximum.

Note also that assumptions 1)–2) of Theorem 5.10 can be applied to the
variational functional (5.1) (see Examples 5–7 above). Here, in view of (5.9), on
the extremal y(x) ≡ 0,

∂2f

∂y2
= 2,

∂2f

∂y∂z
= 0,

∂2f

∂z2
= 2,

and hence �2
1f = �1

2f = 2 > 0. This confirms again the existence of a strict
K-minimum of Φ at zero.

Final Remarks

1) In the work [17], a nontrivial generalization of Theorem 5.10 to the case of
variational functionals of several variables is obtained. The analogous neces-
sary conditions for K-extrema are also considered in there.

2) The notion of local realization of a strong K-extremum (see Def. 2.13) can be
extended to a weak K-extremum. In particular, the estimates (2) (Example 6)
make possible local realization of the weak K-minimum from Example 6 in
Sobolev space W 2

2 .
3) In most cases, the results of this paper can be extended to mappings taking

values in locally convex spaces from a rather extensive class of so-called semi-
nuclear spaces (see [21]).
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On Extremal Problem for Algebraic
Polynomials in Loading Spaces

B.P. Osilenker

Abstract. We consider discrete loading spaces under the inner product

〈f, g〉 =

∫
R

f(x)g(x)dμ(x) +
m∑

j=1

Mjf(xj)g(xj)

(Mj ≥ 0, xj ∈ R (j = 1, 2, . . . , m)),

where μ be a finite positive Borel measure such that the moments are finite
and support is an infinite set. In this spaces we study the problem of finding

inf
a0,a1,...,aN−r

{
〈Π(r)

N , Π
(r)
N 〉; Π(r)

N (x) =
N−r∑
k=0

akxk +
N∑

k=N−r+1

a0
kxk

}
,

where a0
N > 0, a0

N−1, . . . , a
0
N−r+1 are fixed real numbers. The extremal poly-

nomials are also constructed.

Mathematics Subject Classification (2000). Primary: 41A10; Secondary: 33C45.

Keywords. Extremal problems, Orthogonal polynomials, Loading spaces.

1. Introduction

Let Φ(x) be a positive linear functional on the linear space P of polynomials with
real coefficients. Define by

q̂n(x) = k̂(n)
n xn + k̂

(n)
n−1x

n−1 + · · · , k̂(n)
n > 0 (n ∈ Z+)

polynomials orthonormal with respect to (w.r.t.) the linear functional Φ:

Φ(q̂m, q̂n) = δm,n(m, n ∈ Z+).

Define by -(r)
N a class of all polynomials ΠN (x) ∈ P of degree N with r-fixed

coefficients:

-(r)
N =

{
Π(r)

N , Π(r)
N (x) =

N∑
j=N−r+1

a0
jx

j +
N−r∑
j=0

ajx
j , a0

N > 0
}

,

where a0
N , a0

N−1, . . . , a
0
N−r+1 are fixed real numbers.
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We expand polynomial Π(r)
N (x) by the system {q̂n}(n ∈ Z+) :

Π(r)
N (x) =

N∑
j=0

α
(N)
j q̂j(x).

As in [1], one gets the following statement.

Theorem 1.
i) The following representation

inf
Π

(r)
N ∈�(r)

N

Φ{|Π(r)
N (x)|2} =

N∑
j=N−r+1

[α(N),0
j ]2

holds, where the coefficients α
(N),0
s (s = N − r + 1, N − r + 2, . . . , N − 1, N)

are the solutions of the system
N∑

j=s

k̂(j)
s α

(N)
j = a0

s(s = N − r + 1, N − r + 2, . . . , N − 1, N);

ii) extremal polynomials is

Π(r),extr
N (x) =

N∑
j=N−r+1

α
(N),0
j q̂j(x).

We consider this extremal problem in a discrete loading space. On the space
P we introduce a discrete loading inner product

〈p, q〉 =
∫

R

p(x)q(x)dμ(x) +
m∑

j=1

Mjp(xj)q(xj) (p, q ∈ P),

where μ be a finite positive Borel measure on R whose moments are finite and
whose support is an infinite set, Mj ≥ 0, xj ∈ R (j = 1, 2, . . . , m). In what follows
we assume that support of measure μ without the discrete part.

Completion of P w.r.t. the norm ‖f‖2 = 〈f, f〉 we will call a discrete loading
space S w.r.t. the inner product

〈f, g〉 =
∫

R

f(x)g(x)dμ(x) +
m∑

j=1

Mjf(xj)g(xj). (1.1)

Let qn(x)(n ∈ Z+) be the polynomials orthonormal w.r.t. the inner product
(1.1):

〈qm, qn〉 = δm,n.

We will call their a discrete loading orthonormal polynomials.
Space S and polynomial system {qn}(n ∈ Z+) have attracted the interest

of many researches. They play an important role in some problems of functional
analysis, function theory and mathematical physics [2]–[6].
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Polynomial system {qn}(n ∈ Z+) is used in some investigations of boundary
problems with spectral parameter in the boundary conditions; differential equation
with discontinuous coefficients; the loading integral equations.

Example. (A discrete loading Jacobi polynomials).
First, we remind some properties of the classical Jacobi polynomials P

(α,β)
n (x)

orthogonal on interval (-1,1) w.r.t the Jacobi measure

dμα,β(x) =
Γ(α + β + 2)

2α+β+1Γ(α + 1)Γ(β + 1)
(1 − x)α(1 + x)βdx (α, β > −1) (1.2)

(see [7]).
By the Rodrigues formula

P (α,β)
n (x) =

(−1)n

n!2n
(1 − x)−α(1 + x)−β [(1 − x)n+α(1 + x)n+β ](n)

(x ∈ (−1, 1); n ∈ Z+).

One has

P (α,β)
n (x) =

1
n!2n

Γ(2n + α + β + 1)
Γ(n + α + β + 1)

xn + · · · .

For classical orthogonal Jacobi polynomials the values at the points ±1

P (α,β)
n (1) =

(α + 1)n

n!
, P (α,β)

n (−1) = (−1)n (β + 1)n

n!
,

where “shifted factorial”(Pochhammer symbol) is defined by

(a)n = a(a + 1)(a + 2) · · · (a + n − 1) =
Γ(n + a)

Γ(a)
(n = 1, 2, . . .), (a)0 = 1.

The squared norm of classical Jacobi orthogonal polynomials is

||P (α,β)
n ||2dμα,β

:=
∫ 1

−1

[P (α,β)
n (x)]2dμα,β(x)

=
1

2n + α + β + 1
Γ(α + β + 2)

Γ(α + 1)Γ(β + 1)
Γ(n + α + 1)Γ(n + β + 1)

n!Γ(n + α + β + 1)
.

Let P̂
(α,β)
n (x) be polynomials orthonormal on the interval (−1, 1) w.r.t. the mea-

sure dμα,β(x) (see (1.2)). Then

P̂ (α,β)
n (x) =

√
Γ(α + 1)Γ(β + 1)

Γ(α + β + 2)
1
2n

√
2n + α + β + 1

n!

· Γ(2n + α + β + 1)√
Γ(n + α + 1)Γ(n + β + 1)Γ(n + α + β + 1)

xn + · · · .

(1.3)

We consider the inner product

〈f, g〉α,β =
∫ 1

−1

f(x)g(x)dμα,β(x)+Lf(1)g(1)+Mf(−1)g(−1), L, M ≥ 0. (1.4)
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and define by P̂α,β;L,M
n (x)(n ∈ Z+) polynomial system orthonormal w.r.t. the in-

ner product (1.4). These polynomials were introduced by T. Koornwinder [8]. It
is called the loading Jacobi polynomials (or generalized Jacobi polynomials). It
should be noted that the loading Jacobi polynomials have some properties other
than the classical Jacobi polynomials (behaviour at the points ±1; linear differen-
tial operator, for which polynomials P̂

(α,β;L,M)
n (x) are eigenfunctions and so on;

see [9]–[12]).

2. Extremal problem for algebraic polynomials
in a discrete loading space

Let

pn(x) =
n∑

i=0

l
(n)
i xi, l(n)

n > 0 (n ∈ Z+) (2.1)

be the polynomials orthonormal w.r.t. the measure μ:

(pm, pn) =
∫

R

pm(x)pn(x)dμ(x) = δm,n (m, n ∈ Z+) (2.2)

and let

qn(x) =
n∑

s=0

k(n)
s xs, k(n)

n > 0 (n ∈ Z+) (2.3)

be the polynomials orthonormal w.r.t. the inner product (1.1).
We expand polynomial qn(x) by basis {pn}(n ∈ Z+):

qn(x) =
n∑

s=0

a(n)
s ps(x). (2.4)

Using (2.1)–(2.3) and comparing the coefficients at xn in the relation (2.4), one
obtains

a(n)
s =

∫
R

qn(x)ps(x)dμ(x) (s = 0, 1, . . . , n − 1) (2.5)

and

a(n)
n =

k
(n)
n

l
(n)
n

=
∫

R

qn(x)pn(x)dμ(x) (n ∈ Z+). (2.6)

Substituting relations (2.5) and (2.6) in (2.4) ,one gets

qn(x) =
k

(n)
n

l
(n)
n

pn(x) −
m∑

j=1

Mjqn(xj)Dn−1(xj , x), (2.7)

where

Dn(t, x) =
n∑

i=0

pi(t)pi(x) (t, x ∈ R; n ∈ Z+)

is the Dirichlet kernel of the system {pn} (n ∈ Z+).
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Taking into account (2.7) at the points xi (i = 1, 2, . . . , m), one has

[1 + MiDn−1(xi, xi)]qn(xi) +
m∑

j=1,j �=i

MjDn−1(xj , xi)qn(xj) =
k

(n)
n

l
(n)
n

pn(xi)

(i = 1, 2, . . . , m).

(2.8)

Denote by

Dn−1 := Dn−1

(
x1, x2, . . . , xm

x1, x2, . . . , xm

)

=

⎛⎜⎜⎝
Dn−1(x1, x1) Dn−1(x2, x1) . . . Dn−1(xm, x1)
Dn−1(x1, x2) Dn−1(x2, x2) . . . Dn−1(xm, x2)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Dn−1(x1, xm) Dn−1(x2, xm) . . . Dn−1(xm, xm)

⎞⎟⎟⎠ .

Note that the m × m matrix Dn−1 is symmetric and positive definite.
Similarly we put

Pn = (pn(x1), pn(x2), . . . , pn(xm))T , Qn = (qn(x1), qn(x2), . . . , qn(xm))T ,

where T is transposition, and

M = diag(M1, M2, . . . , Mm).

Then the system (2.8) one can rewrite in the form[
I + Dn−1

(
x1, x2, . . . , xm

x1. x2, . . . , xm

)
M

]
Qn =

k
(n)
n

l
(n)
n

Pn, (2.9)

where I is the identity matrix of order m. Denote by

Δn−1 = |I + Dn−1

(
x1, x2, . . . , xm

x1, x2, . . . , xm

)
M |. (2.10)

It follows from (2.9) by Cramer’s rule

qn(xj) =
k

(n)
n

l
(n)
n

Δ̃(j)
n−1

Δn−1
, (2.11)

where Δ̃(j)
n−1 is a determinant was obtained from Δn−1 by substitution j-column

by column matrix Pn.

Theorem 2. For a loading orthonormal polynomials qn(x) the following represen-
tation holds

qn(x) =
√

Δn−1

Δn
pn(x) − 1√

Δn−1Δn

n−1∑
s=1

MsΔ̃
(s)
n−1Dn−1(xs, x). (2.12)

Proof. We expand polynomial pn(x) by basis {qn} (n ∈ Z+) :

pn(x) =
n∑

j=0

b
(n)
j qj(x). (2.13)



424 B.P. Osilenker

Then, as above

b(n)
n =

l
(n)
n

k
(n)
n

= 〈pn, qn〉(n ∈ Z+) (2.14)

and

pn(x) =
l
(n)
n

k
(n)
n

qn(x) +
n−1∑
j=0

b
(n)
j qj(x).

Taking into account (2.6) and by definition of the inner product (1.1), one has

k
(n)
n

l
(n)
n

=
∫

R

qn(x)pn(x)dμ(x) = 〈pn, qn〉 −
m∑

j=1

Mjqn(xj)pn(xj).

It follows from (2.14) that

k
(n)
n

l
(n)
n

=
l
(n)
n

k
(n)
n

−
m∑

j=1

Mjqn(xj)pn(xj).

By (2.11) one obtains

l
(n)
n

k
(n)
n

=
1

Δn−1

k
(n)
n

l
(n)
n

[
Δn−1 +

m∑
j=1

Mjpn(xj)Δ̃
(j)
n−1

]
. (2.15)

We show that

Δn−1 +
m∑

j=1

Mjpn(xj)Δ̃
(j)
n−1 = Δn. (2.16)

It is not difficult to see from (2.10) that

Δn = |I + Dn−1M + Hn−1M |,
where

Hn−1 := Hn−1

(
x1, x2, . . . , xm

x1, x2, . . . , xm

)

=

⎛⎜⎜⎝
p2

n(x1) pn(x1)pn(x2) . . . pn(x1)pn(xm)
pn(x1)pn(x2) p2

n(x2) . . . pn(x2)pn(xm)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
pn(x1)pn(xm) pn(x2)pn(xm) . . . p2

n(xm)

⎞⎟⎟⎠ .

Consequently, using properties of the determinant, one gets (2.16).
Taking into account (2.15), one obtains

l
(n)
n

k
(n)
n

=
Δn

Δn−1

k
(n)
n

l
(n)
n

(n ∈ Z+).

Then

k(n)
n =

√
Δn−1

Δn
l(n)
n (n ∈ Z+). (2.17)

Finally, substituting expression (2.11) and (2.17) in (2.7), one obtains (2.12). The-
orem 2 is completely proved. �



On Extremal Problem for Algebraic Polynomials 425

Corollary 1. For the coefficients of a loading orthonormal polynomials qn(x) (n ∈
Z+) (see (2.3)) the following representation

k
(n)
i =

√
Δn−1

Δn
l
(n)
i − 1√

Δn−1Δn

n−1∑
j=1

MjΔ̃
(j)
n−1

n−1∑
s=i

ps(xj)l
(s)
i (2.18)

(i = 0, 1, . . . , n − 1)

holds, where l
(n)
i (i = 0, 1, . . . , n − 1)are the coefficients of polynomials pn(x) (see

(2.1)).

Corollary 1 follows from (2.1), (2.3) and (2.12) by comparing the coefficients at
xi (i = 0, 1, 2, . . . , n − 1). In particular, one obtains

k
(n)
n−1 =

√
Δn−1

Δn
l
(n)
n−1 −

1√
Δn−1Δn

[n−1∑
j=1

MjΔ̃
(j)
n−1pn−1(xj)

]
l
(n−1)
n−1 (2.19)

and
k

(n)
n−1

k
(n)
n

=
l
(n)
n−1

l
(n)
n

− 1
Δn−1

[n−1∑
j=1

MjΔ̃
(j)
n−1pn−1(xj)

] l
(n−1)
n−1

l
(n)
n

. (2.20)

Using Theorem 1 and (2.7), (2.19), one gets

Corollary 2.For the monic polynomials

Π(1)
N (x) = xN +

N−1∑
s=0

a(N−1)
s xs, Π(2)

N (x) = xN − σxN−1 +
N−2∑
s=0

b(N−2)
s xs

(σ is a fixed real number) the following assertions are valid:

i) κ
(1)
N := inf

Π
(1)
N ∈�(1)

N

〈Π(1)
N , Π(1)

N 〉 =
ΔN

ΔN−1

1

(l(N)
N )2

;

(2.21)

Π(1),extr
N (x) =

√
ΔN

ΔN−1

1

l
(N)
N

qN (x);

ii) (Zolotarev’s problem in the metric of a discrete loading space S):

κ
(2)
N := inf

Π
(2)
N ∈�(2)

N

〈Π(2)
N , Π(2)

N 〉 =
ΔN

ΔN−1

1

(l(N)
N )2

+
ΔN−1

ΔN−2

1

(l(N−1)
N−1 )2

[
σ +

k
(N)
N−1

k
(N)
N

]2

and

Π(2),extr
N (x) =

√
ΔN

ΔN−1

1

l
(N)
N

qN (x) −
√

ΔN−1

ΔN−2

1

l
(N−1)
N−1

[
σ +

k
(N)
N−1

k
(N)
N

]
qN−1(x).

Using relations (2.19) and (2.20) one can calculate κ
(1)
N , κ

(2)
N and Π(1),extr

N (x),
Π(2),extr

N (x).
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Remark. It should be noted that one can calculate the determinants using the fol-
lowing formula [13]: determinant∣∣∣∣∣∣∣∣

a11 + 1 a12 . . . a1n

a21 a22 + 1 . . . a2n

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann + 1

∣∣∣∣∣∣∣∣
is equal to

1 +
n∑

k=1

Sk,

where Sk(k = 1, 2, . . . , Sn) are sum of main minors of order k for∣∣∣∣∣∣∣∣
a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

∣∣∣∣∣∣∣∣
Example. A discrete loading Jacobi polynomials. We put x1 = 1, x2 = −1. Then
for Dirichlet kernel Dn(t, x) we have the following representation (see [7]):⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

D
(α,β)
n−1 (1, 1) =

λ2

2α+β+1Γ(α + 1)Γ(α + 2)
Γ(n + α + 1)Γ(n + α + β + 1)

Γ(n)Γ(n + β)
;

D
(α,β)
n−1 (−1, 1) =

λ2

2α+β+1Γ(β + 1)Γ(β + 2)
Γ(n + β + 1)Γ(n + α + β + 1)

Γ(n)Γ(n + α)
;

D
(α,β)
n−1 (1,−1) =D

(α,β)
n−1 (−1, 1) =

(−1)n−1λ2

2α+β+1Γ(α + 1)Γ(β + 1)
Γ(n + α + β + 1)

Γ(n)
,

where

λ2 =
2α+β+1Γ(α + 1)Γ(β + 1)

Γ(α + β + 2)
.

Substituting last formulas in (2.10) for

Δn−1 =

∣∣∣∣∣1 + D
(α,β)
n−1 (1, 1) D

(α,β)
n−1 (−1, 1)

D
(α,β)
n−1 (1,−1) 1 + D

(α,β)
n−1 (−1,−1)

∣∣∣∣∣
we obtain

Δn−1 = Δα,β;L,M
n−1 = 1 +

Γ(β + 1)
Γ(α + 2)Γ(α + β + 2)

Γ(n + α + 1)Γ(n + α + β + 1)
Γ(n)Γ(n + β)

L

+
Γ(α + 1)

Γ(β + 2)Γ(α + β + 2)
Γ(n + β + 1)Γ(n + α + β + 1)

Γ(n)Γ(n + α)
M

+
1

(α + 1)(β + 1)Γ2(α + β + 2)

× Γ(n + α + β + 1)Γ(n + α + β + 2)
Γ(n − 1)Γ(n)

LM.
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It follows from (1.3) and (2.17) that

P̂α,β;L,M
n (x) =

1
2n

√
Γ(α + 1)Γ(β + 1)(2n + α + β + 1)

Γ(α + β + 2)Γ(n + 1)

× Γ(2n + α + β + 1)√
Γ(n + α + 1)Γ(n + β + 1)Γ(n + α + β + 1)

×

√√√√Δα,β;L,M
n

Δα,β;L,M
n−1

xn + · · · .

By (2.21) we obtain the following solution of extremal problem for a discrete
loading Jacobi space.

Theorem 3. The following representation

inf
Π

(1)
N ∈�(1)

N

〈Π(1)
N , Π(1)

N 〉α,β =
Γ(α + β + 2)

Γ(α + 1)Γ(β + 1)
22NN !

2N + α + β + 1

× Γ(N + α + β + 1)Γ(N + α + 1)Γ(N + β + 1)
Γ2(2N + α + β + 1)

Δα,β;L,M
N

Δα,β;L,M
N−1

holds. In addition, equality in the last relation is realized on the following polyno-
mial

Π(1),extr
N =

√
Γ(α + β + 2)

Γ(α + 1)Γ(β + 1)
2N

√
N !√

2N + α + β + 1

×
√

Γ(N + α + 1)Γ(N + β + 1)Γ(N + α + β + 1)
Γ(2N + α + β + 1)

×

√√√√Δα,β;L,M
N

Δα,β;L,M
N−1

P̂α,β;L,M
N (x),

where P̂ α,β;L,M
n (x) is a polynomial system orthonormal w.r.t. the inner prod-

uct (1.4).
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On Coxeter Graph Related Configurations
of Subspaces of a Hilbert Space

N.D. Popova, Yu.S. Samŏılenko and A.V. Strelets

Abstract. For a Hilbert space H, we study configurations of its subspaces re-
lated to Coxeter graphs G4,4, which are arbitrary trees such that two edges
have type 4 and the rest are of type 3. We prove that such irreducible config-
urations exist only in a finite-dimensional H, where the dimension of H does
not exceed the number of vertices of the graph plus the number of vertices of
the subgraph that lies between the edges of type 4. We give a description of all
irreducible nonequivalent configurations; they are indexed with a continuous
parameter. As an example, we study all irreducible configurations related to
a graph that consists of three vertices and two type 4 edges.
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Keywords. Family of subspaces, Coxeter graph, Temperley–Lieb algebras,
∗-representation.

Introduction

One of important and fruitful directions of M.G. Krein’s original mathematical
work was a development of algebraic methods in functional analysis and operator
theory.

The main object we study in this paper is a family S = (H;H1, . . . ,Hn) of
subspaces H1, . . . ,Hn of a Hilbert space H. For any family of subspaces S there
is a unique collection of orthogonal projections Pk = PHk

, which are orthogonal
projections of H onto Hk, k = 1, . . . , n.

A family S = (H;H1, . . . ,Hn) is unitarily equivalent to a family S̃ =
(H̃; H̃1, . . . , H̃n) of subspaces H̃1, . . . , H̃n of a Hilbert space H̃ if there exists a uni-
tary operator U acting from H onto H̃ such that U maps Hk onto H̃k, k = 1, . . . , n,
that is, the corresponding collections of the orthogonal projections Pk and P̃k,
k = 1, . . . , n, are unitarily equivalent.

A family S = (H;H1, . . . ,Hn) is irreducible if the identity [A, Pk] = 0 satisfied
for all k = 1, . . . , n, where A ∈ B(H), implies that A = λI, where λ ∈ C, I
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is the identity operator on H, that is, the collection of orthogonal projections
Pk, k = 1, . . . , n, is irreducible.

Irreducible pairs of subspaces exist only in one- or two-dimensional Hilbert
spaces H. A list of such subspaces, up to unitary equivalence, is the following:

1. H = C1,

(C1; 0, 0), (C1; C1, 0), (C1; 0, C1), (C1; C1, C1);

2. H = C2 = 〈 e1, e2 〉 (‖ek‖ = 1, k = 1, 2; e1⊥e2),

(C2; 〈 e1 〉, 〈 cosϕe1 + sinϕe2 〉),
(ϕ ∈ (0, π

2 ) is the angle between the subspaces 〈 e1 〉 and 〈 cosϕe1 +sinϕe2 〉).
Denoting P1 = P〈 e1 〉, P2 = P〈 cos ϕe1+sin ϕe2 〉 we have

P1P2P1 = τP1,

P2P1P2 = τP2,

where τ = cos2 ϕ ∈ (0, 1).

For any pair of subspaces S = (H;H1,H2) there is a spectral theorem, – the
space H can be decomposed into a direct sum, or an integral, of irreducible pairs of
subspaces that are equivalent to pairs of subspaces listed in 1 and 2 above, see [2].

The problem of describing irreducible n-tuples of subspaces,

S = (H;H1, . . . ,Hn),

and a similar problem of representing n-tuples as a direct sum, or an integral, of
irreducible ones for n � 3 is a ∗-wild problem. The problem of describing triples
of subspaces, S = (H;H1,H2,H3), such that H2⊥H3 is also ∗-wild [3, 4].

It is thus natural to study n-tuples of subspaces H1, . . . ,Hn, with a condition
on the angles between the subspaces Hi,Hj for i, j = 1, n, i 
= j.

Configurations of subspaces, SΓ,τ,⊥, related to a simple graph Γ with edges
labelled with τ = {τij}, where τij ∈ (0; 1), are studied in [5, 9] and others. (By
a simple graph we mean a finite non-oriented graph without multiple edges and
loops.) In the configuration SΓ,τ,⊥, the number of subspaces coincides with the
number of vertices in the graph, and if vertices i and j are not connected with an
edge, the corresponding subspaces are assumed to be orthogonal,

PiPj = PjPi = 0,

and if there is an edge, then we fix an angle between Hi and Hj , φij ∈ (0, π
2 ),

(cos2 φij = τij , where τij ∈ (0, 1) is the number located above the edge connecting
the vertices i and j), that is, we have

PiPjPi = τijPi and PjPiPj = τijPj .

Since the subspaces corresponding to vertices in different connected compo-
nents are orthogonal, we always assume that Γ is a connected graph.
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The problem of describing the configurations SΓ,τ,⊥ can be reformulated in
terms of ∗-representations of corresponding ∗-algebras TLΓ,τ,⊥ that are defined as
follows:

TLΓ,τ,⊥ = C〈 p1, . . . , pn | p2
i = p∗i = pi;

pipj = pjpi = 0, if the vertices i, j are not connected
with an edge;

pipjpi = τijpi, pjpipj = τijpj, otherwise 〉.
Note that TLΓ,τ,⊥ are the quotient algebras of introduced in [1] generalized

Temperley–Lieb algebras (which are, in their turn, quotient algebras of the Hecke
algebras related to Γ).

The dimension and the growth of these algebras do not depend on the num-
bers τij , see [8], namely, the algebra TLΓ,τ,⊥

• has a finite dimension equal to n2 +1 if Γ is a tree, where n is the number of
the vertices;

• has linear growth if Γ has exactly one cycle;
• contains a free subalgebra with two generators if Γ has more than one cycle.

If we fix a graph Γ, then for each collection of the parameters τij there is
a finite number of irreducible unitarily nonequivalent configurations SΓ,τ,⊥ if and
only if the graph Γ is a tree, see [7,9]. The dimension of the space H does not exceed
the number of vertices, and the dimensions of the subspaces are not greater than 1.

If the graph Γ has one cycle, i.e., it is unicyclic, then there is an arrange-
ment τ of numbers at its edges such that there exist infinitely many irreducible
nonequivalent configurations SΓ,τ,⊥. The dimensions of the subspaces do not ex-
ceed 1, and the dimension of the whole space is not greater than the number of
vertices in the graph [9].

A more general case is obtained by not fixing the angles between the subspaces
but allowing them to assume values from a fixed finite set. Hence, we come to
configurations SG,g,⊥, where G is a Coxeter graph with the vertices corresponding
to subspaces, and g is a collection of polynomials that define permissible angles
between the subspaces.

By a Coxeter graph G we mean a finite non-oriented marked graph without
multiple edges and with no loops. We will write G = (V, R), where V = {1, . . . , n}
is the set of vertices, R is the set of edges. The edge between i and j will be denoted
by γij (we take γij = γji). All edges of a Coxeter graph G can be subdivided into
different types,

R =
∞⊔

s=3

Rs.

The corresponding edges will be called R3-edges, R4-edges, etc., or we will say
that the edge has type 3, 4, etc.

Let g be a mapping that assigns a polynomial gij to each edge γij ∈ Rs,
s = 2k + σ � 3, k ∈ N, σ ∈ {0, 1}, such that deg gij � k − 1 and gij(0) = 0
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if σ = 0,

g : R → R[x] : γij �→ gij(x) =
k−1∑

m=1−σ

τ
(m)
ij xm ∈ R[x].

The number of subspaces in a configuration SG,g,⊥, as in the case of a simple
graph, coincides with the number of vertices in the graph. If vertices i, j are not
connected with an edge, the corresponding subspaces Hi, Hj are considered to be
orthogonal,

PiPj = PjPi = 0,

and if there is an edge of type s = 2k+σ � 3, k ∈ N, σ ∈ {0, 1}, then the following
relations hold:

(PiPj)kP σ
i = gij(PiPj)P σ

i and (PjPi)kP σ
j = gij(PjPi)P σ

j . (0.1)

It is convenient to reformulate the problem about the configurations SG,g,⊥
in terms of finding ∗-representations of the corresponding ∗-algebras TLG,g,⊥.

Definition 0.1. TLG,g,⊥ is an associative ∗-algebra over C, with an identity e, and is
defined by generators and relations determined by the graph G and the mapping g,

TLG,g,⊥ = C〈 p1, . . . , pn | p2
i = p∗i = pi; pipj = pjpi = 0, if γij 
∈ R;

(pipj)kpσ
i = gij(pipj)pσ

i , (pjpi)kpσ
j = gij(pjpi)pσ

j ,

if γij ∈ Rs, s = 2k + σ � 3, σ ∈ {0, 1} 〉.
(0.2)

For an edge γij ∈ Rs, s = 2k + σ, and a polynomial gij , we will also consider
the polynomial fij(x) = xk − gij(x). Then relations (0.2) can be rewritten in the
form fij(pipj)pσ

i = fij(pjpi)pσ
j = 0.

If an edge γij has type 3, then the corresponding polynomial is gij(x) = τij ,
and the relations satisfied by pi and pj will be

pipjpi = τijpi, pjpipj = τijpj.

If an edge γij has type 4, then gij(x) = τijx and the relations satisfied by pi

and pj will be
(pipj)2 = τijpipj , (pjpi)2 = τijpjpi.

The dimension and the growth of the algebras TLG,g,⊥ were studied in [6].
The dimension and the growth of the algebra TLG,g,⊥ depend on the type of the
graph G, which can be a tree, an unicyclic graph, a graph with two or more cycles,
and on the type of its edges, but do not depend on the way the polynomials gij

are positioned at its edges. Let us give here brief formulations of the results. To
this end, we introduce the following notations: R̂r =

⊔∞
s=r Rs, and sG � 3 denotes

the index s such that RsG

= ∅ and Rs = ∅ if s > sG.

Theorem 0.2. Let G be a tree. Then we have the following.

0) If |R̂4| = 0, then dim TLG,g,⊥ = |V |2 + 1.
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1) If |R̂4| = |RsG
| = 1, then G consists of two R3-connected components G1 and

G2, and

dim TLG,g,⊥ =

{
m|V |2 + 1, if sG = 2m + 1,

(m − 1)|V |2 + |V1|2 + |V2|2 + 1, if sG = 2m.

2) If |R̂4| � 2, then dimTLG,g,⊥ = ∞. In the case where |R̂4| = 2, the algebra
has polynomial growth if |R̂6| = 0, and contains a free subalgebra with two
generators if |R̂6| � 1.

3) If |R̂4| � 3, then TLG,g,⊥ contains a free algebra with two generators.

Theorem 0.3. Let G be a connected Coxeter graph.
0) If G contains a cycle and |R̂4| = 0, then dimTLG,g,⊥ = ∞. If also there

is precisely one cycle, then the algebra has linear growth, and if G has two
cycles, then the algebra has a free algebra with two generators.

1) If G contains at least one cycle and |R̂4| � 1, then TLG,g,⊥ contains a free
algebra with two generators.

The authors in [7] studied ∗-representations of the algebras TLG,g,⊥. They
gave a description of all irreducible ∗-representations of the finite-dimensional alge-
bras TLG,g,⊥ on a Hilbert space. In particular, it was shown that, if an irreducible
pair of projections P1 and P2 satisfies relations (0.1), then at least one of the roots
λ ∈ [0, 1] of the polynomial f12(x) satisfies the relations{

P1P2P1 = λP1 and P2P1P2 = λP2, λ 
= 0,

P1P2 = P2P1 = 0, λ = 0.

Hence, using roots of the polynomial f12(x) we can define admissible angles be-
tween the subspaces. There was also proved a theorem stating that only graphs that
are trees with no more than one edge of type s > 3 define algebras of finite Hilbert
type, i.e., the algebras that have a finite number of irreducible ∗-representations on
a Hilbert space for all values of the parameters.

In this paper, we use ∗-representations of the algebra TLG4,4,g,⊥ to study
configurations of the subspaces, SG4,4,g,⊥, that are related to the Coxeter graph
G4,4, which is an arbitrary tree with exactly two edges of type 4 and others are
of type 3. As Theorem 0.2 shows, this is the simplest case where the algebra is
already not finite-dimensional but still has polynomial growth.

In Section 1, we give necessary definitions and introduce notations; we also
introduce the notion of a proper ∗-representation of the algebra TLG4,4,g,⊥.

Section 2 gives a construction of a family of irreducible proper ∗-repre-
sentations πν of the algebra TLG4,4,g,⊥. This family is parametrized with a pa-
rameter ν running over a subset ΣG4,4,g of the interval (0, 1). It is shown that
∗-representations corresponding to different values of the parameter are not uni-
tarily equivalent.

In Section 3, we show that any irreducible proper ∗-representation π of
the algebra TLG4,4,g,⊥ is unitarily equivalent to one of the ∗-representations πν
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constructed in Section 2, which finishes the description of all irreducible proper
∗-representations.

As an example, in Section 4, we study all irreducible ∗-representations of the
algebra TLG4,4,g,⊥, where the graph G4,4 consists of three vertices and two edges
of type 4.

1. Definitions and notations

A path of length m in a Coxeter graph G,

l = l(i0) = (i0, i1, . . . , im), γik−1,ik
∈ R,

will be called a path without repetitions if ik 
= ij for k, j = 0, . . . , m, k 
= j. The
path l = (i0) is considered as a path of length 0 without repetitions, and it is
convenient to consider the path l = () as “empty”. For a path l = (i0, i1, . . . , im),
define l∗ = (im, im−1, . . . , i0). A union of paths l1 = (i0, . . . , ik−1, ik) and l2 =
(ik, ik+1 . . . , it) is defined to be the path l1 ∪ l2 = (i0, . . . , ik−1, ik, ik+1, . . . , it). To
any path l = (i0, i1, . . . , im), we make correspond the product Πl = pi0 . . . pim in
the algebra, to the “empty” path, we set Πl = e.

By G4,4, we will denote a Coxeter graph, which is a tree having two edges
of type 4 and the rest of edges are of type 3. We index the vertices in such a way
that the edges γ0,1, γm−1,m are of type 4 and the vertices 1, m − 1 are connected
with the path (1, 2, . . . , m − 1),

It is natural to split the graph into three parts,

V = V0 ∪ Vin ∪ Vm,

namely, any two different vertices in each part are connected with a path consisting
of type 3 edges.

Denote by l̂ the path (m, m − 1, . . . , 1, 0), and by P the set of all paths
l = (i0, i1, . . . , 0) such that Πl is a normal word that does not have Πl̂∗∪l̂ as a
subword. For normal words, Groebner bases, the composition lemma, we refer to,
e.g., [10]. For the algebra TLG,g,⊥, normal words are precisely the words that do
not contain, as subwords, the leading words of the defining relations (0.2) of the
algebra TLG,g,⊥, see [6]. That is, a normal word should not contain, as subwords,
the following words:

p2
i , i ∈ V ;

pipj , pjpi, if γij 
∈ R;

(pipj)kpσ
i , (pjpi)kpσ

j , if γij ∈ Rs, s = 2k + σ � 3, σ ∈ {0, 1}.
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It is clear that the set P consists of two parts containing paths l ∈ P without
and with repetitions, denoted by S and L′, respectively. The set L′, in its turn,
can be slitted into two more parts containing the the paths l that do or do not
have Πl̂ as a subword of Πl, and are denoted by L and L0, respectively. We set
P̂ = S ∪ L.

Proposition 1.1.

1) For each path l ∈ L there exists a unique vertex j ∈ {1, . . . , m − 1} and a
unique collection of paths without repetitions,

ls = (i0, i1, . . . , j),

le = (j, j − 1, . . . , 0),

l̃ = (j, j + 1, . . . , m),

such that l = ls ∪ l̃ ∪ l̂ and l̃∗ ∪ le = l̂. The identity

ω(l) = ls ∪ le

defines an injective mapping ω : L → S.
2) There are naturally defined bijective mappings ψ∗ : V → S and ϕ∗ : Vin → L.

We also have ω(ϕ∗(j)) = ψ∗(j) for any j ∈ Vin.

For any
l = (i0, i1, . . . , 0) ∈ P̂\{ψ∗(0)},

define a truncation operation, η, of the path l by

η(l) = (i1, . . . , 0).

For a ∗-representation π of the algebra TLG4,4,g,⊥, denote Pi = π(pi), i ∈ V .

Definition 1.2. A ∗-representation π of the algebra TLG4,4,g,⊥ will be called proper
if none of the following relations is satisfied:

P0P1 = 0, (1.1)

Pm−1Pm = 0, (1.2)

P1P0P1 − τ0,1P1 = 0, (1.3)

Pm−1PmPm−1 − τm−1,mPm−1 = 0. (1.4)

If some of relations (1.1)–(1.4) are satisfied, this would mean that the ∗-repre-
sentation π is a lift of a certain ∗-representation of the algebra obtained by
taking the quotient with respect to an ideal generated by a corresponding rela-
tion. All such quotient algebras are finite-dimensional, and their ∗-representations
were studied before, see [9], [7]. Thus, a complete description of all irreducible
∗-representations of the algebra TLG4,4,g,⊥ require a description of all irreducible
proper ∗-representations.

For each ν ∈ ΣG4,4,g, we will construct an irreducible proper ∗-representation
πν , where ΣG4,4,g is a subset of the interval (0, 1). An exact definition of this set
will be given later. Let us note that, in general, this set could be empty. This means
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that the algebra TLG4,4,g,⊥ does not have proper ∗-representations. On the other
hand, for any Coxeter graph G4,4 there is g such that ΣG4,4,g contains an entire
interval [7]. It will be shown that ∗-representations πν1 and πν2 are not unitarily
equivalent if ν1 
= ν2. The fact that for every irreducible proper ∗-representation
π there exists ν ∈ ΣG4,4,g such that π is unitarily equivalent to πν finishes the
description of all irreducible proper ∗-representations.

2. The set ΣG4,4,g, proper ∗-representations πν , ν ∈ ΣG4,4,g

Let L be a linear complex space obtained as a set of all formal linear combinations
of paths taken from the set P̂.

For each ν ∈ (0, 1), introduce a Hermitian sesquilinear form Bν
G4,4,g on the

linear space L by defining it on the formal linear basis P̂ to be

Bν
G4,4,g(l, l) = 1, l ∈ P̂ ,

Bν
G4,4,g(l, η(l)) = Bν

G4,4,g(η(l), l)

=

⎧⎪⎨⎪⎩
√

τij , l ∈ P̂\{ψ∗(0), ψ∗(m), ϕ∗(m − 1)},
√

ντm−1,m, l = ψ∗(m),√
(1 − ν)τm−1,m, l = ϕ∗(m − 1),

Bν
G4,4,g(l1, l2) = 0, l1, l2 ∈ P̂, l1 
= l2, l1 
= η(l2), l2 
= η(l1),

where the paths l and η(l) start at i and j, correspondingly.
Let ΣG4,4,g be the set of all ν ∈ (0, 1) such that the sesquilinear form Bν

G4,4,g

is nonnegative definite. For ν ∈ ΣG4,4,g, denote by Hν the Hilbert space obtained
by equipping the linear space L/Lν, where Lν = {x |Bν

G4,4,g(x, x) = 0}, with the
scalar product 〈 y1 +Lν , y2 +Lν 〉ν = Bν

G4,4,g(y1, y2). Let ρν be the linear mapping

ρν : L → Hν : y �→ y + Lν.

By the definition of the form Bν
G4,4,g, any l ∈ P̂ does not belong to Lν. Hence,

there is a bijection between the set ρν(P̂) = {l + Lν | l ∈ P̂} ⊂ Hν and the set P̂ ,
where the former generates a linear space Hν , however, if the form is not positive
definite, the set ρν(P̂) is not a set of linearly independent vectors. Set

ψ = ψν = ρν ◦ ψ∗ : S → Hν ,

ϕ = ϕν = ρν ◦ ϕ∗ : L → Hν .

For an arbitrary vertex i ∈ Vin, define an operator Pν,i to be the orthogonal
projection onto the linear span of the pair of vectors ψ(i), ϕ(i) ∈ Hν , and, for
an arbitrary vertex i ∈ V \Vin, the operator Pν,i is defined to be an orthogonal
projection onto the linear span of the vector ψ(i) ∈ Hν .



On Configurations of Subspaces of a Hilbert Space 437

Proposition 2.1. For any x ∈ Hν , we have the formula

Pν,ix =

{
〈x, ψ(i) 〉νψ(i) + 〈x, ϕ(i) 〉νϕ(i), i ∈ Vin,

〈x, ψ(i) 〉νψ(i), i ∈ V \Vin.

Proof. It is sufficient to notice that 〈Pν,ix, ψ(i) 〉ν = 〈x, ψ(i) 〉ν for any i ∈ V , and
〈Pν,ix, ϕ(i) 〉ν = 〈x, ϕ(i) 〉ν for any i ∈ Vin. �

Lemma 2.2. For each ν ∈ ΣG4,4,g, the mapping

πν : TLG4,4,g,⊥ → B(Hν) : pi �→ Pν,i

is an irreducible proper ∗-representation.

Proof. For the sake of brevity, set ϕ(i) = 0 for i ∈ V \Vin. Then, for any i ∈ V ,
x ∈ Hν , we have

Pν,ix = 〈x, ψ(i) 〉νψ(i) + 〈x, ϕ(i) 〉νϕ(i).

Let us show that πν is a ∗-representation.
It is clear that for any x ∈ Hν , P 2

ν,ix = Pν,ix, since 〈ψ(i), ϕ(i) 〉ν = 0.
Now, if the vertices i and j are not connected with an edge, then for any

vector x ∈ Hν ,

Pν,iPν,jx = Pν,i(〈x, ψ(j) 〉νψ(j) + 〈x, ϕ(j) 〉νϕ(j))

= 〈x, ψ(j) 〉ν (〈ψ(j), ψ(i) 〉νψ(i) + 〈ψ(j), ϕ(i) 〉νϕ(i))

+ 〈x, ϕ(j) 〉ν (〈ϕ(j), ψ(i) 〉νψ(i) + 〈ϕ(j), ϕ(i) 〉νϕ(i)) = 0.

Let now the vertices i and j be joined with a type 3 edge. Then we can
assume that ψ∗(i) = η(ψ∗(j)). Moreover, we have that either i, j ∈ V \Vin, then
ϕ(i) = ϕ(j) = 0, or i, j ∈ Vin implying that one of the following two identities is
verified: if j ∈ {2, . . . , m − 1} then ϕ∗(j) = η(ϕ∗(i)), otherwise ϕ∗(i) = η(ϕ∗(j)).
Hence, for an arbitrary vector x ∈ Hν , we have

Pν,jPν,iPν,jx = Pν,jPν,i(〈x, ψ(j) 〉νψ(j) + 〈x, ϕ(j) 〉νϕ(j))

=
√

τijPν,j(〈x, ψ(j) 〉νψ(i) + 〈x, ϕ(j) 〉νϕ(i))

= τij(〈x, ψ(j) 〉νψ(j) + 〈x, ϕ(j) 〉νϕ(j))
= τijPν,jx.

It remains to check the relations for the orthogonal projections corresponding
to the vertices joined with edges of type 4. For an arbitrary x ∈ Hν , we have

Pν,0Pν,1Pν,0x = Pν,0Pν,1〈x, ψ(0) 〉νψ(0)

=
√

τ0,1Pν,0〈x, ψ(0) 〉νψ(1)

= τ0,1〈x, ψ(0) 〉νψ(0)
= τ0,1Pν,0x,
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Pν,mPν,m−1Pν,mx = Pν,mPν,m−1〈x, ψ(m) 〉νψ(m)

=
√

τm−1,m〈x, ψ(m) 〉νPν,m(
√

νψ(m − 1) +
√

1 − νϕ(m − 1))

= τm−1,m〈x, ψ(m) 〉ν(ν + (1 − ν))ψ(m)
= τm−1,mPν,mx.

This implies that

Pν,0Pν,1Pν,0Pν,1 = τ0,1Pν,0Pν,1,

Pν,1Pν,0Pν,1Pν,0 = τ0,1Pν,1Pν,0,

Pν,mPν,m−1Pν,mPν,m−1 = τm−1,mPν,mPν,m−1,

Pν,m−1Pν,mPν,m−1Pν,m = τm−1,mPν,m−1Pν,m.

It is easy to see that ∗-representation πν is proper.
Let us show that the constructed ∗-representation πν is irreducible.
Assume that an operator A ∈ B(Hν) commutes with all Pν,i, i ∈ V . Then,

A(ImPν,i) ⊂ ImPν,i. Consequently, there exists a number λ ∈ C such that Aψ(0) =
λψ(0). Then λ

√
τ0,1ψ(1) = λPν,1ψ(0) = Pν,1Aψ(0) = A

√
τ0,1ψ(1). In a similar

way, it is easy to show that if Aψ(i) = λψ(i) and the vertices j and i are joined
with an edge, then Aψ(j) = λψ(j).

Let us show that Aϕ(m−1) = λϕ(m−1). It was proved before that Aψ(m) =
λψ(m). Then, on the one hand,

Pν,m−1Aψ(m) = λPν,m−1ψ(m)

= λ(
√

ντm−1,mψ(m − 1) +
√

(1 − ν)τm−1,mϕ(m − 1)).

On the other hand, we have also shown that Aψ(m− 1) = λψ(m− 1) and, conse-
quently,

APν,m−1ψ(m) = A(
√

ντm−1,mψ(m − 1) +
√

(1 − ν)τm−1,mϕ(m − 1))

= λ
√

ντm−1,mψ(m − 1) +
√

(1 − ν)τm−1,mAϕ(m − 1).

So, Aϕ(m − 1) = λϕ(m − 1).
Now, for any vertices i, j ∈ Vin, which are connected with an edge, the identity

Aϕ(i) = λϕ(i) implies that Aϕ(j) = λϕ(j). Indeed, Pν,jAϕ(i) = λPν,jϕ(i) =
λ
√

τijϕ(j) = APν,jϕ(i) = √
τijAϕ(j).

Thus, A = λI and, consequently, the ∗-representation πν is irreducible. �

Lemma 2.3. The ∗-representations πν1 and πν2 , ν1, ν2 ∈ ΣG4,4,g, are unitarily
equivalent if and only if ν1 = ν2.

Proof. Let us consider the operator

Wν = Uν
0,1U

ν
1,2 . . . Uν

m−1,mUν
m,m−1 . . . Uν

2,1U
ν
1,0, Uν

i,j =
Pν,iPν,j√

τi,j
.
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It is easy to see that if the vertices i, j ∈ Vin are joined with an edge, then

Uν
i,j(μ1ψ(j) + μ2ϕ(j)) = μ1ψ(i) + μ2ϕ(i).

and, consequently,

Wνψ(0) = Uν
0,1U

ν
1,2 . . . Uν

m−1,mUν
m,m−1 . . . Uν

2,1ψ(1)

= Uν
0,1U

ν
1,2 . . . Uν

m−1,mUν
m,m−1ψ(m − 1)

=
√

ν Uν
0,1U

ν
1,2 . . . Uν

m−1,mψ(m)

=
√

ν Uν
0,1U

ν
1,2 . . . Uν

m−2,m−1(
√

νψ(m − 1) +
√

1 − νϕ(m − 1))

=
√

ν Uν
0,1(

√
νψ(1) +

√
1 − νϕ(1))

= νψ(0).

Assume that the ∗-representations πν1 and πν2 are unitarily equivalent, that
is, there exists a unitary operator

V : Hν1 → Hν2

such that V πν1(a) = πν2(a)V for any a ∈ TLG4,4,g,⊥. Then

Wν2V ψν1(0) = V Wν1ψν1(0) = ν1V ψν1(0),

so that V ψν1(0) is an eigenvector of the operator Wν2 with an eigenvalue ν1.
Consequently, this vector belongs to ImPν2,0, so that there is a number β ∈ C\{0}
such that V ψν1(0) = βψν2(0). But, in this case,

Wν2V ψν1(0) = βWν2ψν2(0) = βν2ψν2(0) = βν1ψν2(0),

whence we get that ν1 = ν2.
We have thus shown that if ν1, ν2 ∈ ΣG4,4,g are different, the ∗-representations

πν1 and πν2 are not unitarily equivalent. �

3. A description of all proper ∗-representations of the algebra
TLG4,4,g,⊥

Let now π be some ∗-representation of the algebra TLG4,4,g,⊥ on a Hilbert space H,
Pi = π(pi), i ∈ V . Denote w = Πl̂∗∪l̂, W = π(w). Note that W = (π(Πl̂))

∗π(Πl̂),
where π(Πl̂) = PmPm−1 . . . P0, thus W is a positive operator.

Proposition 3.1. Let π be an irreducible ∗-representation, P0P1 
= 0, and
Pm−1Pm 
= 0. Then W 
= 0.

Proof. Assume that W = 0. Since P0P1 
= 0, there exists x0 such that P0x0 = x0,
P1P0x0 
= 0.

Consider the linear span H′ of a finite set of the vectors {π(Πl)x0}l∈P . It is
easy to see that H′ is invariant with respect to π and, consequently, it coincides
with H.

It is clear that π(Πl̂) = 0. Moreover, π(Πl) = 0 for any l ∈ P such that Πl

contains Πl̂ as a subword. Let us show that PmPm−1π(Πl)x0 = 0 for any l ∈ P .
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Indeed, Pm−1π(Πl) 
= 0 only if the initial point of l coincides with the vertex m−1
or is joined to it with an edge, and Πl does not contain Πl̂ as a subword. There
are three cases possible,

1) l = (m − 1, m− 2, . . . , 0),
2) l = (m − 2, . . . , 0),
3) l = (j, m − 1, m − 2, . . . , 0),

where j is any vertex distinct from m − 2 and joined to the vertex m − 1 with
an edge of type 3. In the first two cases, PmPm−1π(Πl) = π(Πl̂) = 0, and in the
third one, PmPm−1π(Πl) = τj,m−1π(Πl̂) = 0. Hence, PmPm−1H = {0}, and this
contradicts to PmPm−1 
= 0. �

Since we are interested in proper ∗-representations of the algebra TLG4,4,g,⊥,
in the sequel we will consider only ∗-representations π such that W 
= 0.

Proposition 3.2. Let π be an irreducible ∗-representation of the algebra TLG4,4,g,⊥,
such that W 
= 0. Then there exist ξ ∈ (0, 1] and 0 
= x0 ∈ H such that P0x0 = x0

and Wx0 = ξx0.

Proof. Consider the linear subspace L = Im W 
= {0} invariant with respect to
the operator W . If some x ∈ H satisfies W 2x = 0, then

0 = 〈W 2x, x 〉 = 〈Wx, Wx 〉 = ‖Wx‖2,

that is, we have shown that ImW ∩ kerW = {0}.
Denote by π̃ the ∗-representation of the generated by an element w commu-

tative subalgebra of the algebra TLG4,4,g,⊥ on the Hilbert space H̃ = L, which is
defined by

π̃(w) = W̃ = W |H̃.

If π̃ is irreducible, then dim H̃ = 1 and W̃ = ξ ∈ C. Moreover, since W is a
nonzero positive operator with the norm being less or equal to one, we see that
ξ ∈ (0, 1]. Take 0 
= x0 ∈ H̃. Then Wx0 = ξx0, P0x0 = x0.

Assume that π̃ is reducible. Then there are nonzero subspaces H̃1 and H̃2

of the space H̃ that are invariant with respect to the action of π̃ and such that
H̃ = H̃1 ⊕ H̃2. Since W̃ 
= 0, there exist 0 
= x ∈ H̃1 ∩ L and 0 
= y ∈ H̃2 ∩ L.

Let H0 be the closure of the linear span of the vectors {π(Πl)x}l∈N , where
N is a set of paths l = (i0, i1, . . . , 0) such that Πl is a normal word. It is clear that
H0 is invariant with respect to π and, hence, H = H0. Then, for any l ∈ N ,

〈 y, π(Πl)x 〉 =
∑

l′∈N0

λl,l′〈 y, π(Πl′ )x 〉,

where N0 = {l ∈ N | i0 = 0}.
For any l′ ∈ N0, the monomial Πl′ can be written in one of the following

forms:

p0, p0p1p0, wn, n ∈ N.
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To show that 〈 y, π(Πl′)x 〉 = 0, it is sufficient to prove that π(Πl′ )x ∈ H̃1. It is clear
that P0x = x ∈ H̃1, Wnx ∈ H̃1. Now, P0P1P0x = τ0,1x ∈ H̃1, since x ∈ Im W .

Hence, 〈 y, π(Πl)x 〉 = 0, that is, y ∈ H⊥
0 = H⊥ and, consequently, y = 0,

which contradicts to y 
= 0. �
Fix x0 ∈ H and ξ ∈ (0, 1], which exist by the previous proposition. Every-

where in the sequel, we consider ‖x0‖ = 1. Denote

ν = ξ
( m∏

i=1

τi−1,i

)−1
> 0, (3.1)

and introduce

τ ′
i,j =

{√
τi,j , γi,j 
= γm−1,m,

√
ντm−1,m, γi,j = γm−1,m.

For a path l = (i0, i1, . . . , ik), let us introduce

Wl =

⎧⎨⎩Pi0 , if k = 0,
Pi0Pi1
τ ′

i0,i1
· Pi1Pi2

τ ′
i1,i2

· . . . · Pik−1Pik

τ ′
ik−1,ik

, otherwise.

Proposition 3.3. The following identity holds:

W
l̂∗∪l̂

x0 = x0.

Proof. We have W
l̂∗∪l̂

x0 =
(∏m

i=1 τ ′
i−1,i

)−2
Wx0 =

(
ν
∏m

i=1 τi−1,i

)−1
ξx0 = x0.

�
Proposition 3.4. The linear span H′ of the vectors {Wlx0}l∈P̂ is invariant with
respect to an irreducible ∗-representation π.

Proof. For any l such that Πl is a normal word, Wl coincides with π(Πl) up to a
numeric coefficient. Let us show that, for any a ∈ TLG4,4,g,⊥ and any l0 ∈ P̂, the
following identities are verified:

π(a)Wl0x0 =
∑
l∈N

λlπ(Πl)x0 =
∑
l∈N

λ′
lWlx0 =

∑
l∈P

λ′′
l Wlx0 =

∑
l∈P̂

λ′′′
l Wlx0,

where N is a set of paths l that end in the vertex 0 and such that Πl is a normal
word. To prove the identity before the last one, it will suffice to note that any
l ∈ N can be represented as

l = l′ ∪ (l̂∗ ∪ l̂) ∪ · · · ∪ (l̂∗ ∪ l̂)︸ ︷︷ ︸
k times

, k ≥ 0,

where l′ ∈ P . To prove the last identity, we note that, for l ∈ L0,

Wlx0 = Wl′W(0,1,0)Wl̂∗∪l̂x0 = Wl′Wl̂∗∪l̂x0 = Wl′x0,

where l′ ∈ S. �
Corollary 3.5. If π is an irreducible ∗-representation of the algebra TLG4,4,g,⊥,
then H = H′ and dimH � |V | + |Vin|.



442 N.D. Popova, Yu.S. Samŏılenko and A.V. Strelets

Proposition 3.6.

1) For any l ∈ S,

〈Wlx0, Wlx0 〉 = 1.

2) For any l ∈ L,

〈Wlx0, Wω(l)x0 〉 = 1,

〈Wlx0, Wlx0 〉 = ν−1.

Proof. 1) It is clear that 〈Wψ∗(0)x0, Wψ∗(0)x0 〉 = 〈x0, x0 〉 = 1. Now,

〈Wψ∗(1)x0, Wψ∗(1)x0 〉 =
〈

P1P0

τ ′
0,1

x0,
P1P0

τ ′
0,1

x0

〉
=

〈
P0P1

τ ′
0,1

· P1P0

τ ′
0,1

Wl̂∗∪l̂x0, x0

〉
=

〈
P0P1

τ ′
0,1

· P1P0

τ ′
0,1

· P0P1

τ ′
0,1

Wη(l̂∗∪l̂)x0, x0

〉
=

〈
P0P1

τ ′
0,1

Wη(l̂∗∪l̂)x0, x0

〉
= 〈Wl̂∗∪l̂x0, x0 〉 = 1,

〈Wψ∗(m)x0, Wψ∗(m)x0 〉 = 〈Wl̂x0, Wl̂x0 〉 = 〈Wl̂∗∪l̂x0, x0 〉 = 1.

Let l ∈ S\{ψ∗(0), ψ∗(1), ψ∗(m)}, and j, j′ be the initial points of the paths l
and η(l), correspondingly. Assuming that 〈Wη(l)x0, Wη(l)x0 〉 = 1 has been proved,
we have

〈Wlx0, Wlx0 〉 =
〈

PjPj′

τ ′
j,j′

Wη(l)x0,
PjPj′

τ ′
j,j′

Wη(l)x0

〉
= 〈Wη(l)x0, Wη(l)x0 〉 = 1.

2) Let l = ls ∪ l̃ ∪ l̂ ∈ L, ω(l) = ls ∪ le, see Proposition 1.1. Then

〈Wlx0, Wω(l)x0 〉 = 〈WlsWl̃Wl̂x0, WlsWlex0 〉
= 〈Wl̂x0, W

∗
l̃
Wlex0 〉

= 〈Wl̂x0, Wl̂x0 〉 = 1.

Now, consider l = ϕ∗(m − 1). Then η(l) = l̂ and

〈Wlx0, Wlx0 〉 =
〈

Pm−1Pm

τ ′
m−1,m

Wl̂x0,
Pm−1Pm

τ ′
m−1,m

Wl̂x0

〉
=

〈
PmPm−1

τ ′
m−1,m

· Pm−1Pm

τ ′
m−1,m

· PmPm−1

τ ′
m−1,m

Wη(l̂)x0, Wl̂x0

〉
=

1
ν

〈
PmPm−1

τ ′
m−1,m

Wη(l̂)x0, Wl̂x0

〉
= ν−1〈Wl̂x0, Wl̂x0 〉 = ν−1.
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Let now l ∈ L\{ϕ∗(m − 1)}, and j, j′ be initial points of the paths l and η(l),
correspondingly. Assuming that 〈Wη(l)x0, Wη(l)x0 〉 = ν−1, we have

〈Wlx0, Wlx0 〉 =
〈

PjPj′

τ ′
j,j′

Wη(l)x0,
PjPj′

τ ′
j,j′

Wη(l)x0

〉
= 〈Wη(l)x0, Wη(l)x0 〉 = ν−1.

This finishes the proof. �
Let us recall that π is an irreducible ∗-representation of the algebra TLG4,4,g,⊥,

and the number ν is given by the formula (3.1).

Proposition 3.7. The parameter ν belongs to the interval (0, 1]. Here, if ν = 1,
then Pm−1PmPm−1 = τm−1,mPm−1 and dimH � |V |.
Proof. It follows from (3.1) that ν > 0.

Consider l ∈ L and calculate the norm of (Wl − Wω(l))x0,

‖(Wl − Wω(l))x0‖2 = 〈Wlx0 − Wω(l)x0, Wlx0 − Wω(l)x0 〉 = ν−1 − 1 � 0.

Hence, ν � 1.
If ν = 1, then (Wl −Wω(l))x0 = 0, that is, Wlx0 = Wω(l)x0. This shows that

the linear span of {Wlx0}l∈S coincides with the linear span of {Wlx0}l∈P̂ and,
consequently, dimH � |V |, see Proposition 3.4.

Let us show that in this case, Pm−1PmPm−1 − τm−1,mPm−1 = 0.
Indeed, Pm−1Wl 
= 0 only if the initial point of l ∈ S coincides with the

vertex m − 1 or is joined to it with an edge. There are four cases to consider,
1) l = ψ∗(m − 1) = (m − 1, m − 2, . . . , 0),
2) l = ψ∗(m − 2) = (m − 2, . . . , 0),
3) l = l̂ = ψ∗(m) = (m, m − 1, m − 2, . . . , 0),
4) l = ψ∗(j) = (j, m − 1, m − 2, . . . , 0),

where j is any vertex, distinct from m−2, joined to the vertex m−1 with an edge
of type 3. For the first case, we get

(Pm−1PmPm−1 − τm−1,mPm−1)Wlx0 = τm−1,m(Wϕ∗(m−1) − Wψ∗(m−1))x0 = 0.

For the second case,
(Pm−1PmPm−1 − τm−1,mPm−1)Wlx0 =

τm−1,mτ ′
m−2,m−1(Wϕ∗(m−1) − Wψ∗(m−1))x0 = 0.

In the third case,
(Pm−1PmPm−1 − τm−1,mPm−1)Wl̂x0 =

1
τ ′
m−1,m

Pm−1Pm(Pm−1Pm − τm−1,m)Wψ∗(m−1)x0 = 0.

For the fourth case,
(Pm−1PmPm−1 − τm−1,mPm−1)Wlx0 =

τ ′
m−1,j(Pm−1PmPm−1 − τm−1,mPm−1)Wψ∗(m−1)x0 = 0.

Hence, we have shown that (Pm−1PmPm−1 − τm−1,mPm−1)H = {0}. �
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Corollary 3.8. If π is a proper ∗-representation, then ν ∈ (0, 1).

Definition 3.9. For any l ∈ P̂, define

yl =

{
Wlx0, l ∈ S,√

ν
1−ν

(
Wl − Wω(l)

)
x0, l ∈ L.

Recall that H′ denotes the linear span of the vectors {Wlx0}l∈P̂ .

Proposition 3.10. The linear span of the vectors {yl}l∈P̂ coincides with H′.

Proposition 3.11. The following identities are satisfied:
1. for any l, l′ ∈ P̂ such that their initial points do not coincide and are not

joined with an edge,
〈 yl, yl′ 〉 = 0;

2. (a) for any l ∈ P̂,
〈 yl, yl 〉 = 1;

(b) for any l ∈ L,
〈 yl, yω(l) 〉 = 0;

3. (a) for any l ∈ P̂\{ψ∗(0)},

〈 yl, yη(l) 〉 =

⎧⎪⎨⎪⎩
√

ν
√

τm−1,m, l = ψ∗(m),√
1 − ν

√
τm−1,m, l = ϕ∗(m − 1),

√
τj,j′ , otherwise,

where j and j′ are initial points of l and η(l), correspondingly;
(b) for any l ∈ L\{ϕ∗(m − 1)},

〈 yη(l), yω(l) 〉 = 0, 〈 yl, yω(η(l)) 〉 = 0.

Proof. 1. In this case, the proof is clear.
2. Let l ∈ S. Then 〈 yl, yl 〉 = 〈Wlx0, Wlx0 〉 = 1. Now, for any l ∈ L,

〈 yl, yl 〉 =
ν

1 − ν
〈Wlx0 − Wω(l)x0, Wlx0 − Wω(l)x0 〉

=
ν

1 − ν

(
ν−1 − 2 + 1

)
= 1.

Hence, (a) is proved for l ∈ P̂ . Let us now prove (b) for l ∈ L,

〈 yl, yω(l) 〉 =
√

ν

1 − ν
〈Wlx0 − Wω(l)x0, Wω(l)x0 〉 = 0.

3. Let l ∈ S\{ψ∗(0)}, and j, j′ be initial points of the paths l and η(l), respectively.
Then

〈 yl, yη(l) 〉 = 〈PjWlx0, Pj′Wη(l)x0 〉 = 〈Wlx0, PjPj′Wη(l)x0 〉
= τ ′

j,j′〈Wlx0, Wlx0 〉 = τ ′
j,j′ .

Before proving (a) for l ∈ L, let us prove (b).
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Let l ∈ L\{ϕ∗(m − 1)}, and j, j′ be initial points of the paths l and η(l),
respectively. Then

〈 yl, yω(η(l)) 〉 =
√

ν

1 − ν
〈Wlx0 − yω(l), yω(η(l)) 〉

=
√

ν

1 − ν

(
〈Wlx0, yω(η(l)) 〉 − τ ′

j,j′

)
=

√
ν

1 − ν

(〈
Pj′Pj ·

PjPj′

τ ′
j,j′

Wη(l)x0, yω(η(l))

〉
− τ ′

j,j′

)
= τ ′

j,j′ ·
√

ν

1 − ν

(
〈Wη(l)x0, yω(η(l)) 〉 − 1

)
= 0;

〈 yη(l), yω(l) 〉 =
√

ν

1 − ν
〈Wη(l)x0 − yω(η(l)), yω(l) 〉

=
√

ν

1 − ν

(
〈Wη(l)x0, yω(l) 〉 − τ ′

j,j′

)
=

√
ν

1 − ν

(
〈PjPj′Wη(l)x0, yω(l) 〉 − τ ′

j,j′

)
= τ ′

j,j′ ·
√

ν

1 − ν

(
〈Wlx0, yω(l) 〉 − 1

)
= 0.

Now we prove (a) for l ∈ L.
Consider l = ϕ∗(m − 1). Then η(l) = ψ∗(m) = l̂, η(l̂) = ω(l) = ψ∗(m − 1),

and

〈 yl, yl̂ 〉 =
√

ν

1 − ν
〈Wlx0 − yω(l), yl̂ 〉 =

√
ν

1 − ν

(
〈Wlx0, Wl̂x0 〉 − τ ′

m−1,m

)
= τ ′

m−1,m ·
√

ν

1 − ν

(〈
Pm−1Pm

τ ′
m−1,m

Wl̂x0,
Pm−1Pm

τ ′
m−1,m

Wl̂x0

〉
− 1

)
= τ ′

m−1,m

√
1 − ν

ν
=

√
(1 − ν)τm−1,m.

Let l ∈ L\{ϕ∗(m − 1)}, and j, j′ be initial points of the paths l and η(l),
correspondingly. Then

〈 yl, yη(l) 〉 =
√

ν

1 − ν
〈 yl, Wη(l)x0 − yω(η(l)) 〉

=
ν

1 − ν
〈Wlx0 − yω(l), Wη(l)x0 〉

=
ν

1 − ν
〈Wlx0 − yω(l), PjPj′Wη(l)x0 〉

= τ ′
j,j′

ν

1 − ν
〈Wlx0 − yω(l), Wlx0 〉 = τ ′

j,j′ . �
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This implies the following.

Lemma 3.12. If π is a proper irreducible ∗-representation, then ν ∈ ΣG4,4,g. More-
over, the unitary operator V : Hν → H : ρν(l) �→ yl, l ∈ P̂, defines a unitary
equivalence between the ∗-representations πν and π.

Proof. It is clear that for any l, l′ ∈ P̂ , we have Bν
G4,4,g(l, l

′) = 〈 yl, yl′ 〉. Hence, V

is a unitary operator and the form Bν
G4,4,g(·, ·) is nonnegative definite.

The operator V intertwines the ∗-representations πν and π. Indeed, for any
j ∈ Vin and any l ∈ P̂ ,

V Pν,jρν(l) = 〈 ρν(l), ψ(j) 〉νV ψ(j) + 〈 ρν(l), ϕ(j) 〉νV ϕ(j)

= 〈 ρν(l), ψ(j) 〉νyψ∗(j) + 〈 ρν(l), ϕ(j) 〉νyϕ∗(j),

PjV ρν(l) = Pjyl = 〈 yl, yψ∗(j) 〉yψ∗(j) + 〈 yl, yϕ∗(j) 〉yϕ∗(j).

For any i ∈ V \Vin and any l ∈ P̂ , we similarly have

V Pν,iρν(l) = 〈 ρν(l), ψ(i) 〉νV ψ(i) = 〈 ρν(l), ψ(i) 〉νyψ∗(i),

PiV ρν(l) = Piyl = 〈 yl, yψ∗(i) 〉yψ∗(i). �

This proves the following theorem.

Theorem 3.13. There is a one-to-one correspondence between the set ΣG4,4,g and
the set of classes of unitarily equivalent irreducible proper ∗-representations of the
algebra TLG4,4,g,⊥.

4. A description of all irreducible ∗-representations of the algebra
TLG4,4,g,⊥ generated by three projections

As an example, we consider the case where the graph G4,4 consists of precisely
three vertices and two edges of type 4, that is, V = {0, 1, 2}, R = R4 = {γ01, γ12},
g01(x) = τ1x, g12(x) = τ2x, τj ∈ (0, 1), j ∈ {1, 2}. It is clear that Vin = {1} and,
consequently, the dimension of proper ∗-representations does not exceed 4.

Theorem 4.1. All irreducible ∗-representations of TLG4,4,g,⊥, up to unitary equiv-
alence, are as follows:

a) four improper one-dimensional ∗-representations,

P0 = 0, P1 = 0, P2 = 0;
P0 = 1, P1 = 0, P2 = 0;
P0 = 0, P1 = 1, P2 = 0;
P0 = 0, P1 = 0, P2 = 1;
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b) two improper two-dimensional ∗-representations,

P0 =
(

1 0
0 0

)
, P1 =

(
τ1

√
τ1(1 − τ1)√

τ1(1 − τ1) 1 − τ1

)
, P2 =

(
0 0
0 0

)
;

P0 =
(

0 0
0 0

)
, P1 =

(
τ2

√
τ2(1 − τ2)√

τ2(1 − τ2) 1 − τ2

)
, P2 =

(
1 0
0 0

)
;

in the case where τ1 + τ2 = 1, there is a third two-dimensional improper
∗-representation,

P0 =
(

1 0
0 0

)
, P1 =

(
τ1

√
τ1τ2√

τ1τ2 τ2

)
, P2 =

(
0 0
0 1

)
;

c) one improper three-dimensional ∗-representation, if τ1 + τ2 < 1,

P0 =

⎛⎝1 0 0
0 0 0
0 0 0

⎞⎠ , P1 =

⎛⎝ τ1
√

cτ1
√

τ1τ2√
cτ1 c

√
cτ2√

τ1τ2
√

cτ2 τ2

⎞⎠ , P2 =

⎛⎝0 0 0
0 0 0
0 0 1

⎞⎠ ,

where c = 1 − τ1 − τ2;
one proper three-dimensional ∗-representation πν0 , if τ1 + τ2 > 1,

P0 =

⎛⎝1 0 0
0 0 0
0 0 0

⎞⎠ , P1 =

⎛⎝ τ1 r(c, τ1) r(τ1, τ2)
r(c, τ1) c −r(c, τ2)
r(τ1, τ2) −r(c, τ2) τ2

⎞⎠ , P2 =

⎛⎝0 0 0
0 0 0
0 0 1

⎞⎠ ,

where c = 2 − τ1 − τ2, r(x, y) =
√

(1 − x)(1 − y),

ν0 =
r2(τ1, τ2)

τ1τ2
=

(
1
τ1

− 1
)(

1
τ2

− 1
)

∈ ΣG4,4,g;

d) a family of four-dimensional proper ∗-representations πν(·), where ν ∈ (0, 1),
if τ1 + τ2 � 1, and ν ∈ (0, ν0), if τ1 + τ2 > 1,

P0 =

⎛⎜⎜⎝
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠ , P2 =

⎛⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎞⎟⎟⎠ ,

P1 =

⎛⎜⎜⎜⎜⎜⎝
τ1

√
cτ1 0

√
ντ1τ2

√
cτ1 c + ν(1−ν)τ2

2
c −

√
d(1−ν)ντ2

c
b
√

ντ2√
c

0 −
√

d(1−ν)ντ2

c
d
c

√
d(1−ν)τ2√

c
√

ντ1τ2
b
√

ντ2√
c

√
d(1−ν)τ2√

c
τ2

⎞⎟⎟⎟⎟⎟⎠ ,

where b = 1 − τ1 − τ2, c = b + (1 − ν)τ2, d = b + (1 − ν)τ1τ2.
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Proof. With respect to the formal linear basis

P̂ =
{
ψ(0) = (0), ψ(1) = (1, 0), ψ(2) = (2, 1, 0), ϕ(1) = (1, 2, 1, 0)

}
,

the matrix of the sesquilinear form Bν
G4,4,g will be⎛⎜⎜⎝

1
√

τ1 0 0√
τ1 1

√
ντ2 0

0
√

ντ2 1
√

(1 − ν)τ2

0 0
√

(1 − ν)τ2 1

⎞⎟⎟⎠ .

For the form to be positive definite, it is necessary and sufficient that

1 − τ1 > 0,

1 − τ1 − τ2 + (1 − ν)τ2 > 0,

1 − τ1 − τ2 + (1 − ν)τ1τ2 > 0.

It is clear that the first inequality holds, since τ1 ∈ (0, 1). Moreover, if τ1+τ2 �
1, then the second and the third inequalities hold for any ν ∈ (0, 1). Hence, if the
condition τ1 + τ2 � 1 is satisfied, then ΣG4,4,g = (0, 1) and dimHν = 4 for any
ν ∈ (0, 1).

Let now τ1 + τ2 > 1. It is clear that

1 − τ1 > 1 − τ1 − τ2 + (1 − ν)τ2 > 1 − τ1 − τ2 + (1 − ν)τ1τ2.

Now, the third inequality can be rewritten as

ν <

(
1
τ1

− 1
)(

1
τ2

− 1
)

= ν0.

This shows that (0, ν0) ⊂ ΣG4,4,g, and dimHν = 4 for any ν ∈ (0, ν0).
It is also clear that 1− τ1 − τ2 + (1− ν)τ1τ2 < 0 for ν > ν0. If ν = ν0, we get

1 − τ1 > 0,

1 − τ1 − τ2 + (1 − ν0)τ2 > 0,

1 − τ1 − τ2 + (1 − ν0)τ1τ2 = 0.

Hence, ΣG4,4,g = (0, ν0] and dimHν0 = 3.
Let ν ∈ ΣG4,4,g be such that dimHν = 4. Then, using the system of vectors

ψ(0), ψ(2), ψ(1), ϕ(1) we get an orthonormal basis y0, y3, y1, y2 such that

ψ(0) = y0,

ψ(1) =
√

τ1y0 +
√

cy1 +
√

ντ2y3,

ϕ(1) = −
√

ν(1 − ν)τ2√
c

y1 +

√
d√
c
y2 +

√
(1 − ν)τ2y3,

ψ(2) = y3,

where b = 1 − τ1 − τ2, c = b + (1 − ν)τ2, d = b + (1 − ν)τ1τ2.
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It is clear that Pν,0 and Pν,2 are orthogonal projections onto the subspaces
generated by the vectors y0 and y3, correspondingly. Let us calculate Pν,1 on the
basis vectors by the formula Pν,1yi = 〈 yi, ψ(1) 〉ψ(1) + 〈 yi, ϕ(1) 〉ϕ(1),

Pν,1y0 = τ1y0 +
√

cτ1y1 +
√

ντ1τ2y3,

Pν,1y1 =
√

cτ1y0 + (c +
ν(1 − ν)τ2

2

c
)y1 −

τ2

√
d(1 − ν)ν

c
y2 +

b
√

ντ2√
c

y3,

Pν,1y2 = −τ2

√
d(1 − ν)ν

c
y1 +

d

c
y2 +

√
d(1 − ν)τ2√

c
y3,

Pν,1y3 =
√

ντ1τ2y0 +
b
√

ντ2√
c

y1 +

√
d(1 − ν)τ2√

c
y2 + ντ2y3.

Similar calculations give the tree-dimensional proper ∗-representation for

τ1 + τ2 > 1, ν = ν0.

By writing all irreducible ∗-representations for the quotient algebras

TLG4,4,g,⊥/〈 p1p0p1 − τ1p1 〉,
TLG4,4,g,⊥/〈 p1p2p1 − τ1p1 〉

and
TLG4,4,g,⊥/〈 p0p1, p1p0, p1p2, p2p1 〉,

we obtain all improper ∗-representations of TLG4,4,g,⊥. �
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c© 2009 Birkhäuser Verlag Basel/Switzerland

Correlation Functions of
Intrinsically Stationary Random Fields

Zoltán Sasvári
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Abstract. In the introduction we give a short historical survey on the theory of
correlation functions of intrinsically stationary random fields. We then prove
the existence of generalized correlation functions for intrinsically stationary
fields on Rd as well as an integral representation for these functions. At the
end of the paper we show that intrinsically stationary fields are related to
unitary operators in Pontryagin spaces in a similar way as stationary fields
are related to unitary operators in Hilbert spaces.

Mathematics Subject Classification (2000). Primary 60G10, 42A82; Secondary
43A35, 46C20, 86A32.

Keywords. Intrinsically stationary, generalized correlation, conditionally pos-
itive definite, k negative squares, Pontryagin space.

1. Introduction

Let (Ω,A, P ) be a probability space and denote by L2(Ω,A, P ) the corresponding
complex Hilbert space. Let further G be a commutative topological group, we will
write the group operation as addition. A second-order (complex) random field Z
on G is a mapping

Z : G �→ L2(Ω,A, P ).

If L2(Ω,A, P ) is replaced by the real Hilbert space Lr
2(Ω,A, P ) generated by real-

valued square integrable functions then Z is said to be a second-order real random
field. In both cases, (·, ·) will denote the inner product in the corresponding Hilbert
space:

(X, Y ) =
∫

Ω

X · Y dP = E (X · Y ).
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Here the symbol E stands for expectation. We will also use the notation ‖ · ‖ for
the Hilbert space norm:

‖X‖ =
√

(X, X).

If G = R then the term random field is usually replaced by random process. A
second-order field Z is called continuous if

lim
x→x0

‖Z(x) − Z(x0)‖ = 0

holds for all x0 ∈ G. The field Z is said to be second-order stationary, or simply
stationary1, if E (Z(x)) does not depend on x and E (Z(x) · Z(y) ) is a function of
x − y:

(Z(x), Z(y)) = C(x − y) x, y ∈ G.

We call C the correlation function of Z. Correlation functions are positive definite
in the sense that the matrix

(C(xi − xj))
n
i,j=1

is nonnegative definite for an arbitrary choice of n and x1, . . . , xn ∈ G. Indeed,

n∑
i,j=1

C(xi − xj)cicj =
n∑

i,j=1

(Z(xi), Z(xj))cicj =

∥∥∥∥∥∥
n∑

j=1

Z(xj)cj

∥∥∥∥∥∥
2

≥ 0

for all cj ∈ C.
The so-called correlation theory of stationary processes started with A.I.

Khintchin’s paper [9]. Using Bochner’s theorem [2] on the integral representa-
tion of positive definite functions he proved that a continuous real-valued function
C on G = R is the correlation function of a continuous real stationary process on
R if and only if

C(t) =
∫ ∞

−∞
cos(tx) dμ(x), t ∈ R

where μ is a finite, nonnegative measure. Replacing here cos(tx) by eitx we obtain
the general form of correlation functions in the complex case.

Closely related results were obtained by J. von Neumann and I.J. Schoen-
berg [19] during the second half of the 1930’s. They called a continuous mapping
f : R �→ H, where H is a real Hilbert space, a screw function of H if the distance
of f(t) and f(s) depends on t − s only:

‖f(t) − f(s)‖ = F (t − s), t, s ∈ R.

Since the space H is real this condition is equivalent to the independence of r of
the inner product

(f(t + r) − f(r), f(s + r) − f(r)).

1In the literature the term homogeneous field is used as well.
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Neumann and Schoenberg proved that the class of screw functions F is identical
with the class of functions whose squares are of the form

F 2(t) =
∫ ∞

0

sin2 tx

x2
dμ(x)

where μ is a nonnegative measure on [0,∞) such that∫ 1

0

1 dμ(x) < ∞,

∫ ∞

1

1
x2

dμ(x) < ∞.

We remark that by well-known results2, for an arbitrary mapping f : G �→ H
where H is a real (complex) Hilbert space there exists a second-order real (complex,
respectively) field Z on G such that Z(t) is gaussian, E (Z(t)) = 0 and

(f(t), f(s)) = (Z(t), Z(s)), t, s ∈ G.

Using this probabilistic setting, von Neumann and Schoenberg obtained results
about, as we now call them, processes with stationary increments. However, in
[19], von Neumann and Schoenberg did not mention any relation to processes.
This class of processes is the invention of A.N. Kolmogorov. In the papers [10] and
[11], he considered the following problem. For each t ∈ R let Lt be an operator in
a complex Hilbert space H such that

(i) Ls+t = LsLt (t, s ∈ R);

(ii) Lth = at + Uth (h ∈ H) where Ut is a unitary operator and at ∈ H;

(iii) limt→s ‖Lth − Lsh‖ = 0 (s ∈ R, h ∈ H).

Fix h0 ∈ H and define f : R �→ H by

f(t) = Lth0, t ∈ R.

If at = 0 (t ∈ R) then
(f(t), f(s)) = (Ut−sh0, h0)

so that this special case corresponds to stationary processes. In the general case f
has stationary increments in the sense that the function B defined by

B(t, s) = (f(t + r) − f(r), f(s + r) − f(r)), t, s, r ∈ R

does not depend on r. Kolmogorov proved, among others3, that B admits an
integral representation

B(t, s) =
∫ ∞

−∞
(eitx − 1)(e−isx − 1) dμ(x) + cts

2See, e.g., Chapter II, §3 in the book [4] of J.L. Doob.
3For example he treats the special case

B(t, s) = c · [ |t|γ + |s|γ − |t − s|γ ], 0 ≤ c, 0 ≤ γ ≤ 2.

Note that the case γ = 1 corresponds to the Wiener process.
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where c ∈ C and μ is a nonnegative measure such that∫
|x|≤1

x2 dμ(x) < ∞,

∫
|x|≥1

1 dμ(x) < ∞.

Motivated by problems posed by Kolmogorov4, M.G. Krein ([12], [13]) obtained
solutions of the extrapolation problem for stationary processes and for processes
with stationary increments from a finite time interval5.

The general theory of processes with stationary increments of order n was
developed independently by A.M. Yaglom and M.S. Pinsker who published the
first results in the joint paper [24]. Denote by Δs the backward difference operator
defined by

Δtf(s) = f(s) − f(s − t), s, t ∈ R

where f is an arbitrary function on R with values in a Hilbert space. For each
nonnegative integer n we then have

Δn
t f(s) =

n∑
j=0

(−1)j

(
n

j

)
f(s − jt).

A second-order process Z on R is said to have stationary increments of order n if
the following expectations do not depend on s:

E Δn
t Z(s) =: c(n)(t), E Δn

t1Z(s + t) · Δn
t2Z(s) =: D(n)(t; t1, t2).

Yaglom and Pinsker showed that for continuous processes there exist c ∈ C and a
finite nonnegative measure on R such that

c(n)(t) = ctn

and

D(n)(t; t1, t2) =
∫ ∞

−∞
eitx · (e−it1x − 1)n · (eit2x − 1)n · 1 + x2n

x2n
dμ(x).

Moreover, it can be shown that Z admits a spectral representation

Z(t) =
∫ 1

−1

eitω − 1 − itω − · · · − (itω)n−1

(n − 1)!
dY (ω) (1.1)

+
∫
|x|≥1

eitω dY (ω) + X0 + X1t + · · · + Xntn.

Here the Xj ’s are random variables and Y is a random orthogonal measure with
some additional properties. We refer to Section 24.3 of Yaglom’s book [23] for more
details. K. Itô [8] and I.M. Gelfand [6] obtained analogous representations for the
so-called generalized processes with stationary increments of order n.

The theory of (ordinary) processes with stationary increments of order n was
further developed and applied to geostatistical problems by G. Matheron, see, e.g.,

4In [13] Krein notes a letter of Kolmogorov to him.
5Sections 11 and 12 of the (unfortunately) unpublished manuscript M.G. Krein–H. Langer [16]
contains a survey of results about the extrapolation problem.
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[17]6. To formulate some of Matherons definitions denote by Mf = Mf (G) the
set of all finitely supported complex measures on G. Each element μ of Mf can
be written as

μ =
n∑

i=1

ciδxi

where ci ∈ C and δx denotes the one-point or Dirac measure concentrated at x.
We define the measure μ̃ by

μ̃ =
n∑

i=1

ciδ−xi

and the convolution μ ∗ g by

μ ∗ g(t) =
∫

g(t − x) dμ(x) =
n∑

i=1

cig(t − xi), t ∈ G

where g is an arbitrary function on G with values in a Hilbert space. If ν =∑m
j=1 diδyi ∈ Mf , then

μ ∗ ν =
n∑

i=1

m∑
j=1

cidjδxi+yj .

Matheron called a second-order real (complex) process Z on R an intrinsic random
function of order k or a k-IRF, if the process t �→ μ ∗Z(t) is stationary for all real
(complex, respectively) measures μ ∈ Mf (R) such that∫

xl dμ(x) = 0, l = 0, . . . , k.7

Since Δk+1
t xl = 0 (0 ≤ l ≤ k), a k-IRF has stationary increments of order k + 1.

On the other hand, the spectral representation (1.1) can be used to show that
every continuous process with stationary increments of order k + 1 is a k-IRF.
To formulate a more general definition of Matheron, let F(G) denote the set of
all complex-valued functions on G. For an arbitrary translation invariant linear
subspace F ⊂ F(G) we write

F ∗⊥ = {μ ∈ Mf : μ ∗ f = 0 for all f ∈ F}.
A second-order field Z on G is called F -stationary if the field μ ∗ Z is stationary
for all μ ∈ F ∗⊥. Matheron notes that the most important case is when F is finite
dimensional. In this case we will say that Z is intrinsically stationary. We empha-
size that this definition is only essentially but not exactly the same as Matherons.
Moreover, he considered only the case G = Rd.

6At present, technical reports and manuscripts of G. Matheron are available for free in PDF
file format from the home page of the library of the Center of Geostatistics, Fontainebleau. An
overview of geostatistical applications can be found in the book [3] by J.-P. Chilès and P. Delfiner.
7We remark that Matheron gave also another version of this definition in which a k-IRF is not
defined on R but on a certain set of measures. However, we will not use this version in the present
paper.
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In the case of an IRF-k on R the subspace F is the set of all polynomials
of degree at most k. In general, a finite-dimensional translation invariant linear
space of continuous functions on R is spanned by exponential polynomials, i.e., by
functions of the form x �→ p(x)ecx where c ∈ C and p is a polynomial (see Section
5.4 in [21]).
A complex-valued function K on G is called a generalized correlation of an F -
stationary field Z if

(μ ∗ Z(x), ν ∗ Z(y)) = μ ∗ ν̃ ∗ K(x − y)

holds for all μ, ν ∈ F ∗⊥. Note that this equation implies that K is conditionally
positive definite in the sense that the inequality

μ ∗ μ̃ ∗ K(0) =
n∑

i,j=1

K(xj − xi)cicj ≥ 0 (1.2)

holds for all μ =
∑n

i=1 ciδxi ∈ F ∗⊥. Matheron proved the existence of the general-
ized correlation function for continuous k-IRF’s on Rd and for continuous intrinsic
stationary fields on R and gave integral representations (see [17] and [18]).

In the present paper we prove the existence of intrinsic correlation functions
for continuous intrinsically stationary fields on Rd. Actually, the method of proof
can be extended to arbitrary locally compact abelian groups with a denumerable
basis of the topology but we will not consider this general setting here. We will
give an integral representation for these functions which shows that they have a
finite number of negative squares.

Recall that a hermitian function f on G is said to have k negative squares,
where k is a nonnegative integer, if f(−x) = f(x) (x ∈ G), and the hermitian
matrix

A = (f(xj − xi))
n
i,j=1

has at most k negative eigenvalues (counted with their multiplicities) for any choice
of n and x1, . . . , xn ∈ G, and for some choice of n and x1, . . . , xn the matrix A has
exactly k negative eigenvalues. We denote by Pk(G) the set of all functions on G
with k negative squares while P c

k (G) denotes the set of continuous functions f ∈
Pk(G). It turns out that functions f ∈ Pk(G), where G is an arbitrary commutative
group, are definitizable in the following sense: There exists a finite-dimensional
translation invariant linear space F of functions on G such that μ∗ μ̃∗f is positive
definite whenever μ ∈ F ∗⊥ (see Section 5.5 in [21]). This fact shows an obvious
analogy to intrinsically stationary fields, which we will explain more detailed in
the second part of the paper.

Functions with a finite number of negative squares are the invention of M.G.
Krein. In [14] he proved the definitizability of real-valued functions in P1(Z), where
Z denotes the set of integers, and P c

1 (R) and gave integral representations for these
functions. The definitizablitity of functions in Pk(Z) has been proved by Iohvidov
[7]. In [15] Krein proved that for every function f ∈ P c

k (R) there exists a polynomial
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Q of degree k such that the inequality8∫ ∞

−∞

∫ ∞

−∞
f(x − y)Q

(
−i

d
dy

)
h(y) Q

(
−i

d
dx

)
h(x) dy dx ≥ 0

holds for every infinitely differentiable function h with compact support. Using
this, he obtained the integral representation

f(x) = p(x) +
∫ ∞

−∞

eitx − S(x, t)
|Q0(t)|2

dμ(t) (1.3)

where p is a hermitian solution of the differential equation

Q

(
−i

d
dx

)
Q

(
−i

d
dx

)
p(x) = 0

(
Q(t) = Q(t̄ )

)
Q0 is a polynomial that obtains by deleting the non-real zeros of Q, S is a reg-
ularizing correction compensating for the real zeros of Q, and μ is a nonnegative
measure satisfying ∫ ∞

−∞

1
(1 + t2)m

dμ(t) < ∞

where m denotes the degree of Q0. The definitizability of a function f ∈ Pk(G)
where G is an arbitrary commutative group has first been proved in [20]. Chapters
5 and 6 of [21] contain an introduction to the theory of functions with negative
squares and of definitizable functions. More historical remarks on these functions
can be found in the Notes to Chapter 6.

2. Definition and some basic properties

In this section G denotes an arbitrary commutative Hausdorff topological group.
We will use the notations Mf = Mf(G), F = F(G) and F ∗⊥ introduced in the
previous section but we repeat the basic definitions for the sake of clarity.

Definition 2.1. Let F be a translation invariant linear subspace of F . A second-
order random field Z on G is said to be F -stationary if the field μ∗Z is stationary
whenever μ ∈ F ∗⊥. If F is finite dimensional then any F -stationary field is called
intrinsically stationary.9

Assume that Z is F -stationary and for an arbitrary μ ∈ F ∗⊥ denote by Cμ

the correlation function of μ ∗ Z. We then have

(ν ∗ μ ∗ Z(x), ν ∗ μ ∗ Z(y)) = ν ∗ ν̃ ∗ Cμ(x − y) (2.1)

for all ν ∈ Mf , x, y ∈ G. In particular,

(μ ∗ Z(x), μ ∗ Z(y)) = Cμ(x − y), μ ∈ F ∗⊥. (2.2)

8This inequality is the integral version of (1.2).
9It would be possible to distinguish between weak and strong intrinsically stationarity as in the
case of stationary fields but strong stationarity plays no role in the present paper.



458 Z. Sasvári

From (2.1) we conclude that

ν ∗ ν̃ ∗ Cμ = μ ∗ μ̃ ∗ Cν , μ, ν ∈ F ∗⊥. (2.3)

Equation (2.3) plays a key role in Section 4 where for continuous intrinsically
stationary fields on Rd we prove the existence of a complex-valued function K on
G such that

Cμ = μ ∗ μ̃ ∗ K, μ ∈ F ∗⊥.

This motivates the following definition.

Definition 2.2. Let Z be an F -stationary random field on G. A complex-valued
function K on G is called a generalized correlation of Z if it is hermitian, i.e.,
K(−x) = K(x), and

(μ ∗ Z(x), ν ∗ Z(y)) = μ ∗ ν̃ ∗ K(x − y)

holds for all μ, ν ∈ F ∗⊥ and x, y ∈ G.

The generalized correlation function is not unique in general. Indeed, if K is
a generalized correlation of Z then so is the function L = K + P for an arbitrary
function P satisfying

μ ∗ ν̃ ∗ P = 0 (2.4)

for all μ, ν ∈ F ∗⊥. Conversely, if L and K are generalized correlation functions of
Z then P := L − K satisfies the equation (2.4).

Recall that a non-zero complex-valued function γ on G is called multiplicative
if γ(x + y) = γ(x)γ(y) holds for all x, y ∈ G. Note that for a multiplicative
function γ and for a measure μ ∈ Mf the equation μ ∗ γ = 0 holds if and only
if

∫
γ(−x) dμ(x) = 0. Continuous multiplicative functions on Rd have the form

γ(x) = e(x,c) with some c ∈ Cd where (·, ·) denotes the Euclidean inner product.

The next theorem follows immediately from Theorem 5.4.10 in [21].

Theorem 2.3. For every intrinsically stationary field Z there exist positive integers
k1, . . . , kn and multiplicative functions γ1, . . . , γn on G such that μ∗Z is stationary
for all measures μ of the form

μ = μ11 ∗ · · · ∗ μ1k1 ∗ · · · ∗ μn1 ∗ · · · ∗ μnkn (2.5)

where μij ∈ Mf and μij ∗ γi = 0 for j = 1, . . . , ki; i = 1, . . . , n.

The set of all measures of the form (2.5) will be denoted by

Mf (γ1, k1; . . . ; γn, kn).

If all functions γj are continuous then

Mc(γ1, k1; . . . ; γn, kn)

denotes the set of all measures of the form (2.5) such that all factors μij are
compactly supported finite Borel measures.
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Definition 2.4. A second-order field Z on G is called stationarizable10 if there exist
positive integers k1, . . . , kn and multiplicative functions γ1, . . . , γn on G such that
μ ∗ Z is stationary for all measures

μ ∈ Mf (γ1, k1; . . . ; γn, kn).

We denote by
S(γ1, k1; . . . ; γn, kn)

the set of stationarizable fields Z on G for which μ ∗ Z is stationary whenever
μ ∈ Mf(γ1, k1; . . . ; γn, kn). The set of continuous fields in S(γ1, k1; . . . ; γn, kn) is
denoted by Sc(γ1, k1; . . . ; γn, kn). We say that a field Z ∈ S(γ1, k1; . . . ; γn, kn) has
a singularity of order kj at γj if

Z /∈ S(γ1, k1; . . . ; γj , kj − 1; . . . ; γn, kn).

Here we omit the term γj , kj − 1 if kj − 1 = 0 and agree that S() consists of all
stationary fields. When dealing with G = Rd and identifying the multiplicative
function ei(·,z) with z ∈ Cd we will also write

S(z1, k1; . . . ; zn, kn) or Mf (z1, k1; . . . ; zn, kn)

and speak of singularity at zj ∈ Cd.

Lemma 2.5. If the functions γj are continuous then

Mf := Mf(γ1, k1; . . . ; γn, kn)

is a dense subset of
Mc := Mc(γ1, k1; . . . ; γn, kn)

with respect to the weak topology.

Proof. Let μ ∈ Mc, μ 
= 0. Since μ is the convolution product of finitely many
compactly supported measures μij , its support, which we denote by K, is compact.
By continuity, the functions γj are bounded on K. In view of Proposition 3.5 in [1],
there exist nets {να

ij} in Mf converging weakly to μij . Let x0 ∈ K be arbitrary.
Since

lim
α

να
ij ∗ γj(x0) = lim

α

∫
γj(x0 − x) dνα

ij(x) = μij ∗ γj(x0) = 0

the nets
μα

ij := να
ij − να

ij ∗ γj(x0) · δx0

converge weakly to μij for all i, j. Moreover, μα
ij ∗ γj = 0. By Corollary 3.4 in [1],

the convolution product of these measures converges to μ. �

10Note that the terminology stationarizable has been used by W.A. Gardner [5] in a different
sense. In spite of this fact, we suggest this terminology because of its analogy with that of
definitizable functions (see Chapter 6 in [21]).
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Corollary 2.6. If Z ∈ Sc(γ1, k1; . . . ; γn, kn) where the γj’s are continuous then μ∗Z
is stationary for all

μ ∈ Mc := Mc(γ1, k1; . . . ; γn, kn).

Moreover, the analogue of (2.3) holds:

ν ∗ ν̃ ∗ Cμ = μ ∗ μ̃ ∗ Cν , μ, ν ∈ Mc. (2.6)

3. Auxiliary results

We will need some technical results on the Fourier transform

μ̂(y) =
∫

Rd

e−i(y,x) dμ(x), y ∈ Rd

of compactly supported complex (Borel) measures μ. The first lemma is a special
case of Lemma 6.4.3 in [21].

Lemma 3.1. For every y ∈ Rd and every neighborhood V of y there exist a com-
pactly supported complex measure μ such that

μ̂(y) = 0 and |μ̂(x)| ≥ 1
2
, x /∈ V.

Proof. Let ϕ be a continuous positive definite function such that 0 ≤ ϕ ≤ 1, ϕ(0) =
1 and supp(ϕ) ⊂ V − y and denote by ν the probability measure satisfying ν̂ = ϕ.
Choose a compact set K ⊂ Rd such that ν(K) ≥ 3

4 and put

σ =
1

ν(K)
· νK

where νK denotes the restriction of ν to the set K. We have

sup
x∈Rd

|ϕ(x) − σ̂(x)| ≤ ‖ν − σ‖ ≤ 1
2

and hence |σ̂(x)| ≤ 1
2 for all x /∈ V − y. Setting

dμ(t) := ei(t,y) d(δ0 − σ)(t)

we have μ̂(x) = 1 − σ̂(x − y). Thus, μ(y) = 0 and

|μ̂(x)| ≥ 1 − |σ̂(x − y)| ≥ 1
2
, x /∈ V. �

Lemma 3.2. Let y1, . . . , ym ∈ Rd be mutually different, k1, . . . , km be positive inte-
gers and V be an open set containing {y1, . . . , ym}. Then there exist a measure

μ ∈ Mc(y1, k1; . . . ; ym, km)

and a positive number δ such that

|μ̂(x)| ≥ δ, x /∈ V.
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Proof. By (3.1) there exists a compactly supported complex measure μj such that
μ̂j(yj) = 0 and |μ̂j(x)| ≥ 1

2 for x /∈ V . The measure μ = μk1
1 ∗ · · · ∗ μkm

m has the
desired properties with δ = 2−(k1+···+km). �

Lemma 3.3. Let y1, . . . , ym ∈ Rd be mutually different and k1, . . . , km be positive
integers. For each x ∈ Rd and for each j = 1, . . . , m there exist a neighborhood
V = Vj of yj, a measure

μ = μx,j ∈ Mf(y1, k1; . . . ; ym, km)

and δ = δx,j > 0 such that the inequality

|μ̂(y)| ≥ δ · |(x, y − yj)|kj , y ∈ V

holds.

Proof. Without loss of generality assume that j = 1. Let y0 ∈ Rd be such that
(y0, yi − y1) 
= 0 for all i = 2, . . . , n and choose a neighborhood W = Wx of y1 so
that

|(x, y − y1)| ≤ π, y ∈ W. (3.1)

Setting μ1 := δ0 − ei(x,y1)δx and μi := δ0 − ei(y0,yi)δy0 (i > 1) we have μ̂i(yi) = 0
for all i = 1, . . . , m and μ̂i(y1) 
= 0 if i > 1. Using the inequality

1 − cos t ≥ t2

π2
, −π ≤ t ≤ π

and (3.1) we obtain

|μ̂1(y)| =
∣∣∣1 − ei(x,y1−y)

∣∣∣ = 2 · [1 − cos (x, y − y1)]
1
2

≥ 2
π
· |(x, y − y1)|, y ∈ W.

Now it is not hard to see that the measure μ = μk1
1 ∗ · · · ∗ μkm

m has the desired
properties. �

Lemma 3.4. Let z1, . . . , zn ∈ Cd\Rd be mutually different and k1, . . . , kn be positive
integers. Then there exist a measure

μ ∈ Mf (z1, k1; . . . ; zn, kn)

such that
|μ̂(x)| ≥ 1, x ∈ Rd.

Proof. Since zj /∈ Rd we can choose xj ∈ Rd so that |ei(xj ,zj)| ≥ 2. We write
μj := δ0 − ei(xj ,zj)δxj . Then μj ∗ ei(·,zj) = 0 and

|μ̂j(x)| = |1 − ei(xj,zj)e−i(xj ,x)| ≥ 1, x ∈ Rd

and hence the measure μ = μk1
1 ∗ · · · ∗ μkn

n has the desired properties. �
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Lemma 3.5. Let y1, . . . , ym ∈ Rd be mutually different and l1, . . . , lm be positive
integers. A nonnegative Radon measure σ on Rd satisfies the condition∫

Rd

|μ̂(y)| dσ(y) < ∞ (3.2)

for all μ ∈ Mc(y1, l1; . . . ; ym, lm) if and only if

σ(Rd \ V ) < ∞ (3.3)

for every open set V containing {y1, . . . , ym} and∫
Vj

‖y − yj‖lj
2 dσ(y) < ∞ (3.4)

for each j and every relative compact neighborhood Vj of yj.

Proof. Assume that (3.2) holds. The validity of (3.3) follows immediately from
(3.2). By Lemma 3.3, the function y �→ |(x, y−yj)|lj is for each x ∈ Rd μ-integrable
in a certain neighborhood of yj. Let {e1, . . . , ed} be an orthonormal basis of Rd.
Then the function

y �→
d∑

k=1

|(ek, y − yj)|lj = ‖y − yj‖lj
lj

is μ-integrable in a neighborhood of yj . Relation (3.4) follows now from the fact
that all lp-norms on Rd are equivalent.

Suppose that (3.3) and (3.4) hold and let μ ∈ Mc(y1, l1; . . . ; ym, lm). Since
μ̂ is bounded it suffices to show its integrability in a neighborhood of yj (j =
1, . . . , m). This follows from the fact that the inequality

|ν̂(y)| ≤ D · ‖y − yj‖2

where D is a suitable constant, holds in a neighborhood of yj for any compactly
supported measure ν such that ν̂(yj) = 0 (note that ν̂ is continuously differen-
tiable). �

Lemma 3.6. Let y1, . . . , ym ∈ Rd be mutually different and l1, . . . , lm be positive
integers. Choose mutually disjoint bounded neighborhoods Vj of the yj’s and com-
pactly supported continuous functions dj : Rd �→ R such that dj(y) = 1 on Vj and
dj = 0 on Vk, k 
= j. Then the function

P (x, y) =
m∑

j=1

ei(x,yj) · Qj(x, y), x, y ∈ Rd

where

Qj(x, y) = dj(y) ·
lj∑

l=0

[i · (x, y − yj)]l

l!

has the following properties:
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(i) P is continuous and for each x the function y �→ P (x, y) has compact support.
(ii) For each y and j the function x �→ Qj(x, y) is a Hermitian polynomial of

degree at most lj.
(iii) There exist a constant M such that

|ei(x,y) − P (x, y)| ≤ M · |(x, y − yj)|lj+1, y ∈ Vj , x ∈ Rd.

Proof. Properties (i) and (ii) are trivial while (iii) follows from the fact that

P (x, y) = Tkj (i(x, y), i(x, yj)), y ∈ Vj

where

Tk(z, z0) = ez0

k∑
l=0

1
l!
· (z − z0)l

denotes the Taylor polynomial of order k at the point z0 of the function z �→
ez, z ∈ C. �

4. Existence of generalized correlations

In this section we prove the existence of generalized correlation functions for sta-
tionarizable fields on Rd as well as an integral representation for these functions.
The proof goes along the same lines as the proof of the integral representation for
definitizable functions (cf. Theorem 6.4.7 in [21]).

Theorem 4.1. Any random field Z ∈ Sc(y1, k1; . . . ; yn, kn) on Rd has a generalized
correlation.

Proof. Without loss of generality assume that yj is a singularity of Z of order kj .
We enumerate the singularities yj in such a way that yj ∈ Rd if 1 ≤ j ≤ m, yj ∈ Cd

if m < j ≤ n and write

M = Mc(y1, k1; . . . ; yn, kn).

By Corollary 2.6, the field μ ∗ Z is stationary for an arbitrary μ ∈ M . Let Cμ be
the correlation function of μ ∗ Z and denote by τμ its spectral measure, i.e.,

Cμ(x) =
∫

Rd

ei(x,y) dτμ(y), x ∈ Rd.

From equation (2.6) we conclude that

|ν̂(y)|2 dτμ(y) = |μ̂(y)|2 dτν(y), μ, ν ∈ M. (4.1)

By Lemmas 3.2 and 3.4, the family

Oμ := {y ∈ Rd : μ̂(y) 
= 0}, μ ∈ M

is an open covering of Rd \ {y1, . . . , ym}. On each set Oμ we define the Borel
measure σμ by

dσμ(y) =
1

|μ̂(y)|2 dτμ(y).
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In view of (4.1), the measures σμ satisfy the compatibility condition of Theorem
1.18 in [1]. Consequently, there exists a (nonnegative) Borel measure σ on Rd \
{y1, . . . , ym} such that the restriction of σ to Oμ is equal to σμ. We extend σ to a
measure on Rd by setting σ({yj}) = 0 (j = 1, . . . , m). It follows from the definition
of σμ that ∫

Rd

|μ̂(y)|2 dσ(y) =
∫

Oμ

|μ̂(y)|2 dσ(y) =
∫

Oμ

1 dτμ(y) < ∞ (4.2)

for all μ ∈ M .
Let now P be the function from Lemma 3.6 with lj = 2kj − 1. Define the

function K by

K(x) =
∫

Rd

ei(x,y) − P (x, y) dσ(y), x ∈ Rd.

That the integral exists follows from (4.2), from Lemma 3.5 with lj = 2kj and
from the properties of P .

We now show that

Cμ = μ ∗ μ̃ ∗ K, μ ∈ Mf (y1, k1; . . . ; yn, kn).

By Theorem 5.4.10 in [21], μ ∗ μ̃ ∗ P (·, y) = 0, y ∈ Rd. Using this we obtain

μ ∗ μ̃ ∗ K(x) =
∫

Rd

ei(x,y) · |μ̂(y)|2 dσ(y) =
∫

Rd

ei(x,y) dτμ(y) = Cμ(x)

completing the proof. �

Theorem 4.2. Let Z ∈ Sc(y1, k1; . . . ; yn, kn) be a random field where yj ∈ Rd if
j ≤ m and yj ∈ Cd \ Rd if j > m. Then

K(x) =
∫

Rd

ei(x,y) − P (x, y) dσ(y), x ∈ Rd (4.3)

is a generalized correlation function of Z, where:
(i) P is the function from Lemma 3.6 with lj = 2kj − 1;
(ii) σ is a certain nonnegative Borel measure on Rd such that
(iii) σ({yj}) = 0 (j = 1, . . . , m);
(iv) σ(Rd \ V ) < ∞ for every open set V containing {y1, . . . , ym};
(v) Each yj has a neighborhood Vj such that∫

Vj

‖y − yj‖2kj

2 dσ(y) < ∞.

The measure σ is the only Borel measure on Rd satisfying (4.3) and having the
properties (iii)–(v).
If ∫

Wi

‖y − yi‖2ki−2
2 dσ(y) = ∞ (4.4)

for every neighborhood of yi then Z has a singularity of order ki at yi.
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Proof. The integral representation (4.3) and the properties (i)–(iii) have already
been established in the proof of Theorem 4.1. Properties (iv) and (v) follow from
(4.2) and Lemma 3.5.

Let μ be a Borel measure on Rd satisfying (iii)–(v) and such that∫
Rd

ei(x,y) − P (x, y) dσ(y) =
∫

Rd

ei(x,y) − P (x, y) dν(y), x ∈ Rd.

By the same argument as at the end of the proof of Theorem 4.1 we conclude that∫
Rd

ei(x,y) · |μ̂(y)|2 dσ(y) =
∫

Rd

ei(x,y) · |μ̂(y)|2 dν(y)

for all μ ∈ Mf = Mf (y1, k1; . . . ; ym, km). Thus,

|μ̂(y)|2 dσ(y) = |μ̂(y)|2 dν(y), μ ∈ Mf . (4.5)

Since Mf is dense in Mc = Mf (y1, k1; . . . ; ym, km) we see that the above equation
holds for all μ ∈ Mc. Applying Lemma 3.2 and (iii) we see that ν = σ.

To prove the last statement assume that (4.4) holds for some i but the order
of the singularity at yi is less than ki, i.e.,

Z ∈ Sc(y1, k1; . . . ; yi, ki − 1; . . . ; ym, ym).

Then, by what we have already proved, we obtain another integral representation
of K of the form (4.3) with some measure ν and with ki − 1 instead of ki. Hence,∫

Oi

‖y − yi‖2ki−2
2 dν(y) < ∞

for some neighborhood Oi of yi and therefore σ 
= μ. The function P correspond-
ing to this representation still satisfies μ ∗ μ̃ ∗ P (·, y) = 0 for all μ ∈ Mf and
hence equation (4.5) holds. We conclude again that σ and μ must be equal. This
contradiction completes the proof. �

Remark 4.3. It follows from Theorem 5.4.10 in [21] that μ ∗ ν̃ ∗P (·, t) = 0, t ∈ Rd

if μ, ν ∈ Mf = Mf (y1, k1; . . . ; yn, kn). Using this, from (4.3) we see that

μ ∗ ν̃ ∗ K(x − y) =
∫

Rd

ei(x−y,t) · μ̂(t) · ν̂(t) dσ(t) (4.6)

holds for all μ, ν ∈ Mf .

Theorem 4.4. For every function K of the form (4.3) there exists a random field
Z ∈ Sc(y1, k1; . . . ; ym, km) such that K is a generalized correlation function of Z.

Proof. Without loss of generality we may assume that the order of singularity at yi

is equal to ki, i.e., relation (4.4) holds. Let q be a nonnegative, continuous, bounded
function on Rd such that q(y) = ‖y − yj‖kj

2 for all y in some neighborhood of yj

and q(y) ≥ δ holds for some δ > 0 and for all y not contained in the union of these
neighborhoods. We define the nonnegative measure σq by dσq(y) = q(y)2 dσ(y).
In view of (4.2.v), this measure is finite. Multiplying q with a suitable constant we
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may assume that σq is a probability measure. Consider now the probability space
(Rd,B(Rd), σq) and define Y (x) by

Y (x) = [ei(x,·) − P (x, ·)] · 1
q(·) , x ∈ Rd

where · indicates the variable ω ∈ Ω = Rd and P is the function from Lemma 3.5
with lj = kj −1. By the properties of P and σ, the random variable Y (x) is square
integrable with respect to σq. It is easy to check that

μ ∗ Y (x) = μ̂(·)Y (x), μ ∈ M = Mf(y1, k1; . . . ; ym, km).

Using this and (4.6) we obtain that

(μ ∗ Y (x), ν ∗ Y (y)) =
∫

Ω

μ̂(ω)Y (x)ν̂(ω)Y (y) dσq(ω)

=
∫

Ω

ei(x−y,ω)μ̂(ω)ν̂(ω) dσ(ω) = μ ∗ ν̃ ∗ K(x − y)

holds for all μ, ν ∈ M . As we mentioned in the introduction there exists a second-
order random field Z on Rd such that Z(x) is gaussian, E (Z(x)) = 0 and

(Y (x), Y (y)) = (Z(x), Z(y)), x, y ∈ Rd

completing the proof. �

Remark 4.5. Using the notations of the preceding proof but setting

Y (x) = ei(x,·) · 1
q(·) , x ∈ Rd

we obtain a random variable which is not necessarily square integrable. However,
μ ∗ Y is square integrable for each μ ∈ M and the equation

(μ ∗ Y (x), ν ∗ Y (y)) = μ ∗ ν̃ ∗ K(x − y), μ, ν ∈ M

still holds. If in the definition of a stationarizable field we drop the condition that
Z be of second-order and only require that μ ∗Z is of second order for all μ ∈ M ,
we obtain a wider class of random fields. Several results, e.g., the existence of the
generalized correlation, could then be proved in the same way.

Theorem 4.6. Let Z be as in Theorem 4.2. There exist ordinary continuous corre-
lation functions Cn (n = 1, 2, . . .) and exponential polynomials

Qn(x) =
m∑

j=1

ei(x,yj) · Pj,n(x), x ∈ Rd

where Pj,n is a hermitian polynomial with deg (Pj,n) ≤ 2kj − 1, such that

K(x) = lim
n→∞Cn(x) + Qn(x), x ∈ Rd

is a generalized correlation function for Z and the convergence is uniform on
compact sets.
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Proof. Choose an arbitrary compact subset F of Rd. Let K be as in (4.2) and for
each n let On ⊂ Rd be a union of disjoint open balls with centers at the yj ’s, the
radii tending to zero as n tends to infinity. We also assume that the open balls
with center yj are contained in the set Vj of Lemma 3.6. In view of (iii) of Lemma
3.6, there exists a constant MF such that

|ei(x,y) − P (x, y)| ≤ MF · ‖y − yj‖2kj

2 , y ∈ Vj , x ∈ F. (4.7)

Using that the restriction of σ to Rd \ On is a finite measure we obtain

K(x) =
∫

Rd

ei(x,y) − P (x, y) dσ(y)

=
∫

On

ei(x,y) − P (x, y) dσ(y)

+
∫

Rd\On

ei(x,y) dσ(y) +
∫

Rd\On

P (x, y) dσ(y).

Inequality (4.7) shows that the first integral on the right, as a function of x, tends
to zero uniformly on compact sets. The second integral on the right is an ordinary
correlation function while the third one is, by the definition of P , a hermitian
polynomial of degree at most 2kj − 1. �

Corollary 4.7. Continuous generalized correlation functions on Rd have a finite
number of negative squares.

Proof. Let Cn and Qn be as in Corollary 4.6. Since deg (Pj,n) ≤ 2kj − 1, it follows
immediately from Lemma 3.11 in [22] that there exists an integer k such that the
dimension of the linear space spanned by all translates of Qn is less than or equal to
k for all n. Thus, Qn has at most k negative squares. Since Cn is positive definite,
we conclude that K = limn(Cn +Qn) has at most k negative squares, as well. The
proof is finished by noting that any other generalized correlation function of the
given field can be obtained by adding an exponential polynomial to K. �

5. Connection to Pontryagin spaces

In this section G denotes an arbitrary abelian group and f ∈ Pk(G) is a function
with k negative squares. We will construct intrinsically stationary fields having f as
generalized correlation. These fields will be obtained as projections of trajectories
of a unitary representation of G in a Pontryagin space. We refer to Appendices
A and B in [21] for basic facts on Pontryagin spaces and on unitary operators
in these spaces. Recall that a unitary representation (Ux) of G in a πk-space Πk

is a mapping x �→ Ux such that Ux is a unitary operator in Πk and Ux+y =
UxUy (x, y ∈ G).

The construction is now as follows. By Theorem 5.1.7 in [21], to the function
f there corresponds a πk-space Πk(f) with inner product (·, ·) such that elements
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of Πk(f) are complex-valued functions on G and the linear span of all translates
of f is dense in Πk(f). Moreover, setting

(Uxg)(y) := g(y − x), g ∈ Πk(f), x, y ∈ G

we obtain a unitary representation of G satisfying

g(x) = (g, Uxf), g ∈ Πk(f), x ∈ G.

In view of Theorem B.7 in [21], there exists a k-dimensional, non-positive, (Ux)-
invariant subspace F ⊂ Πk(f). Let H be the closed linear subspace of Πk(f)
generated by all functions of the form μ ∗ f, μ ∈ F ∗⊥. By Theorem 5.5.1 in [21],
the function μ ∗ μ̃ ∗ f is positive definite implying that H is nonnegative. Let
H0 = H ∩ H⊥ be the isotropic subspace of H . Both subspaces H and H0 are
(Ux)-invariant and, by the definition of H ,

μ ∗ f =
∑

j

cjUxjf ∈ H (5.1)

holds whenever μ =
∑

j cjδxj ∈ F ∗⊥. Since H and H0 are (Ux)-invariant, we
conclude that

Ũx(w + H0) := U−xw + H0, w ∈ H

defines a unitary representation (Ũx) of G in the Hilbert space H̃ := H/H0. Let
now P be a linear projection of Πk onto H . For each x ∈ G we define Y (x) ∈ H

and Z(x) ∈ H̃ by

Y (x) = PU−xf, Z(x) = Y (x) + H0.

Choosing μ as above and using (5.1) and the fact that PU−xh = U−xh for all
h ∈ H and x ∈ G we obtain

μ ∗ Y (x) =
∑

j

cjY (x − xj) =
∑

j

cjPU−x+xjf

= PU−x

∑
j

cjUxjf = U−x

∑
j

cjUxjf.

Therefore
μ ∗ Z(x) = Ũxhμ, x ∈ G, μ ∈ F ∗⊥

where hμ =
∑

j cjUxj f +H0. This shows that Z can be identified with an intrinsi-
cally stationary field. If μ =

∑
j cjδxj and ν =

∑
j djδyj are two measures in F ∗⊥

then

(μ ∗ Z(x), ν ∗ Z(y)) = (Ũxhμ, Ũyhν) = (
∑

j

cjUxj−xf,
∑

j

djUyj−yf)

=
∑
i,j

cidjf(x − y − xi + yj) = μ ∗ ν̃ ∗ f(x − y).

Thus, f is a generalized covariance for Z.
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Ann. Vol. 109 (1934), 604–615.

[10] A.N. Kolmogorov, Kurven im Hilbertschen Raum, die gegenüber einer einparametri-
gen Gruppe von Bewegungen invariant sind. C. R. Acad. Sci. URSS, Vol. XXVI
(1940), no. 1, 6–9.

[11] A.N. Kolmogorov, Wienersche Spiralen und einige andere interessante Kurven im
Hilbertschen Raum. C. R. Acad. Sci. URSS, Vol. XXVI (1940), no. 2, 115–118.

[12] M.G. Krein, On the problem of continuation of helical arcs in Hilbert space. C.R.
Acad. Sci. URSS, Vol. XLV (1944), no. 4, 139–142.

[13] M.G. Krein, On a problem of extrapolation of A. N. Kolmogoroff. C.R. Acad. Sci.
URSS, Vol. XLVI (1945), no. 8, 306–309.

[14] M.G. Krein, Helical lines in infinite-dimensional Lobachevski space and the Lorentz
transformation. (Russian) Usp. Mat. Nauk 3(3) (1948), 158–160.

[15] M.G. Krein, On the integral representation of a continuous Hermitian-indefinite
function with a finite number of negative squares. (Russian) Dokl. Akad. Nauk SSSR
125(1) (1959), 31–34.

[16] M.G. Krein–H. Langer, Continuation of Hermitian positive definite functions and
related questions. Unpublished manuscript.

[17] G. Matheron, The intrinsic random functions and their applications. Adv. Appl.
Prob. 5 (1973), 439–468.

[18] G. Matheron, Comment translater les catastrophes ou La structure des F.A.I. gen-
erales. Manuscript N-167, Fontainebleau (1979), 1–36.

[19] J. von Neumann, I.J. Schoenberg, Fourier integrals and metric geometry. Trans.
Amer. Math. Soc. 50 (1941), no. 2, 225–250.
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Inverse Problem for Conservative
Curved Systems

Alexey Tikhonov

Abstract. Conservative curved systems over multiply connected domains are
introduced and relationships of such systems with related notions (functional
model, characteristic function, and transfer function) are studied. In contrast
to standard theory for the unit disk, characteristic functions and transfer
functions are essentially different objects. We study possibility to recover the
characteristic function for a given transfer function. As the result we ob-
tain the procedure to construct the functional model for a given conservative
curved system.
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0. Introduction

In order to present the main result of the paper, we need to start with some
background. On the whole, the well-developed and well-known theory of unitary
colligations [1, 2] and related topics [3, 4, 5] can be represented by the following
diagram (see details in the above-mentioned references).

Sys
Fts ��

Fsm

��

Tfn

Fct

��
Mod

Fms

��

Fcm �� Cfn
Fmc

��

Ftc

��

(Dgr)

The research for this article was supported by INTAS grant, project 05-1000008-7883.
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Here Sys is the class of all simple unitary colligations (or, in terminology of systems
theory, conservative controllable observable linear systems), that is, A ∈ Sys iff

A =
(

T N
M L

)
∈ L(H ⊕ N, H ⊕ M), A∗A = I, AA∗ = I

and T is c.n.u. contraction [1], where H, M, N are separable Hilbert spaces.
Classes of transfer Tfn and characteristic Cfn functions coincide with the Schur
class of analytic contractive-valued functions

S = {Θ ∈ H∞(D,L(N, M)) : ||Θ||∞ ≤ 1} .

The class of functional models Mod is a class of all pairs Π = (π+, π−) of operators
π± ∈ L(L2(T, N±),H) such that

(i) (π∗
±π±) = I;

(ii)1 (π∗
−π+)z = z(π∗

−π+); (ii)2 P−(π∗
−π+)P+ = 0;

(iii) Ranπ+ ∨ Ran π− = H,

where N±,H are separable Hilbert spaces, P+ is the orthoprojection onto the
Hardy space H2, and P− = I − P+.

The transformations Fts,Fcm,Fct,Ftc are defined by formulas

Υ(z) = L + zM(I − zT )−1N , Θ = π∗
−π+ , Υ = Θ∼ ,

where Θ∼(z) := Θ(z̄)∗. The transformation A = Fsm(Π) is defined by formulas

T̂ ∈ L(KΘ) T̂ f := Uf − π+M̂f ;

M̂ ∈ L(KΘ, N+) M̂f :=
1

2πi

∫
T

(π∗
+f)(z) dz ;

N̂ ∈ L(N−,KΘ) N̂n := PΘπ−n ;

L̂ ∈ L(N−, N+) L̂ = (π∗
−π+)(0)∗ ,

where f ∈ KΘ := RanPΘ , PΘ := (I −π+P+π∗
+)(I −π−P−π∗−) , n ∈ N− , and the

unitary operator U with absolutely continuous spectrum is uniquely determined
by conditions Uπ± = π±z .

The transformation Π = Fms(A) can be obtained on the standard way of
constructing of unitary dilation for the unitary colligation A and mapping the
dilation space to functional spaces with the aid of Fourier representations [1].
Note that the isometries π± are adjoint to that Fourier representations.

The construction of the transformation Π = Fmc(Θ) can be found in [1, 4]
(see the so-called Sz.-Nagy-Foiaş’s transcription of functional model).

Remark 0.1. Note that colligations A and FsmFms(A) are unitarily equivalent.
This is a reason to regard unitary equivalent colligation as equal in this theory.
Similarly, models Π, FmsFsm(Π), and FmcFcm(Π) are unitarily equivalent and we
regard them as equal. With this remark the above diagram becomes a commutative
diagram.
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Remark 0.2. Note also that any Schur class function Θ can be represented in
the form of orthogonal sum Θ = Θp ⊕ Θu of pure operator-valued function Θp

and unitary constant Θu. The unitary constant Θu coincides with unitary part
Lu = L|Nu of the operator L from the corresponding unitary colligation, where
Nu := {n ∈ N : ||Ln|| = ||n||}. Note that a unitary colligation A can be recovered
from the part Lu and the operators T, M, N . The latter observation explains some
details of our further constructions.

Thus one may start from any vertex of the diagram and obtain all information
relating to other vertexes. A starting point depends on object area of a researcher.
For instance, one of approaches in mathematical physics is the study of an operator
by means of its functional model which is unitary equivalent to the initial one [6].
On the other hand, from point of view of systems theory it is interesting to study a
conservative system knowing only its transfer function and vice versa [3]. In turn,
some researches restrict themselves to study only the vertex Mod and this ap-
proach gives a nice opportunity to connect operator theory and function theory in
a very deep and fruitful manner [5]. In the latter case corresponding authors avoid
to use the word “model” and say about restricted shift. Thus the term “model”
can be interpreted as some enough simple operator acting in functional space.

At first sight the functional model is a universal tool to study any contraction
(and therefore any linear operator in Hilbert space), but on the very early stage
of development it was discovered and noticed that the functional model is efficient
and useful mainly for operators that are closed to unitary ones. For general op-
erators the functional model is not very informative. For instance, it is possible
to construct Sz.-Nagy-Foiaş functional model for the operator of multiplication by
the independent variable in L2(0, 1). Obviously this operator is a c.n.u. contrac-
tion, but its Sz.-Nagy-Foiaş functional model brings almost nothing in regard to
its spectral analysis. The standard Spectral Theorem for self-adjoint operators is
a lot more informative and natural tool for this operator.

We are not so arrogant to suggest a model that pretends to study efficiently
every operator. Our intentions are:

1) to modify the definition of Mod with purpose of more convenient studying
operators with continuous spectrum on a curve;

2) to develop corresponding links and reveal changes for other vertexes and
arrows of the diagram (Dgr).

Thus our approach is model-centric and we will consider constructing of any trans-
formation from the vertex Mod as a direct problem and towards Mod as an inverse
one, respectively.

Let G+ be a finite-connected domain of the complex plane C bounded by a
rectifiable Carleson curve C, G− = C \ clos G+ and ∞ ∈ G−. We shall consider
pairs Π = (π+, π−) of operators π± ∈ L(L2(C, N±),H) such that

(i)1 (π∗
±π±)z = z(π∗

±π±); (i)2 π∗
±π± >> 0;

(ii)1 (π†
−π+)z = z(π†

−π+); (ii)2 P−(π†
−π+)P+ = 0;

(iii) Ranπ+ ∨ Ranπ− = H ,

(Mod)
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where N±,H are separable Hilbert spaces; A >> 0 means that ∃ c > 0 such that
∀u (Au, u) ≥ c(u, u) ; the (non-orthogonal) projections P± are uniquely deter-
mined by conditions RanP± = E2(G±, N±) and KerP± = E2(G∓, N±) (since
the curve C is a Carleson curve, the projections P± are bounded); the spaces
E2(G±, N±) are Smirnov’s spaces [7] of vector-valued functions with values in
N± ; the operators π†

± are adjoint to π± if we regard π± : L2(C, Ξ±) → H as op-
erators acting from weighted L2 spaces with operator-valued weights Ξ± = π∗±π± .
In this interpretation π± are isometries. For such pairs Π = (π+, π−) , we shall say
that Π is a free functional model and write Π ∈ Mod . A reader interested in moti-
vation of this definition of functional model can found corresponding explanations
and discussion in [8].

It can easily be shown (see, e.g., [8]) that there is an one-to-one correspon-
dence (up to unitary equivalence of models) between models Π ∈ Mod and char-
acteristic functions Θ = (Θ+, Ξ+, Ξ−) ∈ Cfn from weighted Schur classes

SΞ := { (Θ+, Ξ+, Ξ−) : Θ+ ∈ H∞(G+,L(N+, N−)) ,

∀ ζ ∈ C ∀ n ∈ N+ ||Θ+(ζ)n||−,ζ ≤ ||n||+,ζ} ,
(Cfn)

where N± are separable Hilbert spaces and Ξ± are operator-valued weights such
that Ξ±, Ξ−1

± ∈ L∞(C,L(N±)), Ξ±(ζ) ≥ 0, ζ ∈ C , ||n||±,ζ := (Ξ±(ζ)n, n)1/2, n ∈
N±. Note that again (see Remark 0.1) we regard unitary equivalent models as
equal. The transformation Θ = Fcm(Π) is defined by the formula

Θ = (π†
−π+, π∗

+π+, π∗
−π−) ∈ SΞ . (MtoC)

The construction of the inverse transformation Π = Fmc(Θ) can be found in [8].
We cannot give independent definition for extension of notion of conserva-

tive systems to this new context and have to make use of the above-introduced
functional model. First we define the transformation Σ̂ = Fsm(Π). We put

Σ̂ = Fsm(Π) := (T̂ , M̂ , N̂ , Θ̂u, Ξ̂;KΘ, N+, N−)

with
T̂ ∈ L(KΘ) , T̂ f := Uf − π+M̂f , f ∈ KΘ ;

M̂ ∈ L(KΘ, N+) , M̂f :=
1

2πi

∫
C

(π†
+f)(z) dz ;

N̂ ∈ L(N−,KΘ) , N̂n := PΘπ−n , n ∈ N− ;

Ξ̂ := (π∗
+π+, π∗

−π−) ;

(MtoS)

where KΘ := RanPΘ , PΘ := (I − π+P+π†
+)(I − π−P−π†

−) ; the normal opera-
tor U , which spectrum is absolutely continuous and lies on C, is uniquely deter-
mined by conditions Uπ± = π±z. Since, in general, we cannot define the operator
L̂ = (π∗−π+)(0)∗, we content ourselves with the “unitary part” Θ̂u of the charac-
teristic function (see Remark 0.2 and explanation of meaning of the unitary part
of weighted Schur class function in Section 1). In the sequel, we shall refer Σ̂ as
the model system and the operator T̂ as the (main) model operator.
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A coupling of operators and Hilbert spaces Σ = (T, M, N, Θu, Ξ; H, N, M)
is called a simple conservative curved system if there exists a functional model Π
with N+ = N, N− = M, and an invertible operator X ∈ L(H,KΘ) such that

Σ = (T, M, N, Θu, Ξ; H, N, M) X∼ Σ̂ = Fsm(Π) , (Sys)

where we write Σ1
X∼Σ2 if

XT1 = T2X , M1 = M2X , N1X = N2 , Θ1u = Θ2u , Ξ1 = Ξ2 .

In our theory we shall regard similar systems Σ1
X∼Σ2 as equal.

Passing on to transfer functions, again at first we define the transformation
Υ = Fts(Σ),

Υ = (Υ(z), Θu, Ξ) , where Υ(z) := M(T − z)−1N . (StoT)

Υ is called the transfer function of a curved conservative system Σ. Within func-
tional model the transformation Ftc := Fts ◦ Fsm ◦ Fmc can be computed as

Υ(z) = (Ftc(Θ))(z) =
{

Θ−
+(z) − Θ+(z)−1 , z ∈ G+ ∩ ρ(T ) ;

−Θ−
−(z) , z ∈ G− ,

(CtoT)

where the operator-valued functions Θ−
±(z) are defined by the formulas

Θ−
±(z)n := (P±Θ−n)(z), z ∈ G±, n ∈ N− ;

Θ−(ζ) := (π†
+π−)(ζ) = Ξ+(ζ)−1Θ+(ζ)∗Ξ−(ζ), ζ ∈ C .

Remark 0.3. Note that, in terminology of [9], the relationship (CtoT) means that
the transfer function Υ “corresponds to the function” Θ+. It should also be noted
that the class of models considered by D. Yakubovich in [9] is a particular case
of our class Mod. In fact, he studied models with Ξ-inner (in our terminology)
function Θ for which Ξ+ = I and Ξ− = (Θ+Θ+∗)−1 , though he did not introduce
the weights Ξ± explicitly. From the point of view of operators, this means that
the absolutely continuous spectral component of the main operator T is trivial.

Thus we arrive at the following diagram

Mod
Fcm ��

Fsm

��

Cfn
Fmc

��

Ftc

��
Sys Fts

�� Tfn

(Dgr)

The main problem which arises here is to invert arrows Ftc, Fts, and Fsm. It is
sufficient to invert only the arrow Ftc, that is, to recover characteristic function
for a given transfer function. We emphasize that, in contrast to standard theory,
now characteristic functions and transfer functions are essentially different objects
and therefore our main problem is to solve the equations (CtoT). Note also that
actually the projections P± are singular integral operators and one can regard
(CtoT) as a system of (non-linear) singular integral equations with unknown Θ+
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and given Υ, Ξ± . The main result of the paper is the uniqueness of a solution of
the equations (CtoT), which is expressed in the following theorem.

Theorem A. If Θ1, Θ2 ∈ Cfn and Ftc(Θ1) = Ftc(Θ2) ∈ N (G+∪G−,L(N−, N+)) ,
then Θ1 = Θ2 .

Here N (G+∪G−,L(N−, N+)) is the Nevanlinna class of operator-valued functions
that admit representation of the form Υ(z) = 1/δ(z)Ω(z) , where δ ∈ H∞(G+ ∪
G−) and Ω ∈ H∞(G+ ∪ G−,L(N−, N+)).

Analyzing the proof of Theorem A, one can obtain a procedure of recover-
ing the characteristic function for a given transfer function. Then we are able to
construct functional model system for a given conservative curved system.

We also consider a problem how to determine whether a conservative curved
system Σ = (T, M, N, Θu, Ξ; H, N, M) is similar to the system Σ̂ = (Fsm◦Fmc)(Θ)
for a given characteristic function Θ. Here we extend results from [9] to our more
general context. In [9] D.Yakubovich calls this problem “to establish that two 2-
systems are dual with respect to the function Θ ”. Note that namely using that
procedure he obtained generalized Sz.-Nagy-Foiaş functional model for generators
of systems with delay [9, 10]. We refer a reader to [9] for this and many other
interesting examples of conservative curved systems. In fact, we take a next step
in this direction. Combining all the above, it is possible to give intrinsic description
of simple conservative curved systems with known weights Ξ±, but not with known
whole characteristic function Θ = (Θ+, Ξ+, Ξ−) as it was assumed in [9].

It should also be noted that, in the case when the domain G+ is simply
connected and the weights Ξ± are scalar, i.e., Ξ± = δ±I, the problem to describe
all conservative curved systems was studied in [11]. Therein it was established that
any simple conservative curved system is similar to a system of the form

(ϕ(T0), M0ψ+(T0), ψ−(T0)N0) , where A0 =
(

T0 N0

M0 L0

)
is a simple unitary colligation, ϕ : D → G+ is a conformal map, ψ+ =

√
ϕ′/(η+ ◦

ϕ) , ψ− =
√

ϕ′ (η− ◦ ϕ) , and η±, η−1
± ∈ H∞(G+) are scalar outer functions such

that |η±|2 = δ±. The form of this representation give us justification and additional
reason to use the specifier curved conservative for our class of systems.

The latter result (with Ξ+ = |ϕ′|I and Ξ− = 1
|ϕ′|I) plays important role

in [12] where it was shown that any trace class perturbation of normal operator
with continuous spectrum lying on a smooth curve can be represented as a special
form of perturbation of conservative curved system. This allowed us to apply all
power of machinery of Sz.-Nagy-Foiaş-Naboko’s functional model [13, 14] to solve
the problem of duality of spectral components [12].

The paper is organized as follows. In Section 1 we summarize (without proofs)
relevant material to categories Mod, Sys, Cfn, Tfn. We introduce morphisms (which
are determined by transformations ΦX

η ) in these categories and show that Fmc,
Fcm, Ftc, Fts, and Fsm are covariant functors. We use the language of categories
and functors for short and because of its more systematic character (anyway we



Inverse Problem 477

need some notation for our classes of objects and their transformations). Note
that by means of the functors Fmc, Fcm, Ftc, Fts, and Fsm we can translate
relationships from some category into language of parallel category. For instance,
it is possible to give a complete description of the spectrum of a model operator T̂
in terms of its characteristic function. Another example is the existence of the one-
to-one correspondence between regular factorizations of a characteristic function
and invariant subspaces of the operator T̂ [8]. The transformations ΦX

η are useful
when we want to transfer an object to another object of more simple form, e.g., we
can pass to a circular domain or get rid of weights on some connected component
of the boundary. For simply connected domains, in such a way we can reduce our
problems to the case of the unit circle and Ξ± ≡ I (see, e.g., [11, 21]). Besides, in
this section we explain and clarify some subtle points of the theory.

In Section 2 our main results in regard to inverse problems (see the above
discussion) are stated and proved. We use notation and basic facts from Section 1
and some results from theory of operators over multiply connected domains and
related topological facts [15, 16, 17, 18, 19, 20].

The author is grateful to D. Yakubovich for interesting and useful information
and J. Ball for initial stimulating questions.

1. Categories and functors

In this Section we survey (without proofs) basic facts relating to the categories of
functional models Mod , characteristic functions Cfn , conservative curved systems
Sys , transfer functions Tfn , and corresponding functors.

1.1. Category Cfn
Objects of the category Cfn are defined by the condition (Cfn) from the Introduc-
tion

Ob(Cfn) := {Θ : Θ satisfies the condition (Cfn) } ,

i.e., Θ = (Θ+, Ξ+, Ξ−) ∈ Ob(Cfn) are weighted Schur class functions. For short
we shall often use the notation Θ ∈ Cfn.

To define morphisms in the category Cfn, we need to introduce an important
class of transformations

ΦCfn
η : Ob(Cfn) → Ob(Cfn) ,

which are defined by the formula

Θ2 = ΦCfn
η (Θ1) := ( η−1

− (Θ+
1 ◦ ϕ−1) η+, η∗

+(Ξ1+ ◦ ϕ−1) η+, η∗
−(Ξ1− ◦ ϕ−1) η−) .

These transformations are parameterized by class CMη, where η = (ϕ, η+, η−) ∈
CMη iff ϕ is a conformal mapping of the domain G1+ onto G2+ and η±, η−1

± ∈
H∞(G2+,L(N±)) . It is clear that

ΦCfn
id = idCfn , ΦCfn

η32
◦ ΦCfn

η21
= ΦCfn

η32◦η21
, (ΦCfn

η )

where η32 ◦ η21 := (ϕ32 ◦ ϕ21, η3+ · (η2+ ◦ ϕ−1
32 ), η3− · (η2− ◦ ϕ−1

32 )) .
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We define morphisms in Cfn by the following rule. Let Θ1, Θ2 ∈ Cfn. We
shall say that a triple mΘ1Θ2 = (Θ1, Θ2, η) is a morphism in the category Cfn if
Θ2 = ΦCfn

η (Θ1), η ∈ CMη. In other words,

Mor(Θ1, Θ2) := {mΘ1Θ2 : ∃ η ∈ CMη Θ2 = ΦCfn
η (Θ1)}

The basic property of morphisms mΘ1Θ3= mΘ2Θ3◦mΘ1Θ2 easily follows from (Φη).

Remark 1.1. The above procedure is a pattern for definition of morphisms in
other our categories and in the sequel we shall restrict ourselves only to definition
of corresponding transformations ΦX

η : Ob(X) → Ob(X) and verification of their
basic property ΦX

η32
◦ ΦX

η21
= ΦX

η32◦η21
, where X ∈ {Mod, Cfn, Sys, Tfn}.

In the Introduction we mentioned that any Schur class function can be de-
composed into the orthogonal sum of its pure and unitary parts. We have no
such a decomposition for an arbitrary weighted Schur class function, but using the
transformations ΦCfn

η one can consider an analogue of it.
Let χ± be outer operator-valued functions such that χ∗

±χ± = Ξ± . If the do-
main G+ is multiply connected, these functions can be many-valued and character
of their multivalence is completely determined by some unitary representation α of
the fundamental group of domain G+. Recall [15, 19] that any such function can be
lift to the universal cover space D of the domain G+ and there is one-to-one corre-
spondence between many-valued functions on G+ and their character-automorphic
one-valued liftings on D. Note that we shall use the specifier character-automorphic
for many-valued functions on G+ too.

A characteristic function Θ ∈ Cfn is called Ξ-pure if the (possibly many-
valued character-automorphic) function Θ+

0 = χ−Θ+χ−1
+ satisfies the condition

∀z ∈ G+ ∀n ∈ N+, n 
= 0 ||Θ+
0 (z)n||N− < ||n||N+ .

Θ ∈ Cfn is called a Ξ-unitary constant if Θ− = (Θ+)−1 ∈ H∞(G+,L(N−, N+)).
It can be shown that for any Θ ∈ Cfn there exist η±, η−1

± ∈ H∞(G+,L(N±))
such that the characteristic function ΦCfn

η (Θ) can be represented in the form
ΦCfn

η (Θ) = (Θ+
p ⊕ Θ+

u , Ξp+ ⊕ Ξu+, Ξp− ⊕ Ξu−), where Θp is Ξ-pure and Θu is
a Ξ-unitary constant. If ΦCfn

η′ (Θ) = (Θ+
p
′⊕Θ+

u
′
, Ξ′

p+ ⊕Ξ′
u+, Ξ′

p− ⊕Ξ′
u−) is another

such representation with some η′
±, then the functions ψ± = η−1

± η′
± admit the de-

compositions ψ± = ψp
±⊕ψu

± : Np
±
′⊕Nu

±
′ → Np

±⊕Nu
±. If we take into account the

latter remark, we see that pure-unitary decompositions for a characteristic func-
tion are consistent and therefore we can consider different characteristic functions
with equal Ξ-pure ( Ξ-unitary) “parts”. In this sense we shall consider Ξ-unitary
part Θu of an arbitrary characteristic function Θ.

1.2. Category Mod
Ob(Mod) := {Π : Π satisfies the condition (Mod) }

and we regard two models Π1, Π2 ∈ Ob(Mod) as equal if there exists an unitary
operator U : H1 → H2 such that π2± = Uπ1± .
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Transformations ΦMod
η are defined by the formula

Π2 = ΦMod
η (Π1) := (π1+Cϕη+, π1−Cϕη−) ,

where the operator Cϕ : L2(C2, N) → L2(C1, N),

(Cϕf(·))(ζ) :=
√

ϕ′(ζ)f(ϕ(ζ)) , ζ ∈ C2 , f ∈ L2(C2, N)

is unitary. It is easily checked that

ΦMod
id = idMod , ΦMod

η32
◦ ΦMod

η21
= ΦMod

η32◦η21
. (ΦMod

η )

1.3. Category Sys

Ob(Sys) := {Σ : Σ ∼ Σ̂, Σ̂ ∈ Ran(Fsm) }
and we regard two systems Σ1, Σ2 ∈ Ob(Sys) as equal if Σ1 ∼ Σ2. Hence any
conservative curved system Σ ∈ Sys is similar to Σ̂ = Fsm(Π) for some Π ∈ Mod
and Ob(Sys) is a quotient set with the similarity as relation of equivalence.

Note that the main operator T̂ can be computed on the following way (see the
Introduction for the definitions of objects using below). Let D+ := Ran π+P+π†

+

and H+ := Ran (I − π−P−π†
−). It is easily shown that

D+ ⊂ H+ ⊂ H and UD+ ⊂ D+ , UH+ ⊂ H+ .

Moreover,

∀ z ∈ G− (U − z)−1D+ ⊂ D+ , (U − z)−1H+ ⊂ H+ .

This means that the operator U is a normal dilation of the operator T̂ = PΘU|KΘ.
Straightforward computations lead to the formula T̂ f = Uf − π+M̂f , where M̂ :
KΘ → L2(C, N+). Taking into account that KerP+ = E2(G−) and ∞ ∈ G−, we
get M̂ : KΘ → N+ and the explicit formula for M̂ is

M̂f = (π†
+Uf)(∞) =

1
2πi

∫
C

(π†
+f)(z) dz .

Using the dual model (see the ending of this Section) we can define N̂ by

(N̂n, g) = (n, M̂∗g) , g ∈ K∗Θ, n ∈ N−

and therefore N̂n = PΘπ−n , n ∈ N−.

Remark 1.2. Note that it is possible to consider the functional model under more
weak assumption, when the projection P+ is any projection (including the ortho-
projection) onto E2(G+, N+). But casting away the property KerP+ = E2(G−,N+)
we lose the most part of computing power of our functional model. Note that we
intensively make use of these computing abilities, especially in expressions for the
resolvent of T̂ in both the domains G+ and G−.
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Remark 1.3. Note that we have only H+ = KΘ+̇D+ while in the case of the unit
disk and Ξ± ≡ I we have H+ = KΘ ⊕D+. Thus we can also consider the subspace
K0 = H+�D+. Let T̂0 = P0U|K0, where P0 is the orthoprojection onto K0. Recall
that in the unit disk case the inclusions UD+ ⊂ D+ , UH+ ⊂ H+ with some
unitary in H operator U provide an alternative characterization for the class of all
contractions in a Hilbert space [1, 4]. Therefore in our case the operator T̂0 is an
analogue of contraction. We claim that the operators T̂ and T̂0 are similar. This
fact follows from the observation that operators T2 and T3 are similar if they are
entries in the triangular representations of an operator T

T =
(

T1 ∗
0 T2

)
and T =

(
T1 ∗
0 T3

)
,

where H = H1+̇H2 = H1+̇H3 and the subspace H1 is invariant under the opera-
tor T .

Transformations ΦSys
η are defined by the formula

Σ2 = ΦSys
η (Σ1) := (T2, M2, N2, Θ2u, Ξ2) ,

where

T2 = ϕ(T1) ,

M2f = − 1
2πi

∫
C1

√
ϕ′(ζ) η+(ϕ(ζ))−1[M1(T1 − ·)−1f ]−(ζ) dζ ,

N∗
2 g = − 1

2πi

∫
C1∗

√
ϕ̄′(ζ̄) η−(ϕ(ζ̄))∗ [N∗

1 (T ∗
1 − ·)−1g]−(ζ) dζ ,

Ξ2± = η∗
±(Ξ1± ◦ ϕ−1) η±

and it can be checked that

ΦSys
id = idSys , ΦSys

η32
◦ ΦSys

η21
= ΦSys

η32◦η21
. (ΦSys

η )

1.4. Functors Fcm, Fmc, Fsm

The corresponding transformations is already defined on Ob(Mod) and Ob(Cfn).
It just needs to note that Fcm is well defined, i.e., if models Π1 and Π2 are unitarily
equivalent, then Fcm(Π1) = Fcm(Π2). To verify that Fcm, Fmc, Fsm are functors
we must show that they are consistent with compositions of morphisms. This easily
follows from (ΦMod

η ), (ΦCfn
η ), (ΦSys

η ), and the identities Fcm ◦ΦMod
η = ΦCfn

η ◦ Fcm,
Fmc ◦ ΦCfn

η = ΦMod
η ◦ Fmc and Fsm ◦ ΦMod

η = ΦSys
η ◦ Fsm, which, in turn, can be

verified by straightforward computations (see also [11] for the latter identity).

Remark 1.4. Note that it is possible to obtain (ΦCfn
η ) and (ΦSys

η ) from (ΦMod
η ) ,

Fcm ◦ ΦMod
η = ΦCfn

η ◦ Fcm , and Fsm ◦ ΦMod
η = ΦSys

η ◦ Fsm .

Remark 1.5. Actually, models (Fmc ◦ΦCfn
η )(Θ) and (ΦMod

η ◦Fmc)(Θ) are unitarily
equivalent. Systems (Fsm ◦ΦMod

η )(Π) and (ΦSys
η ◦Fsm)(Π) are similar. This is one
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of the reasons to use quotient spaces for Ob(Mod) and Ob(Sys). Another reason
is the following similarities from [8] : Fsm(Π1) · Fsm(Π2) ∼ Fsm(Π1 · Π2) and
Σ1 · (Σ2 ·Σ3) ∼ (Σ1 ·Σ2) ·Σ3 . Note that the observation from Remark 1.3 explains
all the above similarities. For yet another reason see Remark 1.7.

1.5. Category Tfn and functors Ftc, Fts

Again, coming back to the Introduction, we have

Ob(Tfn) := {Υ : Υ ∈ Ran(Fts) = Ran(Ftc) } .

We will not define transformations ΦTfn
η explicitly and put

(ΦTfn
η ◦ Ftc)(Θ) := (Ftc ◦ ΦCfn

η )(Θ) , Θ ∈ Cfn .

The transformations ΦTfn
η are well defined (at least for ϕ′ ∈ ∪p>1L

p(C1)) since
one can show that Ftc(Θ1) = Ftc(Θ2) =⇒ Ftc(ΦCfn

η (Θ1)) = Ftc(ΦCfn
η (Θ2)) .

Similarly to Remark 1.4, it is easily checked that

ΦTfn
id = idTfn , ΦTfn

η32
◦ ΦTfn

η21
= ΦTfn

η32◦η21
, (ΦTfn

η )

Therefore the transformations Ftc and Fts are functors.
The most simple case when we can present explicit formulaes for the trans-

formation ΦTfn
η is boundedness of Υ(z) , z ∈ G− (recall that Υ(z) is bounded

whenever the boundary of G+ is a simple closed C2+ε curve and the weights Ξ±
are scalar and C1+ε-smooth [21]). The desired formula looks like

Υ2−(z) = (ΦTfn
η (Υ1))(z) = (P−[η+(ζ)−1Υ1−(ϕ−1(ζ))η−(ζ)])(z) , z ∈ G− ,

where Υ1(·)±(ζ) are the angular boundary values (in strong operator convergence)
of Υ1(z) from the domains G± . In the general case, Υ(z) /∈ H∞(G−), but it be-
longs to the class of strong H2-functions (see, e.g., [5, 9]), that is, ∀n ∈ N− Υ(z)n ∈
E2(G−, N+). In this case we have to decompose the above transformation into com-
position of two transformations of the form Fη,ϕ(u)(z) := [P−(η(ζ)(u◦ϕ−1)(ζ))](z).
Taking into account that P− is actually a singular integral operator, we see that
the transformation Fη,ϕ is defined for ϕ′ ∈ ∪p>1L

p(C1) and u ∈ ∩q>1L
q(C1, N) .

So that
Υ2(z) = Λ∼

2 (z) , Λ2(z̄)m = Fη∼
− ,z((Λ∼

1 (·)m)−)(z̄) ,

Λ1(z)n = Fη−1
+ ,ϕ((Υ1(·)n)−)(z) , z ∈ G2− .

Recall that Λ∼(z) = Λ(z̄)∗.

Remark 1.6. If η(ζ) ≡ 1, G− is simply-connected, ∞ ∈ G+, and ϕ is normed at the
infinity, the transformation Fη,ϕ is the well-known Faber transformation [22, 23].

To calculate Υ2(z) for z ∈ G2+, we need some additional assumptions. It
suffices to admit existence of boundary values of operator-valued function Θ+

1 (z)−1

a.e. on C1. In this case Υ2(z) is the analytic continuation of

Υ2(ϕ(ζ))+ = Υ2(ϕ(ζ))− + η−1
+ (ϕ(ζ)) (Υ1(ζ)+ − Υ1(ζ)−) η−(ϕ(ζ)) , ζ ∈ C1

into the domain G2+ .
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In terms of the transformations ΦTfn
η one can define Ξ-pure transfer func-

tions. Under the assumption ρ(T ) ∩ G+ 
= ∅ we shall call a transfer function
Υ ∈ Ob(Tfn) Ξ-pure if ∀ η ∈ CMη ∀n ∈ N− ΦTfn

η (Υ)(z)n ≡ 0 ⇒ n = 0. This
definition agrees with the corresponding definition for characteristic functions and
therefore there exists a decomposition of transfer function Υ = Υp ⊕0 in the same
sense as in Subsection 1.1.

1.6. Duality

In the language of categories and functors duality means existence of the transfor-
mation F∗X : Ob(X) → Ob(X) such that F∗X ◦ΦX

η = ΦX
η−∗ ◦F∗X and F2

∗X = idX ,
where η−∗ = (ϕ∼, η∼−1

− , η∼−1
+ ) . This transformation can be extended to mor-

phisms and therefore F∗X is a contravariant functor in the category X . For
X ∈ {Mod, Cfn, Sys, Tfn}, the following formulas define the corresponding func-
tors

Θ∗ = F∗c(Θ) := (Θ+∼, Ξ∗) , Ξ∗± = Ξ∼−1
∓ ;

Π∗ = F∗m(Π) : (f, π∗∓v)H =< π†
±f, v >C , f ∈ H , v ∈ L2(C̄,N∓) ;

Σ∗ = F∗s(Σ) := (T ∗, N∗, M∗, Θ∼
u , Ξ∗) ;

Υ∗ = F∗t(Υ) := (Υ∼, Θ∼
u , Ξ∗) ,

where < u, v >C := 1
2πi

∫
C

(u(z), v(z̄))N dz , u ∈ L2(C, N), v ∈ L2(C̄, N) .

For Fcm, Fsm, Ftc , the identities F∗Y FY X = FY XF∗X can easily be checked.

Remark 1.7. In fact, we have F∗s(Fsm(Π)) ∼ Fsm(F∗m(Π)) and this is an addi-
tional reason to use a quotient space for systems.

2. Inverse problem

Our aim is to construct the functional model for a given conservative curved system
Σ = (T, M, N, Ξ).

2.1. Uniqueness theorem

We divide the proof of the main uniqueness Theorem A into parts, which we
arrange as separate assertions. We start with following elementary lemma.

Lemma 2.1. Suppose L ∈ L(H1, H2) , L−1 ∈ L(H2, H1) , and ||L|| ≤ 1 . Let
L = |L|U be the polar decomposition of L. Then |L| = ψ(B∗B) , where

B = L−1 − L∗ and ψ(z) =
1
2

√
2 + z −

√
z2 + 4z

Besides, U∗|Ran(I − |L|2) = B(|L|−1 − |L|)−1|Ran(I − |L|2) .

Proposition 2.2. Suppose Θ ∈ Cfn and Θ+(ζ)−1 possesses boundary values a.e.
on C. Then the operator-valued function Δ+(ζ) := (I − Θ+(ζ)Θ−(ζ))1/2 can be
expressed in terms of the transfer function Υ(z).
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Proof. The identity Θ−(ζ)−Θ+(ζ)−1 = Υ(ζ)+−Υ(ζ)− , ζ ∈ C easily follows from
(CtoT). Then, taking into account that Θ−(ζ) is adjoint to Θ+(ζ) : N+,ζ → N−,ζ ,
it remains to make use of the above Lemma. �

For Θ ∈ Cfn, we introduce the Hilbert space

HNF := L2(C, Ξ+) ⊕ closΔ+L2(C, Ξ−) , (NF)

which is endowed with the inner product (fπ, gπ)L2(C,Ξ+) + (fτ , gτ )L2(C,Ξ−). Let
Π = Fmc(Θ) and τ+ := ((Δ+)−1(π†

−−Θ+π†
+))†. Then the pair (π†

+f, τ†
+f) defines

a unitary operator WNF : H → HNF . The inverse operator can easily be calculated
W−1

NF (fπ, fτ ) = π+fπ + τ+fτ . It is clear that WNFU = zWNF . We define the
subspaces

KΘNF := WNFKΘ , HNF+ := KΘNF +̇(E2(G+, N+) ⊕ {0}) .

The subspace HNF+ is invariant under the operator of multiplication by the in-
dependent variable z. Therefore z|HNF+ is a subnormal operator with the nor-
mal spectrum on the curve C. By [15], there exists a unique generalized Wold-
Kolmogorov decomposition of the space HNF+ = Hpur

NF+ ⊕ Hnor
NF+ with respect

to the operator z. Note that Hpur
NF+ = WNF π−E2(G+, N−). Now we are ready to

state and prove the following assertions.

Proposition 2.3. Suppose Θ1, Θ2 ∈ Cfn; Θ+
1 (ζ)−1, Θ+

2 (ζ)−1 possesses boundary
values a.e. on C, and Ftc(Θ1) = Ftc(Θ2). Then K1ΘNF = K2ΘNF .

Proof. It can easily be calculated

(T̂ −z)−1f = (U−z)−1(f−π+n) , n =
{

Θ+(z)−1(π†
−f)(z) , z ∈ G+ ∩ ρ(T̂ )

(π†
+f)(z) , z ∈ G−

,

where f ∈ KΘ. We will consider family of vectors

rnz := (T − z)−1Nn , n ∈ N− , z ∈ ρ(T ) . (RK)

For model systems we have

r̂nz = (T̂ − z)−1N̂n =

{
−PΘπ+

Θ+(z)−1n
ζ−z , z ∈ G+ ∩ ρ(T̂ )

PΘπ− n
ζ−z , z ∈ G−

.

In the space KΘNF this family looks like (see [21])

π†
+r̂nz =

(Υn)(ζ)− − Υ(z)n

ζ − z
, τ†

+r̂nz =
−Δ+(ζ)n

ζ − z
.

Since Υ1 = Ftc(Θ1) = Ftc(Θ2) = Υ2, and using Proposition 2.2, we get
W1NF r̂1nz = W2NF r̂2nz . To complete the proof it remains to recall that
∨z∈ρ(T̂ )r̂nz = KΘ if G+ ∩ ρ(T̂ ) 
= ∅. The condition G+ ∩ ρ(T̂ ) 
= ∅ follows from
existence of inverse operators Θ+(z)−1 for some z ∈ G+. �
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Remark 2.1. Recall [8] that we call a curved conservative system Σ simple if

ρ(T ) ∩ G+ 
= ∅ and
⋂

z∈ρ(T )

KerM(T − z)−1 = {0} .

Note that if for a model system ρ(T̂ ) ∩ G+ 
= ∅, then Σ̂ is simple and this is
equivalent to the completeness ∨z∈ρ(T̂ )r̂nz = KΘ.

Proposition 2.4. Let Θ1 = (Θ+
1 , Ξ) and Θ2 = (Θ+

2 , Ξ) . Let χ± be outer (possible
character-automorphic) operator-valued functions such that χ∗

±χ± = Ξ± . Suppose
K1ΘNF = K2ΘNF . Then there exists an unitary operator U ∈ L(N−) such that
χ−Θ+

2 χ−1
+ = Uχ−Θ+

1 χ−1
+ .

Proof. Since WNF π+ = I, we have W1NF π1+ = W2NF π2+. On the other hand, on
account of the uniqueness of the generalized Wold-Kolmogorov decomposition of
the space HNF+ = K1ΘNF +̇(E2(G+, N+)⊕{0}) = K2ΘNF +̇(E2(G+, N+)⊕{0}),
we get for the pure part Hpur

NF+ = W1NF π1−E2(G+, N−) = W2NF π2−E2(G+, N−).
Let α be the unitary representation of the fundamental group of domain G+, which
is associated with operator-valued function χ−. Then we have

W1NF π1−χ−1
− E2

α(G+, N−) = W2NF π2−χ−1
− E2

α(G+, N−) ,

where E2
α(G+, N−) = χ−E2(G+, N−) is the subspace of character-automorphic

functions corresponding to the representation α. In view that WkNF πk−χ−1
− , k =

1, 2 are isometries, by the generalized Beurling theorem [15], there exists an unitary
operator U ∈ L(N−) such that W1NF π1−χ−1

− = W2NF π2−χ−1
− U and therefore we

have

χ−Θ+
2 χ−1

+ = χ−π†
2−π2+χ−1

+ = (π2−χ−1
− )∗π2+χ−1

+

= (W−1
2NF W1NF π1−χ−1

− U−1)∗W−1
2NF W1NF π1+χ−1

+

= U(π1−χ−1
− )∗π1+χ−1

+ = Uχ−π†
1−π1+χ−1

+ = Uχ−Θ+
1 χ−1

+ . �

Proposition 2.5. Suppose Θ1, Θ2 ∈ Cfn; Θ+
1 (ζ)−1, Θ+

2 (ζ)−1 possesses boundary
values a.e. on C, and Ftc(Θ1) = Ftc(Θ2). Then Θ1 = Θ2 .

Proof. First we note that

Ftc(ΦCfn
η (Θ1)) = ΦTfn

η (Ftc(Θ1)) = ΦTfn
η (Ftc(Θ2)) = Ftc(ΦCfn

η (Θ2))

and, since we can take the parameter η such that ΦCfn
η (Θ1) = Θ1p ⊕ Θ1u, with-

out loss of generality one can assume that the transfer function Υ = Fct(Θ1) =
Fct(Θ2) is Ξ-pure.

By Propositions 2.3 and 2.4, we have χ−Θ+
2 χ−1

+ = Uχ−Θ+
1 χ−1

+ . We can
rewrite this identity in the form χ−1

− Uχ− = Θ+
1 Θ+−1

2 . Hence χ−1
− Uχ− is one-

valued and therefore the operator U commutes with the W ∗-algebra W∗(α) gen-
erated by the unitary representation α. By the theorem of Bungart [17], the ana-
lytic vector bundles corresponding to the operator-valued character-automorphic
function χ− is trivial with respect to the group of invertible operators G(α) of
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the algebra W∗(α) . That means there exists a character-automorphic function
χ(z) with values in G(α) such that this function trivializes the analytic vector
bundle. In particular, Uχ = χU . It is also clear that η− = χ−1

− χ is one-valued
and η−, η−1

− ∈ H∞(G+, N−) .
Let η = (z, I, η−) , Θ1η = ΦCfn

η (Θ1) , and Θ2η = ΦCfn
η (Θ2) . Then (see

the beginning of this proof) the transfer function Υη = Ftc(Θ1η) = Ftc(Θ2η)
corresponds to both the characteristic functions Θ1η and Θ2η. We have

UΘ+
1η = Uη−1

− Θ+
1 = Uχ−1χ−Θ+

1 χ−1
+ χ+

= χ−1(Uχ−Θ+
1 χ−1

+ )χ+ = χ−1χ−Θ+
2 χ−1

+ χ+ = η−1
− Θ+

2 = Θ+
2η .

Since Ξ1η− = Ξ2η− = χ∗χ and Uχ∗χ = χ∗χU , we get

Θ−
1ηU∗ = Ξ−1

+ Θ+∗
1η χ∗χU∗ = Ξ−1

+ (UΘ+
1η)∗χ∗χ

= Ξ−1
+ Θ+∗

2η χ∗χ = Θ−
2η .

Then, taking into account (CtoT), we have Υ2η(z) = Υ1η(z)U . Since Υ2η(z) =
Υ1η(z), it follows that Υ2η(z)(U − I) = 0 and it remains to recall that Υ2η is
Ξ-pure. Hence U = I and therefore Θ+

1 = Θ+
2 . �

Remark 2.2. In the above proof we made use of the fact of triviality of any ana-
lytic vector bundles over multiply connected domains [18, 17, 15]. Note that this
assertion is equivalent to similarity of the bundle shift z|E2

α(G+, N) to the triv-
ial shift z|E2(G+, N) [15] (see also the scalar case in [16]). Generally we prefer
to deal systematically with the trivial shift z|E2(G+, N) only and hide possible
multiple-valuedness using the technique of operator-valued weights Ξ± as adequate
replacement of the traditional uniformization technique or analytic vector bundles.
Our axiomatics for category Mod is a typical example of this approach.

Note that it is possible to show that Fct(Θ) ∈ N (G+ ∪G−,L(N−, N+)) =⇒
Θ−

± ∈ N (G±,L(N−, N+)) =⇒ (Θ+)−1 ∈ N (G+,L(N−, N+)) and therefore
existence of boundary values of (Θ+)−1 a.e. on C. Thus we arrive at the following
important theorem.

Theorem A. If Θ1, Θ2 ∈ Cfn and Fct(Θ1) = Fct(Θ2) ∈ N (G+∪G−,L(N−, N+)),
then Θ1 = Θ2 .

2.2. Procedure of recovery

Analyzing the proof of Theorem A, we can obtain a recovery procedure of the char-
acteristic function Θ= (Θ+, Ξ+, Ξ−) for a given transfer function Υ= (Υ(z), Θu, Ξ).
Below we present such a procedure, which is effective at least in the case when
dimN+ = dimN− < ∞. We keep on the assumption that Θ+(ζ)−1 possesses
boundary values a.e. on C.

Let α be the unitary representation of the fundamental group of domain G+,
which is associated with operator-valued function χ− defined by the factoriza-
tion χ∗−χ− = Ξ− and E2

α(G+, N−) = χ−E2(G+, N−). If the domain G+ has n
boundary components, there exists a scalar inner function ϑ on G+ with precisely
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n zeroes (see, e.g., [20, 24]). Define the unitary operator ϑ = ϑ(z) on the space
L2(C, N−) and the wandering subspace Mα = E2

α(G+, N−) � ϑE2
α(G+, N−), for

which we have

L2(C, N−) =
+∞⊕

k=−∞
ϑkMα , E2

α(G+, N−) =
+∞⊕
k=0

ϑkMα .

Let M0 = E2(G+, N−) � ϑE2(G+, N−). Taking into account the vector rep-
resentation of scalar Hardy spaces for multiply connected domains [20], it can
easily be shown that dimM0 = n · dimN−. Since Mα = (χ∗−)−1M0, we get
dimMα = n·dim N−. Now we take an arbitrary unitary operator Vα ∈ L(Nn

−, Mα)
and define a wave operator Wα : L2(C, N−) → L2(T, Nn−) by

Wαf :=
+∞∑

k=−∞
ZkV −1

α PMαϑ−kf , f ∈ L2(C, N−) ,

where PMα is the orthoprojection onto Mα and Z is the operator of multiplication
by the independent variable in L2(T, Nn

−). The operator Wα is unitary, for which
we have WαE2

α(G+, N−) = H2(D, Nn
−) and Wαϑ = ZWα.

In the same way as in the proofs of Proposition 2.3 and Proposition 2.4, we
haveHNF+ =KΘNF +̇(E2(G+, N+)⊕{0})⊂ HNF , whereKΘNF =∨z∈ρ(T̂ )WNF r̂nz.
Consider the unitary operator ϑNF = ϑ(z), where z is the operator of multiplica-
tion by the independent variable in HNF . Since the subspace HNF+ is invariant
under the unitary operator ϑNF , the operator ϑNF |HNF+ is an isometry with the
wandering subspace M = HNF+ � ϑNFHNF+. For an arbitrary unitary operator
V ∈ L(Nn

−, M), define a wave operator W : HNF → L2(T, Nn
−) by

Wf :=
+∞∑

k=−∞
ZkV −1PMϑ−k

NF f , f ∈ HNF ,

where PM is the orthoprojection onto M. The operator W ∗ is an isometry with
RanW ∗ = RanWNF π−. Besides, we have

W ∗(H2(D, Nn
−)) = Hpur

NF+ = WNF π−E2(G+, N−) = WNF π−χ−1
− E2

α(G+, N−)

and WϑNF = ZW . Hence we see that

W ∗
αH2(D, Nn

−) = E2
α(G+, N−) = χ−π†

−W ∗
NF W ∗(H2(D, Nn

−))

and [Wαχ−π†
−W ∗

NF W ∗]Z = Z[Wαχ−π†
−W ∗

NF W ∗]. By Beurling theorem, the uni-
tary operator Wαχ−π†

−W ∗
NF W ∗ is an operator of multiplication by unitary con-

stant, that is, there exists a unitary operator Vn : Nn
− → Nn

− such that
WNF π−χ−1

− = W ∗VnWα. Then we have

W ∗VnWαz = WNF π−χ−1
− z = zWNF π−χ−1

− = zW ∗VnWα .

Thus, the linear equation

W ∗VnWαz|Mα = zW ∗VnWα|Mα (Vn)

have at least one unitary solution Vn.
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Let Ṽn be another solution of (Vn). The identity (Vn) can easily be ex-
tended to the whole space L2(T, Nn

−) . Since we have W ∗VnWα(E2
α(G+, N−)) =

W ∗ṼnWα(E2
α(G+, N−)), by the generalized Beurling theorem [15], there exists an

unitary operator U ∈ L(N−) such that WNF π−χ−1
− = W ∗VnWα = W ∗ṼnWαU .

Further, since π†
− = χ−1

− W ∗
αV ∗

n WWNF and π+ = W ∗
NF , we get

Θ+ = π†
−π+ = χ−1

− W ∗
αV ∗

n W = χ−1
− U∗W ∗

αṼ ∗
n W = χ−1

− U∗χ−Θ̃+ ,

where Θ̃+ = χ−1
− W ∗

αṼ ∗
n W . By Proposition 2.5, the unitary operator U is uniquely

determined by the condition Υ = Ftc(χ−1
− U∗χ−Θ̃+). Since for the adjoint operator

we have Θ− = (χ∗
+χ+)−1Θ+∗(χ∗

−χ−), the identity (CtoT) can be rewritten in the
form

+(z) − Θ̃+(z)−1χ−1
− Uχ− = Υ(z) , z ∈ G+

−[(χ∗
+χ+)−1Θ̃+∗(χ∗

−Uχ−)]−(z) = Υ(z) , z ∈ G−
. (U)

Hence we have obtained linear equations (U) with respect to unknown operator U .
These equations have a unique unitary solution.

Thus to recover characteristic function Θ from a given transfer function Υ
we need to fulfill the following steps:

• find the inner ϑ function with precisely n zeroes;
• find the outer functions χ± from the factorizations χ∗

±χ± = Ξ±;
• construct the wave operator Wα;
• construct the space HNF+ and the wave operator W ;

• find any unitary solution Ṽn of the linear equation (Vn);
• find any unitary solution U of the linear equations (U).

As result we obtain Θ+ = χ−1
− U∗W ∗

αṼ ∗
n W .

Remark 2.3. If closΔ+(ζ)N− = N− a.e. on C (that is, the absolutely continuous
spectrum of the operator T is rich enough), we do not need the above procedure
of recovery and the characteristic function Θ+ can be easily restored from the
relation

Θ−
+(ζ) − Θ+(ζ)−1 = Υ+(ζ) − Υ−(ζ) , ζ ∈ C

using the last formula from Lemma 2.1.

2.3. Constructing functional model for a given system

We pass to the problem to construct the functional model for a given simple
conservative curved system Σ = (T, M, N, Θu, Ξ). So, we can consider its transfer
function Υ. If Υ(z) ∈ N (G+ ∪G−,L(N−, N+)), then, by the above procedure, we
are able to restore the corresponding characteristic function Θ .

Remark 2.4. Note that for Υ(z) ∈ N (G+ ∪ G−,L(N−, N+)) it suffices to assume
T −U ∈ S1, U∗U = UU∗, σ(U) ⊂ C, σc(T ) ⊂ C , M, N ∈ S2 , and C1+ε smooth
of the curve C (see [12, 25]).
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Knowing the characteristic function Θ, one can easily to build the corre-
sponding functional model. We can merely take H = HNF , π+ = (I, 0)T ∈
L(L2(C, Ξ+),HNF ) and π− = (Θ−, Δ+)T ∈ L(L2(C, Ξ−),HNF ).

Let X ∈ L(H,KΘ) be an invertible operator, which realizes similarity of the
system Σ to the model system Σ̂. Then it can be calculated that

(Xf)π = −[M(T − ζ)−1f ]− ,

(Xf)τ = (Δ+)−1Θ+([M(T − ζ)−1f ]+ − [M(T − ζ)−1f ]−) ,
(Sim)

where f ∈ H and [M(T − ζ)−1f ]± are the boundary values of M(T − z)−1f from
the domains G±, respectively.

2.4. Test (T, M, N) to be a system

In conclusion we consider the following problem. Let Υ(z) = M(T − z)−1N and
Υ = Ftc(Θ) for some characteristic function Θ. Note that the transfer function
Υ(z) can admit other realizations in the form Υ(z) = M(T −z)−1N and the triplet
(T, M, N) have not to be a curved conservative system. That is, we want to know
how to determine whether Σ = (T, M, N, Θu, Ξ; H, N, M) is similar to the system
Σ̂ = (Fsm ◦ Fmc)(Θ). The following assertions answer this question.

Proposition 2.6. Suppose a triplet (T, M, N) is simple and there exists Θ ∈ Cfn
such that Θ+(z)−1 possesses boundary values a.e. on C and Fct(Θ)(z) = Υ(z) =
M(T −z)−1N . Suppose that ∀f ∈ H there exist [M(T − ζ)−1f ]± a.e. on the curve
C and an operator X : H → KΘ is defined by (Sim). Then

Σ = (T, M, N, Θu, Ξ) ∈ Sys

if and only if
||X || < ∞ and ||X−1|| < ∞ .

Proof. By straightforward computations it can be shown that Xrnz = r̂nz . It
remains to recall that ∨z∈ρ(T )rnz = H and ∨z∈ρ(T̂ )r̂nz = KΘ. �

More symmetric variant of this assertion can be formulated if we take into
account the dual model.

Proposition 2.7. Under the hypotheses of Proposition 2.6, let an operator X∗ :
H → K∗Θ be defined by formulas those are dual to (Sim). Then

Σ = (T, M, N, Θu, Ξ) ∈ Sys

if and only if
||X || < ∞ and ||X∗|| < ∞ .

Proof. Additionally to the identity Xrnz = r̂nz we need to make use of the identi-
ties X∗r∗nz = r̂∗nz and (Xrnz , X∗r∗mw)H = (rnz , r∗mw)H , which can be again ob-
tained by straightforward computations. Considering X and X∗ as operators acting
into H, we get X∗∗X = I and therefore KerX = {0} and closRanX = RanX . �
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