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Preface

This is the first of two volumes containing peer-reviewed research and survey
papers based on invited talks at the International Conference on Modern Analysis
and Applications. The conference, which was dedicated to the 100th anniversary
of the birth of Mark Krein, one of the greatest mathematicians of the 20th century,
was held in Odessa, Ukraine, on April 9-14, 2007. The conference focused on the
main ideas, methods, results, and achievements of M.G. Krein.

This first volume is devoted to the operator theory and related topics. It opens
with the biography papers about M.G. Krein and a number of survey papers about
his work. The main part of the book consists of original research papers presenting
the state of the art in operator theory and its application.

The second volume of these proceedings, entitled Differential Operators and
Mechanics, concerns other aspects of the conference. The two volumes will be of
interest to a wide-range of readership in pure and applied mathematics, physics
and engineering sciences.

The editors are sincerely grateful to the persons who contributed to the
preparation of these proceedings: Sergei Marchenko, Myroslav Sushko,
Kostyantyn Yusenko and Viadimir Zavalnyuk.



Mark Grigorievich Krein, 1907-1989



Operator Theory:
Advances and Applications, Vol. 190, xi—xx
© 2009 Birkh&user Verlag Basel/Switzerland

Mark Grigorievich Krein
(on his 100th birthday anniversary)

V.M. Adamyan, D.Z. Arov, Yu.M. Berezansky, V.I. Gorbachuk,
M.L. Gorbachuk, V.A. Mikhailets and A.M. Samoilenko

April 3, 2007, is the 100th anniversary of the birth of Mark Grigorievich Krein,
one of the most celebrated mathematicians of the 20th century, whose whole life
was closely connected with Ukraine. He was born in Kyiv to a family of modest
income and with seven children. His father had a timber selling business which,
after the 1917 Revolution, he had to leave.

Mark Grigorievich first exhibited his extraordinary mathematical talents dur-
ing his teens. Beginning at the age of 14, he started to systematically attend
lectures of D.O. Grave, scientific seminars of Grave and B.M. Delone in Kyiv Uni-
versity, and lectures of Delone at Kyiv Polytechnic Institute. At the age of 17,
influenced by the autobiographical work of M. Gorky “My Universities”, he de-
cided that it was time to start his own “universities”. Together with a friend, he
went to Odessa to join one of its many circus troupes, for he had a dream of
becoming an acrobat.

However, fate had its way and produced for the world, in the person of
M.G. Krein, not an acrobat but a prominent mathematician whose influence on
the development of mathematics can not be overestimated. The acrobat’s job for
which he applied had already been filled. While waiting for a new opening, he
met N.G. Chebotarev, a famous algebraist and a wonderful person, to whom he
had a recommendation letter from D.O. Grave. At that time, Chebotarev was
conducting research at Odessa University. Sensing through their conversations that
this young person had mathematical gifts, he convinced Krein to abandon his
dreams of performing in a circus and proposed that he pursue a PHD in a school of
mathematics. Together with a colleague, S.I. Shatunovski, he succeeded in getting
the young man admitted to a Doctorate Program, even though Krein was then
only 19 and did not have even a high school diploma, to say nothing about a
university degree. In this way, he became a PhD student at Odessa University with
Chebotarev’s guidance. Since then, M.G. Krein always had a photograph of N.G.
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Chebotarev over his desk. In his “Mathematical Autobiography”, Chebotarev,
talking about the 17 year old Krein, recalled that he ”"without having graduated
from a high school, had brought to him a personal work with a very distinguished
content”. Chebotarev was very proud of his first student and regarded him as “one
of the best mathematicians in Ukraine”.

A well-known specialist in mechanics, G.K. Suslov, also became interested
in working with Krein. Together with F.R. Gantmacher, Krein attended Suslov’s
seminar at the Odessa Polytechnic Institute. Krein’s later interests were formed
under the direct influence of Chebotarev and Suslov. Chebotarev instilled in him
a love for algebraic techniques and for algebra in general, an interest in various
problems in the theory of functions, in particular, the problem of distribution of
zeros for some classes of functions, interpolation and extension theory. At the same
time Krein’s interest in Mechanics came from working with G.K. Suslov and this
interest can be traced in many of his mathematical works.

In 1928, Chebotarev moved to Kazan’ and became a Professor of Kazan’
University. A year after that, Krein finished his Doctoral studies and started to
teach at the Donetsk Mining Institute, where he had been working for two years.
At the time, he was already married; in 1927 he had happily married Raisa L’vovna
Romen, a faithful friend who was his assistant for sixty years. She specialized in
ship architecture, having graduated from the Odessa Marine Institute. Their only
child, a daughter Irma, obtained a PhD degree in Philosophy, became a specialist
in Cybernetics, and founded a new branch of the discipline called “Humanitarian
Cybernetics”. Their only grandson Alexey, who graduated from the Department
of Mathematics in Odessa University and worked in the theory of systems, died at
a very early age from a blood illness, which greatly influenced the health of both
Krein and his wife, with whom he lived all his short life. The only great grandson
they had, also a mathematician, now lives outside of Ukraine.

In 1931, Krein returned to Odessa for an appointment as Professor at Odessa
University. He worked together with B.Ya. Levin, with whom he had friendly
relations starting with their first meeting and until his last days. In 1934, at the
age of 31, Krein obtained a Doctoral degree in Physics and Mathematics from
Moscow University without submitting a thesis, and shortly after that, in 1939, he
was elected a corresponding member of the Academy of Sciences of the Ukrainian
Soviet Socialist Republic.

The early flourishing of Krein’s talent as a scientist was accompanied by an
equally early recognition of his pedagogical talents. At the age of 25, he started at
Odessa University, a scientific seminar that soon became one of the leading centers
for research in functional analysis, a young branch of mathematics at the time that
became the main area of his research. During this period, M.G. Krein’s mathemat-
ical interests included oscillation matrices and kernels, geometry of Banach spaces,
the Nevanlinna—Pick interpolation problem, extension of positive definite functions
and their applications. His first students were A.V. Artemenko, M.S. Livshic, D.P.
Mil’'man, M.A. Naimark, M.A. Rutman, S.A. Orlov, V.L. Shmul’yan. Works of
these mathematicians became an indispensable part of modern mathematics.
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At the same time, Krein also worked in the Research Institute at Khar’kov
University (1934-1940), and during the periods 1940-1941 and 1944-952, he was
the Head of the Department of Algebra and Functional Analysis at the Institute
of Mathematics of the Academy of Sciences of the Ukrainian SSR (one of the
researchers working here during the period of 1940-1941 was the great S. Banach
with whom Krein had maintained scientific contacts since his trip to L’vov in
1940). Many of the results he obtained at that time, as well as those obtained with
his students, friends and colleagues, including N.I. Akhiezer and F.R. Gantmacher,
have now become classic and can be found in major monographs and textbooks
on functional analysis.

During World War II, Krein headed the Chair of Theoretical Mechanics at
Kuibyshev Industrial Institute (Russia). He had preferred working there as op-
posed to the Chair of Mathematics, since for a technical school, it deals with more
scientific directions and gives wider possibilities.

In 1944, he returned to Odessa and never left it again. He loved this city,
knew the history of its streets, and was fond of the local “Odessa language” and
Odessa jokes; he often visited the Odessa Operetta. However, very soon Krein was
dismissed from Odessa University along with his closest friend B.Ya. Levin. These
dismissals were a consequence of the anti-Semitic politics of the Stalin regime and
the corruption of the University administration. A principal scientific attitude of
these scientists, their opposition to pushing through illiterate doctoral theses, was
regarded as an indication of Zionism. The official dismissal was given to him on the
day of his fortieth year anniversary as a “present” from his director who favored
“more reliable” staff, taking into account the political situation in the country
and the “new personnel policy” in the 1940s, which was conducted under the the-
sis of fighting Zionism and Cosmopolitanism. This meant an end of the center
of functional analysis in Odessa University, and an end of the official scientific
career of M.G. Krein.

In 1944-1954, Krein worked in the Department of Theoretical Mechanics
in the Odessa Marine Institute. Regardless of the difficulties pertaining to these
times, he initiated a number of important new directions in mathematics and
mechanics and became a world famous scientist. Together with the theoretical
value of his results, their applied importance had also increased, especially those
related to parametric resonance. V. Veksler, a renowned physicist, has remarked
that “without works of M.G. Krein, we would not have a synchrophasotron”. In a
popular book of N. Wiener, the father of cybernetics, “I Am a Mathematician”, the
name of M.G. Krein is associated with the name of A.M. Kolmogorov, which was
a way to acknowledge the value of their researches, published in the Proceedings
of the Academy of Sciences of the USSR, in prediction and control theories during
and shortly after the war. New official and unofficial students of M.G. Krein are
the renowned mathematicians and physicists I.Ts. Gohberg, 1.S. Tokhvidov, I.S.
Kats, A.A. Kostyukov, G.Ya. Lyubarskii, A.A. Nudel’'man, G.Ya. Popov, V.G.
Sizov, and Yu.L. Shmul’yan.
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In 1952, Krein again suffered dismissal, this time from the Institute of Mathe-
matics of the Academy of Sciences of the Ukrainian SSR, where he had also founded
a school of functional analysis, representatives of which are Yu.M. Berezansky,
Yu.L. Daletsky, G.I. Kats, M.A. Krasnosel’skii, B.I. Korenblyum, and S.G. Krein.
The official explanation was that he lived in Odessa but not in Kiev. However, as
I.Ts. Gohberg recalls in his memoirs, “it is easy to twig: at this time there was a
known tragedy with Jewish doctors”.

Starting in 1954 and until his retirement, Mark Grigorievich held the Chair
of Theoretical Mechanics at the Odessa Institute of Civil Engineering. At the
end of his life, he worked as a consultant in the Institute of Physical Chemistry
of the Academy of Sciences of the Ukrainian SSR. A younger generation of his
students includes V.M. Adamyan, D.Z. Arov, H. Langer, F.E. Melik-Adamyan,
ILE. Ovcharenko, Sh.N. Saakyan, I.M. Spitkovskii, V.A. Yavryan, and others.

M.G. Krein wrote or co-authored more than 300 papers and monographs all
of which with no exception were published abroad in translation, some of them
several times. These works are of an excellent analytic level and quality, broad
in topic, and have opened a number of new directions in mathematics, while sig-
nificantly enriching traditional directions. They initiated and continue to inspire
many mathematicians, engineers, and physicists throughout the world. The fol-
lowing is an incomplete list of branches of mathematics where M.G. Krein’s re-
search became fundamental and, to an extent, have determined the direction for
a later development: oscillation kernels and matrices, the moment problem, or-
thogonal polynomials and approximation theory, cones and convex sets in Banach
spaces, operators on spaces with two norms, extension theory for Hermitian op-
erators, the theory of extension of positive definite functions and spiral arcs, the
theory of entire operators, integral operators, direct and inverse spectral problems
for inhomogeneous strings and Sturm-Liouville equations, the trace formula and
scattering theory, the method of directing functionals, stability theory for differen-
tial equations, Wiener—Hopf and Toeplitz integrals and singular integral operators,
the theory of operators on spaces with an indefinite metric, indefinite extension
problems, non-selfadjoint operators, characteristic operator-valued functions and
triangular models, perturbation theory and the Fredholm theory, interpolation the-
ory and factorization theory, prediction theory for stationary stochastic processes,
problems in elasticity theory, the theory of vessel waves and wave resistance. A
characteristic feature of his works is a deep inner unity, an interlacing of abstract
and geometric ideas with concrete analytic results and their applications. Since
the range of mathematical interests of Mark Grigorievich Krein is very broad, let
us consider only the main, in our opinion, directions of his research.

An important role in the development of functional analysis and its appli-
cation was played by Krein’s papers on geometry of Banach spaces and linear
topological spaces, and operators that act on them. We note first of all an intro-
duction to and study of Banach spaces with a fixed cone of vectors and dual to
them, spaces with two norms, convex sets and weak topologies in Banach spaces.
Two theorems that became very famous are the Krein—-Mil’'man theorem on ex-
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treme points of convex sets, and the Krein-Kakutani theorem on an isomorphism
of an abstract Banach space with identity and endowed with a vector structure to
the space of continuous functions on a compact Hausdorff space.

A unification of algebraic and geometrical methods is clearly seen in Krein’s
studies in the theory of topological groups and homogeneous spaces. Harmonic
analysis on a locally compact commutative group and finding a duality-like princi-
ple for compact noncommutative groups (for commutative groups, the dual object
becomes the group of characters), in particular, the fact that the structure of a
homogeneous compact space is completely determined by the algebra of harmonic
functions on it, had a significant impact on the subsequent development of abstract
harmonic analysis.

Krein completely described positive selfadjoint extensions of positive symmet-
ric operators and developed their classification. An essential role here is played by
two extreme extensions, the strict (Friedrichs extension) and the mild extensions,
later called the Krein—von Neumann extension. These results were applied to a
study of boundary-value problems for ordinary differential equations. Using and
expanding the theory of analytic functions, he studied Hermitian operators with
equal deficiency indices and found a new interesting class of operators, which he
called entire, in the theory of which he found analogues of main constructions in
the classical moment problem in the undetermined case. This theory permitted
connection of the following problems, distinct at a first glance: the moment prob-
lem, the problem of continuation of positive definite functions and spiral arcs, a
description of spectral functions of a string, and others, and, in some sense, this
permitted solution of these problems completely. The theory also led to the dis-
covery and solution of new original problems in the theory of analytic functions,
and once more confirmed the foresight of M.G. Krein who said that “significant
successes in functional analysis can be achieved by involving the broader modern
machinery of the theory of analytic functions; in its turn functional analysis, as
‘a customer’, will stimulate the latter”.

Krein developed a general method of directing functionals with which he
obtained an eigenfunction decomposition of ordinary selfadjoint differential opera-
tors. This has extended the research over many years of J. Sturm, J. Liouville, V. A.
Steklov, and H. Weyl on second-order equations to include differential equations
of an arbitrary order. The theory also provided a basis for developing a theory of
integral representations of positive definite kernels in terms of elementary ones. As
particular cases, it led to well-known theorems of S. Bochner, S.N. Bernstein, etc.
on integral representations of functions that are positive definite, exponentially
convex, and other classes of functions. Here again, Mark Grigorievich has shown
his extraordinary ability to see behind almost any concrete problem “an impressive
thing, some selfadjoint unbounded operator” such that its spectral decomposition
solves the problem.

For many years, Mark Grigorievich put much effort into working on problems
connected with stability of solutions of differential equations, although he never
regarded himself as a specialist in this field. He considered this as something like a
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hobby. The theory of stability zones, developed by A.M. Lyapunov for second-order
equations, was finally generalized by M.G. Krein, after a 50 year intermission due to
serious problems, to canonical systems with periodic coefficients using methods of
functional analysis. A foundation of stability theory that he created for differential
equations in a Banach space made it possible to achieve this goal in a simpler way
and, sometimes, in a more complete form even in the case of a system with one
degree of freedom.

Krein made a significant contribution to the theory of inverse problems for a
Sturm-Liouville equation, a more general equation of a string, and canonical sys-
tems of differential equations. In particular, he solved the problem of recovering a
Sturm-Liouville equation from two spectra, and a canonical system from its spec-
tral function or from a scattering matrix. This work used the analytic machinery
developed when studying entire operators and the theory of systems of Wiener—
Hopf equations. The state of the theory at the time was not satisfactory for Krein,
and he succeeded to go far ahead in constructing a general theory of such systems.
This theory has achieved perfection and completeness in the series of his publica-
tions honored by the Krylov Prize in 1979. The theory was constructed on the basis
of factorization of matrix-valued functions. Factorization problems for matrix- and
operator-valued functions were always interesting to Krein in themselves. Let us
also mention that, in the course of these studies, the theory of accelerants ap-
peared, a theory that can be considered in the case of canonical systems with two
unknown functions as a continuous analogue of orthogonal polynomials on the
circle. Developing further the methods that he proposed for solving the inverse
spectral problem for a string, Krein and his students solved the problem of recov-
ering a string, possibly singular, with friction at one end, from the sequence of
eigenfrequencies as well as function theory problems related to such a string, and
considered the existence problem for a special representation of a polynomial that
is positive on a system of closed intervals. This problem and also the extremal
problems for polynomials, which he solved, generalize the corresponding problem
of A.A. Markov who worked with only one interval.

Krein’s ideas and methods have also deeply penetrated the theory of non-
selfadjoint operators. They helped this theory, which was considered in his talk
at the congress in Moscow in 1966 as one of the links of a “certain connected
set of events taking place in the area of Hilbert spaces”, to look nowadays like
a real mountain chain that has its own architecture, its own analytic tools and,
one can even say, a special calculus, all of which have unexpected applications in
different areas of analysis. So, here again, M.G. Krein has achieved his “Cape of
Good Hope”, which we can also call his “Cape of Previsions”.

Krein was one of the creators of the theory of operators on spaces with indefi-
nite metric. His idea of a defining polynomial and the method of directing function-
als created a foundation for the theory of integral representations and continuation
of Hermitian-indefinite functions with a finite number of negative squares, the the-
ory of spectral decompositions of selfadjoint and unitary operators on Il,-type Pon-
tryagin spaces, which now has achieved a level of development similar to the one of
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the corresponding theory on a Hilbert space. The geometry of spaces named after
Krein and operators on these spaces have attracted increasingly more attention of
both theorists and practitioners. On the basis of the obtained results, generalized
classes of Schur functions, Carathéodory functions, and Nevanlinna functions were
investigated, which are generalized in the sense that the quadratic forms connected
with them have a finite number of negative squares. In these classes, the corre-
sponding generalizations of classic discrete and continuous problems were studied,
such as the trigonometric and power moment problems, the Schur problem, the
Nevanlinna—Pick problem, and others. For this case the theory of accelerants, con-
tinuous analogues of orthogonal polynomials, and spectral theory of canonical
systems, constructed earlier in the definite situation, were developed. A next step
is a continuous version of Nehari’s problem for rectangular contracting matrix-
valued functions on the real axis, and an application for solving matrix-continuous
analogs of the Schur problem and the Carathéodory—Toeplitz problem.

In the problems described above, and in other problems of harmonic analy-
sis, a description of solutions of the problem is given in terms of a fractional-linear
transformation over a class of contracting analytic matrix-valued functions such
that the coefficient matrix of the transformation has certain properties. This for-
mula became a starting point for finding solutions with an extremal value of the
so-called entropy functional that plays a special role in a number of applications.

Close ties between theoretical and applied aspects in the work of M.G. Krein
were reflected in multiple applications of his results in numerous branches of sci-
ence and technology. As we have already mentioned, his studies of the moment
problem were connected with optimal control problems with distributed param-
eters, the theory of extensions of positive definite functions was related to linear
predictions for stationary processes, the proposed method for determining critical
frequencies in the parametric resonance phenomenon is used in the synchropha-
sotron theory. Let us also recall, in this connection, his results in the theory of
vessel waves and wave resistance. His method of calculating the number of negative
eigenvalues of an extension of a positive Hermitian operator is used for studying
stability of structures. Contact problems in elasticity theory and the theory of
molecular interactions also use results of Mark Grigorievich. His studies of topo-
logical groups were recently applied in graph theory, and the Krein algebras are
used in modern combinatorial analysis. We also would like to recall a number of
works that developed Krein’s ideas, written together with his students, on infinite-
dimensional Hankel matrices and the generalized Schur problem (Nehari’s prob-
lem), which gave an impulse to a new direction in control theory, the H..-optimal
control. Nowadays it is a subject of many papers, monographs and conferences.

M.G. Krein was not only a prominent scientist but an excellent pedagogue.
He has taught many world famous scientists among whom there are 20 Doctors
of Sciences and 50 Doctoral Candidates. He generously shared his knowledge and
plans with them as well as with his other colleagues. For more than half a cen-
tury, Krein has been conducting a City Mathematical Seminar that he created,
which was held in the House of Scientists in Odessa for a long time, and then
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in the Institute of Civil Engineering, and still later in the Southern Science Cen-
ter. Older and younger scientists, Krein’s students and friends, participated in the
work of the Seminar. They included V.M. Adamyan, D.Z. Arov, M.P. Brodskii,
Yu.P. Ginzburg, I.Ts. Gohberg, G.M. Gubreyev, I. S. Iohvidov, 1.S. Kats, K.R.
Kovalenko, G. Langer, F.E. Melik—Adamyan, S.M. Mkhitaryan, A.A. Nudel’'man,
L.E. Ovcharenko, G.Ya. Popov, Sh.N. Saakyan, L.A. Sakhnovich,I.M. Spitkovskii,
Yu.P. Shmul’yan, V.A. Yavryan. Giving a talk at this seminar was considered
an honor for a mathematician in the former Soviet Union. Also Krein conducted
smaller seminars at the institutes where he worked. In the Odessa Marine Insti-
tute, he organized a seminar on hydrodynamics. Among the participants there
were Yu.L. Vorob’iev, A.A. Kostyukov and V.G. Sizov. In the Kuibyshev Indus-
trial Institute, there was a seminar, which he headed, with G.Ya. Lyubarskii,
0.V. Svirskii, and A.V. Shtraus participating in its work. Also, as was already
mentioned, while working in the Institute of Mathematics of the Academy of Sci-
ences of the Ukrainian SSR, he headed a seminar on functional analysis, where
also worked Yu.M. Berezansky, Yu.L. Daletsky, G.I. Kats, B.I. Korenblyum, M.A.
Krasnosel’skii, S.G. Krein. Almost every year, Mark Grigorievich gave a course
of lectures to students and young researchers, based on his new results. Many of
them remain unpublished. Only in 1997 were notes of his lectures on the theory of
entire operators, given at Odessa Pedagogical Institute, made available by V.M.
Adamyan and D.Z. Arov, prepared and enlarged by V.I. Gorbachuk and M.L. Gor-
bachuk, and published by Birkhauser with the support of I.Ts. Gohberg. A similar
thing happened with his course of lectures given at Moscow State University, where
he discussed his results on the theory of forecasting for many-dimensional stochas-
tic processes, where Yu.A. Rozanov was one of the participants. Later his notes
became a part of his review published in “Uspekhi Matematicheskikh Nauk”. The
courses of lectures that he gave at USSR mathematical schools, namely, “On some
new investigations in perturbation theory” (Kanev, 1963), “An introduction to ge-
ometry of indefinite J-spaces and a theory of operators on it” (Katsiveli, 1964)
left an unforgettable impression with its depth and the number of posed prob-
lems. At the International Mathematical Congress (Moscow, 1966), his one-hour
talk “Analytic problems and results of the theory of operators on a Hilbert space”
was followed with loud applause from a large overcrowded auditorium, to which
L.V. Kantorovich, the head of the session, responded that even the most famous
actors do not always get such an ovation.

Mark Grigorievich was a benevolent, fair person, although demanding of oth-
ers and himself. The level of his scientific ethics is shown by the following example.
When studying entire operators with the deficiency index (1, 1), it is important to
consider the resolvent matrix, the use of which gives a description of all spectral
functions of such operators. Krein had shown that this matrix is a monodromy
matrix of a certain canonical system, and made a hypothesis that there is a unique
Hamiltonian of this system, with a certain normalization, which he proved only
for positive operators. In the general case, this was proved by Louis de Branges
with a use of functional but not operator methods. During one of his talks at a
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meeting of the Moscow Mathematical Society, Mark Grigorievich gave the follow-
ing account of the work of Louis de Branges: “I consider it brilliant. In a short
time he (Louis de Branges) has succeeded in finishing the distance that took me so
many years. Louis de Branges has repeated many of my propositions but the final
result belongs to him. I was heading to it but never reached it”. From the ethi-
cal point of view, these words can be compared with those of Euler about solving
the isoperimetrical problem by Lagrange. In a letter to LaGrange, he wrote “Your
analytic solution of the isoperimetrical problem contains everything that one can
wish. I am quite happy that the theory I work on almost by myself is brought by
you to the highest level of perfection”.

Krein’s scientific achievements were widely acknowledged by the interna-
tional mathematical community. He was one of four Soviet mathematicians who
was elected a foreign member of the American Academy of Arts and Sciences,
a member of the US National Academy of Sciences, a member of many mathe-
matical societies and editorial boards of leading mathematical journals. In 1982,
Mark Grigorievich was awarded with the International Wolf Prize in Mathemat-
ics, which is an analogue of the Nobel Prize in mathematics. The foreword to the
prize contains the words: “His work is the culmination of the noble line of research
begun by Tchebycheff, Stieltjes, S. Bernstein, and Markov, and continued by F.
Riesz, Banach, and Szegd. Krein brought the full force of mathematical analysis to
bear on problems of function theory, operator theory, probability and mathemati-
cal physics. His contributions led to important developments in the applications of
mathematics to different fields ranging from theoretical mechanics to electrical en-
gineering. His style in mathematics and his personal leadership and integrity have
set standards of excellence”. One of the best books of well-known American math-
ematicians P. Lax and R. Phillips “Scattering theory for automorphic functions”
(Princeton University Press and University of Tokyo Press, 1976) was dedicated to
Mark Grigorievich Krein, “one of the giants in mathematics of the 20th century,
as an homage to his extraordinarily broad and deep contribution to mathematics”.

Regardless of all this, his scientific career in his own country, we have already
said, was finished already in 1939. Accused of Jewish nationalism and cosmopoli-
tanism, in that he cited foreign authors very often and conversely, of being cited
by foreign mathematicians (Krein is one of the most cited authors in the world),
he never became a member of the Academy of Sciences of the Soviet Union nor
of the Academy of Sciences of the Ukrainian SSR. It may seem that the stan-
dards required by them were “too high” for Krein. Many of his students could
not obtain, from the Highest Attestation Committee, a confirmation of their PhD
degree. Multiple proposals by the Moscow Mathematical Society and other influ-
ential mathematical institutions and individual mathematicians such as P.S. Alek-
sandrov, A.N. Kolmogorov, and I. G. Petrovsky for awarding Mark Grigorievich
the State Prize or any other prestigious prize always ended, despite all their ar-
guments, by excluding the name of M.G. Krein from the list of candidates for
the prize. No state or governmental institution supported him, so the presidents
of neither the Academy of Sciences of the Soviet Union nor the Academy of Sci-
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ences of the Ukrainian SSR did anything for him, although they were well aware
of the level of his research. The President of the Academy of Sciences of the So-
viet Union, M.V. Keldysh, would ask the President of the Academy of Sciences of
the Ukrainian SSR, B.E. Paton, why the most famous mathematician of Ukraine
is still not a member of the Academy, although Paton could address the same
question to Keldysh.

He was never permitted to leave the Soviet Union. During all his life he never
crossed the border of the country. He was not even allowed to personally receive
the Wolf Prize. One time he obtained a permission to take part in a conference in
Hungary (near the Balaton lake), however he did not use the visa because there
was a cholera epidemic in Odessa at this time and he could not leave the city for
public health reasons. When I.Ts. Gohberg, who participated in the conference,
informed B.Sz.-Nagy, the head of the Organizing Committee, about the reason for
Krein not coming to the conference, knowing the attitude of the officials to the
subject he said with a smile, “So now it is called cholera, is it?”. That was the only
time when the reason of M.G. Krein’s absence was true. Also, no foreign scientist
who wished to meet him could travel to Odessa. This happened, for example, to
J. Helton and R. Phillips. All this was attributed to the technicality that there is
no branch of the Academy of Science in Odessa.

During the Perestroika times, the situation changed for the better. Mark
Grigorievich, together with N.N. Bogolyubov, was awarded the State Prize in
the area of Science and Technology in 1987. During the years of independence, the
Institute of Mathematics of the National Academy of Sciences of Ukraine published
a three volume collection of his works that had appeared in not easily accessible
journals. In 2006 the Presidium of the National Academy of Sciences of Ukraine
decided to found the M.G. Krein Prize to be given for distinguished achievements
in functional analysis. It is a pity that Mark Grigorievich did not see the day
when a country called the USSR had disappeared from geographical maps and
Ukraine became independent. He died on October 17, 1989, and did not see the
Pomarancheva (Orange) Revolution. It is certain that, in his thoughts, he would
be in the Square (Maidan), together with his daughter Irma, with his “scientific
children and grand children”.

However, regardless of all the problems he experienced in his time, Mark
Grigorievich was a happy person, since happiness is granted only to those who
know a lot, and the more the person knows the stronger and distinctly he sees the
poetry in the world where one with a poor knowledge may never find it. Looking
into a puddle in the dusk some people see the water, others see the stars. Mark
Grigorievich saw the stars. We are happy to be his contemporaries.
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Mark Grigorievich Krein
(on his 100th birthday anniversary)

I. Gohberg

It is a great pleasure and a special honor to participate in this conference dedicated
to the 100th birthday of a great mathematician of our time, Mark Grigorievich
Krein. The conference was organized in the wonderful Southern town of Odessa,
the town that he regarded with love and affection. The main organizer of this con-
ference is Odessa University, the university where M.G. was a doctoral student,
where he completed his studies under the instructorship of the famous N.G. Chebo-
taryov. In the thirties Krein created one of the strongest centers of functional anal-
ysis throughout the world at Odessa University. Many of his results of this period,
as well as joint results with his friends, colleagues and outstanding students are
now characterized as classical and appear in all textbooks on functional analysis.

During the years after World War Two the situation in Odessa and at the
university changed to the worse. M.G. had to contend with hostile elements, which
fought against him using the officially supported anti-Semitism which was very rife
in Odessa. He was accused of Jewish nationalism. This accusation was certainly
included in his classified file and was held against him all his life. M.G. was not
allowed to have Jewish students and was deprived of a University base. He was
dismissed from Odessa University and this university was not any more an interna-
tional center of mathematics. Nevertheless the famous Krein center of functional
analysis and its applications continued to live and work battling hostilities on his
way. The group around M.G. (of which I was also a member) existed almost on a
private basis, holding many of his meetings in his house or in the Odessa Scientists
Club. M.G. and his group continued to have a great impact on the development
of mathematics and its applications throughout the World. Even though he was
never allowed to travel abroad his brilliant work knew no borders. M.G. Krein
is the author and coauthor of hundreds papers and monographs of unsurpassed
breadth and quality. His work opened up new areas of mathematics and greatly
enriched the more traditional ones. He educated dozens of brilliant students at
home and inspired the work of many mathematicians, engineers and physicists
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all over the world. This conference may serve as a witness of the popularity and
influence of M.G. Krein’s work. It also witnesses that the situation and political
atmosphere changed considerably. The National Academy of Sciences of Ukraine
recently announced the inauguration of a new prize: Krein’s prize, and the Odessa
university opened a memorial plaque. It is a great pity that Mark Grigorievich
cannot see all of this and benefit of it.

The work of M.G. continues to be highly appreciated. Here is the citation for
M.G. prestigious Wolf prize awarded to him in Jerusalem in 1982: “His work is the
culmination of the noble line of research begun by Chebyshev, Stieltjes, Bernstein
and Markov and continued by Riesz, Banach and Szeg6. Krein brought the full
force of mathematical analysis to bear on problems of function theory, operator
theory, probability and mathematical physics. His contributions led to important
developments in the applications of mathematics to different fields ranging from
theoretical mechanics to electrical engineering. His style in mathematics and his
personal leadership and integrity had set standards of excellence.” Krein was a
very fine pedagogue and lecturer. He was known for his scientific generosity and
enthusiasm, as well as kindness and attention to young mathematicians. The au-
thor of these lines was very privileged to have during many years such a teacher,
coauthor and friend. He will always remember M.G. Krein with gratitude, affection
and admiration.

I would like to end this note by remembering the time when two of us were
ending the work on the monographs on nonselfadjoint operators. This work took
a very long time and our friends made fun of us. Some jokes were circulating in

Odessa and L.S. Iohvidov wrote a little poem in Russian (translated into English
by C. Davis)

Around the festive table, all our friends
Have come to mark our new book’s publication
The fresh and shiny volume in their hands,
They offer Izya and me congratulations.
The long awaited hour is here at last.

The sourest skeptic sees he was mistaken.
And, smiling comes to cheer us like the rest,
And I am so delighted. . ., I awaken.

From M.G. Krein’s dream, New Year’s FEve, 1963

The interest to Krein’s work and achievements is growing. This conference
will certainly show how high is appreciated and successfully continued and de-
veloped Krein’s mathematical inheritance today. The high number of partici-
pants from all the world gives already a clear indication for this. Professor Vadim
Adamyan a former outstanding student of Mark Grigorievich successfully contin-
ues the work and activities of M.G. in Odessa university. Allow me to thank him
for the excellent organization of this conference.
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Modified Krein Formula and
Analytic Perturbation Procedure
for Scattering on Arbitrary Junction

V. Adamyan, B. Pavlov and A. Yafyasov

To the memory of Mark Grigorjevich Krein

Abstract. The single-electron transport through a junction of quantum net-
work is modeled as a specific scattering problem for the Schrodinger operator
on the system of semi-infinite cylindrical domains (quantum wires) short-
circuited by a compact domain (quantum well or dot). For calculation of the
one-body scattering parameters of any junction having form of a compact
domain with piece-wise smooth boundary and attached thin wires a semi-
analytic perturbation procedure based on a specially selected intrinsic large
parameter is suggested. The approximate scattering matrix of a thin junction
obtained in this way is the scattering matrix of the corresponding solvable
model.

Mathematics Subject Classification (2000). Primary 35P25, 35Q40, 47A40; Sec-
ondary 47A10, 47A55.

Keywords. Schrodinger operator, scattering matrix, quantum network, junc-
tion, Dirichle-to-Neumann.

1. Introduction

In this paper we denote by €2, the vertex domains (the quantum wells) and by w™
the quantum wires of equal width ¢ connecting the wells to each other or extending
to infinity. It is convenient to assume, that the domains and the leads are separated
from each other by imaginable orthogonal bottom sections 7,,, U vm = T, see
Fig. 1 below. The dynamic of single electron on the network € : {UsQs}U{Uy,w™}
is determined by the one-particle Schrodinger equation which is transformed, after

This work was partially supported by the US Civilian Research and Development Foundation
(CRDF) and the Government of Ukraine under Grant UM2-2811-ODO06.
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separation of time and scaling of energy E — X = 2moER~2, to the spectral
problem for the Schrédinger operator £ on the network:

L) = —21Mv2¢+v¢=w, (1.1)

where my is the bare electron mass, and g = m*/my is the ratio of the effective
mass and the bare mass. The potential V is a real constant Vs on the wires and
it is a piecewise continuous function Vs on the quantum wells ;. We consider
hereafter a star shaped network — a junction — with a single well Qi (the inner
part of the network), and few quantum wires w™ attached to it. Hereafter we
denote by w := U, w" = Q\Qiy the “exterior part” of the network.

Theoretical analysis of the electron transport through the junction is usually
reduced to one-electron scattering problem, see [1-3], for the pair of Hamiltonians:
the one electron Schrédinger operator £ on the whole junction €2 and the splitting
of it L — Lin @ I := Lo which is an orthogonal sum of Liy = L|z,(q,,,) and
I“ = L|,(w), obtained via imposing of additional zero boundary condition — a
mathematical version of the “solid wall” — on I'. The part

= —2u" ' A4V

of the split operator on the exterior part of the junction plays a role of a stan-
dard unperturbed Hamiltonian in the above scattering problem. This scattering
problem is a sophisticated perturbation problem for the operator £y which has
embedded eigenvalues. Under the perturbation — removing the solid wall on I —
the standing waves in the vertex domain i, are bred with the running waves
in the wires, resulting in resonances which define the resonance character of the
transmission across the junction. Analytical calculation of the scattering matrix
of the two-dimensional junction is a difficult mathematical problem concerning
perturbation of embedded eigenvalues. For practical needs of mathematical design
of quantum networks with prescribed transport properties physicists substitute
the networks by quantum graphs, with an appropriate boundary condition at the
vertices, see [3, 4, 5]. Validity of such a solvable model was confirmed by smooth
approximation of the graph by thin manifold shrinking to the graph, see for in-
stance [6, 7]. This analysis showed that, in particular, for uniform shrinking, the
eigenvalues, at the lower spectral threshold, A\ = 0 of the two-dimensional Laplace
equation on the manifold — the “fattened graph”, with Neumann boundary condi-
tions, — converge to the eigenvalues of the one-dimensional Schrodinger equation
on the graph, with the boundary condition at the vertex a : ), d;f’; (a) =0, called
conditionally “Kirchhoff”. This mathematical result is proved in [7], and remains
valid for various spectral problems on fattened graphs, in particular, for the spec-
tral problem of diffusion, where the spectral properties of the relevant second-order
partial differential operator near the threshold A = 0 are important.'

INote that in [8] a violation of some version of Kirchhoff boundary condition is noticed for
electrons on a quantum network.
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Contrary to diffusion, scattering of electrons in quantum networks for low
temperatures is observed on the small interval of essential spectra centered at the
Fermi level [9], which can be situated well above the lower threshold. In [10, 11]
the resonance mechanism of conductance across the junction is considered. For
thin junction the role of main detail of the transmitting mechanism is played
by the resonance eigenfunction ¢g, which corresponds to the eigenvalue Ag of the
Schrédinger operator on the vertex domain, which is the closest to the scaled Fermi-
level A*. The magnitude of the transmission coefficient is defined by the shape of
the resonance eigenfunction of the Schrédinger operator on the vertex domain of
the junction. The resonance mechanism permits to interpret the phenomenological
parameter in the boundary condition suggested by Datta ([2]) for T-junction.

In this paper we suggest a modified analytic perturbation procedure for cal-
culation of the scattering matrix of arbitrary junction, on a given interval of the
essential spectrum centered at the Fermi level and containing no spectral thresh-
olds. For thin junction the role of the first step — “jump-start” — in this analytic
perturbation procedure is played by the solvable model of the junction which is
completely based on spectral data of the Schrédinger operator on the vertex do-
main of the junction.

2. Scattering in quantum networks

Consider a junction €2 constructed of the vertex domain — a quantum well ;¢ —
and the straight leads — quantum wires w™, of equal width § connecting the well to
the infinity, U,,w™ := w. It is convenient to assume, that the domain € and the
wires w"" are separated from each other by imaginable orthogonal bottom sections
™ U Y™ =T, see (2).

The dynamic of a single electron on the network is governed by the Schrodin-
ger equation which becomes equivalent, after separation of time and scaling of
energy F — \ = 2mgERh™2, to the spectral problem for the Schrédinger operator
L on Q, see below (1.1).

We assume that the temperature is low and the Fermi level A¥ = 2moEph~—2
lies deep enough below the potential on the complement R3\(2, to assume that v
vanishes on the boundary 02 of the network. The above one-electron Hamiltonian
L is selfadjoint in the Hilbert space La(int Uw) of all square-integrable functions.
The transport properties of the junction are determined by the structure of the
scattered waves — the eigenfunctions of continuous spectrum of £. We consider also
the Schrodinger equation Lingt) = b, on the quantum well €, with Li, defined
by the the potential and additional zero boundary condition on I". The one-body
transport problem for the quantum network is solved on the spectral interval A
if all scattered waves are constructed for the values of energy A € A. For given
temperature T an essential spectral interval Ap := A is centered on the scaled
Fermi level, see [9], EX' — A = 2moEFh~2, as

A=[A"—-0,A"+0], ©x2mexTh > (2.1)
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FIGURE 1. A junction.

Hereafter we assume that neither of spectral thresholds 72126 ~2 + Vj is situated on
the A. For given scaled Fermi level the spectral branches o; := [w2l25’2 + Vs, oo)
can be classified into two categories: open branches [1212§72,00), corresponding
to the lower group of thresholds

2672 4+ Vs < AP,
and closed branches, corresponding to the upper group of thresholds

2672 4+ Vs > AP
These branches are characterized by the behavior of the corresponding exponential

modes on the leads for A\ € A.
1. Oscillating modes:

Y4 (z) == exp (:ti\//\ — Vs —m21%26—2 a:”) er(zt),

in open branches of the wires, A\ — V5 — 7212672 > 0, with cross-section eigen-
functions e;(v+) = /2/6 sinmlat /6 1 =1,2,...,0 < zll < 00,0 < 2t < § for
= (zt,2l) € w™, and

2. Similar exponentially decreasing modes

e'(z) == exp (—\/7r2l25—2 +Vs—2A x“) er(xh),

in closed branches of the wires 7212672 + V5 — X > 0.
The above modes satisfy formally the differential equation:

Lxl =My, £€(x) = Al (z),
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and vanish on both shores of the leads. The scattered waves are obtained via
matching on I' := {z : 2!l = 0} of the solution of the Schrédinger equation Liyt) =

M) in Qine, ¥ = 0, to the scattering Ansatz ¥(x, \) = {¢]"(z,\)} in the
Qing\T
wires w™. The scattering Ansatz on the exterior part w := U,,w™ of the network

is combined of the above exponential modes as

() = ) g BT 4 S T S
! Zﬂzrz/52<)\ Sl,r) X ($) + Zﬂ.2r2/52>)\ Sl,;ﬂ §T(£C)7 T EWY, n#*m.
(2.2)
The subspaces
e = E+ C LQ(F)7
7202624 Vs—AF <0

\/ e1:=E_ C Ly(T)
72026-24 V5 —AF >0
are called the subspaces of open and closed channels, respectively, B, & E_ =
Lo (T'). The subspaces Hy 1= Ex X L2(0,00) € La(w) are called the channel spaces
of the open and closed channels. They may be interpreted as invariant subspaces
of the unperturbed Schrédinger operator {“ in Lo(w), defined by the restriction of
the differential expression £ onto La(w°“) with zero boundary condition (“solid
wall”) on I" and zero boundary conditions on both shores of the leads.

Matching on I' the scattering Ansatz 1 to the solution of the Schrédinger
equation inside the quantum well gives an infinite linear system for the coefficients
S, sy, see [12]. Formally this system can be solved, if the Green function Gint
(resolvent kernel) of the Schrédinger operator Liye on iy, with zero boundary
condition, and Meixner conditions at the inner corners of the boundary, is known.

Really, according to general theory of the second-order linear partial equa-
tions, see [13], for regular points A of L, the solution u of the boundary problem

with the data u| = ur is represented by the Poisson map with the kernel:
r
aC;’in z,7y
uw) = [ Pustpyuriy = = [ 29O gy
r T T r

The corresponding boundary current is calculated formally as

ou| _ 0?Gine(,7)
onlp  Jp Ongon,

The operator DNy is called Dirichlet-to-Neumann map of Liy. It is correctly
defined on the appropriate Sobolev class on T, see [14, 15]. Besides, it is a Nevan-
linna analytic operator function in A on the set of regular points of Li,:. In par-
ticular, DNy takes self-adjoint values for real regular . More about modern
DN-techniques and its applications in spectral analysis can be found in [16, 17,
18, 19, 20]. In this paper we study connection between the one-body scattering

= DNjntUp.
r

ur () dy
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matrix and the DN-map on the two-dimensional junction. For “thin” junctions the
connection is used in transport problems in [11, 21, 22].

Denoting by K1 the exponents of the above Ansatz in the open and closed
channels in the wires and by the tables S, s the coefficients in front of the cor-
responding exponentials, we represent the Ansatz for the scattered wave on the
leads in form

U(z,v) =By 47+ Gy o7 K- gy, (2.3)

In fact only the oscillating component of the scattered wave in the open channels
contains an essential information on details of the scattering process. The direct
problem of scattering is: to find the coefficients S in front of the oscillating expo-
nentials e ~*%+% Sy — the scattering matrix. In case when the solid wall is erected
on the bottom sections I' = U,;,7™ of the wires, the scattering matrix is —I. The
removal of the wall results in breeding of the standing waves on the quantum well
with the running exponential waves in the wires. This breeding generates the ex-
ponentially decreasing “evanescent waves” e~ %~ sy, which do not contribute to
results of scattering at infinity, but affect the shape of the oscillating modes and
add serious computational obstacles, see for instance [12].

The difficulty of the direct scattering problem is defined by the fact, that the
above matching is a major perturbation of

Lo . &Y :=Ly— L,

int

caused by the removal of the “solid wall” on I" via replacement of the zero bound-
ary condition by the matching condition. It is a typical perturbation problem on
continuous spectrum, for an operator £y which has embedded eigenvalues. Breed-
ing of the standing waves in the quantum well with the running waves in the wires
gives non-square-integrable resonance states, which define resonance character of
the transmission across the quantum well. Unfortunately this breeding can’t be
interpreted only in terms of the spectral theory of self-adjoint operators. Never-
theless we are able to suggest an algebraic version of the analysis of this breeding,
based on the corresponding Krein formula.

3. Krein formula for the scattering matrix

Krein formula for the scattering matrix which corresponds to the generalized re-
solvent of a general symmetric operator was obtained first in [27]. In [28] this
formula was used in analysis of zero-range solvable models. In [3] the Krein for-
mula is used for analysis of the one-dimensional model of the quantum network
in form of a quantum graph. In this paper we aim at the problem of fitting of the
model suggested in [3].

We begin with derivation of the Krein formula for the scattering matrix of
a realistic two-dimensional junction. The parameters of the fitted solvable model
of the junction can be selected based on comparison of the special representation
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of the Krein formula of the junction, see next section, Theorem 3.1, with the
corresponding formula of the model.

Consider the decomposition of the cross-section subspace E := Ly(T") into
an orthogonal sum of the entrance subspaces E1 of the open and closed channels.
Assuming that the Dirichlet-to-Neumann map DAy of the Schrédinger opera-
tor Lin is known, construct the matrix representation of DN, with respect to
the orthogonal decomposition £ = F, @& E_, denoting by P1 the corresponding
orthogonal projections [ = P, & P_:

PN o — P.DNP; P,DNP, \ ([ DNyy DN+ - (3.1)
=\ P.DNP, PDNP. ) \ DN_, DN__ )" '
The Cauchy data of the scattering Ansatz on the bottom sections I' are:
Uw)| =T+ S+ sy,
r
V()| =iK. (I —-S)v—K_sv. (3.2)
r

Inserting the boundary values of the scattering Ansatz on the bottom sections into
the DN-map, we obtain:

DN A{[I + Slv+ sv} = iK,[I — Slv — K_sv.
The orthogonal components of the result in Fy are equal to

DN++[I + S]I/ + DNjL,SI/ = ZK+(I — S)l/,

DN _ I+ Slv+DN__sv=—K_sv, (3.3)

respectively.

Proposition 3.1. The operator DN __ + K_ s invertible in E_ on a complex
neighborhood of the essential spectral interval.

Proof. The claim of proposition follows immediately from the Krein formula for
the generalized resolvent of the concerned Schrodinger operator L. Indeed, let
gext.z(Z,y) be the Green function (resolvent kernel) of the self-adjoint operator
lo — zI,Imz # 0, on wires and g, be the operator from Lo(I') into Lo(w) defined
the expression

)@= = [P o] e e L)

We write P_ for the orthogonal projector onto E_ in Lo(T') and mw_ for the
orthogonal projector onto subspace H_ in L2(£2). Then the Krein formula for
(L —2)"Y%_ can be written in the form

T (L=2) o = (o= 2) . = §P- (DN - + K_) " P_g%|n

Hence, (DN'__ + K_)~" cannot have non-real singularities. The real singularities

(poles) serve eigenvalues of the corresponding intermediate Hamiltonian, see [22].
(]
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Therefore I
SV:_DN,,+K,DN_+[I+S]V’
which implies the following Krein formula for the scattering matrix:
S = [iky —DNF] " [iK, + DNF], (3.4)
where /
F._ -
DN* :=DN i, — DN, _ DN+ K. DN _4. (3.5)

DN has a structure typical for the classical Krein formula and can be interpreted
as a Dirichlet-to-Neumann map of an intermediate Hamiltonian and (3.4) has
form of the scattering matrix for the one-dimensional scattering systems, see for
instance [23]. Similar formula plays an important role in modern approach to the
one-dimensional inverse spectral problem, see [24, 25]. It is worth mentioning that
S is Ky-unitary, that is

To transform the Krein formula (3.4) of the two-dimensional scattering sys-
tem to the convenient quasi-one-dimensional form, we have to analyze the expres-
sion (3.5) in details.

The intermediate Hamiltonian was introduced in [11, 21, 22] as a component
L of the splitting

L — lF (&) LF

of £ defined by an additional “partial” zero boundary condition imposed at the
bottom sections U, := I" onto the elements from the domain of L:

Piul =0. (3.7)
r

Here IF', Ly are selfadjoint operators in H., H_ @ La({y,) respectively, see [22].
The absolutely continuous spectra of [¥', Lp coincide with the union of all open

and closed branches o; = [”;212 + Voo, oo) respectively:

U(ZF) = Uopen 01, Jac(LF) = Uclosed 01-

It is proven in [22], that the restriction

PL2(Qim)[LF - )‘I]il‘PLz(Qim)@H_
of the resolvent of L, acting as an operator from Lo (Qint) ®H_ onto La(€int) can
be represented by an integral operator with a kernel GE'. Then the statement (3.4)
can be verified based on the Poisson formula for the solution of an intermediate
boundary problem for the Schrodinger equation

Lu—M =0, Pru(z)=0if © >0, Piu| =uq € Ey.
r
oG*T

- (z,7) ugdl,  x € Qing.
T anv

u(x) =
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Then, denoting by u+ the components of u| in FL, and taking into account that

r

P_ 2% = _K_u_, we obtain:

On
DN++ DN + — U+ o P+ gz:
DN_,. DN__ u_ )\ —K_u_ |’
One can see that the expression (3.5) is the Schur complement, see [26], of the
matrix
DN_, DN__+K_ )

This implies the announced statement, once we define the DN-map of the inter-
mediate Hamiltonian as

au+

P
* on,

= DN u,. (3.8)
r

The DN-map of the selfadjoint operator Lr has a negative imaginary part in the
upper half-plane A > 0 and simple poles at the eigenvalues of Lp. Practically,
for relatively thin wires, see [22], we are able to substitute the DN-map DN in
the above Krein formula (3.4) for the scattering matrix by an appropriate rational
approximation

DNF — DNE (3.9)

on the essential spectral interval A, with the same poles and residues on A. The
corresponding approximate scattering matrix takes the form

iK, — DNX

S(A) — SA(N) = .
) = Sa ik, + DNK

(3.10)

Rational expressions of the above form (3.10) are typical for one-dimensional scat-
tering systems. Sometimes they can be interpreted as scattering matrices of zero-
range solvable models with “Inner Hamiltonian”, see [27, 28]. These zero-range
models are automatically fitted on the essential spectral interval A, once DN Z
serves a rational approximation of DN on A.

The above expression (3.10) is scattering matrix for a solvable model if the
rational approximation DA Z does not contain a polynomial part. To develop
the corresponding perturbation technique for arbitrary junction we need explicit
expression for the poles and residues of the DN-map DN of the intermediate
Hamiltonian. While the corresponding data for L;y; can be obtained via straight-
forward computing with standard programs, the similar problem for the interme-
diate Hamiltonian appears to be more difficult. Fortunately, for “relatively thin”
junctions, the spectral data can be obtained via special analytic perturbation pro-
cedure based on a certain “modified” representation of the Krein formula (3.5).
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4. Analytic perturbation procedure for the Krein denominator
and compensation of singularities

Both terms in the left side of (3.5) have singularities on the spectrum of the non-
perturbed operator Liy. It is normally expected, that the singularities of the first
and second term at the eigenvalues of L;,; compensate each other, so that only the
zeros of the denominator DA/ __+ K _ arise as singularities of DAY, In this section
we produce analysis supporting this statement, see a one-dimensional version of
the statement in [31]. But we obtain in course of the relevant calculation even more
important “byproduct”: we derive an algebraic equation for the eigenvalues of the
intermediate Hamiltonian and calculate the residues at the corresponding poles of
the intermediate DN-map. Then we are able to do the first step announced above,
calculating, based on (3.4), the scattering matrix of a “relatively thin” junction.

For given temperature T we consider an essential spectral interval Ar := A,
see (2.1). We assume that the temperature is low, so that A is situated inside the
conductivity band Ap between the lower threshold Ay, of the closed channels
and the upper threshold A .x of the open channels

A C (Amaxa Amin) = AF

Our aim is: to construct on A a convenient local “quasi-one-dimensional” represen-
tation of the intermediate DN-map and for the scattering matrix of the junction,
(3.4), with compensated singularities inherited from the Li,. Later, in next section,
we will use this construction as a basement for an analytic perturbation procedure,
with an “intrinsic” large parameter, to calculate approximately the scattering ma-
trix of arbitrary junction.

Let us present the DN-map DN of L, on the essential spectral interval as
a sum

‘ Ops > <8ws
on on
DNint = Z

N Py K:=DN® +K (4.1)
As€EA s

of the rational expression constituted by the polar terms with singularities at the
eigenvalues Ay € A of the operator Li,; and an analytic operator-function X on
Ga. We will also use the operators obtained from DAy via framing of it by the
projections Py, for instance:

PyDNP- = P,DN®P_ + PLKP_ =DN%_ + K;_.

We introduce also the linear hull En = \/, {¢s} - an invariant subspace of Ly
corresponding to the essential spectral interval A and the part

LA = Z As | ‘PS><<PS |

AsEA

of Liy: in it.
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To calculate the intermediate DN-map (3.5) in terms of the standard DN-map
of Liy, we have to solve the equation:

[Dfo + K,]u = DN,+g (42)

on the essential spectral interval A. It can be solved based on Banach principle if
K_ can play a role of a large parameter, so that the operator

K+ K] (4.3)

exists on A. Then, due to continuity of __, K_ there exist also a complex neigh-
borhood of A where the inverse exists. We assume that this complex neighborhood
is Ga. The junction, for which the condition (4.3) is fulfilled, we call relatively thin
junction, based on the following motivation. The DN-map of Li,; is homogeneous
degree —1. It acts from W;/z(F) to W21/2(I‘), see [14]. If Qi has a small diam-
eter d then, the norm of the correcting term K is estimated as Const 1/d. The
same estimate remains true for P_CP_ := K__. The exponent K _ also acts from
W23 / 2(T) to W21 / %(T) and the norm of its inverse is estimated as Const 8. Then
the W23/2— norm of K~! K__ is estimated as Const d/d. Hence, in particular,
K_+K__=K_[I+K-'K__] is invertible if §/d < 1, see more comments in
[22]. Notice, that for an arbitrary junction the auwiliary Fermi level AI" := A; can
be selected such that the condition (4.3) is fulfilled. We will use this option in the
following section, when calculating the scattering matrix. Now we proceed in this
section assuming that (4.3) is fulfilled.
Denoting by T' the map

= 5 b (%

As€EAT

I
, and T/C__ LK TT:=Q(\): En — Ea.

We also denote

(P+ — Ky K__i K P) = J(\).

Then we discover, after some cumbersome calculation, that all singularities in the
Krein formula, arising from the eigenvalues Ag of Lyt are compensated.

Theorem 4.1. The Krein formula (3.5) for the intermediate DN-map, can be re-
written, for a thin junction, on the essential spectral interval, as:

1 I

F— —
DN =Ko =Ko i A — LA +Q(\)

K_y +JTT) (TT*.  (4.4)
The representation (4.4) remains valid on a complex neighborhood Ga of the es-

sential spectral interval.

Remark 4.2. The announced representation (4.4) of the Krein formula (3.5) for
the DN-map of the intermediate Hamiltonian, has on the essential spectral in-
terval only non-compensated singularities, at the eigenvalues of the intermediate
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Hamiltonian, calculated as zeros of the denominator A\I® — L® + Q(\) := D(\):
DAY v =o.

These singularities coincide with the eigenvalues of the intermediate Hamiltonian.
We call the above formula (4.4) for DN the modified Krein formula. Tnsert-
ing (4.4) into the above formula (3.4) gives a convenient representation for the
scattering matrix of the relatively thin junction, which permits, in particular, to
calculate the resonances based on eigenvalues of the intermediate operator.
In case of one-dimensional zeros of the denominator D the corresponding
residues are calculated as projections onto the subspaces

E5 =TT vy

For multidimensional zeros of the denominator, D(AL)NF = 0, dim NI > 1 the
residues are projections onto the images of the corresponding null-spaces NI =

Vo
E5=TJW\)TT N

Proof. We begin with the standard Krein formula (3.5) for the DN-map of the
intermediate Hamiltonian Ly on the essential spectral interval A. Denote by DN A
the component of the DN-map of Li,, on A defined by the formula (4.1), and
introduce similar notations for the matrix elements of DN with respect to the
orthogonal decomposition £ = E, & E_, for instance

D./\[Jrf - DN?, +IC+,.
To calculate explicitly the second addendum in (3.5), we re-write (4.2)as:

[DN2_u+ (K- +K__)Ju= [DN2, +K_]g.
If (K_ 4+ K__) is invertible on A, then the above equation is equivalent to:

1 I
K_+K__ DN2_utu= K +K__ [DN2, g+K_1g]. (4.5)
Denote
<8af: ) ’LL> I

Y = v, Zaps>vsz /\IA_LATu::V,

and take into account that
I
A +
DJ\/,Jr =P T \JA _LATP+.

Then multiplying (4.5) by T' we obtain an equation for v:

I 1
A_7A _
A2 — L%+ Q(\)] v QMA_LATP+9+TK_+K__/C_+9.
This gives the following representation for v
1 1 1
= TP. T K- .
VEapaggoy (Oara mpa TPt T e Kevg
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and permits to calculate, based on (4.5)

I I I
— T+ T+ TP
R Y AN T Y /N N
I
Tk +ICWIC’+9
IR S I
K +K__~ MA-LA+Q(\N
I I
TP.g+T K.
X Q)\IA—LA g+ K oax Nero
I I I
T+ TP _.q.
P o Tapa o paTPot o e Kosg

Now we substitute this expression into the formula (3.5):

DNTg=DNLTg+Kyrg—DNLYTu— Ky u
I I
:P+T+)\IA_LATP+9+IC++9_P+T+)\IA_LATP*U_ICjL*
=11+ I + I3+ Iy,
where
L=_pr1t 1 TPy
SR DY Y
v 1 L rp
I I
- P, T" T K_
LD P N G R
I I
+ TP
PR pa Qs _pa g W@ - pa TP
I I I
P, T+ T K
TR e Qs _pa g T e K9
= I31 + Iso + I33 + I34,
and
14:—’C+_U
I I I
_ T+ TP
Mook v T s pou@ars - paThes
I I I
Ky + T K_
TR vt e —a o0 Kov kY
I I I
—Ki- + TPyg—K._ K_
t Rk e T s pa TP R e Koy

= Iy + Luo + L3 + Lua.

15
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Insert these results into the above formula (4.6) and collect the terms in the right
side which contain the second power of [A\I® — L]~ 1:

I I
_ +
I3y + I33 = =P, T /\IA—LAQ()\)/\IA—LATPJFQ
vt T Q ! Q Lorp 4.7
s —pa9a ey @Usa - pattre (4T
I I
=P Tt TP,g.
S-S NS /N NS b
This result, combined with I; yields:
I I I
P.T TPtg— P.T+ TP
s —pat T I A pa A pa gttt
I
=P, Tt TP,g:= Jig. 4.

Now we combine the terms I3y + I34 and I4; + I43 containing [A\[® — LA~

Tzt doa = =PeT \pn g {_IJ’ @ra —ILA + Q} Tk JFIIC,,’C‘”
:_P+T+)\IA—€LA+QTK_ —&—IIC__IC7+9 = Jag, (4.9)
I+ Iz = ICJF*K, —&—IIC,,TJF [—I+ \JA _ILA +QQ} TPig
=-—K,_ % f’C__TJr \JA —ZA n QTP_,_g = J3g. (4.10)

We see that no terms left in the right side of (4.6) with singularities [A\I® — LA] 7!
inherited from the unperturbed operator — all these singularities are compensated.
Assembling separately the terms Jyg, Jag, J3g, [13 containing [\[2 — L2 + Q]~*
and regular terms I, I44, we obtain the announced expression DN g

DNFg:P+T+>JA_ILA+QTP+g
_P+T+MA—ILA+QTK,+IIC,,’C‘+9
_’C+*K_+I/c__ +/\IA—-;A+QTP+9
PR Jf/c__ A - Li rom T K. f/c__’C*“’

I
+ K9 — Ky K K-+g
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I I
=P.TT—K,_ + TP
+ Kok sx >)\IA—LA+Q()\)< +
I I
-T _ — _ 49 4.11
K,—HC,,IC +9+Kiyg — Ky K,—&—IC,,K +9 (4.11)

The announced expression (4.4) for DN is obtained from the above formula
by introducing the notation P, — Ky JK__ := J. The derived formula is
extended onto the complex neighborhood G of the essential spectral interval due
to analyticity. Further analytical continuation is possible as well, but the estimates
of leading and subordinate terms are obviously lost. O

The scattering matrix of the original problem on the essential spectral in-
terval may be obtained via replacement in (3.4) the intermediate DN-map by the
expression (4.4) with compensated singularities. This substitution is possible for
thin junctions, when the exponent K_ in closed channels can play a role of a large
parameter, compared with the error K__ of the rational approximation DN A of
DN This condition may be not satisfied for given Fermi level A := Aq.

Remark 4.3. If the rational approximation of the intermediate DN-map (4.4) does
not, contain a polynomial part, but only a real poles, then it can be interpreted
as a DN-map of a solvable model, see [30]. In case when a polynomial part is
present, one may hope to interpret the corresponding scattering matrix as one of
the solvable model in a Pontryagin space.

5. Intrinsic large parameter and an analytic perturbation
procedure for the scattering matrix of an arbitrary junction

In previous section the existence of the inverse [K__ + K_]~! was guaranteed by
the presence of the large parameter Apin — A, with Ay, selected as the nearest
to AF threshold 72n26~2 > AF. In fact the choice of the “technical” Fermi level
AF := Ap is in our hands, so we are able to select another value A; > Ay, such that
the condition (4.3) is fulfilled. The corresponding splitting of the original Hamil-
tonian would be defined by the orthogonal decomposition of the entrance space
E = [E?r &) E}r] @ E!, such that few closed channels with thresholds Voo + ”:2{2
situated between Ay and A are formally included into the lower group of channels,
with an extended entrance subspace EY & E1 := E,. We will use hereafter the
intermediate DN-map DA of the operator Ly, defined by the semi-transparent
boundary condition hight A; associated with the above decomposition of the en-
trance space Lo(I') = [EQ @ EL| @ EL.

P+u - 207 Wlth P+ = PEE)F@E&
Denote by KR,K},[ the exponents of the oscillating and decreasing solutions of
the Schrodinger equation in the channels associated with E3_7 E1, respectively.
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Consider the orthogonal decomposition £ = E & E} & E® and represent the
DN-map DN of Ly by the matrix
00 01 01
DN = gﬁffﬂ gNﬁ gj\\/[ﬁf = DN 5.1
B fo" it T ’ (5.1)
DN, DN-, DN__
Hereafter we consider the Schrodinger operator (1.1) on an arbitrary junction
Q = Qint U w, assuming that the compact domain {2;,¢ has a piecewise smooth
boundary and the Meixner conditions are imposed at the inner corners of the

boundary of ;.. Consider the rational approximation of the DN-map of the
Schrodinger operator Liy, on the essential spectral interval A:

DN = DN(A) + K,

including into DA/ (A) the polar terms corresponding to the eigenvalues A\s € A:

‘ %sas > <68sos
Z n n

Aa T DN (A),

AsEA

with a properly selected self-adjoint operator Ca and denote appropriately the
corresponding matrix elements, for instance:

DN, = DN(A)Y, + K,

Now we select, for the junction €2, the technical Fermi-level A; from the condition,
that the junction is thin, with respect to the new Fermi level Ay:

Definition 5.1. We say that the the quantum network is relatively thin on the level
Ay if the operator K!! + K! is invertible on some complex neighborhood G a of
the essential spectral interval A.

This condition may be substituted by a stronger, but more convenient condition

sup || K9 () |< \/AF — AF — 2monT h-2. (5.2)

AeGa
If Ay is defined from (5.2), we construct the corresponding decomposition £ =
E,®E_, with B, = [E; ®El], E_ = E!

B= (28] 6n.
and define the intermediate Hamiltonian L; as a non-trivial component of the
corresponding splitting of L:
L=LLalf, (5.3)

obtained by imposing on I' the additional boundary condition

P+’1,L =0.
r
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Note that the trivial part [f" of this splitting contains additional channels in the
“lover” group of channels : Ey = E9 & EY, which correspond to exponentially de-
creasing modes e %%y, The matrix (5.1) connects the boundary data ¥(0), ¥’'(0)
of the scattering Ansatz

U(x,\) = B4y 4 emFr28y 4 e’K}rwsiV e Klogly, (5.4)
iKy(v— Sv) (v + Sv)
—Klsiv =DN shv
—Klsty sty
Eliminating s' v from the last equation,
I
st [DN?', (v + Sv) + DN s 0]

vV =
- DN' 4+ K!

we obtain a finite-dimensional equation for the components of the scattering Ansatz
mn E?F 53] E}_

(iK+(1/—Sz/) ) :D~N< (vﬁfv) )

—K}rsiu sy
Here o0 o
DN := < D:Mf0+ D:Mfﬁ ) )
DN++ DN++
where /
00 00 01 10
DN, =DNY, - NJF*DN“ _~_K1DN7+7
01 01 01 I 11
DN = DN —DNG T DAY,
10 10 11 I 10
DNy =DN, - N+—DN11 +K1DN—+7
~ 11 I 11
DN, = DN —DN}Q_DNH L DN,

Eliminating s} v from the second equation we obtain a finite-dimensional
expression for the Scattering matrix of the junction

. ~ 00 ~ 01 ~ 01
iK, — [DN +y — DN, DM{H@ DN, 4
S(\) = o o N NEE (5.5)
. o ) I "
iK, + {DN +y — DN, A it DN 4

with the denominator preceding the numerator. The ultimate representation (5.5)
of the scattering matrix is completely finite-dimensional, hence more convenient
for the computational process. The large parameter A; permits to eliminate the
infinite-dimensional part K! of K_ and obtain a completely finite-dimensional
formula (5.5) for the scattering matrix, without any additional assumptions on
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geometrical or physical parameters of the network. Actually essential details of the
analytic perturbation process which are still present in (5.5) are mostly reloaded by
(5.5) on the direct computing with finite matrices. Hence the formula (5.5) opens,
in particular, a semi-analytic way of calculating of transmission coefficients across
any junction. Comparison of the formula (5.5) with (3.4) implies the equation

~ 00 01 I ~ 01 N
DN, — DN, 4k DN, = DN (5.6)

The terms of (5.6) contain sophisticated singularities inherited from the operator
Lint. Again, we are able to transform this expression to another form, with all
singularities compensated. We observe first the compensation singularities in DN,
representing it in Krein’s form. Denote

s Ops
T =) lod) <PO ’ +P—il-a
PN

T—=Z|<ps<

AsEA

and consider the rational approximation of DN
DN =DN(A)+K:

DN DN [ K%, K9
(owis pwttt ) =T sl paTer (e i ).
[ DN DNOL . I Ko
DNy = (:D/\/iO pait ) ST e T e )

DN, DN I
(DNloi pwtly ) =T s - pa T (RELEL).

DN++ =

DN_, =

Consider the Krein formula for DN

1

DN =DN,, - DN, _ D
A TN (A) + KU 4 KL

N_,. (5.7)

Compensation of singularities in (5.7) inherited from the spectrum of L, can be
observed in the same way as the compensation of singularities in (3.5). Introduce

I

+ .
Teop g T =Q0):Ba— Ba.

and

Kot I
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Theorem 5.2. The Krein formula (4.11) for the DN can be re-written on the
essential spectral interval, as:

N (S K K 1 01 pl11
o ( Ky ki ) UKL K 4K (K2 K2

(5.8)
I
+ + _ F F
T >>J—LA+Q(A)<T‘7 = KA +DNa,
with
]COO ]CO]' ICO]' I
A= o O ) - +- 01 o1l
ehe (i ki) - (ki ) e g (6
and
I
Fo_

Here \E' are the eigenvalues of the intermediate Hamiltonian which arose from the
eigenvalues of Ly, on the essential spectral interval, and ¢¥ are the projections of
the boundary currents of the corresponding normalized eigenfunctions o of the
intermediate Hamiltonian LY onto the entrance subspace E of the open channels,

ot

Fo_
d)s _P+ an

The summation on s in the above formula (5.9) is spread over all (vector-) zeros of
LA —\IA + Q(X) which arose from the eigenvalues of Ling on the essential spectral
interval. The representation (4.11) remains valid on some complex neighborhood
Ga of the essential spectral interval.

Note that the expression (5.6) is the Schur complement, see [26], of the matrix

N 00 01
DN -+ 0 O1 _ DN T+ ./\/ ).
0 K- DN, D./\/ + K
Absence of singularities at the spectrum of Li, in (5.8) is inherited by the Schur
complement. Inserting the Schur complement into (5.5) gives an explicit formula
for the scattering matrix of the junction in form:
. . -1
N = {if, — [DNE+KE]} {ike+ [DVE+KE]) . (a0)
with the denominator preceding the numerator. The details of this representation
can be recovered, if needed, from the above theorem 5.2. We leave this calculation
to the reader. Note that the above expression (5.10) for the scattering matrix can
be simplified if some additional assumption is imposed on K, KX.

Definition 5.3. We call the junction € thin in open channels on the essential spec-
tral interval if

—1/2 —1/2
1K) KRR < 1
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Theorem 5.4. If the junction ) is thin in open channels on the essential spectral
interval, then it can be obtained by the analytic perturbation procedure from the
essential scattering matriz

Sess(\) = [iKy — DNLJ[iK . +DNE] ™, (5.11)

where denominator precedes the numerator and the intermediate DN-map DNF =
DNg + KX is substituted by the essential polar part DNZ

Proof. Represent the numerator and the denominator of the right side of (5.10)
as:
ik — [DNK +K&] = (iKy — DNK) [1 = (iK = DNE) kK]
iy + [DNK + K] = (iKy + DNE) |1+ (iKy + DNE) 7 K]
Notice that .
sup | (iK;+ +DNR) KX [<1, (5.12)
AEA
if
| B2 B < 1
Indeed, denote DAY := A, KX := B. Then

I —1/2
I K Bu |
il K2AKTY2T

I ~1/2
K7Y?Bu |
ir+ KYPAR YT

—1/2 —1/2 —1/2 —1/2
<| KJY2 | K22 Bu ||<) KV KPR )

This result implies (5.12). Now we can represent the scattering matrix as a product
of three factors:

S(\) = [I + (i, + DNE) ™ /ci} T S V) [I — (iK, —DNE) " /cg} . (5.13)

I —1/2
B <|| K

—1/2
<l K2

The central factor coincides with the essential scattering matrix, and the left and
right factors contain the small parameter (iK+ + DN i)il KX. Hence the first
factor can be decomposed into the geometrically convergent series. Thus the scat-
tering matrix can be obtained from the essential scattering matrix via standard
analytic perturbation procedure, with the above small parameter. (I

Remark 5.5. Denote by A the vector zero of the numerator of the essential scat-
tering matrix:

[iK{ — DN{] e =0.
For the network which is sufficiently thin on the open channels the estimate

‘ -1
sup || [iK+ —DNA] KX <1
AEE,

is valid on a small circle 3. = {|]\ — \g| = €} centered at Ag. Then, due to the
operator-valued Rouche theorem, [34] the numerators of the original and the es-
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sential scattering matrices have equal total multiplicity of vector zeros inside X,
because

sup || I — [iKy — DNi]il [iKi —DNX — K&] |
e
= sup | [iKy — DNK] T KK < 1.
pIE

Thus the zeros of the original scattering matrix — resonances — of the thin junction
are situated close to the zeros of the essential scattering matrix. A relevant pertur-
bation procedure may be developed for calculation of the resonances. Localization
of zeros is important for estimation of speed of transition processes in the junction,
if it is used as a switch.

Remark 5.6. The above statement (5.11) and the formula (5.13) permits to substi-
tute, on the essential spectral interval, the scattering matrix of a thin junction by
the essential scattering matrix. According to [30], the essential scattering matrix
can be interpreted as a scattering matrix of a solvable model.

6. Conclusion: role of solvable models in analytic perturbation
procedure and a relevant realization problem

The solvable model of thin junction fitted on a certain essential spectral interval
can serve as a first step — a jump-start, see [29] — of the modified analytic per-
turbation procedure which is applied to perturbation of embedded eigenvalues,
see extended comments in [22]. The proposed jump-start procedure confirms the
hypothesis of H. Poincaré, about the role of resonances in analytic perturbation
procedure: elimination, due to the chain-rule for the scattering matrices, of res-
onances on the essential spectral interval A permits to construct a convergent
analytic perturbation procedure. Unfortunately none finite degree of precision in
our approximations for the scattering matrix allows to construct the solvable model
with exactly the same resonances on A as in original scattering problem. Never-
theless one can say, that zero-range solvable models of the quantum system, see
for instance [36, 37, 38, 39] could, after appropriate fitting, play a role of the jump
start. Our jump-start solvable models, see also [29, 30, 40, 41, 22] are automati-
cally fitted, because the corresponding scattering matrix serves an approximation
of the whole scattering matrix of the original perturbed operator.

It may be interesting that Nobel Prize winner 1972 Iliya Prigogine, see [42],
inspired by the above-mentioned idea of H. Poincaré, [35], about the role of res-
onances in analytic perturbation procedure, attempted to construct an “interme-
diate operator” — a version of our jump-start — as a tool of analytic perturbation
procedure on continuous spectrum. His attempt was not successful, because he
imposed, in advance, too strong conditions on the object of his search. In partic-
ular, he assumed that the intermediate operator should be a function of the non-
perturbed Hamiltonian. Our jump-start is obtained based on local rational approx-
imation of the corresponding DN-map, and it is constructed via finite-dimensional
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perturbation of the original Hamiltonian, with the same leading resonances on the
essential spectral interval.

We were able, see Sections 4, 5 and references therein, to construct a solvable
model of a thin junction in the Hilbert space with a standard positive metric. We
conjecture, that a similar solvable model can be constructed for arbitrary junction
when using operators in Pontryagin space based on the corresponding realization
theorems, see for instance [43]. Note that solvable models in Pontryagin space are
more flexible, but yet reduce to a standard selfadjoint operators in the positive
invariant subspace of scattered waves, see for instance [40, 41].
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1. Introduction

In the papers [4] and [5] the Schur transformation for generalized Nevanlinna func-
tions with a reference point z; in the open upper half-plane was considered. An
analogous transformation for Nevanlinna functions (for the definition of a Nevan-
linna function see Section 2) and for the reference point oo is defined in [1, Lemma
3.3.6], see [3]. This transformation or a simple modification of it we call here the
Schur transformation for Nevanlinna functions, and it is the starting point for the
present paper. To give more details, we consider a Nevanlinna function n which
has for some integer p > 1 an asymptotic expansion of order 2p 4+ 1 at oo, for
example

_ S0 S S2p 1 .
n(z)——z _22_"'_Z2p+1+0<zzp+1>’ z =1y, y — Foo. (1.1)
The Schur transform 7 of n is the function
~ S0 S1
= — — ; 1.2
() == ) = (12)

the relation between n and 7 can also be written as
S0
s PN
2= +7(2)
S0

n(z) = —

The transformed function n =: n; is again a Nevanlinna function, but in general
with an asymptotic expansion of the form (1.1) of lower order 2p — 1, and if p > 1
the Schur transformation can be again applied to n; etc. As a result we obtain a
finite sequence of Nevanlinna functions ny = n,ng = nq,...,n, = Np_1; this is the
sequence of functions that appears in the asymptotic expansion of n by continued
fractions, see [1, Section 3.3.6].

The transformation (1.2) is closely related to the finite Hamburger moment
problem. We recall that the Nevanlinna function n with an asymptotic expansion
(1.1) admits an integral representation

n(z) = /OO do(t) z# 27,

)
oo T2

where o is a bounded non-decreasing function on R. The coefficients s; in (1.1)
are the moments of the function o:

o0
sjz/ t'do(t), j=0,1,...,2p. (1.3)
— 00

The moment problem we have in mind is the problem to determine all Nevanlinna
functions n with an expansion (1.1) and given coefficients s;, j = 0,1,...,p, see
[1, Theorem 3.2.1].

An essential feature in our studies are operator representations or so-called
realizations of Nevanlinna functions, see [14], [11], and [10]. In fact, if the Nevan-
linna function n admits an asymptotic expansion (1.1) its operator representation
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takes the simple form
n(z) = ((A—z2)"'u,u), z#2% (1.4)

with some Hilbert space H with inner product (-, ), u € H, and a self-adjoint
operator A in H. We study the corresponding operator representation of the Schur
transform 7, and also of the functions ns,...,n,. For example, the function n
admits an operator representation of the form (1.4) with a Hilbert space H, an
operator ﬁ, and an element u which are the orthogonal complement of the element
u in H, the compression of A to 7'7, and a multiple of the projection of Au onto
7—A{, respectively. After applying the Schur transformation p times, the resulting
function n, admits an operator representation of the form (1.4) with the space

H;, =HoeH, Hp,:=span{u,Au,..., APy,

the operator that is the compression of A to this space, and an element which is
a multiple of the projection of APu onto Hj,.

Since n,, is obtained by subsequent application of fractional linear transfor-
mations of the form (1.2), there is a fractional linear relation between the function
n and the transformed function n,. We derive an explicit form for the defining
2 x 2 matrix function V' of this relation in three ways: By calculating the resolvent
of the operator A in its 2 x 2 block matrix operator form corresponding to the
decomposition H = H,, & H,,, by means of the description of all generalized resol-
vents of a certain symmetric restriction of A with defect one in the space Hpt1,
and via reproducing kernel methods using the non-negative Nevanlinna kernel

n(z) = n(w)*

z — w*

Ly(z,w) = , z,w€C\R, z#£w".

For the Nevanlinna function n with an asymptotic expansion (1.1), polyno-
mials e; and dj, 7 = 1,2,...,p, of first and second kind can be defined by the
well-known formulas, see [1, Chapter I]. Recall that e; is a polynomial of degree
j, and that d; is a polynomial of degree j — 1. We show that the polynomials €;
of first kind of the transformed function 7 coincide, up to constant factor, with
the polynomials d;11(z) of second kind for the given function n, whereas the poly-
nomials c@ of second kind for n are linear combinations of e; 1 and dj;1. As a
consequence, the polynomials of second kind for n are orthogonal with respect to
the measure generated by the non-decreasing function & in the representation of
the form (1.4) of the Nevanlinna function 7; in this statement n can be replaced
by the function —1/n. As in the classical moment problem, the 2 x 2 matrix func-
tion V, which determines the fractional linear relation between n and n,, can be
represented by the polynomials of first and second kind.

A short synopsis is as follows. The Schur transformation is defined in the
next section. We start with weaker forms of the asymptotic expansion (1.1), for
example

1 .
n(z)=—"—"_,4o0 2 ) z =1y, y — +oo,
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and consider also a weaker form of the Schur transformation. In Section 3 we men-
tion three concrete forms of the operator representation of n. The basic result of
this section is Theorem 3.1 which describes the operator model for the transformed
function. Higher-order approximations and the corresponding polynomials of first
and second kind are introduced in Section 4. In the operator model an asymptotic
expansion (1.1) can be characterized by the fact that v € domAP. The main result
of this section is the relation between the polynomials of first and second kind
of n and n which was mentioned above. The reduction via a p-dimensional sub-
space, that corresponds to p subsequent applications of the Schur transformation,
is given in Section 5 by means of a block operator matrix representation of A. In
Section 6 the corresponding transformation matrix V' is expressed in terms of the
polynomials of first and second kind. Although the final formulas are well known
(see for example [1]) this approach seems to be new.

In Section 7, applying the theory of u-resolvent matrices, we derive a repre-
sentation of a transformation matrix in an explicit form by means of the given
moments; it corresponds to Potapov’s formula for the solution matrix of the
Nevanlinna—Pick problem, compare also [2]. Finally, in Section 8 we explain the
connection between n and n, through some basic results from the theory of resol-
vent invariant reproducing kernel spaces, and give another proof for the represen-
tation of the transformation matrix by orthogonal polynomials.

2. The Schur transformation

1. A Nevanlinna function is a complex function n which is defined and analytic in
the upper half-plane C* and has the property

zeCt = Im n(z) >0.
We always suppose that n is extended to the lower half-plane C~ by the relation
n(z) =n(z")*, zeC, (2.1)

and to those points of the real axis into which it can be continued analytically.
The set of all Nevanlinna functions is denoted by Nj. Recall that n € Ny if and
only if n is analytic in C\ R and the kernel

n(z) = n(w)*

z — w*

Ly(z,w) = , z,weC\R, z #£w",

is positive definite.
Let n € Ny and consider the following properties of n:

(1) n(z) = =" +o (i) (20) n(z) = =" +0 (;2)

(30) n(z):_80_51+0<1)’
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where here and in the following, the limit relations are understood to hold for
z =1y, y — do0o0. The assumption (2.1) implies that so and s; are real numbers.
Evidently, (3p) = (29) = (1o). The function n satisfies the assumption (1)
if and only if it belongs to the class (Rg) of [13], which means that it admits an
integral representation

+oo
n(z) = [ ! do(t), ze€C\R, (2.2)

where o is a bounded non-decreasing function on R. Then

+oo
/ dO’(t) = S0,

hence sp > 0, and if sp = 0 then n(z) = 0. With the representation (2.2) of n the
assumption

| ot < 23

— 0o

implies that (3¢) is satisfied. Indeed, (2.3) implies that

51 = /OO tdo(t)

— 00

exists and with z = 1y

2(nz)+ %+ %) :/_OO A :/m Byt o) = o(1),

z 22 o l—z oo P2 Y2

The assumptions (1¢), (20), and (3¢) are all different. To see that (19) 7= (20)
we show that if n € Ny has the representation (2.2) with suppo C [0, c0) and

/000 do(t) < oo, /000 tdo(t) = oo,

then (20) does not hold: Let ¢ > 0 be given arbitrarily (large) and choose K > 0
K

such that / tdo(t) > c. If y is chosen large enough then for 0 <t < K we have
0

y? 1

>
t2_|_y2 -9’

e e} 2
/ vt do(t) > |,

oo B2 Y2

and hence

and therefore, with z = 7y,

2 (n()+ ") = z/m t t _dor) = /OO VI L 2o,

—oco V7 —00 t? +y2
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which implies that (2¢) does not hold. Thus, for example, the function

(2) -1 / 1 dt
n(z) = =
z=V-z Jo t—zwlt+1)Vt
satisfies (1p) but not (2p).
Let n be the Nevanlinna function, defined in the upper half-plane by
—50

n(z) = ,

B v+

where sg is a positive real number, 7 is a complex number with Im~y > 0, and f
is a Nevanlinna function such that f(z) = o(1). It has the properties

z€CT,

lim  2? (n(z) + S;) = S0, lim 22 (n(z) + 820) = 7*s0,

Z=1y, y—00 z=1y, y——00

and hence n satisfies (29) but, since the two limits are different (and non-real), it
does not satisfy (39).
Instead of the assumption (3p) also the assumption

n(z)==" =", +0 (33> (2.4)

seems reasonable. However, according to [14, Bemerkung 1.11], (2.4) implies the
existence of a real number s, such that

S0 S1 52

n(z)=-" —22—23+o<;3); (25)

this relation will be considered in Section 4 as assumption (1;). The implication
(2.4) = (2.5) can also be seen from the integral representation (2.2) of n: (2.4)

implies
< 1 1 s
3 1y
z (/ t_z—|-zdg(t)+22>—0(l),

— 00

and hence with z = iy
oo 2 -
y2t(t +iy) .
— do(t) +iys1 = O(1), y — oo.
/_oo 2 +y?
Taking the imaginary part we see that
00 2
. Y-t
s1 = lim,_, / do(t)
RN o S T
and taking the real part we see that there exist real numbers C' and yg such that
oo 242
Y-t
do(t) <C, y=>yo.
/700 t2 + y2
This implies that

S9 1= / t*do(t) < oo,

— 0o



The Schur Transformation for Nevanlinna Functions 33

hence

/OO it dor(t) < oo

— 00

- /:tda(t).

Now (2.5) easily follows from the integral representations of n and the expressions
for the real numbers sg, s1, and se: With z = iy we have

[e%s) 3 oo 44 <13
5 so . S1 82): 13 d t:/ t'thd 1
& (n(2)+z+z2+z3 /,Oot—z o(t) I (8) = o(1).

2. Now we define the basic transformations considered this paper.

and

Definition 2.1. If n € N satisfies the assumption (1) or (2¢), the Schur type
transform n of n is the function

n(z) = —%o

n(z)
if n € N satisfies the assumption (3¢) the Schur transform n of n is the function
~ —30 S1

n(z) = —z+ . 2.7

@)= o =zt (27)

The difference between the formulas (2.6) and (2.7) is just in the additive

real constant s1/sg: under the stronger assumption (3p) this constant assures that

the transform tends to zero if z tends to +0c0 along the imaginary axis, see (2.10)

below.

The relations (2.6) and (2.7) can also be written as a first step of a continued

fraction expansion

-z, (2.6)

50
z+mn(z)’

50

or n(z)=— .
(2) z—i;—i—n(z)

n(z) = —

Theorem 2.2. The following equivalences hold:

n € Ny and satisfies (19) <= n € Ny, n(z) = o(z), (2.8)
n € Ny and satisfies (2p) <= n € Ny, n(z) = O(1), .
n € Ny and satisfies (3¢p) <= n € Ny, n(z) = o(1). (2.10)

Proof. We have
~ N~y ST sotzn(z)
n(z) =n(z) o n(z)

A straightforward calculation yields

Imii(z) = Imf(z) = 107 (30 tmn(z) _ In(z)l2) :

[n(2)]? Im z
and the estimate
oo do(t
‘/ t—z

/_+°° do(t) /+°° da(t)zlmn(z)so

[t — 2% J_ Im z
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implies 1, n € Ng. The asymptotic properties of 7 follow in case (2.8) from the
relation

in case (2.9) from the relation

so+2n(2) 0 (i)

ﬁ(Z) = - )

and for n(z) in case (2.10) in a similar way or from [1, Lemma 3.3.6].
Conversely, starting from 7(z) as in (2.8), the relation
n(z)
S0 _ z
2 (2 +7) = 50 7(z)

14"
zZ

implies that from n(z) = o(z) it follows that n satisfies (1p). The corresponding
proofs for (2.9) and (2.10) are similar. O

3. Self-adjoint operator representations

A function n € Ny admits a self-adjoint operator representation or realization with
a self-adjoint relation A in some Hilbert space H of the form

n(z) =n(z0)* + (z — 25) (I + (z — 20)(A — 2) ") v,0) (3.1)

with zp an arbitrary non-real number zo and an element v € H, see [14], [11], and
[10]. If v is chosen to be a generating element for A, which means that

H =span ({v}U{(A—2)"'v|z€ C\R})
and which is always possible, then the operator representation (3.2) is called min-
1mal and then it is unique up to unitary equivalence. We have the following equiv-
alences, see [17]:
A is an operator < n(z) = o(z),
v € domA <= lim,, oy Imn(iy) < oo;
for n € Ny the latter limit always exists: it is either a non-negative number or co.

If the Nevanlinna function n satisfies the assumption (1p) (or any of the
assumptions (2¢), (30)) the representation (3.1) can be simplified to

n(z) = (A —2)"'u,u), z€ C\R, (3.2)

where A is a self-adjoint operator in some Hilbert space H, u € H, (u,u) = so. If
u is chosen to be a generating element for A, or equivalently,

H =span {(A—2)"'u|z € C\R}
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which is always possible, then the operator representation (3.2) is also called min-
imal and then it is unique up to unitary equivalence. The representation (3.2)
follows from (3.1) and the above-mentioned equivalences by taking u = ¢(A — zp)v
with some unimodular complex number c.

Here are three examples for a more concrete choice of the triplet H, A, u in
(3.2) for the given function n € Ny with integral representation (2.2).

(1) H = L?(0), A is the operator of multiplication with the independent variable,
and u(t) =1,t € R.
(2) 'H is the completion of the linear span of the functions r,, z € C\ R:

1
L (1) == , teR,
ra(t) =, 5 tE
with inner product defined by
(v = "H M L cecr s,

z—C*
A is the operator of multiplication by ¢, and u(t) =1, t € R.
(3) H is the reproducing kernel Hilbert space £(n) with reproducing kernel

n(z) —n(w)*

z — w*

Ly(z,w) = , z,w€C\R, z#£w",

A is the self-adjoint operator whose resolvent (A — 2)~! is the difference-
quotient operator R, :

fQ) = 1(z)
¢—z '
and take u = n; this function belongs to the space L£(n), since n satisfies

the condition (1p). Recall that the reproducing property of the kernel L,, is
reflected in the inner product of the space L(n):

<f7Ln(7Z)>£(n):f(Z)7 fe‘c(n)a ZE(C\R
That (3.2) holds follows from
(R2n)(C) = Ln(C, ")
and the reproducing property of the kernel L,,:

(R-1)(¢) = feLn),

<(A - Z)iluﬂ u>£(n) = <Rzn7 n)L‘(n)
(i, L2y = 0l7)" = ().

The unitary equivalence of the representations in (1) and (2) follows easily
from the relation

[~ do(t) B
(rz,rg)—/_oo (t— 2)(t - C*)’ ,( € C\R,
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and the fact that the functions r,, z # 2*, form a total set in L?(c). The unitary
equivalence between the two representations of n in (2) and (3) is given by the
mapping U:

U(ry) = Ln(+,2%);

in particular, we have Uu = n where v is the function u(t) = 1, t € R. The space
L?(0) (or the equivalent space in (2)) we denote also by H(n). We mention that the
definition of the spaces in (2) and (3) can also be used for generalized Nevanlinna
functions, whereas in this case the space L?(c) need not be defined. In Sections
4-7 we will prove theorems using the representation of n in (1), in Section 8 we
reprove some of these results using the representation in the reproducing kernel
Hilbert space £(n).

Since, according to Theorem 2.2, the functions n and n in Definition 2.1
belong to the class Ny and are o(z) for z = iy, y — o0, they admit again an
operator representation of the form (3.1), for example,

~

(z) = 7ilz0)* + (2 — =) ((2 — 20)(A — 2)717, ﬁ) (3.3)

with a self-adjoint operator A in some Hilbert space ﬁ, zp an arbitrary non-real
number, and an element v € H. Clearly, as the difference between the functions n
and 7 is just an additive real constant, the operator representation for m can be
chosen the same, that is, in (3.3) 7 can be replaced by 7.

Theorem 3.1. Let n € Ny satisfying the condition (1) and with operator repre-
sentation (3.2) be given, and let
~ —50 S1
n(z) = —z
(2) n(z) + S0
be the Schur transform of n from (2.7). Then in the operator representation (3.3)
of 1 we can choose H = {u}*, A in H as the compression of A to H : A = PA|g,
where P is the orthogonal projection in H onto H, and the element U as
[l 5 1
P(A - .
(A= zg)tu,uy DA 2000

~ PAu
nz)=((A-2)"1a,a)), w:= .
( ) [
Remark 3.2. The resolvent of A is given by
~ _ _ A—2)71 ) _
A— 1 — (A — 1 _ (( ’ A— 1
(A-2=(a-27 = AT -

IThis is the case when n satisfies condition (11) defined in Section 4, see Lemma 4.1.
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and "
Jul (A = 20)'u — ((A — 20) ~"u,u)

[((A = 20)~ 1w, u)|
Note that ((A — z0)~'u,u) = n(z0) # 0, otherwise n(z) = 0.

5= il

Proof of Theorem 3.1. (1) Suppose that n satisfies (1p). Then we have ||u|| = \/so
and

() — o) == o I (3.4
me)mnizo) = r(z) ‘ 7(20)* o .

where we have put r(z) := ((4 — 2)"'u,u). It remains to show that the expression
on the right-hand side of (3.4) equals

(=) (A= 20)(A = 2)78,8) = (2= ) [o]*+ (2= 25)(2— 20) (A = 2)"'5,5) .

This is a straightforward calculation, we only indicate some formulas:

(s = z0)(A— 2 to= I (T(‘ZO) (A—2)"tu— (A~ zo)_1u> ,

()l \ 7(2)
S 24— 200l
L

and
(2 — 22)(z — 20) ((i — )15, @)
— ||u||2(r(1 1 (Z—ZS)II(A—Zo)‘1u||2>_

20)* r(z) [r(20)[?
(2) Now assume that 7 satisfies (1o). Then © € dom A C dom A and the equality

u
(A —20) tu—
il

shows that also u € dom A. If we take & = —(21\— 20)0, then (see after (3.2)) n has

the asserted representation. It remains to show that @ = PAu/||u||. We have
[l

A= —(A—2)0 = (o)

1
g 4 00

Taking the inner product of both sides with u and using (u,u) = 0, we see that

lull - _ ((A=z0)u,u)

r(z0) [[ul?

and hence

1 ((A = z0)u,u) 1 ( (Au, u) > J RPN
U= A—z0)u — u = Au — u) = PAu. O
g 4 20 Jul? Jul ME Jul
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4. Higher-order asymptotics. Orthogonal polynomials

1. For n € Ny and some integer p > 1 we introduce the assumptions

__80_81_'“_ S2p 1
(IP) n(z) - Py 22 22p+1 +o <22p+1)7
__80_81_“._ S2p 1
(2p) n(z) = z 22 z2p+l O (22’”'2)7
_ S0 st Sy 1
(3p) n(z) = LT e 22 +o0 <22p+2).

Again, (3,) = (2,) = (1,), and by [14, Satz 1.10] for the operator represen-
tation the assumption (1,) is equivalent to u € dom AP. That is, for the above
representation with the space H(n) the functions

belong to H(n) and the first p of these elements, to, t1,...,t,_1, belong to dom A.
Moreover, the formal relation

2p j 2p+1
AJ A<P
-1 _ -1
(A-z)'=-)" ot o (A=2)
=0
implies easily

n(z) = (A —2)""u,u)

D 2p n i
—Z (A7u,u) _ 3 (A%, APu) - 1 (A(A — 2)~ APu, APy) .

21 L A 22p+1
J=p

It follows that

(ATu,u) if 7=0,1,...,p,
s; = ‘
! (APu, A77Pyu) if j=p+1,p+2,...,2p.

Therefore the above assumptions are equivalent to the following relations for the
operator A and the generating element u:

(1;) <= u € dom AP,
(2,) < uedom AP, 2(A(A — 2)"1APu, APu) = O(1), (4.1)
(3p) < u e dom AP, z(A(A — 2) L APu, APu) + o = o(1) with a € R;

in fact, in the last equivalence we have o = s9p,1.
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Now we consider a function n € Ny with the property (1,) for some p > 1.
For 0 < k < p, by Si we denote the (k+ 1) x (k + 1) Hankel matrix

So S1 “ee Sk
S1 82t Skl
Skp=1 . . s (4.2)
Sk Sk+1 52k
it is the Gram matrix associated with the k + 1 functions tg,t1,...,t;, and we

introduce the Gram determinants

SO Sl ... Sk)
S1 52 o Sk

Dk = detSk — . . . y k:071,p (43)
Sk Sk+1 S2k

Further, for k =1,...,p, Hi denotes the k-dimensional subspace
Hk (= span {to,tl, . ,tk—l}

of H(n). Evidently, the subspace Hj, is non-degenerated if and only if Dy_1 # 0.
In the rest of this section we suppose that D,_; # 0, that is, the subspace

H,, is non-degenerated. If D, = 0, then the function n with the given asymptotics

(Jp) is uniquely determined and rational of Mac Millan degree p, in fact, see [1,

pp. 22, 23]

dp(2)

"=
where the polynomials e, of degree p and d, of degree p— 1 are defined below. To
exclude this (simple) case we often suppose that even D,, # 0; clearly, this implies
D,_1 #0.

As a basis in H,, we choose a system of elements e, € H(n) = L*(0), k =
0,1,...,p — 1, which is obtained from the system to,t:,...,t, by the Gram-
Schmidt orthonormalization procedure. This so-called system of orthogonal poly-
nomials of first kind, associated with the function n is defined by the following
properties, j,k=0,1,...,p— 1:

1. eo(2z) =1/+v/s0,
2. er(z) is a real polynomial of degree k with positive leading coefficient,
3. (ej7e;€) = 0jk-

Then, see [1, (1.4)],

)

SO Sl ... Sk
1 S1 S Sk+1
ex(z) = , k=1,2,...,p—1, (4.4)
/Di—1Dy,
Sk—1 Sk S2k—1

1 ... ok
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and by this formula with k& = p also a polynomial e, can be defined. Evidently,
e, € H5H, and
P P >
span{tg,t1,...,tp} =span{eg, e1, ..., ex}, k=0,1,...,p.
The orthogonal polynomials e;, j = 0,1,...,p, satisfy the difference equations
bi—1ek—-1(2) + arer(z) + brepy1(z) = zex(2), k=0,1,...,p—1, (4.5)

with real numbers a;, k = 0,1,...,p— 1, b_; = 0, and positive numbers by, k =
1,...,p—1, and the ‘initial condition’ eg(z) = 1/4/s¢. Explicit formulas for ay, by
can be given, see [1]; we note that

2
S S280 — S
a =", bo=\/20 ' (4.6)
S0 S0
The relation (4.5) implies that with respect to the basis eg,e1,...,ep—1 of

the space H,, the compression A, of the operator A to H, is given by the Jacobi
matrix

Qo bo 0 e 0 0
bo a1 bl e 0 0
Api= | no (4.7)
0 0 0 e ap—2 bp,Q
0 0 0 e bp,Q Gp—1

and that
Aep_l = bp_zep_z +ap—1€p—1 + bp_lep.
The latter relation means for the orthogonal polynomials
bp—2ep—2(2) + ap—1€p—1(2) + bp—16p(2) = zep_1(2),

therefore, the eigenvalues of A, are the zeros of the polynomial e,. For later use
we write the last p — 1 difference equations (4.5) explicitly in the form

boeo + aieyl + b1€2 = zeé1
bie1 + ages + boes = zeo
boes + ages + bzey = ze3 (4.8)
bp—aep_otap_1e, 1+byp1e, = zep_1;
this system of homogeneous equations for eg, e1, ..., e, determines the orthogonal

polynomials uniquely if we add the initial conditions

eo(z) = 1 e1(z) = #= o,

Vo ~ boy/so’

the second condition is just the first equation in (4.5).

(4.9)
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The polynomials of second kind, associated with the function n € Ny, are the
functions dg, k = 0,1, ..., p, defined as follows:

di(2) = /50 (ek(i:_ek('),eo) - (e’“(z) _e’“('),u>, k=0,1,...,p. (4.10)

z — -

Hence dy(z) = 0 and dy, is a polynomial of degree k — 1, k > 1. The definition of
dy, and the relation (4.5) imply that

bk_ldk_l(z) + akdk(z) + bkdk+1(2’) = de(Z), k=1,...,p—1. (4.11)

Therefore the polynomials e and dj, satisfy for k =1,2,...,p— 1 the same differ-
ence equations but with different initial conditions:

do(2) =0, di(z) = fo. (4.12)
0
For later use we write the difference equations (4.11) in the form
ai1dy + bids = zdy
bidy + azds + bads = zds
bada + aszds + bzds = zd3 (4.13)
bpfgdpfg + apfldpfl + bpfldp = defl.
For any two solutions ug,...,u, and vp,...,v, of the difference equations
(4.5) with b_; = 0:
2up(z) = br_1uk—1(2) + apur(2) + brugs1(2),
k=0,1,....,p—1,
Cue(€) = be—10k-1(C) + arvi(C) + brvrt1(C),
the Christoffel-Darboux formulas hold:
p—1
Z (Z - C)uk(z)vk(o = bp—l (up(z)vp—l(o - Up—l(z)vp(o) (4.14)
k=m

—by—1 (’um(Z)Um—l(C) - Um—l(z)vm(C));

in particular,
1
dp(2)ep-1(2) = ep(2)dp-1(2) =~
'p—1
2. In this subsection we assume that n € N satisfies the assumption (1,) for
some p > 1, and we consider its Schur transform 7 from (2.7). For the following

lemma see [9, Lemma 2.1}, we sketch the proof.

(4.15)

Lemma 4.1. Suppose that n satisfies (1,) for somep > 1:

S0 S1 S2p 1
) == "= 5 g T g )
z z 24P 24P

then its Schur transform n satisfies (1p,—1) :

. S50 &1 Sop—2 1
nz)= - - —--= P40 ,
z 22 Z2p71 Z2p71
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with for j =0,1,...,2p—2

S1 S0 0 0 0
. 2 S1 S0 0 0
e I e
Sj = GI+2 : : " P I (4.16)
0 Sj+1 Sj Sj—1 S1  So
Sj+2  Sj+1 Sj S22  S1
Proof. Write
S1 So S92 1 ! S1
n = 1 r —
nz) =z ( i S0% i $022 i S0z2P o (z2p)> ar S0
If we set
B S1 S92 S2p 1
a(2) = S0z 8022 S022P + (z2p> ’
then
1 2p—1 Q(Z)zp
=1—q(2)+-- z)P
1+ q(2) q(2) q(2) 1+ q(z)
1
_ 2p—1
S CRSUEYO LT
and
1
ZOR R CES i
1+4q(2) so/) 14 q(2)
S1 1
= | —2q(z) + 1+q(2
CORINETE)) B
[ S92 o S2p 1 S1 1
o ( i (8022 + + S022P to (2217)) + soq(2)> 1+4q(2)
- _82 o S2p 1 S1 1
n ( 502 s9z2p—1 to (z2p—1> + S0 q(2)> 14 q(z)’

which is of the needed form. Formula (4.16) for the coefficients 5; can be obtained
by equating powers of z from both sides of the equality

n(z) (z _ ot —|—ﬁ(2)> = —$p. O
50
Now we can formulate the main result of this subsection. See also [16, Corol-
lary 6.4] for a similar formula in the continuous case and [8, Theorem 6.2.5] for a
related result.

Theorem 4.2. Let n € Ny satisfy condition (1,) for some p > 2. If e and
di, k = 0,1,...,p, denote the polynomials of first and second kind associated
with the function n, and €, and dg, k = 0,1,...,p — 1, denote the polynomi-
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als of first and second kind associated with the Schur transform n of n, then for
k=0,1,...,p—1 the following relations hold:

. 1

ex(z) = /50

B(z) = —vsoerni () + (2= ") dia(2)
: . (:kjj(lz) ekl/lf_)il) O)\/lkﬂ(ekﬂ(z) o ao) (.4.18)
S0 ”—.

Remark 4.3. (i) Here we write € and d for the polynomials of first and second kind
associated with the Schur transform 7 of n, but the reader is reminded that these
functions are not the Schur transforms of the polynomials e and d.

(ii) If &), and dj stand for the polynomials of first and second kind associated with
the Nevanlinna function —1/n, then for k =0,1,...,p—1

dy1(2), (4.17)

S1

. 1 s
éx(2) =dip1(2), di(z) = —ept1(2) + (Z — 1) di11(2).
S0 S0

The first equality readily follows from the fact that the spectral functions of 7 and
—1/n only differ by a factor sg. The second equality can be obtained by tracing
the proof below; the only difference lies in (4.19): with evident notation, it should
be replaced by

S082 — S%

3
50

So =

Proof of Theorem 4.2. For the function 7, again with evident notation, we have

2
—~ S0S2 — S
50 = $ ! (4.19)

and, as a consequence of Theorem 3.1,

:C\l\o b() /9 0 0 aj bl 0o --- 0 0

bo 61 bl 0 0 bl a bg cee 0 0
A= . . . N . .

0 0 0 Gp-3 bp3 0 0 0 - apo byo

0 0 0 - by3z dpo 0 0 0 - byp—2 ap—

(4.20)
For the €;, j =0,...,p— 1, we find
o= Lo 11
0 \/§0 \/8082 — S% bo \/50
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and €1, €z, ...,€p—1 follow from the equations (see (4.5)):
aiey + biey = zeg
biep + azer + baea = zep
boey + ases + bses = zeg
bpfzepfg +ap—1€p—2+ bpflepfl = Zzép_2.

Since these equation coincide with (4.13) we obtain
/e\j:Cdj+17 j:071,...,p—1.

The constant ¢ can be determined from the initial condition €y = ¢d;, which gives
¢ =1//s0. Therefore

~ 1 .
ej(z) = /50 dit1(2), j=0,1,...,p—1,

and (4.17) is proved.
For the polynomials of second kind d; we obtain in a similar way

() =0, &)=V

by
a1d1 + b1d2 = Zjl
bldl + a2d2 + b2d3 = zdy
body + Gsds + bady = zd3
Bp_gc/i\p_g + ap_ggl\p_z +Z)\p_26/i\p_1 = Zﬂ/i\p_g

(one equation less than in (4.13)). These equations can be written as

a2d1 + b2d2 = ZC/Z\l

bgdl + a3d2 + b3d3 = Z(/Z\Q

bsda + asds + bady = zds (4.21)
bp_QC/Z\p_S + ap_lc/l\p_g + bp—lgi\p—l = Z(,/Z\p_g.

The last p — 3 equations of this system coincide with the last p — 3 equations of
(4.8) and (4.13). Therefore a solution vector (0@)11771 of the last p — 3 equations of
(4.21) can be obtained as a linear combination of the solution vectors (e;)5 and
(d;)% of the last p — 3 equations in (4.8) and (4.13):

jj:yeﬂﬁadjﬂ, j=1,2,...,p—1.
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Now =, § have to be found such that these relations hold also for j = 0 with

c%(z) =0, and for j = 1 with c?l(z) = \%SO. Since c?o(z) = 0 it follows that
0
PR
z—ag 1 /80 o so 1 /80
= od = d =
0=rex(z) +0d(z) = oo 00 T by s by

which is satisfied for

The relation c?l(z) = 5 implies
0

e (oo (1))

(- (z —ay)er — boeg n z—ap (z—a1)ds
bl S0 bl
z—ag 1 1 /50
_p _
bo /S0 0\/80 z —ag (z =) bo
+
by S0 b1

QU
=
—~
I3
~—

I

(z —aq)
=c| —

bo VS0 _ bo

= £ = _ = <,
bl\/SO bo bo

hence )
1
€= _+/So.
BV
According to (4.20) we find € = /so. This proves the first equality in (4.18). The
remaining equalities follow from (4.10) and the second equality in (4.9). O

3. In this subsection we give a second proof of Theorem 4.2 using asymptotic
expansions, see [1, (1.34b)]. Assume that n € Ny satisfies (1,) for some p > 2,
that is,

_ So S1 S2p 1
nfz) = - z 22 g2l +O(Z2p+1> 7
then
dp(Z) S0 S1 S2p—1 1
— =— " — — = O . 4.22
ep(2) z 22 2%p + z2pt+l (422)

According to [1, the second to last formula on p. 22] the function —d,/e, is a
Nevanlinna function and by [14, Bemerkung 1.11] there is a real number t3, such
that —d, /e, has the asymptotic expansion

@ (2) S0 _ 81 S2p—1 tap 1
Cep(z) oz 22 T e p2ph +o L2t ) (4.23)
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By Lemma 4.1,
.\ _ 80 31 S2p—2 1
n(z) = - » 22 T g2l +O(Z2pl) ’
and hence by (4.22)

~

dp_l (Z) §0 §1 §2p_3 1
— =— - — = . 4.24
ep—1(2) z 22 22 T © z2p—1 (4.24)

By Lemma 4.1, the Schur transform of the function —dp/e, in (4.23) has the
asymptotic expansion

d
(_ P)(Z) _ SOeP(z) — S1_ r(2)
€p dp(2) S0 dp(2)
50 51 Sop—3 i\2p72 1
T, 2 T Lpe2 ope o (ZQp—l> J (4.25)
__:9\0_31__“_3\2;)—3 1
- 2 22 22p—2 +0 (Z2pl) ’

where only the number fgp,g depends on ty, according to formula (4.16). Here the
polynomial r, defined via the second equality sign, is given by
r(z) = soep(z) — (z - zl> dp(2)
0
and its degree is < p. Comparing (4.24) with (4.25), we find that

r(2) _gp_l(z)zo( 1 )

dp(z)  p-1(2) z2pt

The degree of the product dj, €,_1 equals 2p — 2 and hence

o~

r(2) _ dpa()
dp(2)  ep-1(2)’
which readily implies that for some number k # 0
—~ ~ S
epo1(2) = kdp(2), dp_1(z) =k (soep(z) - (2 - S;) dp(z)> . (4.26)
We claim k = 1/,/so. With the proof of the claim the proof of the theorem is
complete.
To prove the claim we note that the leading coefficient of the polynomial ey
is equal to \/Dk,l/D;C and that, by (4.5),

Dy 1\/Dk1
Dyy1 bV Dy -

Dpy 1 1\/D0_1 111
Dp bp,1 bl Dl bp,1 bl bo \/807

Hence
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and, similarly, because of (4.20) and (4.19),

Dps 1 111 11
Dp1  byo boVS by biby

From (4.26) we obtain
1 |D,_ D,_
ApQ:lim dp(z):so lim ep(z):SO pl,
k Dy o> 2p—1 z—oo 2P D,

s 11 11 11
0p1 bibo kb,1  biby

Therefore, k = 1/,/so and the claim holds.

that is,

5. Reduction via a p-dimensional subspace

Let again n € N with the property (1,) be given. We decompose the space H(n)
with H, = span {to, t1,...,t,_1} as follows:

H(n) = H, & H),. (5.1)

Then, evidently, e, € H’. The corresponding matrix representation of the operator
y P P

Ais
(A B
(1) 5
with Ap given by the Jacobi matrix Ay from (4.7),
B=by1(-,€ep-1)ep, B= bp-1(+,€ep)ep-1.

The operator Ay is bounded and self-adjoint in H,,, and D is self-adjoint (possibly
unbounded) in #},. In the following theorem we express the function n by means
of the entries of the matrix in (5.2). We set

aoo(2) := ((Ao — 2) 'u,u),  ai1(2) = (Ao — 2) 'ep_1,€p-1),

a(z) = (Ao — 2) "y ept) = (Ao — 2) ey, ), (5.3)
and
v lan(z)  a(z)
=) an)
The last equality in (5.3) follows from a(z*)* = a(z), in fact, by Cramer’s rule,

a(z) = y/so/(ao — z) if p =1 and a(z) = (— l)p Ly/sobo. .. by_o/det (Ag — 2) if
p>2.
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Theorem 5.1. Suppose that the function n € Ny satisfies for some p > 1 one of
the assumptions (j,),j = 1,2,3, and that D, # 0, see (4.3). Then

(Z — f(Z)TLp(Z) _G’OO(Z)’ (54)
ar1(z)np(z) — 1
where ny(2) == ((D — 2) " up, up) with u, := by_1e,. The function n, belongs to
Ny and satisfies the assumption (jo). Moreover, for k > 1 we have
u € dom AP** = u, € dom DF, (5.5)

and n satisfies the assumption (jp+k) if and only if ny, satisfies the assumption (ji).

Remark 5.2. If the operator representation (3.2) of nis n(z) = ((A—2) tu,u) with
the space H = H(n), then, according to Theorem 3.1, the operator representation
of ny =7 is given by

, PH/lAU
Hy=Ho{u}, Ar=PyAly, w= lull
the operator representation of ny = ny by
My =HO {u, Au}, Ay = Py Al Pr A%u
2 = U, Ay, 2 = Iy Alpy, U2 = ,
2 [l fluall

and, via induction, the operator representation of n, = n,_1 by
PH;7 APy,
Nl flup—a )

Note that ||u|| = /so and, by Theorem 5.1, ||u;| = bj—1, j=1,...,p.

H; :'He{u,Au,...,A”_lu}, Ap = PH;A|’H;, Uy

Proof of Theorem 5.1. With the matrix (5.2), the equation (A — z)x = u becomes

(Ao — 2)z1 + bp_1(z2,ep)ep—1 = u, (5.6)

bp—l(xlaep—l)ep + (D —=z)xy =0,

where z is written as © = (a:l xg)T according to the decomposition (5.1). The
second equation implies

To = —by_1(21,ep-1)(D — 2) e,
We insert this into (5.6) and apply (Ag — z) ! to get

1 = (Ag — 2) tu + bf,fl(xl, ep—1) (D —2)"ep,ep) (Ao — 2) lepo1.  (5.7)
Now take the inner product with e,_; and solve the obtained equation for
(z1,€p-1):
((Ao —2)"tu, ep_l)

1- b;%fl (D —2)"tep,ep) (Ao — 2) " tep—1,€p-1)
Observing that n(z) = ((A —2)"tu,u) = (x1,u), the relation (5.7) yields (5.4).
To prove (5.5), denote by P’ the orthogonal projection onto Hj, in (5.1). If k =1,
then u € dom APT! is equivalent to v := APu € dom A. Since D is the only

(z1,€p-1) =
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entry in the matrix of (5.2) which is possibly unbounded (B and B are even one-
dimensional), v € A is equivalent to the fact that the non-zero component P’v,
which is a multiple of e,, belongs to dom D. If k = 2 we observe that

e A2+ BB AyB+BD (5:8)
~ \BAy+ DB BB+ D? '

Since e, € dom D the operators DB and BD and hence all the entries in the
matrix representation of A? except possibly D? are bounded. Now u € dom AP+?2
is equivalent to v = APu € dom A2, and hence, by (5.8), P'v € dom D?. The claim
for arbitrary k follows by induction.

The last claim of the theorem for j = 1 follows immediately from (5.5) and
the first equivalence in (4.1). For j = 2,3 we also use the equivalences in (4.1). A
simple calculation yields

-t = (i ) e

with
Rui(2) = S1(2)7",  Ria(2) = =bp1 (D —2)7" -, ep) S1(2) lepon,
Ros(2) = (D —2)"' + b (Sl( )7t ep—1, €p— 1) ((D - 2)71 -,ep) (D — z)flep,

where S1(z) :== Ag—z—b2_; (D —2)"tep, ep) (-, €p_1)€p_1, the first Schur com-
plement. It is easy to see that for f,g € H, we have

Jim_ iy (Si(iy) " 9) = =(f,9)-
Now we observe the relation
A — 2 = <A0R11(z) + BRis(2*)" AgRia(2) + §322(2)>
BR11(2) + DR12(2*)*  BRi2(2) + DRaa(2)
and the fact that for z = iy, y — oo, for example zAgR11(2) = 24pS51(z) has a
limit,
zAoR12(2) = —sz,l((D —z)7! ep)Aosl( ) te,—1 = o(1),
2DRoy(2) = zD(D—2)"1 + zb (Sl( )~ ep, ep) ((D—z)_l-7 ep)D(D—z)_lep
=2D(D —2) " +0(1),
etc. These relations imply for example with v = APy
z(A(A—z)""v,v) =2 (D(D — z)"'P'v, P'v) + O(1).
Since P'v € span{ep, €pt1,-- -, €pthts €ps €pii,- - - E€prk—1 € dom D and hence
z(D(D —z)"'a’,2’) = O(1) for 2 € span{ey, eps1, ..., €pti},

and since P'v has a non-zero component in the direction of e, the claim follows
from (4.1). O
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6. Representation of the transformation matrix
by orthogonal polynomials

The 2 x 2 matrix function which generates the fractional linear transformation
(5.4) we denote in the following by V:

1 [ 7z  —aoo(2)
Viz) = a(z) <a11(z) -1 ) . (6.1)

In this section we express V' by the polynomials of first and second kind. To
this end, the elements of H, are considered as column vectors with respect to the
basis eg, e1,...,€p—1.

First we solve the equation (Ag — z)z = e,—1 in H,. With the Jacobi matrix
Ap from (4.7) this equation becomes

Aoz — zx = ep_1,

or
&1 0
Ao — : R
(Ao — 2) - 0
& 1

According to the definition of the orthogonal polynomials of first kind, the solution
of the system with the 1 in the last component of the vector on the right-hand side
replaced by —b,_1€e,(%) is the vector with components ey(2), e1(z),...,ep—1(2). It
follows that

ej-1(2)
P=— , =1,2,...,p,
& bp—16p(2) J b
and hence
An — 2)"le ) = B - eiﬂfl(z)
(( 0 Z) eP 1,€p 1) (I’ep 1) bp 1ep(2)
Ag—2)"te,_1,e = (z,e = - co(2) ,
(( 0 ) p—1 0) ( 0) bpflep(z)
that is,
ep 1(2) 1
aii(z) = a(z) = — . 6.2
=T ) T T e ) 62)
Next we solve the equation (Ao — z)x = u = /Sp €. As above, in matrix form it
becomes
&1 V/50
&2 0
(Ao—2) | . | =

6 0
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According to the definition of the polynomials of the second kind and because of
bo di(z) = \/so we have

0 \/S() \/S() 0
di(z) 0 0 0
(Ap — 2) : = : = : — bp—1dp(z)
dp—2(2) 0 0 0
dp_l(z) —bp_ldp(z) 0 1
It follows that
& /S0 0 eo(2)
0 dy(z P ei(z
I ITTEEEY B Y - v
&p 0 dp—1(2) ep—1(2)
and hence p
apo(z) = ((Ag — 2) " tu,u) = —eigz;. (6.3)

Inserting the expressions from (6.2) and (6.3) into (5.4) and observing the relation
(4.15) we find that V' can be written as

—d _1(2) -b _1d (Z)
Viz) — i p—10p
) (ewaa bprep(z) )
and hence we obtain the following theorem.

Theorem 6.1. If, for some integer p > 1, the Nevanlinna function n satisfies one
of the assumptions (jp), j € {1,2,3}, and D, # 0 then the following relation holds:

dp—1(2)np(2) + bp—1dp(2)
ep—1(2)np(2) + bp—1ep(2)’
where ny(2) = (D — 2) up, up), up = bp_16p.

Remark 6.2. (i) Using (4.12) and (4.6) we obtain from (6.4) with p = 1:

n(z) = (A—z)"'u,u) = — (6.4)

50

n(z) = - S1

z— = +ni(z)
50

and hence, because n1(z) = o(1), n; is the Schur transform of n: n; = n. For p > 2
we obtain from (6.4) and (6.4) with p replaced by p — 1 and with the help of (4.5)
and (4.15) that
b2 o

2= g +mp(2)]

b2 b3 1
np—l(z):—p2—ap 1p2+o< )

z 22

np-1(2) = —

hence

and n, = Np_1.
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(i) From (6.4), (4.17), (4.18), and (4.20), we obtain

dp—2(2)np(2) + bp_2dp_1(2)

n(2) Ep2(2)p(2) + bp2Bp1(2)

Since, according to Theorem 4.2, c?k and €y are the polynomials of first and second
kind associated with 7 , this formula implies that the function n, is the p — 1-th
Schur transform of 7.

The 2 x 2 matrix polynomial V', which generates the fractional linear trans-
formation (6.4), has the property

det V(z) = bp—1 (dp(2)ep-1(2) — ep(2)dp-1(2)) = 1.

0 1
7=(%0)

V' is J-unitary on the real line, that is,

With

V()JV(z)"=J, zeR

Therefore V(z)~! exists for all z € C and we can form the polynomial matrix
function

with
P (2) = bpei (dy(2) dy_1(0) — dp—1(2) dy(0))
PP (2) = by (dy(2) €p1(0) — dp1(2) ,(0)) ,
a5 (2) = by (ep—1(2) dp(0) — €p(2) dp_1(0))
1" (2) = by (ep—1(2) €5(0) — ep(2) ep1(0))

A straightforward calculation leads to the relation

PP (2)hp(2) + P (2)

n(z) = ((A—2)"tu,u) = ,
()= (4= 0t (2)hy(2) + i (2)

where
dp—1(0)n(2) + bp—1d,(0)

) () + by1p(0)

(6.5)
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With relation (4.14), the following formulas can be obtained, compare [1, 1.2.4]:

PP _szk
PP —1+dek
s ( —l—zZek
P ——zZek

7. Transformation by means of a u-resolvent matrix

Given again a function n € No with one of the properties (j,), j = 1,2, 3. Besides
the decomposition (5.1) we consider the decomposition

H(n) = Hp+1 & H”, Hp+1 = span{H,, e, } = spanfeg, e1,...,ep},

and in the space H,1 the restriction

A
S:=A|Hp=(é)).

This restriction is a non-densely defined symmetric operator in H,,; with defect

index (1,1), and, evidently, the given function n = ((A — z)~'u,u) is one of the

u-resolvents of this operator S. Hence n can be represented as a fractional linear

transformation of some function g € Ny by means of the u-resolvent matrix W =
(wke)f o=y Of St

_ wi1(2)g(2) + wi2(2)

wa1(2)g(2) + waa(z)

Such a wu-resolvent matrix W can easily be calculated. To this end we fix

a self-adjoint extension of S in Hp41, which means that we fix some v € R in

the right lower corner of the matrix representation of S with respect to the basis

€0 €1, ..., ep of Hyi1. Denote this matrix or self-adjoint extension of S in Hp 1

by Ao :

(7.1)

According to [15] this u-resolvent matrix W is given by the formula

Gl (R (Ruw)Qe) - (e, )
Wiz <u,so<z*>>( 1 Q(2) ) (7.2)
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where R) = (Ap, — 2)7 !, p(z) is a defect function of S corresponding to the self-
adjoint extension Ag -, and @ is the corresponding @-function. An easy calculation
yields
b2_a(z)?
(RYu,u) = ((AOW — z)_lu,u) = ago(z) — pAl(z()) ,
where
Alz)=z—~v+ bf)_lall(z).

Since S = Ag 4|#, and hence, in terms of linear relations,

S* = {{z, Ao~z + Aep} |z € Hpt1, A € C},

it is easy to check that for ¢(z) with {p(z), zp(z)} € S* we can choose

p(2) = (Ao — 2) ey = A_(i) ( ~hra(do L e ) ;

and then the @-function, which is the solution (up to a real additive constant) of
the equation

AE 2O (o000,

becomes

-1
Inserting these expressions into W from (7.2) we find

, a(z)? apo(2)

apo (Z) - bpfl 5 - 5
W(z) = bpi(j()z) Al) ﬁ . (7.3)
: A2)

Observe that W (z) is J-unitary on the real line. Next we establish the connection
between the matrix functions V' from (6.1) and W from (7.2), in fact we find a
simple expression for V"1WW. We have

~1 ago(z)
(2) a(z) —a11(z) apo(2)ar1(z) — a(z)2

Multiplying this matrix from the right by W(z) from (7.3) we obtain

by 0
V()" "W(e)=—[ 22— . (7.4)
bpor by

Theorem 7.1. If the function n € Ng has one of the properties (j,), j € {1,2,3},
then the matriz functions V- from (6.1) and W from (7.2) are connected by the
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relation (7.4). Therefore for the Nevanlinna functions n, in (5.4) and g in (7.1)
the following relation holds:
b2,
np(z) = — VR (7.5)
SO

If 1/g(2) = o(1), then formula (7.5) implies that n, admits the asymptotic

expansion
b2 'yb2 1
p—1 p—1
ny(z) = — LT L2 +O<Z2)

and —1/g is its Schur transform: —1/¢g = 7,,. Hence the number -y, which defines
the self-adjoint extension of S, corresponds to the number a,.

Remark 7.2. If instead of a self-adjoint operator extension Ay ., of S we choose the
(multi-valued) self-adjoint relation extension of S:

Ap,oo =S +span{0,e,} = Ag +span {0, e},

then we obtain
RF = (Agoe —2) ' = (4o —2)"'P,

where P is the orthogonal projection in H,1 onto H,,

o(2) = (—bpl(AO 1— Z)lep1> L Q) =2+ bi_lall(z)a

so that
W(z) =~ 1 (aOO(Z) aoo (2 + b yan(2)) b’z’_la(Z)2> 7
o—1a(2) 1 Z24+02 ja1i(2)
0 —bp_1
V() 'W(z) = 1 z .

and instead of (7.5) we have
s
z+g(z)

Thus if g(2) = o(1), then n, has the asymptotic expansion

b2 1
ny(z) = — pz "4o <z2)

and g is the Schur transform of n,: g = n,.

np(z) =

A more explicit form of the resolvent matrix W from (7.2) can be obtained
following [15] and [2]. To this end we decompose the space Hpq1 as

Hpt1 =ran(S — z) + spanu, z € C, a(z) #0,



56 D. Alpay, A. Dijksma and H. Langer

(+ stands for direct sum) and denote for y € Hy,y1 by P(2)y the coefficient of u
in the corresponding decomposition of y:

y=(S—-2)z+ (P(z)y)u (7.6)

with some & € dom S = H,,. Further, define Q(z) y = ((S — 2) "' (y — (P(2)y)u), u).
Then, according to [15], the resolvent matrix can be chosen to be

WOo(z) =1 + 2 ( _QP((Zg) ) Q(0)* — P(0)")J, J= (_01 é) . (7.7)

We derive an explicit expression for W0(z) := W (2)W(0) ™, following [2]. To
this end, for the vectors and operators we use matrix representations with respect

to the basis to(= u), t1,...,t,. Recall that S, is the Gram matrix associated with
this basis. We denote by & the (p+ 1) x (p + 1)-matrix
0 0 0 0
1 0 --- 0 0
G_l01 - 00
o0 --- 10

and by e the first column in the (p + 1) x (p + 1) identity matrix. Then S and u
correspond to & |cr g0y and e. First we apply the operator (I — 26*)~! to (7.6)
and observe the relation

e*(I —26%)"H(& —2)z =0, z¢cCP+{0}.
It follows that

e*(I — 26"ty = (P(2)y) e*(I — 26™) tu = P(2)y. (7.8)
Further, observing that e*S, = (so s1 -+ s,) we obtain
Q(z)y = ((S = 2) "'y — (P(2)y)u), u)

=e'S5, ((6 )y —(6-2)"te (e*([ - zG*)_ly))

=(s0 s1 - s)((6— 2)7HI — 26%) — (& — z)*lee*) (I —26%)"1y
=(so s1 -+ sp)B (I —26%)""y
=0 so s1 0 spo1) (I —26) 1y,

where for the second last equality sign we have used that
(6 —2) Ml —26%) — (6 — 2) tee” = G,
Together with (7.8) we find

(F2)= (% 0 o) u—sen,
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and (7.7) becomes

0 -1
0
07\ _ S0 Sp—1 -1 g1 ]| %0 0 1
W(z)—12—|—z<_l 0 0)([ 26%) " S, L (_1 0
Sp—1 0

8. Reproducing kernel spaces:
reduction via resolvent invariant subspaces

In this section we start from the operator representation of the Nevanlinna function
n in the corresponding reproducing kernel space £(n) with kernel

n(z) —n(w)”

Z — w*

Ly(z,w) = , 2,(eC\R,

see Section 2, (3). The operator A is introduced via its resolvent (4 — z)~! which
is the difference-quotient operator R, defined by

f(€) = 1(2)
(-2 '
If n satisfies one of the assumptions (j,), then, by [3, Lemma 5.1}, the functions
fo(¢) = n(Q), f1(¢) = ¢n(Q) + 0.+, fp(Q) = (Pn(¢) + (P s0 + -+ 5p1
all belong to £(n) and
<fkaf]>£(n) = Sj+k, ja k:()v]-u"'ap' (82)

In particular, u := n € £(n), and by the reproducing property of the kernel L,, we
have

(R-1)(€) = feLn). (8.1)

n(z) = ((A - 2)71u7u)£(n)-

By U; we denote the class of all 2 x 2 matrix polynomials © which are J-
unitary on R and for which the kernel

J—0(2)JO(w)*

z — w*

Ko(z,w) =

is non-negative. The reproducing kernel Hilbert space with this kernel will be
denoted by H(©); its elements are 2-vector functions. The matrix polynomials V/
and W considered in the previous sections belong to U;: this follows from the
Christoffel-Darboux formulas (4.14) for V' and from (7.4) for W. Note that if ©
belongs to Uy, then det ©(z) = ¢, where is ¢ is a unimodular complex number,
because the determinant det ©(z) is a non-vanishing polynomial in z.
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The following theorem was proved in [4, Theorem 8.1], even in an indefinite
setting.

Theorem 8.1. Let n € Ny and suppose that there exists a matriz polynomial
a b
O = (C d) €Uy

u— (1 —n)u
is an isometry from H(©) into L(n). Define the function n by
_ a(z)n(z) +b(2)
&)= i) + d(z)

Then the following statements hold.

such that the mapping

(i) n is Nevanlinna function.
(ii) The mapping g — f:

F(©) = (a(¢) = n(¢)e(€)) 9(¢)
is an isometry from L(n) into L(n).
(iii) We have

and the mapping

Wi L(n) 5 f (‘;) E (ZE%)),

where f,u, and g are connected by the relation

FO =01 —n(Q))u(Q)+ (al§) = n(¢)e(0))9(0);
is a unitary mapping from L(n) onto H(O) & L(n).
(iv) The mapping WR,W* is of the form

= (0 meo) (20)-(0) o
(

with
R =k el (") 0 1) k.
— R, — Ko(-,2) _nl(z)> (0 1) E.,
Risle) = | (R0 (_‘“())) E.
— _(a(2) = n(2)e(2) Kol -, =) ((1)) E.,
Ra(s) = = (R0)(-) (0 1) B
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:RZ—

where R, is the difference-quotient operator, E, is the operator of evaluation
at the point z on any reproducing kernel space, and

det O(2)
a(z) = n(z)c(z)
We mention that formula (8.3) corresponds to the relation (5.9) above.
A space of functions is called resolvent-invariant if it is invariant under the
difference-quotient operator R, as defined in (8.1). In the following lemma, with

a resolvent-invariant non-degenerate subspace of a certain inner product space a
2 x 2 matrix function is associated.

k(z) = c(2)n(z) +d(z) =

Lemma 8.2. Let M be a finite-dimensional resolvent-invariant space of 2-vector
polynomials endowed with an inner product (-, -) such that

(R:f.9) — (f, Rwg) — (z — w")(R. f, Rug) = g(w)"J f(2), (8.4)
and let My be a resolvent-invariant non-degenerate subspace of M. Then there
erists a ©1 € Uy such that

(i) My ="H(O1),

(ii) M = H(01) @ N where N = O7' M7 is a resolvent-invariant space of
2-vector polynomials, for which the relation (8.4) holds if equipped with the
iner product

O7'f.07 9N = (f.9), f.ge Mt

Relation (8.4) is often called de Branges identity, see [7] and, for further ref-
erences, [12]. That A consists of 2-vector polynomials is due to fact that ©;'(z) =
—JO1(z*)*J is a matrix polynomial. The other claims of the lemma follow from
[6, Theorem 3.1].

Now we formulate and prove Theorem 6.1 again in the context of reproducing
kernel spaces.

Theorem 8.3. If, for some integer p > 1, the Nevanlinna function n satisfies one
of the assumptions (jp), j € {1,2,3}, and Dy, # 0 then the following relation holds:

dp—1(2)1p(2) + bp—1dp(2)
ep—1(2)0p(2) + bp—1€p(2)
where i, is a Nevanlinna function such that n, € L(R,), and

Np(2) = (Rafip, Mip) () - (8.6)

n(z) = — (8.5)
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Comparing (6.4) and (8.5) we find that n,(z) = np(z), the pth element in the
sequence obtained by applying the Schur transformation p times starting with n.

Proof of Theorem 8.3. Let M be the linear space spanned by the p + 1 2-vector
functions

f2(¢) = (_01> 1(0) = (foc) B () = (socp—l +_<p +sp—1> (8.7)

and equipped with the inner product which makes the map u — (1 —n) u an
isometry from M into L£(n), see (8.2). Note that if n has the integral representation
(2.2), the elements of M are of the form

()

where f is a polynomial of degree < p. Indeed, it suffices to show this for the basis
elements of M: If f(¢) = ¢/, then

Cj
¢

and hence, on account of (1.3),

-t , , , ,
Ref(t)=", , =T+t 87247

| RNOao) = 500 45107 4ty Gt

— 00

It follows that M is also spanned by the polynomial vectors

—d; -
(ej)7 .]_0717"'7p)

where e; and d; are the polynomials of first and second kind associated with 7,
see (4.4) and (4.10).

Let M, be the space spanned by the first p of the 2-vector functions in (8.7).
Since Sp—1 from (4.2) is a positive matrix, the space M, is non-degenerate and

M = M, @& span <_dp> .
€p
As both M and M, are resolvent-invariant spaces, by Lemma 8.2 we have that
for some ©1 € Uy, which is normalized by ©1(0) = I> (and hence det ©(z) = 1),
My =H(©O1), M=H((©O1)® 1N

Here N is a one-dimensional resolvent-invariant space, which, when equipped
with the induced inner product, satisfies the de Branges identity and therefore

is spanned by a constant J-neutral vector (a 6)T such that

o1 5) =0 (515
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For A € R denote by C) the constant J-unitary matrix
Ao «
(_a—*+/\ﬂ ﬂ)a 047&07

™" 0 _
( A3 B) a=0.
Then there exists a A such that

O(z) := 01(2)Cy = (“W —bp—ldp(z)> 7

Cy =

co(z)  bp-16p(2)

where a and ¢ are polynomials such that deg c < dege, = p. The inclusion
Ry (Z) € H(©) = H(01) = M,

implies that dega < p — 1. From det ©(z) = 1 it follows that x = @ and y = ¢ are
polynomial solutions of the equation
1
z(2)ep(2) +y(2)dp(2) =~
p—1
Since all polynomial solutions of this equation are given by

z(z) = a(z) — s(2)dp(2), y(z) =c(z) + s(2)ep(2)
with some polynomial s, the solutions z = a and y = ¢ have minimal degrees and
because of that they are unique. Observing (4.15), we find
a(z) = —dp-1(2),  c(2) = €p-1(2).
Hence
—d ,1(2) - ,1d (Z))
O(z) — P p—1dp -V
=) ( er1(2)  bpoaey(z) ) V)
and Cy = O(0) is the coefficient matrix of the fractional linear transformation
(6.5).

Define the function 7, by (8.5). Then, according to Theorem 8.1, it is a Nevan-
linna function. We show that 7, € L(72,). The function f,(¢) = (1 —n(¢)) £,(¢)
belongs to £(n) and, according to Theorem 8.1 (iii), it can be written as

(1 —n(Q) £ = (1 —n(Q) up(Q) + (a(¢) — n(¢)e(¢))gp (<)

with u, € M,, g, € L(n,), and the two summands on the right-hand side are
orthogonal. This orthogonality and the isometry of the multiplication by (1 —n)
imply that (0 #)f, —u, € Mj and hence there is a non-zero complex number ~y

such that
—d
fp up =7 ( ep?é§)> ’

(a(¢) = n(€)e(€))gp(€) = =7 (dp(C) + ep(¢)n(C))

Therefore
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and
L aOnO+d0 _ v
)= 000 +al0) T by ™)
Hence 7, € L(1,,). Equality (8.6) follows from item (3) in Section 3. O
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M. Krein’s Research on Semi-Bounded
Operators, its Contemporary Developments,
and Applications

Yu. Arlinskii and E. Tsekanovskii

To the memory of Mark Grigor’evich Krein

Abstract. We are going to consider the M. Krein classical papers on the the-
ory of semi-bounded operators and the theory of contractive self-adjoint ex-
tensions of Hermitian contractions, and discuss their impact and role in the
solution of J. von Neumann’s problem about parametrization in terms of
his formulas of all nonnegative self-adjoint extensions of nonnegative sym-
metric operators, in the solution of the Phillips—Kato extension problems (in
restricted sense) about existence and parametrization of all proper sectorial
(accretive) extensions of nonnegative operators, in bi-extension theory of non-
negative operators with the exit into triplets of Hilbert spaces, in the theory
of singular perturbations of nonnegative self-adjoint operators, in general re-
alization problems (in system theory) of Stieltjes matrix-valued functions, in
Nevanlinna-Pick system interpolation in the class of sectorial Stieltjes func-
tions, in conservative systems theory with accretive main Schrodinger op-
erator, in the theory of semi-bounded symmetric and self-adjoint operators
invariant with respect to some groups of transformations. New developments
and applications to the singular differential operators are discussed as well.

Mathematics Subject Classification (2000). Primary 47A63, 47B25; Secondary
47B65.

Keywords. Semi-bounded and nonnegative operators, accretive and sectorial
extensions, the von Neumann and the Phillips—Kato extension problems, sin-
gular perturbations, system theory.

This paper is an extended version of a plenary talk given by one of the authors
(E.T.) at the International Conference in Odessa, Ukraine, and dedicated to the
centenary of Mark Krein. The bitterness of Krein’s life was recalled by Yury
Berezansky and Israel Gohberg in their comments at the Conference. Below are

This work was completed with the support of our TEX-pert.
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some recollections about Krein’s life that were presented at the beginning of the
talk. One day E.T. called M. Krein asking for an appointment to discuss some
problems. Mark Grigor’evich picked up the phone and after warm welcome said:
“Why don’t you congratulate me?” “ I do not know what I should congratulate
you with.” “ I was elected to the American Academy of Arts and Sciences together
with C. Chaplin, A. Solzhenitsin and A. Sakharov”, M. Krein told. “I did not know
about that. There was no information on radio, newspapers and television.” “Yes”,
answered Mark Grigor’evich, and “there will be no information about my election
in any media in the USSR as I was informed by local officials.”

1. Introduction

The literature on extension theory of semi-bounded operators is too extensive to be
discussed exhaustively in this paper. We use references [1]-[175] and cover in this
survey only topics closely related directly or indirectly to our scientific interests as
well as results and developments we were involved in personally.

In 1929 John von Neumann published a paper [144] where for the first time an
Extension Theory and his well-known formulas appeared. These formulas describe
the domains (in terms of operator-valued parameter) of all self-adjoint extensions
of a given symmetric operator on some Hilbert space. The von Neumann formulas
can be presented in the following way: If S is a symmetric operator acting on some
Hilbert space $) with the dense in $ domain D(S) and S is self-adjoint extension
of S, then

D(S*) = D(S)+9M+MN_;
D(S) = D(S)+(I + U)N;

where 91, are defect subspaces of S, that is, S*z = iz, v € DM4;, U is an isometry
of 91; onto MN_;, and

fg=Tfs+zi+Ux
§f§ = Sfs+ir; —iUxy,
T € ‘ﬁi, Ux; € 2M_;.
These formulas establish a one-to-one correspondence between isometries U : 9; —
9_,; and all self-adjoint extensions S of a given symmetric operator S.
Operator S is called semi-bounded from below if there exists a number m,
called a lower bound, such that for all x € D(S)
(Sz,x) > m(z, ).

We will assume further that lower bound m is the greatest lower bound of S.
In the same paper J. von Neumann formulated a problem about existence and
description of all self-adjoint extensions preserving the greatest lower bound of a
given densely defined symmetric operator semi-bounded from below. In particular,
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the von Neumann problem is about the existence of an extension S = S* of the
given symmetric operator S such that

(Sz,z) > m(x,z), ze D(S).
For any small € > 0 J. von Neumann established only existence of a self-adjoint
operator S = 5™ such that

(Sz,z) > (m—€)(x,z), € D(S).
Existence of self-adjoint extensions preserving the greatest lower bound has been
established by K. Friedrichs, M. Stone and H. Freudental [82], [163], [81]. If S is
semi-bounded symmetric operator with the lower bound m and S its self-adjoint
extension with the same lower bound, then

S—ml>0
S—mI>0

and the von Neumann problem can be reduced to the problem of existence and
description of all nonnegative self-adjoint extensions of a given nonnegative densely
defined symmetric operator.

In 1947 M. Krein published a paper appeared in two parts [112], [113] where
based on his theory of self-adjoint contractive extensions of a given non-densely
defined Hermitian (symmetric) contraction he gave a description (in an implicit
form) of all nonnegative self-adjoint extensions of a nonnegative symmetric op-
erator by means of linear fractional transforms of nonnegative operators. He has
discovered two extremal nonnegative self-adjoint extensions, the maximal and the
minimal ones, such that the maximal one coincides with the nonnegative extension
discovered earlier by Friedrichs and the minimal one in the case of positive lower
bound can be obtained in the framework of von Neumann’s approach. Following
[12], [6] we call these two extremal extensions the Friedrichs and the Krein-von
Neumann extensions respectively.

2. Closed sectorial sesquilinear forms and associated
maximal sectorial operators

Recall some definitions and results from [104].

Let 7[-,-] be a sesquilinear form in a Hilbert space H defined on a linear
manifold D[r]. The form 7 is called symmetric if 7[u, v] = 7[v, u] for all u,v € DI7]
and nonnegative if 7[u] := 7[u,u] > 0 for all u € DI[7].

The form 7 is called sectorial with the vertex at the point v € C and a
semi-angle 6 € [0,7/2) if its numerical range

W(r) = {r[u], uw € D[r], [Jul| = 1}
is contained in the sector

Sy =1{z€C:arg(z — )| <0},
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ie.,

[Im (7[u] — y|ull*)| < tanORe (7[u] —||ull*),  u e D[7].
Thus, 7 is sectorial with vertex at « if and only if the form 7[u,v] — v(u,v) has
vertex at the origin.

Let 7 be a sesquilinear form. The form 7*[u, v] := 7[v, u] is called the adjoint
to 7, and the forms

1

TR[U, V] == N (T[u, v] + 7°[u, v]),
T1|u, v] == 211 (T[u,v] — 7%u,v]), u,v € D[r].

are called the real and the imaginary parts of 7, respectively.
A sequence {u,} is called T-converging to the vector u € H if
lim u, =u and lim  7[u, — ] = 0.
n—oo n,m-— o0
The form 7 is called closed if for every sequence {u,,} 7- converging to a vector w it
follows that w € D[r] and lim 7[u—u,] = 0. A sectorial form 7 with vertex at the
n—oo

origin is closed if and only if the linear manifold D[7] is a Hilbert space with the
inner product (u,v); = Tr[u, v]+ (u,v) [104]. The form 7 is called closable if it has
a closed extension; in this case the closure of 7 is the smallest closed extension of 7.

A linear operator T in H is called sectorial with vertex at v and a semi-
angle 6 € [0,7/2) if the form 7(u,v) := (Tu,v) called sectorial with vertex at
~ and a semi-angle 6. As proved in [104] for such T the corresponding form is
closable. A sectorial operator T is called maximal sectorial (m-sectorial) if one of
the equivalent conditions is fulfilled

(i) T does not admit sectorial extensions without exit from the given Hilbert
space,
(ii) the resolvent set of T is nonempty,
(iii) the adjoint operator T* is sectorial.

If 7 is a closed, densely defined sectorial form, then according to the first
representation theorem [112], [104] there exists a unique m-sectorial operator T in
H, associated with 7 in the following sense:

(Tu,v) = 7lu,v] forall we D) and foral wveD[r].

If 7 is closed and nonnegative form, then by the second representation theorem
[112], [104] the identities hold:

Dlr] = D(T2), tlu,v] = (T>u,T>v),  u,v € Dr].

If 7 is a closed nonnegative but non-densely defined form, then we will asso-
ciate with 7 the nonnegative self-adjoint linear relation [155]

T = {<u,Tu+h>7 ueD(T), he H@D[T]},
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where T is a nonnegative self-adjoint operator associated with 7 in the subspace
D[r]. Clearly, T(0) = H & D|[r]. The inverse linear relation T~! is associated with
the form

T+ h,g+ he] = (T2 f,T 2g), f,g € R(T?),  hi,ho € T(0),
1

where T—2 = (Té |R(T2 )) . We will denote by R[T] the linear manifold R(T2)&
T(0).

If S is a nonnegative Hermitian operator ((Su,u) > 0 for all u € D(95))
then the form 7[u,v] := (Su,v) is a closable. Following the M. Krein notations we
denote by S[-, -] the closure of the form 7 and by D[S] its domain. By definition
Slu] = S[u,u] for all uw € D[S].

Let S be a closed densely defined sectorial operator in a Hilbert space $
and let S* be its adjoint. The Friedrichs extension [104] Sp of S is defined as a
maximal sectorial operator associated with the form S[-,-]. If S is symmetric and
nonnegative then D(Sg) = D[S]|ND(S*), Sr = S*|D(SF). The Friedrichs exten-
sion SF is a unique nonnegative self-adjoint extension having the domain in D[S].
If N, = Ker (S* — zIg) are the defect subspaces, then D[S|NN, = {0}, z € p(Sk).

Note that if S is a nonnegative linear relation, then its Friedrichs extension Sp
is a nonnegative self-adjoint linear relation associated with the closed form S|, -].
In particular, if S is a non-densely defined nonnegative operator, then Sg(0) =
H o D(S) [155].

3. The M. Krein approach

Let S be a closed symmetric nonnegative operator in $ with the domain D(S5).
The fractional-linear transformation
A=(Iy = 8)(Is+8)7"

is a Hermitian contraction ( ||A]] < 1) in $ defined on the subspace D(A) =
(I 4+ S)D(S). The following M. Krein’s result plays essential role in the sequel.

Theorem 3.1 (M. Krein [112]). There exists at least one self-adjoint contractive (sc)
extension A of A. Moreover the set of all self-adjoint contractive (sc) extensions of
A forms an operator interval [A,, Anr], where the endpoints possess the properties

it (Us + 4)(f + ), (F +¢)) =0,

. (3.1)
f Iy — A , =0
nt (s = )T + 9. (F + )
for all f € $.
The operator A admits a unique sc-extension if and only if
A 2
[ T

pep(a) 1#l17 = [|Agl?

for all nonzero vectors h from the orthogonal complement $ © D(A).
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With the aim to establish Theorem 3.1 M. Krein introduced and studied the
following operator transformation. Let H be a bounded nonnegative self-adjoint
operator in $ and let £ be a subspace in . M. Krein proved that the set of all
bounded self-adjoint operators C' in $) such that

0<C<H, RC)cCZt

has a maximal element which M. Krein denoted by Hg. It is established by
M. Krein that ) )

He = H2PoH=, (3.2)
where P is the orthogonal projection in § onto the subspace

Q={fecH:H>fecg}

In addition
(Hef. f)= inf ((H(f+¢),f+¢)

PENOL
for all f € . From (3.2) it follows that proved in

R((Hg)%) —R(H})NE

and hence [112]

He=0 < R(H?)N &= {0}.
The operator Hg was called in [8] the shorted operator. Properties of the shorted
operators were studied in [8], [9], [10], [80], [118], [145], [147], [159].

Let A be any sc-extension of Hermitian contraction A. Then the operators
A, and Aps can be defined as follows [112]:

AH :A—(Iy) +A)m, Ay :A-i-(.[y) —A)m
Thus, for the extremal sc-extensions A, and Ay of A one has
(s + Ay = (Ig — Apm)gy = 0.
The construction of some sc extension of A was given by M. Krein in [112] (see
also [2], [126]).

The general description of contractive extensions for nondensely defined con-
traction A has been established by M.G. Crandall [64]. Denote by [$1, $2] the
set of all bounded linear operators acting from Hilbert space $; into Hilbert
space $)o. If A is a contraction defined on the subspace D(A) of the Hilbert space
9, then obviously A € [D(A),$]. Let A* € [, D(A)] be the adjoint to A. Put
N = H S D(A) and denote by P4, Py the orthogonal projections onto D(A) and
M, respectively. Let Dy = (I — T*T)'/? be the defect operator for a contraction
T and let D7 = 'R(DA)

Theorem 3.2 (Crandall [64]). The formula
ZZAPA—FDA*KPm (33)

establishes a one-to-one correspondence between all contractive extensions of A
and all contractions K € [N, D a+].
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Next, we would like to present the explicit formulas for sc-extensions A, and
Aps of a Hermitian contraction A established in [32]. Let
G=Dus-D(A), L=DaSGC

Denote by Pr, the orthogonal projections onto L and define the contraction Z €
[G, 7] by the relation
ZDyx = PpAz, x € D(A)

Then A, and Ay take the form

AM = APy + DA*(Z*Pm — PLDA*)7

Ay = APo + Da«(Z* Py + P D y+).
Here Z* € [M, G| is the adjoint to Z. Note that in fact M. Krein constructed in
[112] the sc-extension

AM + Ap

9 .
The operator Ay := P4 A is a selfadjoint contraction in the Hilbert space D(A).
Since A is a contraction in $), the following contractive operator Ko € [D 4,, N

KODAof:PmAf7 fGD(A)

A= APy + D72 Py =

is well defined. This gives the following matrix representation for A

A=Ay + KoDa, = (K(:%A ) .
0

Theorem 3.3. Let A be a closed symmetric contraction A in $ = D(A)®N. Then:
the formula

Av: AO l)A()[(E)k . '57.)0 N '57.)0 (3 4)
KoDa, —KoAoK§ + Di: XDi; ) -\, "N :

gives a one-to-one correspondence between all sc-extensions A of the symmetric
contraction A and all contractions X in the subspace D ;. The operators

X = —I@Kg and X = I@Kg correspond to A, and Ay, i.e.,
4 Ap Da,K§ Ao — Ap Da,K§
K KoDa, —KoAoK§— Df(g » M KoDa, —KoAoKg+ D2 5 )

Another matrix forms for A, and Ajps is derived in [11]. Properties of sc-
extensions were studied in [34] and [102]. Theorem 3.3 can be obtained from general
parametrization of contractive block-operator matrices

(a2 () - (%)

considered by Arsene-Gheondea [44], Shmulyan—Yanovskaya [160], Davis—Kahan—
Weinberger [65], Dritschel-Rovnyak [75] (see also [128], [108], [137], [102], [25],
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[26]). This parametrization is given by the formula

A D~ M
T = i .
(K D, —KA}M A+ DK*XDM> ! (3.5)

where Ay € [9,8], M € M, Da: ], K € [D4,,,M], and X € [Dy,Dg~] are
contractions.
The investigation of sc-extensions of a nondensely defined Hermitian con-

traction has been continued in the papers of M. Krein and I. Ovéarenko [117] and
[118]. Here there were introduced so-called @,- and @Qas-functions of the form

Quz) = [(An = 4,024y = D)7 (A = AP+ I | |1, (3.6)
and
Qui(z) = [(AM — A2 (Apr — 21N (Apg — AV - 15} ]m (3.7)

with z € C\[—1, 1]. These functions take values in the class [91, 91]. Moreover, they
belong to the class of Herglotz-Nevanlinna functions, i.e., they are holomorphic
on D\ R and satisfy the relations Q(z)* = Q(z) and ImzImQ(z) > 0 for z €
D\ R. As indicated above, these functions admit also analytical continuations
to Ext[—1,1] := C\[-1,1]. In addition they are connected by Q.(z)Qn(z) =
Qr(2)Qu(z) = —In. In these papers M. Krein and I. Ovcarenko established the
following formulas

(A—z2I5)"" = (Ay —2I5) "
— (A — 2I5) 'O K (I + (Qu(z) — Im) ™) K)
(A—2I5)7" = (Ay — 215) 7"

oA, - 20)

F (Aas — 20) O (I~ (Quil2) + ) ™E) T CH(Ay — 215)7!

which give a one-to-one correspondence between resolvents of all sc-extensions and
all operators K and K from the operator interval [0,In]. Here C := Ay — Ay
Another resolvent formulas for sc extensions have been obtained in [166] and [26].
V. Adamyan [1] considered a nonnegative contraction B and gave a description
(in block operator matrix form) of all nonnegative contractive extensions B of B
and their canonical resolvents.

In [118] the inverse problem for @,- and Qas-functions was teated. It has
been suggested some analytical characterizations for these functions among the
class of Herglotz-Nevanlinna functions holomorphic on Ext [—1,1]. Here the lim-
iting behaviour of these functions at oo and at the points z = 1, z = —1 plays a
fundamental role. If @ is the @),-function of some nondensely defined Hermitian
contraction A, then it follows from the operator representation (3.6) and the ex-
tremal properties of the sc-extensions A, and As that @ satisfies the following
limit conditions:
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1) s— lim Q) = I
2) l%rinl(Q(z)h7 h) = 400, for all h € 91\ {0};
3) s— h?ll Q(z)=0.

One of the principal results in [118], cf. [118, Theorem 2.2|, contains the following
assertion: if a Nevanlinna function @, holomorphic on Ext [—1, 1] and with values in
the class [91, 0] has the properties 1)-3), then there is a Hilbert space $) extending
N and a Hermitian contraction A in $ defined on $ & N, such that @ is the
Q,-function of A, i.e., it admits an operator representation of the form (3.6).

In the paper [27] it has been shown that this statement is true only when 9
is finite-dimensional.

Theorem 3.4 (Arlinskii-Hassi-de Snoo, [27]). Let 91 be a separable Hilbert space
and let Q(z) be an operator-valued Nevanlinna function, which is holomorphic on
Ext[—1,1] and takes values in L(DM). Assume that Q(z) satisfies the conditions
1) — 3). Then there exist a Hilbert space $ D N, a Hermitian operator A in
defined on D(A) = H SN, and sc-extensions gl and ;4'2 of A, such that

(1) gl S Avg,'

(ii) Ker (Ay — Ay) = D(A);

(i) R((A2 — A)Y2) NR((A1 — A,)'7?)

= R((As — A1)'2) NR((An — A2)1/?) = {0}

and such that Q(z) has the operator representation
Q(2) = [(Ay — A)V2(A; — 2I) "V (Ag — A1)/2 + Iﬁ} ‘m

If in addition dim N < oo, then 111 = A, and Avg = Ay, and therefore in this case
Q(z) is the Qu-function of A.

In [27] for the case dim = oo were constructed pairs {A;, Ay} of sc-
extensions of A which satisfy the properties (i)—(iii), but which in general differ
from the pair {A,,, Aa} of the endpoints of the corresponding operator interval.
As a consequence it was obtained examples of operator-valued Q-functions of Her-
mitian contractions which are not @ ,-functions (or @ as-functions), but still satisfy
all the limit conditions 1)-3) above. Also the precise characterizations for the Q-
and @ ar-functions of M. Krein and I. Ovcharenko were given in [27] in the general
case dim 9 < co.

Suppose that D(S) is dense in $. Then the operators

Sp=Is—A)Is+ A", Su= s~ Am)Is + Apn) ™"

are well defined and are nonnegative self-adjoint extensions of S. M. Krein called
them the hard and the soft extensions of A, respectively. In the sequel the nonneg-
ative self-adjoint extension Sy given by the relation Sy; = (I — Anr)(Ie+ Apr) ™t
we will call the Krein-von Neumann extension of S and will denote by Sk . M. Krein
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proved that the operator S, coincides with the Friedrichs extension Sr of S and
established the following theorem.

Theorem 3.5 (M. Krein [112]). The following conditions are equivalent:

(i) the nonnegative self-adjoint operator S is the extension of S,
(ii) (SF—FaIg)_l S(S—‘ra,[f))_l S(SK—FaIﬁ)_l

for any (then for all) positive number a.
(iii) Sp <8 < Sk in the sense of quadratic forms, i.e.,

DI[S] € D[S] € D[Sk],

Slu] > Sklu]  for all we DY),
S[v] = S[v] for all v e D[S].
The operator S admits a unique nonnegative self-adjoint extension if and only if
i (Sv,v) =0
veD(S) (v, 0—q)|

for all nonzero vectors ¢_, from the defect subspace N_,, where a > 0.

If the lower bound of S is positive, then for the Krein-von Neumann extension
the following formulas hold [112]:

D(Sk) = D(S)+Ker S*, D[Sx] = D[S]+Ker S*, (3.8)

and moreover

DI[S] = D[S]+(D[S] N Ker S*)

for every nonnegative self-adjoint extension Sof S.

Observe that the construction of the Friedrichs and the Krein-von Neumann
extensions via a factorization of S over a fixed auxiliary Hilbert space has been
given by V. Prokaj, Z. Sebestyén and J. Stochel in [152] and [157].

In [112] M. Krein also considered densely defined symmetric operators having
the spectral gap (a,b), i.e., such operators H that

(Ha;bl>h b

> "lInll, b e D).
The latter condition is equivalent to the inequality
[[H1h|| = [[Rl], k€ D(H)

2 a+b
H, = H - 1
! b—a( 2 )7

for

and
||[Hh||* — (a+b)(Hh,h) + ab||h|* > 0, h e D(H).
Letting a — —oo one has
(Hh,h) > b||h||?, h € D(H).
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Thus, the case of a semi-bounded symmetric operator is a limit case of an operator
with the finite gap.

Let B = H;'. Then B is a nondensely defined Hermitian contraction with a
dense range. Let B be a sc-extension of B. Then
b—a~_, a+bd

9 B+ 9 1

is a self-adjoint extension of H preserving the gap (a,b). So, we arrive to the Krein
theorem [112]:

If H has a gap (a,b) then there exists at least one self-adjoint extension of
H preserving the gap (a,b).

Further developments in the theory of self-adjoint extensions of a symmetric
operators with gaps can be found in [67], [57], [58], [59], [60], [5].

}NI:

4. The Birman-Vishik approach

In [175] M. Vishik considered the following extension problem. Let Ly and My be
two closed densely defined linear operators in the Hilbert space $). Suppose

(Lof,9) = (f,Mog) for all f € D(Lyg), g € D(Mo).
Such a pair of operators { Ly, My} are often called a dual pair. Additionally suppose

Lo and My have bounded inverses.

Let the operator A satisfies the condition
Lo C Ac M.

The latter condition is equivalent to that A is an extension of Lo and A* is an
extension of M. Such operators A are called the extensions of a dual pair {Lg, Mo }.

M. Vishik proved that under the above condition there exists an extension ,ZO
of the dual pair {Lo, Mo} such that Ay and A7 have bounded inverses (<= the
point 0 belongs to the resolvent set of ﬁo). Further M. Vishik described domains
of extensions of the dual pair { Ly, Mo} by means of /TO and subspaces V' C Ker L
and U C Ker M, and operators C :V — U. The main objective of M. Vishik
was an application of the abstract results to the elliptic boundary vales problems.
In the particular case Ly = My = S, where S is a positive definite symmetric
operator with dense domain D(S) the M. Vishik abstract formula takes the form

D(S) = D(S)+(Sp! + C)D(C)+(Ker S* © D(C)) (4.1)

and gives the parametrization of domains for all self-adjoint extensions of S. Here
SF is the Friedrichs extension of S and C'is a self-adjoint operator with the domain

D(C) in the Hilbert space N = D(C') C Ker S*.
M. Birman using Vishik’s results gave a description of all nonnegative self-
adjoint extensions of a positive definite symmetric operator.
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Theorem 4.1 (Birman [55]). Let S be a symmetric operator with a lower bound
m > 0. A self-adjoint extension S given by (4.1) has a lower bound v < m if and
only if the corresponding operator C' satisfies the inequalities

(C 1 o,v) 2 APl + 7 ((Sk = 715) 'v,v0), v e DO,

where D(C™1) = R(C)® (Ker S* & N), C~(Ker S*© N) = 0. In particular, S > 0
if and only if C' > 0. If that is the case then the corresponding associated closed
form is given by

DIS] = DIS]+R(C2))+(Ker S* & N),
Slv + h] = S[v] +[|C~1/2h) 2,

where v € D[S], h € R(C2) @& (Ker S* & N).

As a consequence it is shown in [55] that if ¢ is the lower bound of C—! and
¢ > —m then S is semi-bounded and its lower bound 7 admits the estimate

5 me
TS e

A further development of the abstract Vishik and Birman approaches and their
applications to the boundary value problems for partial elliptic differential opera-
tors and systems has been given by G. Grubb in [93], [94], [95], [96], [97], [98] (see
also [99]). In particular it is proved in [97] that if Sp' is a compact operator and
if C~! is a semi-bounded (from below) then S is semi-bounded. The latter results
also has been obtained by M. Gorbachuk and V. Mihailets in [92]. The aspect of
Birman—Krein—Vishik (BKV) theory connected with closed forms associates with
nonnegative self-adjoint extensions is emphasized by Alonso—Simon in [6]. The
connections of BKV theory with singular perturbations of self-adjoint operators
can be found in [109], [56], [110]. Note that the positivity of a lower bound is
essential in Birman’s approach. For the applications of Birman’s formula to the
operator with zero lower bound it is necessary to consider operator S + al with
an arbitrary positive a. But in this case the domains of the Krein-von Neumann
extremal extensions of S and S'+al, generally speaking, are different and Birman’s
approach does not “catch” the Krein-von Neumann extension Si of S.

5. The Weyl-Titchmarsh functions approach

There are several approaches relating to the Weyl-Titchmarsh function M(z) that
is a unitary invariant for the symmetric operator S and its self-adjoint extension S

1. Aronjain-Donohue (scalar case), Krein-Saakyan, Gesztesy-Tsekanovskil (matrix-
valued case), Gesztesy-Makarov-Tsekanovskii, and Gesztesy-Kalton-Makarov-Tse-
kanovskii [40], [73], [88], [84], [83].
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~If S is densely defined symmetric operator, 9., are defect subspaces of S
and S is its self-adjoint extension, then
Mg(2) = Py, (28 + I)(S — 21)™" . (5.1)

2. The Krein-Langer [114], [115], [116].

Denote by [$1, H2] the set of all bounded linear operators from Hilbert space
$1 into Hilbert space $2 and let vy(29) € [E, M., ], v 1(20) € [Ny, E] where E is
some Hilbert space, 9., is the defect subspace of a given symmetric operator S,
zo is a regular point of the self-adjoint extension S of S. Consider

Y(2) = (S = 20I)(S — 2I) ™ y(0)-
An operator-valued function Q(z) that maps Hilbert space E into itself and
satisfies the equation

Q2) = Q*(Q) = (2 = O (O(2)
is called the Krein-Langer Q-function.
3. Derkach-Malamud [66], [67].
Let S be a closed densely defined symmetric operator with equal defect num-
bers in §). Let E be some Hilbert space, I'y and T’y be linear mappings of D(S*)

into E. A triplet {F,T'1,T3} is called a space of boundary values (s.b.v.) or a
boundary triplet for S* [62], [106] [90], [91] if
a) (S",y) — (z,5%y) = N1z, Tay)p — (Tox, T1y)p  forall x,y € D(S™),
b) a mapping I' : z — {T1a,Tezx}, € D(S*) is a surjection of D(S*) onto
ExE.
From this definition it follows that KerI'y, D D(S), k = 1,2, the operators
Sy = S*|KerTy, Sy = S*|Ker D'y
are self-adjoint extensions of S, and moreover, they are transversal in the sense
D(5*) = D(S;) + D(5s).
A function
M(Z)(F2$Z) :F1$Z, Xz 6mz7
where 91, is a defect subspace of S is called the Weyl-Titchmarsh (Weyl) function
of the boundary triplet. All three approaches determine a Herglotz-Nevanlinna

function M (z) or Q(z) and this function is a unitary invariant of the symmetric
operator and its corresponding self-adjoint extension.

Theorem 5.1 (Derkach-Malamud-Tsekanovskii [70], [71], [67], [68]). Let S be a
closed densely defined nonnegative symmetric operator and let {E,T'1,T2} be the
boundary triplet such that Sy = S*|KerT's is a nonnegative extension of S. Then
S has a non-unique nonnegative self-adjoint extension if and only if

D= {h € B+ lim (M(a)h,h); < oo} £ {0},
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and the quadratic form

T[h] = 11%1 (M(x)h,h)y, D|t] =D
is bounded from below. If M(0) is a self-adjoint linear relation in E associated
with T, then the Krein-von Neumann extension Sk can be defined by the boundary
condition

D(Sk) = {u € D(S*) : (Tou,T1u) € M(0)}.
The relation M(0) is also the strong resolvent limit of M (x) when x — —0. More-

over, Sy and Sk are disjoint if and only if D = E and transversal iff D = E. In
addition, if So = Sp, then there is a one-to-one correspondence given by

D(8;) = {u € D(S¥) : <F2u, F1u>€ T} . Sz = S*|D(S3)

between nonnegative self-adjoint extensions g,} and self-adjoint relations T satis-
fying the condition

T > M(0).

The operator version of this theorem (M (0) is operator) was established in
[70], [71], and this form of the theorem by Derkach-Malamud [67], [68].

The domain of the extremal Friedrichs extension can be described as well
in external terms by means of the limit values of the Weyl-Titchmarsh func-
tions at —oo. This description in different approaches was obtained by Aronjain-
Donohue [40], [73] (scalar case and Friedrichs extension only), Krein-Ovcharenko
[119], [120] in terms of the Krein-Langer-Ovcharenko so-called @, and Qs func-
tions [116], [118], Gesztesy-Tsekanovskil (matrix case) [88], Gesztesy-Makarov-
Tsekanovskil [84], Derkach-Malamud [66], [67], Arlinskii-Hassi-de Snoo [26]. The
Weyl-Titchmarsh functions approach is an essential part in Krein’s famous re-
solvent formula describing canonical and generalized resolvents and was used
by Krein-Langer, Derkach-Malamud, Gesztesy-Makarov-Tsekanovskii, Arlinskii-
Tsekanovskii, Belyi-Menon-Tsekanovskii in parametrization of all those resolvents
[114], [67], [84], [31], [48]. The theory of boundary value spaces was developed by
Straus, Rofe-Beketov, V. Gorbachuk, M. Gorbachuk, Lyantse-Storozh, Kochubei,
Bruk, Michailets, Vainerman, Derkach-Malamud, Arlinskii [161], [153], [154], [89],
[90], [91], [131], [106], [107], [62], [140], [L74], [66], [67], [13].

6. Non-densely defined nonnegative operators

Ando and Nishio [12] found a necessary and sufficient condition for nonnegative
operator S with generally speaking non-dense domain to admit a nonnegative self-
adjoint extension and it was shown that if any one of such extensions exists, then
the Krein-von Neumann (von Neumann in [12]) extension exists as well and the
domain of its square root is explicitly determined.
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A nonnegative symmetric operator S with, generally speaking, non-dense
domain is called positively closable if the relations

lim (Sxy,2,) =0, lim Sz, =y

n—oo
implies y = 0. If a nonnegative operator S is densely defined, then it is positively
closable.

Theorem 6.1 (Ando-Nishio [12]). Let S be a closed nonnegative symmetric operator
in a Hilbert space $). Define the functional

Sz, h)|?
O(h) := sup (S, )] .
z€D(S) (S(E,(E)
Then the following conditions are equivalent

(i) S admits a nonnegative self-adjoint extension;
(ii) S is positively closable;
(iil) the functional O(h) is finite on a dense set.

If one of the conditions (i)—(iil) holds true then S admits a nonnegative self-adjoint
extension S such that

D(SE) = {heH:0(h) < oo}, [ISEhl2=0(h),

and moreover if Sisa nonnegative self-adjoint extension of S then S > Sk (in
the sense of quadratic forms).

It is proved in [12] that the relations
D(Sk) = D(S)+No, Sk (v + fo) = Sv, v € D(S), fo €Ny :=H O Ker S

remain true for a positive definite symmetric operator S with nondense domain
(cf. (3.8)). The following result is also established in [12].

Theorem 6.2 (Ando-Nishio [12]). Let S be a nonnegative, closed, and positively
closable operator in the Hilbert space $). Let a > 0 and let the self-adjoint extension
Sa of S be defined as follows:

D(Sa) = D(S)_i'm—aa
§a(v +fa)=Sv—af_,, veED(S), foa €Ny,

where N_, = H S (S +aly)D(S). Then

(Sg +1I5)"t = n%@uﬁ)fl. (6.1)
If in addition S is densely defined then also
(Sp+1I5)"t = lim (S 4 I5)~ 1. (6.2)
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Formulas (6.1) and (6.2) were established independently by A.V. Shtrauss
in [161]. Also in [161] nonnegative extensions of bounded nondensely defined non-
negative Hermitian operators were studied. Nonnegative extensions of nonnegative
subspaces have been considered by Coddington and Coddington-de Snoo [63]. In
the recent paper of Sebestyén—Stochel [158] the following development of the Krein
Theorem 3.5 is obtained:

Let S be a nonnegative operator with not necessarily dense domain and let
R and Q be two nonnegative self-adjoint extensions of S. If T is nonnegative self-
adjoint operator such that R < T < Q (in the sense of quadratic forms), then T
is an extension of S.

Note that Krein’s Theorem 3.1 can be obtained from the Ando-Nishio Theo-
rem 6.1 [18]. Indeed, let A be a Hermitian contraction defined on the space D(A)
in 9. Then the operators Iy + A are bounded nondensely defined nonnegative
operators. From the relations

I(Is + A)a||” + [ Daz|]* = 2((I5 £ A)w,z), =€ D(A),

and Theorem 6.1 it follows that the Krein-von Neumann extensions (I £ A) i are
bounded self-adjoint operators (with domain $)) and moreover

((Ig £ A)xch, h) < 2[|R][?, he$.
Hence the operators
(Is + A)x — Iy and Iy — (I5 — A)k
are sc-extensions of A. It can be proved that the equalities
Ay =Us+ Ak —In, Au=1I5—(I5—A)k
hold. Let A be a sc-extension of A Then Iy + A and Iy — A are nonnegative

self-adjoint extensions of Iy + A and Iy — A, respectively. Applying once again the
Ando-Nishio Theorem 6.1 we get

IyJ—AVZ(IyJ—A)K7 Ig-I-AVZ(IyJ—‘rA)K
Hence A, < Eg A

7. More about the Krein-von Neumann extension

In this section we present results related to the properties of the Krein-von Neu-
mann extension (see [112], [113], [17], [18] [19] [28], [37]).

Apart from the relation S = (I — Anr)(Is + Aprr) 1 (see Section 3) the
operator S can be defined as follows [12], [63]:

_ -1
SK - ((S 1)F) 5

where S~! denotes in this context the inverse linear relation. From this definition
for every f € D(Sk) it follows that

inf {15k f = S¢ll* + Sk[f = ¢l : 9 € D(S)} =0, (7.1)
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and
R(SH?) N, = {0}, z € p(Sp), R(Sk) = R(S).

It can be easily proved that for every nonnegative self-adjoint extension S of §
hold the relations

S[f,u] = (f,S*u), f€DIS], ueDIS]|ND(S*),
DIS] = D[S]+N. N D[S].
This yields
u € D(S*)ND[Sk] < S*uec R(SY?),
and the equality
Sklu] = Sp'[S*u],  w€D(S*)ND[Sk].

In particular, M. N D[Sk] = N. N R(SY?) and Sklp.] = |2[2S5 [¢.] for . €
N, ND[Sk], and moreover

Sklf +¢ 9+ = (S;/2f+z§;1/2<pz,52/2g+z§;1/2¢2)

for f,g € DIS], ¢.,%. € M. ND[Sk| and z € p(SF).
Using the relation (Sp — 2I) (Sp — )\I)_l M, = N, and one can obtain for
ox €M NR(SY?), ¢ € M. NR(SH?)

Sklea ] = Az Sptlpr, 0] = (ASpox, 28:%0.).

A nonnegative self-adjoint extension S of § is called extremal if the relation
inf{g[u —¢|: p€ D(S)} =0

holds for every u € D[S]. A characterization of the Krein-von Neumann extension
Sk is obtained in [17] and [18]: the Krein-von Neumann extension Sk is the unique
extremal nonnegative self-adjoint extension of S having mazimal domain of its
closed associated sesquilinear form.

The next theorem gives a descriptions of all closed forms associated with
nonnegative self-adjoint extensions of S.

Theorem 7.1 (Arlinskil [17]). If S is a nonnegative self-adjoint extension of a
nonnegative symmetric operator S, then the form

(Su,v) — Sku,v], u,v € D(9)
is a nonnegative and closable in the Hilbert space D[Sk]. Moreover, the formulas
~ ~ (7.2)

Slu,v] = Sku,v] + 7[u,v], u,v € D[S]

give a one-to-one correspondence between all closed forms §[, || associated with

nonnegative self-adjoint extensions S of S and all nonnegative forms t[-,-] closed
in the Hilbert space D[Sk| and such that T[] = 0 for all ¢ € D[S].
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In addition, the closed form associated with an extremal extensions are closed
restrictions of the form Sk|-, -] on the linear manifolds M such that

DIS] € M C D[Sk].

Investigations of all extremal extensions in more detail and their applications
are presented in the paper of Arlinskii-Hassi-Sebestyén—H. de Snoo [28].

Note that the formula (7.2) is a particular case of more general descriptions
obtained by Yu. Arlinskil in [17] (see also [18, 19]) for all closed forms associated
with m-sectorial extensions with vertex at the origin of a given sectorial operator S.

8. The von Neumann problem

In this section we present the solution of von Neumann’s problem in terms of
his formulas. Let S be densely defined, closed nonnegative symmetric operator in
Hilbert space $). Consider the linear manifold D(S*) as a Hilbert space $ with
the inner product

Then D(Sr) is a subspace in $. Let 9 be the orthogonal complement to D(.S)
in D(SF) with respect to the inner product (-,-)4. Then the orthogonal decompo-
sition
Hy =D(S) DN @& SpNp
is valid. Let .
Mo = R(SE) NNE.

_1
2

Clearly, Sp* () C D(SF).

Theorem 8.1 (Arlinskii-Tsekanovskii [35], [36], [39]). The condition Ny = {0} is
necessary and sufficient for the uniqueness of nonnegative self-adjoint extension
of S. Suppose Ny # {0}. Then the formulas

D(S) = D(S) ® (I + SpU)D(U)
S(z +h+ SpUh) = Sp(z+h) —Uh
z€D(S), heDWU)

give a one-to-one correspondence between_all nonnegative self-adjoint extensions
S of S and all (+)-self-adjoint operators U in Mg satisfying the condition

0<U<W;t

where WO_1 determines the operator inverse with respect to the (+)-nonnegative
self-adjoint relation Wy in Mg associated with the form

~ 1  ~_1 1 1 ~ 1 A1
Wo[l’ay] = (SszasF2y)+ = (S;I‘,S;y) +(SF2I‘,SF2Z/)7 z,y S mo-

~_ 1 ~
Here S;* is the Moore-Penrose pseudo-inverse. Operator S coincides with the
Krein-von Neumann nonnegative self-adjoint extension Sk if and only if U = Wo_l.
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As a result of this theorem we get
DIS] = DIS|+SrR(U?)

where S is any nonnegative self-adjoint extension, U is the corresponding param-
eter (from theorem). For the Krein-von Neumann nonnegative extension we get

D[Sk| = D[S]+SrNo.

Let P;’ be an orthogonal projection of +-orthogonal decomposition of § =

D(S) @ MN; & NM_; onto N; and
D(SF) = D(S)+(I + Vp)N,.
An operator
VPrh= VP (U +il)(U —il)"‘h, heNg,

where U is a (+)-self-adjoint operator in Mg satisfying 0 < U< Wo_l7 defines a
nonnegative self-adjoint extension S by the von Neumann formula

D(S) = D(S)+(I + V)N,.

9. Krein’s resolvent formula

In this section we consider only canonical resolvents formula (resolvents of two
self-adjoint extensions without exit from Hilbert space). The generalized resolvents
formula(with the exit from Hilbert space) is the subject of so many publications
that deserves special attention.

We call two self-adjoint extensions Sy and Sy of S relatively prime if

D(S1) ND(S2) = D(S).

Theorem 9.1 (Krein-Saakyan [121], [156] ). Let Sy and Sy be relatively prime
self-adjoint extensions of densely defined symmetric operator S. Then for z €

p(S1) N p(Ss)

(So — 2I) "1 = (Sy — 2I) + (S1 —iI)(Sy — 2I) " Pya(2)(S1 +il)(Sy — 2I)~"

= (S1—2D) 7+ (81 —iD)(S) — 2I) T P(T — Mg, (2)) ' Pi(S1 +il)(S) — 2I) 7!
where P; is the orthogonal projector onto Ker(S* —il), T = T* in this defect
subspace of S, and

Pio(z) = (81 — 2I)(Sy —il) " ((Sy — 2I) ™" — (81 — 2I)~1)(Sy — 2I)(Sy +il) ™"

Apparently, Krein’s formula was first derived independently by Krein and
Naimark in the special case of defect indices (1,1). The case of finite defect indices
(n,n) is due to Krein. Saakyan extended Krein’s formula to the general case of infi-
nite defect indices but as it was before without any connections of Krein’s formula
with von Neumann’s parametrization. The part of Krein’s resolvent formula with
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connection of von Neumann’s parametrization was obtained by Gesztesy-Makarov-
Tsekanovskil [84] as well as explicitly derived linear fractional transformation for
the Weyl-Titchmarsh functions corresponding to the given two self-adjoint exten-
sions.

Theorem 9.2 (Gesztesy-Makarov-Tsekanovskii [84]). Let 51, 52 be relatively prime
self-adjoint extensions of the densely defined, closed symmetric operator S. Then
for z € p(S1) N p(Sa2)
1. (Sy—2I)"t = (S — 2I)!
+(S1 —iI)(S) — 2I) T Py (tan oy p — Mg, (2)TLP(Sy + i) (S — 21) 7L,
where P; is the orthogonal projection onto defect subspace Ker (S* —iI) and
exp(—2ioz172) = —ﬁ{lﬁl, (71, (72 are isometries in von Neumann’s formu-
las, Mg (z) is the Weyl-Titchmarsh function of the form (5.1). N
2. The Weyl-Titchmarsh functions of the form (5.1) that correspond to Sy and
S, satisfy the following relation

M§2 (Z) = exp(—ialyg)(cos Qi+ sin OéLQMgl (Z))
X (sinagp — cosay o Mg, (2)) " texp(iar o).

For non-densely defined symmetric operator S the analog of this theorem was
obtained by Belyi-Menon—Tsekanovskii [48]. Krein’s resolvent formula has been
used in a large variety of problems in mathematical physics. A complete bibliogra-
phy on Krein’s formula is beyond the scope of this paper and obviously resolvent
formula deserves a special separate survey. We only would like to mention some
publications on Krein’s resolvent formula and its applications by Krein—Langer,
Langer—Textorius, Nenciu, Straus, Derkach-Malamud, Hassi-Langer—de Snoo, Ku-
rasov—Pavlov, Kurasov, Albeverio-Kurasov, Pavlov, Posilicano, Arlinskii-Tseka-
novskii, Gesztesy-Mitrea, Exner [115], [128], [143], [161], [66], [67], [124], [123], [4],
[146], [151], [37], [85], [86], [78], [79]. Many applications of Krein’s resolvent formula
in mathematical physics were presented in the survey by K.A. Makarov [132].

For nonnegative, densely defined symmetric operators S Krein’s formula for
canonical resolvents was obtained by Arlinskii-Tsekanovskii [33], [39] in terms of
parametrization of nonnegative self-adjoint operators in von Neumann’s problem
and has the form

(S—zl)"' = (Sp —2I)""
+((Sp — 2I) "I + 28F) + Sp)UI — M(2)U) "' Py (Sp — 2I)7". (9.1)
This formula establishes a one-to-one correspondence between resolvents of
all nonnegative self-adjoint extensions S of S and all (+)-nonnegative self-adjoint

operators U in Mg from theorem (8.1). The function M (z) is the Weyl-Titchmarsh
function of the form

M(z) = Py (S — 2I)"' (I + 25F)

Npg
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10. Point-interaction model
Consider the following operator

SQDZ—AQD7 y17y2a"'7ym€R37
D(S) = {p(x) € HY(R®) 1 (y;) =0, j=1,...,m},

where A is the Laplacian, HZ(R?) is the Sobolev space, z € R?. Tt is well known
that S ia a nonnegative operator in L?(R?, dz) with defect numbers (m, m) and
zero lower bound. This is the point-interaction model with m points of interaction.
In the book by Albeverio—Gesztesy—Hoegh-Krohn—Holden [3] it is shown that the
Friedrichs extension S of S has the form

D(Sp) = HZ(R?), Sp=-A.

The approach developed by Arlinskii-Tsekanovskil in the solution of von Neu-
mann’s problem [36], [39] and discussed above allows to obtain description of all
nonnegative self-adjoint extensions and parametrization of their domains including
the domain of the Krein-von Neumann extension Sk . For the simplicity we con-
sider in this paper one point of interaction and refer to the paper [35], [39], where
the general case of m points of interaction was considered. Consider symmetric ,
nonnegative operator in one point of interaction model.

D(S) = {p(x) € HF(R®) : o(y) =0, y € R*}, Sp=—Agp.

This operator as we mentioned is nonnegative with the zero lower bound and has
defect indices (1,1). The Krein-von Neumann extension and its domain has the
following description [36], [39]:

|z—y|
exp(=")  Jz—y ]
D(Sk) = = +A i + 7
(Sk) e(x) = ps(x) i — ] (sin v Tt )
ps(z) € D(S), ¢s(y) =0, NeC,
|z—y|
exp(=" ") (| -yl o~y
S — Aps+ A . _ _
k() ps + e — o (bln V2 cos /2 )

The description of all nonnegative self-adjoint extensions of the symmetric
operator S in the point interaction model with one point of interaction can be
presented by the formulas:

~ exp(_|f\;2y|) . |x—y| ‘|3¢-_y|
D) = ol = stV (sl s T

ps(x) € D(S), ¢s(y)=0, AeC, 0<u<l,

|z—y|

s exp(=" >< ER |x—y|>

Suo(z) = —Apg + A sin — 1 COS .
pe)=-Bestr g V2 V2
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These formulas establish a one-to-one correspondence between the set of all non-
negative self-adjoint extensions S, of S and the set of all real numbers satisfying
the inequality 0 <wu < 1.

It should be pointed out that in the case R? the nonnegative symmetric
operator

D(S) = {p(z) € HI([R?) : p(y) =0, y e R*}, S =—A|D(S)

has a unique nonnegative self-adjoint extension. This fact was established by
Gesztesy—Kalton—-Makarov—Tsekanovskii [83] and independently by Adamyan [1].
It follows from our Theorem 8.1 as well.

11. $s-construction and nonnegative extensions

Let A be an unbounded selfadjoint operator acting on a separable Hilbert space
$H and let H12 C H1 CTH C H_1 C H_o be the chain of rigged Hilbert spaces
constructed by means of A [54], i.e., H12 = D(A), H11 = D(JA|'/?) equipped

1/2
by norms ||f|lg., = (|||A|k/2||2 + ||f||2) , k = 1,2. The operator A has the

continuation A which continuously maps $,, p = 0, 1 into $,_o and |A|*/? is the
continuation of |A|1/2 and maps $,, p = —1,0 into $,_1. Moreover, the resolvent
(A=A~ X € p(A) maps H_p, p=0,1,2 onto H_,.2 and the resolvent identity
holds:
A-X)""—(A—zD) "=\ —2) (A=) (A—zD)"".
Note that (Af,g) = (f,Ag), (|A|'?h,g) = (h,|A[*/?g). Suppose, for the sim-
plicity, that Ker A = {0}.
Let ® be a subspace in $)_5 such that

onNH={0}.
Then the operator defined as follows

D(A) = {f €9 (f,9) =0, forall pe <1>}7 A=ADA)  (11)

is closed, densely defined and nonnegative with the defect numbers equal to dim ®.
For the defect subspace 91, of A holds the identity M, = (A — zI)~1®.
Operators A + il are unitary from § onto $_o, the operator

Ji= (A24 1) = (A—i) N A+iD) = L (A=)t — (A+iD)7Y).

unitarily maps $_o onto $42 and for all f € H12, ¢ € H_5 hold the relations
(fro)=(fI¢0)g,, = T fow)g .-

It is evident the relation AJ = } ((A —4I)~' + (A +4I)~'). The Hilbert space

$42 has the (+2)-orthogonal decomposition $yo = D(A) & JP. Let A* be the ad-

joint operator and let $H = D(A*) be the corresponding Hilbert space. According
to the von Neumann formula we have the (+)-orthogonal decomposition of H

°

Hi = N0 ® ATD = D(A) © I ® ATD
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. 0 .
and A*AJp = —Jp, p € ®. Let §.1 be the closure in $11 of D(A), then
0

H1= D[/i]a
0
and $,1 ®N_1 = H41 (the orthogonal sum in H4;.)

Theorem 11.1 (Arlinskii-Tsekanovskii [35]). Let A be a nonnegative self-adjoint
opemtor Suppose ®N§H_1 = {0}. Then the operator A is the Friedrichs extension
of A. The operator A is a unique nonnegative self-adjoint extension of A if and

only if N AV2g | = {0}. The Krein-von Neumann extension AK 1s transversal
to A if and only if ® C AY2$_,. In this case if the operator Cy : ® — J® is

defined by the equation (Cop, @) = ’|A’1/2@‘|;_2 , p €D, then
Ag = A% (D(zi) (AT + co)q>) .
Theorem 11.2 (Arlinskii-Tsekanovskii [35]). Let A be a nonnegative self-adjoint
operator. Suppose
O is a subspace in H_2, PCH_1 and dNH={0}.
1. Define the operator By : ® — J® by the relation
(Bow, ) = —(AJw, ) forall ¢ €.

0 . .
Then (AJ + Bo)® C$.1 and the Friedrichs extension Ap of A is given by
the equality

Ap = A*| (D(A)HAJ + Bo)<1>> .
2. Let
90={ren:a?fen}
and let Py be the ortohogonag projection in ) onto $Hy. Then the Krein-von
Neumann extension Ak of A has the following description:

D(Ay) = {u € Hy1: (I — Py)AY?y e ml},
Agu=AV?(I — P)AY?u, we D(Agk).
3. The formulas
D(A) = {u D) : (Q(u) + AV - PO)A1/2u) nH # {o}} ,
Au = Q(u) + AV?(I — P)AY?u, ue D(A)

establish a one-to-one correspondence between all nonnegative self-adjoint ex-
tensions of A and all nonnegative self-adjoint linear relations Q2 in 41 X H_1

0 ~
such that Ker Q D¢, 1. Let L = Q— AY2PyA'Y/2. Then the resolvent of A for
A € p(A) N p(A) takes the form

(A=A = (A=A = (A= X)L (L4 (A=A (A— Al
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12. Sturm-Liouville operators on the semi-axis
Consider Hilbert space $ = L*[a, +oc0) and differential operation
Wy) = —y" +aq(@)y,
where ¢(z) is real and locally summable function. Let
Sy =1(y) = —y" +q(=)y,
y'(a) =y(a) =0

be a nonnegative symmetric operator with defect indices (1,1). It is well known
that the Friedrichs extension of S is given by

(12.1)

Sry=—y" +4q(x)y, y(a) = 0.
Let @g(x,\), k =1,2 be the solutions of the Cauchy problems

le1) =Ap1, i(a,A) =0,  ¢i(a,N) =1,
lp2) = Ap2, p2(a,\) = =1, @y(a,\) =0.
It is known that there exists the Weyl-Titchmarsh (Weyl function) —meo(A) such
that
p(,)) = p2(2, A) + mos (N1 (@, A) € L?[a, +00).
The Krein-von Neumann extension in this case has the form
Sky = —y" +a(z)y,
y'(a) + moo(=0)y(a) = 0.
The description of all nonnegative self-adjoint extensions of the nonnegative sym-

metric Sturm-Liouville operator S gives the relation

Swy = —y" + q(x)y,
y'(a) = uy(a),

where u > —m(—0). This description as well as the description of all nonnegative
self-adjoint extensions for 2n-order nonnegative minimal differential operator on
the semi-axis was obtained by Tsekanovskii [167], [170], [172] by the method of
characteristic functions of the Livsic type. The space of boundary values approach
for this fact was proposed by Arlinskii [13], [20], Derkach-Malamud [66]. Recently
another characterization of positive self-adjoint extensions and its applications to
ordinary differential operators was considered by Wei-Jiang in [176].

For the Sturm-Liouville nonnegative symmetric operator of the Bessel type
with defect indices (1, 1)
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in the Hilbert space $ = L?(1, 00) one has

1
Mooy (—0)=v — _.
The Friedrichs extension has the form
21
Sey=—y"+ 5",
y(1) =0.
The Krein-von Neumann extension is the following boundary value problem
21 1
Sky=-y"+ L' YO+ -, )y1)=0

When v = %, the Krein-von Neumann extension is simply the Neumann boundary
value problem
1

SKy =Y,
y'(1)=0.
The following sharp inequality was established by Gesztesy—Kalton—Makarov—

Tsekanovskil [83] on the basis of the properties of the Weyl-Titchmarsh function

associated with the Krein-von Neumann extension Sx when v = }

V2ly()? < /i(ly(l‘)lz) +y" (2)*)dz, y(x) € D(Sk) =0.

Some new inequalities including mentioned above were established by Arlinskii-
Tsekanovskii [38] on the basis of a system theory in triplets of Hilbert spaces and
connections with Friedrichs and Krein—von Neumann extensions.

13. Accretive and sectorial operators and the Phillips—Kato
extension problems

Let T be closed, densely defined linear operator in Hilbert space . Operator T is
called an accretive operator if

Re (Tz,z) >0 for allz € D(T).

Accretive operator T is called maximal accretive (m-accretive) if it does not have
accretive extensions in $).

Let 0 € [0,7/2). An m-accretive operator T is called sectorial with vertex at
the origin and a semi-angle 6 [104] (6-sectorial for shorts) if

Im (T'z,z)| < tanf Re (Tz,z), Va € D(T)

(see Section 2). A linear bounded operator B in Hilbert space $) belongs to the
class C(0) ( 6-co-sectorial contraction) if

2 cot A|Tm (Bz, )| < ||z||* — || Bz||?>, Vz € $.
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The last inequality is equivalent to

1
B+ticotflg] <
1B £icotols]| < o

C'(0) is the class of all self-adjoint contractions. If T is #-sectorial then

B=(Iy—T)(Is+T) ' €C(0).

<= ||sinf B £icosfIg| < 1.

The problem of a description of all maximal sectorial extension of a given sectorial
operator we call the Kato extension problem (see [104, Chapter 6]). One more
extension problem is the Phillips problem of a description of all maximal accre-
tive extensions of a given accretive operator [148], [149], [150]. In particular, the
following results were established.

Theorem 13.1 (Phillips [149], [150]).

1. Any densely defined accretive operator has an m-accretive extension.
2. The following conditions are equivalent for densely defined operator T ':
(a) T is m-accretive operator;
(b) T is accretive operator and —1 is a regular point of T';
(¢) T and T* are accretive operators.

In order to obtain a description of all m-accretive extensions in terms of the
abstract “boundary conditions” R. Phillips proposed an approach based on the
geometry of Krein spaces with indefinite inner product. His approach has been
applied by Evans and Knoweles [77] for some symmetric positive definite ordinary
differential operators on the finite interval.

The fractional-linear transformation A = (I —T)(I5 +T)~! of an accretive
operator T is a contraction defined on the subspace D(A) = (Iy + T)D(T). The
formula T = (I — A)(I5 + A)~! establishes a one-to-one correspondence between
the set 0f~a11 contractive extensions of A on the space $) and the set of all m-
accretive T of T'. A description of all contractive extensions is given by Theorem
3.2. If T is sectorial with vertex at the origin an semi-angle 6 then A satisfies
|[sinf@ A + icos@I|| < 1 and is in general nondensely defined (such operator is
called C'(0)-suboperator).

Let S be closed, densely defined nonnegative symmetric operator in Hilbert
space $). The Phillips-Kato extension problems [104] in the restricted sense con-
sists of existence and description of m-accretive and #-sectorial extensions 7" of S
such that

ScTcs”. (13.1)
The operators T satisfying (13.1) are often called proper extensions of symmetric
operator S.

The existence of the solution of the Phillips-Kato extension problems in re-

stricted sense is presented in the theorem below.

Theorem 13.2 (Tsekanovskii [168], [169]). The nonnegative, closed densely defined
symmetric operator S admits proper m-accretive and 6-sectorial non-self-adjoint
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extensions if and only if the Friedrichs extension Sp does not coincide with the
Krein-von Neumann extension Sk of S, i.e., Sp # Sk.

The next theorem gives characterization of proper accretive extensions among
all accretive extensions of nonnegative S.

Theorem 13.3 (Arlinskii [16]). Let S be a nonnegative symmetric operator and let

S be its accretive extension. Then the following condition are equivalent:
(i) Sisa proper extension of S;
(i) D(S) C D[Sk] and N
Re (Su,u) > Sku]
for all u € D(S);
(iii) the inequalities
(S, u)|* < (S, ) Re (Su, u)

are valid for all ¢ € D(S) and for all u € D(S).

Let A be Hermitian contraction in $ defined on the subspace D(A). The
operator B in $) defined on $) is said to be quasi-self-adjoint contractive extension
(shortly gsc) extension of A if

BD>A, B*DA, ||B]|<1.

The following theorem gives a solution of the Phillips—Kato extension problems in
restricted sense and presents parametrization via fractional-linear transformation
of all proper m-accretive and sectorial extensions.

Theorem 13.4 (Arlinskii-Tsekanovskii [30], [32], [34]). Let A be a Hermitian con-
traction defined on the subspace D(A) of $. Then formula

1 1 1 1
T = 2(AM+AH)+ 2(A]V1—AH)2X(A]V[—AM)2 (132)

establishes a one-to-one correspondence between contractions X in R(An — A,.)
and all gsc-extensions T of A. A gsc-extension T belongs to the class C(0) if and
only if X € C(0).

Note that the Krein Theorem 3.1 is being obtained when 6 = 0.

For positive definite symmetric operator with finite defect numbers all its
m-accretive extensions have been parametrized by means of Phillips approach in
the papers of O. Milyo and O. Storozh [141, 142]. It should be pointed out that
the Phillips—Kato extension problems have been solved for wide class of initial
sectorial operators and even sectorial linear relations (with vertex at the origin)
by Yu. Arlinskii [17], [18], [19], [20], [21], [23], [24]. It is established that any
closed densely defined sectorial operator S with a semi-angle 6§ and vertex at
the origin admits the m-sectorial extension Sk with the same semi-angle 6 (and
vertex at the origin) whose properties are very similar to Krein-von Neumann
extension of nonnegative operator [17], [18]. Recall that the Friedrichs m-sectorial
extension Sp (with the same semi-angle and vertex at the origin) exists by the first
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representation theorem (see Section 2). It is proved in [17] that for any m-sectorial
extension S of S hold the inclusions

D[Sr] C D[S] C D[Sk].
In particular, this yields that if Sp = Sk, then other m-sectorial extensions (with
vertex at the origin) of S do not exist.

We mention that descriptions of all C'(8)-extensions of a given C(a)-sub-
operator (8 € [a,7/2)) in different forms were obtained in [15], [22], [25], [108],
[134], [137], [138]. For the case when A is a Hermitian contraction (o = 0) the
formula derived in [22] takes the form

T =Ty+ Dy, (I +YTy) 'Y Dy, (13.3)

with Ty = (A, + Aar)/2 and establishes a one-to-one correspondence between all
Y € C(B) in the subspace Dy, such that

(I+YTy) ' € [®n,D1,], and KerY D Dy, D(A)

and all extension T' € C(f) of A. If in additional Ker Y* D Dp D(A) then (13.3)
can be transformed into (13.2).

Let {Lo, Mo} be a dual pair of operators (see Section 4) Suppose Ly and
My are densely defined accretive operators. In [150] and [165] it is established
that there exists a maximal accretive extension of the dual pair {Lg, My}. Via
the fractional-linear transformation a description of all m-accretive extensions of
a dual pair {Lg, My} is given by (3.5).

Let S be nonnegative, densely defined symmetric operator in Hilbert space
$ and {E,T1,T2} be a boundary value space, M (z) be the corresponding Weyl-
Titchmarsh function. Using the boundary value spaces approach, the Phillips—Kato
extension problems in restricted sense were considered and solved by Derkach-
Malamud-Tselkanovskii [71], [70]. It was shown that operator

D(Sp) = Ker (I'y — BT,), Sp = S*|D(SB)

is f-sectorial if and only if B — M (0) is #-sectorial.
For one-dimensional Schrédinger operator on the semi-axis the Phillips-Kato
extension problems in restricted sense has the following form.

Theorem 13.5 (Tsekanovskii [167],[170], [172]). Let S be a nonnegative symmet-
ric Schrédinger operator of the form (12.1)with defect indices (1,1) with locally
summable potential in § = L?[a,00). Consider operator

Thy = —y" + q(x)y,
y'(a) = hy(a).
Then

e the Friedrichs extension Sg and the Krein-von Neumann extension Sg do
not coincide if and only if me(—0) < 00

e operator Ty, coincides with the Krein-von Neumann extension if and only if
h = —mus(—0)
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e operator T, is m-accretive if and only if Reh > —moo(—0)

e operator Ty, is 0-sectorial if and only if the sharp inequality Re h > —m,(—0)
holds.

e operator Ty, is m-accretive but not 0-sectorial for any 0 € (0,7) if and only
if Reh = mso(—0)

o [fTh, (Imh > 0) is O-sectorial, then the angle 6 can be calculated via

tan 0 Im~h
nf = .
Reh + moo (—0)

For the Schrédinger (Sturm-Liouville) nonnegative symmetric operator of the
Bessel type with defect indices (1,1)
i 1
S — _ 1" 4 >
Y Yy + 2 bV
y'(1)=y(1)=0

in the Hilbert space $ = L?[1, 00)

1
Moo (—0) =v — 9
the corresponding operator
p2 1 1
Thy=-y"+ %y, v>
x 2

y'(1) = hy(1), Tmh#0
is O-sectorial if and only if Reh > —(v — %) Operator T}, is m-accretive but
not f-sectorial for any § € (0,7) if and only if Reh = —(v — }). Note that 1
is a regular end point of the interval [1,400) for the coefficients of the operator
S. The description of m-accretive and #-sectorial boundary value problems T}, in
L?[1,+00) for the Bessel type of operators for v > ; was obtained by Arlinskii-
Tsekanovskii.
Consider now the Schrodinger operator in L?[0, +00) of the form
. 21
— 4
Sy=—-y" + 2 Y ve(-1,1)
D(S) = CF.
Let S be the closure of S. Operator S is symmetric, nonnegative operator with
defect indices (1, 1). Note the the point 0 is a singular point of the potential of S.
The Friedrichs extension Sp has the form
1 B 21
D(Sk) ={y:y € ACie(Ry), ¢/ = (,+v)a™l =y + Ty e LRy},
2

1
SFyZ—y/'+l/ L

Y.
22

This description was established by Gesztesy-Pittner, Everitt-Kalf [87], [77]. The

description of the Krein-von Neumann extension Sk of S was recently obtained by
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Makarov-Tsekanovskii and is in preparation for publication. A generalization of the
Krein-von Neumann extension for not necessarily semi-bounded symmetric opera-
tors with defect indices (1,1) was introduced by Hassi-Kaltenback—de Snoo [101].

In his classical papers Krein discovered the situation when given nonnegative
symmetric operator admits only one nonnegative self-adjoint extension or using our
terminology when the Friedrichs extension coincides with the Krein-von Neumann
extension. Below is the theorem that shows that this case might occur unexpectedly
even for the operators of the Bessel type in the situation when 0 is a singular point
for the coefficient of differential operator.

Theorem 13.6 (Makarov-Tsekanovskii [133], [168], [169]). Let S be a closure in
L?[0,+00) of the operator

D(S) = Cg°,
. v -1
Sy = —y" Yy, ve(-1,1).
y=—y"+ 7y vel )

The operator S admits a unique nonnegative self-adjoint extension, i.e., Sp = Sk
if and only if v = 0. In this case (v = 0) operator S does not admit m-accretive
and 6-sectorial extensions of S. If v € (—1,1) and v # 0, then Sp # Sk and in
this case there exist infinitely many non-self-adjoint m-accretive and 6-sectorial
extensions.

Note that M-accretivity (f-sectoriality) of a densely defined in Hilbert space

9 operator T is equivalent to the fact that the solution of the Cauchy problem
d
d

generates a one-parameter contractive semigroup U(t) having a contractive ana-
lytical continuation into a sector |args| < 7 — 6 of a complex plane.

z—&—Tx:O, x(0) = xo

14. The p-scale invariant operators

Let T be closed, densely defined operator in Hilbert §. Operator T is called p-scale
invariant (¢ > 0) with respect to the unitary operator U if

U*D(T) CD(T) and UrTu* = uT
The following theorem describes the role of the Friedrichs and Krein-von Neumann
extensions of the given p-scale invariant nonnegative symmetric operator.
Theorem 14.1 (Makarov-Tsekanovskii [133]). Let S be a p-scale invariant, densely
defined in Hilbert space $) nonnegative symmetric operator. Then,

o The operator S always admits a p-scale invariant nonnegative self-adjoint
extension.
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e The Friedrichs extension Sg and the Krein—von Neumann extension Si are

w-scale invariant, i.e.,
USFU* = ,LLSF,

USKU* = /LSK.
o [In the case when S has defect indices (1,1) the Friedrichs and the Krein—von
Neumann extensions are the only ones i-scale invariant.

Related questions associated with the invariance if Hermitian contractions
being fractional-linear transformations of u-scale invariant nonnegative operators
were discussed in [47]

15. Interpolation and system theory
Consider the following linear stationary dynamical system o:
(T —zlx=KJp_
o=@ —2iK*x
where T € [9,9], J=J*=J '€ E,K € [E,9],InT = KJK*, ), E are Hilbert
spaces, p+ € E, ¢_ is input vector, ¢ is output vector and x € § is a state space

vector. We call the system « a conservative canonical system of the Livsic type
[129] (Brodskii-Livsic colligation [62]). We will use the following notation of the

system « as well
(T K J
a=| g 5 )

The operator-valued function
Wa(z) =1—2K*(T —2I)"'KJ
o+ = Wal(2)p-

is called a transfer function (characteristic function) of the Livsic type of a system
a (Brodskii-Livsic colligation). An operator-valued function

Va(z) = ilWa(2) + 1] 7 [Wa(z) — 117
is called an impedance function. This function is a Herglotz-Nevanlinna function.

Theorem 15.1 (Derkach-Tsekanovskii [69], [167], [172]). Let

(T K J
a={g B
be a canonical system of the Livsic type with prime bounded operator T and finite-
dimensional imaginary part. Then T € C(0) if and only if
o V, is holomorphic in Ext[—1,1].
e Operator
Ky = [V (=1 = Vo O {20 + VI D) + VOV () = V()]
belongs to C(0).
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The exact value of angle 0 can be obtained from the equation
| K £icotf*> =1+ cot? 6.

This theorem was discovered as a result of analyzing Krein’s paper on semi-
bounded operators and its proof is based on parametric representation of all con-
tractive extensions of Hermitian contraction. In scalar case another proof was
obtained by Derkach [69]. In another form and in general for infinite dimension of
the imaginary part of T' the corresponding result has been obtained by Arlinskit
in [14].

For the system

a_(z‘f;f(t)dt K 1)

L»[0,1] ®

where Kc=cg, c€ C, g =g(z) = \}2 the main operator

T:i/:f(t)dt

is contraction if and only if 0 < I < 7.Operator T" € C(6)if and only if 0 < [ < 7.
The exact value of angle 6 is § = [. As a result of this we get inequality

/Olf(f)dtz S/Ollf(t)th—/ol /zlf(t)dt

with the sharp constant cot!.

Consider the classical Nevanlinna-Pick interpolation problem in the class of
Herglotz-Nevanlinna matrix-valued functions. The Livsic canonical system « is
called an interpolation system for the data {z}7 and {V;}7, Im z;; > 0, Im V}, > 0,
k = 1,...,n in Nevanlinna-Pick interpolation problem if the impedance matrix
Vo (2z) which is the Herglotz-Nevanlinna matrix-valued function satisfies the con-
dition

2
cot l dx

Va(zk) = Vi, k=1,...,n.

Consider the following classical Pick matrices

n n

Vi — V'

— z*
Zk ZJ

* *
Zka ZjVj

— z*
Zk ZJ

P =

)

k,j=1

k,j=1

Theorem 15.2 (Alpay-Tsekanovskii [7]). Let P be strictly positive Pick matriz.
Then there exists an interpolation system « of the Livsic type (Brodskii-Livsic
colligation) with the state space of dimension n which is an interpolation system
for the given data. The main operator T of the system « is 0-sectorial if and only if

Q> cot6 ViV 7,
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If P and Q are strictly positive, then the main operator T is 0-sectorial and
vy
tand = (Q v, ), =]
Vi
From this theorem follows the new sharp inequality involving invertible Pick

matrix @
1
Q> ™.
(Q 1o, 9)

16. Realization problems for Stieltjes functions

Denote by & the class of Stieltjes matrix-valued function. It is well known that
any matrix-valued function V(z) from the class S admits the following integral
representation

° do(t) * d(o(t)x, )
V(z)= > V. Cc™.
(2) v+/0 po L 120 /O paq <00 Ve

In this section we consider realization problems for Stieltjes matrix-valued func-
tions to be represented as the impedance matrix of some conservative, canonical
system of the Livsic type and their connections with the Friedrichs and Krein-von
Neumann extensions.

Let S be a symmetric, densely defined in Hilbert space $ (with the inner
product (+,-) linear operator with finite and equal defect indices. Consider Hilbert
space 1+ = D(S*) with the scalar product

(@,y)4 = (z,y) + (572, 5%y), @,y € Hy
and construct triplets of Hilbert spaces (rigged Hilbert space)
HLrCHCH-.

The geometry of such triplets of Hilbert spaces has been developed by Berezansky
[54]. The important role in extension theory ( the so-called bi-extensions and (x)-
extensions ) with the exit into triplets of Hilbert spaces plays the Riesz-Berezansky
operator [173]. This naturally appearing operator is an isometry that maps Hilbert
space $ onto Hilbert space $_ [54].

Let T be a quasi-hermitian extension of S with non-empty set of regular
points in the lower half-plane (S C T C S*). An operator A € [$4,9_] is called
(*)-extension of T if

ADT, A*"DT*
and )
ReA =, (A+A") 55858,

where

S=8* DWS)={zecH,: :ReAz € H}.
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Let « be a generalized conservative canonical system of the Livsic type (Brodskii-
Livsic rigged colligation) of the form

(A—zNzx=KJp_
Py =P — QZK*ﬁ,

where
A— A . .
mA="_" =KJK KelE, 9 ], K ecl9 FEl,

E is finite-dimensional Hilbert space and K is invertible. Operator-valued function
Wa(z) =1—2K*(A—2I)"'KJ

is a transfer function of the system « that means ¢ = W, (z)¢_. Operator-valued
function

Va(2) = K*(Re A — 2I) 'K

is called an impedance function of the system «. This function is a Heglotz-
Nevanlinna function and

Vi (2) = i[Wa(2) + I Wa(2) — I]J.

It is known that any Herglotz-Nevanlinna operator-valued function V'(z) in finite-
dimensional Hilbert space F has the following representation

V(z):Q+Lz+/+OO( ! ! )dZ(t),

oo \E—z  141¢2

where
T (dS(t)z, v)E
1+ ¢2

The inverse problem when given Herglotz—Nevanlinna operator-valued function in
finite-dimensional Hilbert space E can be represented as an impedance function of
some conservative, canonical generalized system of the Livsic type was solved by
Belyi-Tsekanovskii [50], [51] and the corresponding criterion was established. The
general realization theorem for Herglotz—Nevanlinna matrix-valued functions as an
impedance of non-canonical generalized conservative systems was considered by
Belyi-Hassi-de Snoo—Tsekanovskii [53]. Realizations in terms of transfer matrix-
valued functions of canonical conservative systems(characteristic functions) were
considered by Tsekanovskii [173] and for operator-valued functions in infinite-
dimensional situation of the space E by Arlinskii (see [173]). In terms of different
definitions of the characteristic functions of unbounded operators the realization
problem was considered by Shtraus, Kuzhel (Sr.), Tsekanovskii, Gubreev, and
Derkach-Malamud [125], [173], [100], [67], [66]. Realization problems for rational
matrix-valued functions as well as for some classes of transcendental operator-
valued functions were considered and studied by Bart—Gohberg—Kaashoek, Arov,
Arov-Nudelman, Ball-Staffans, Staffans [46], [43], [42], [45], [162]. Denote over &g
the subclass of the Stieltjes class of operator-valued functions in finite-dimensional

Q=Q°, L>0, /

— 00

< oo, VrelkFE.
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Hilbert space E that consists of all Stieltjes operator-valued functions for which
the corresponding measure in their integral representation satisfies the condition

/mwo(t)z,x):oo, Ve £0, zel.
0

Consider canonical, conservative, generalized system of the Livsic type (Brodskii—
Livsic rigged colligation) of the form

o A K J
T\ 9L CcHCH E |-

It was established by Derkach—Tsekanovskii [72] that the impedance function V, (z)
belongs to the class &y if and only if the operator A is accretive which means that
Ap=ReA>0.If V(2) € Gy and

/ (do(t)z, z) =00, z#0, z€FE,
0 t
then it can be realized in the form

V(2) = Va(z) = iWa(2) + I {Wal(z) — 1],

where V,, is the impedance function of a dissipative conservative system « of the
Livsic type (Brodskii-Livsic rigged colligation) with the accretive and dissipative
operator A (Im A > 0) and the important property

1
Ap=ReA=_(A+A")D Sk

where Sk is the Krein-von Neumann extension of a nonnegative operator S. At
the same time it is impossible to realize any V(z) € & by the conservative system
« of the Livsic type with the accretive and dissipative main operator A such that

1
Ap=ReA=_(A+A") D Sp,

where Sp is the Friedrichs extension of S. As it is seen, in such realization problem
for the Stieltjes function, the Krein—von Neumann extension is involved in the real
part of the main operator of a realizing system, but the Friedrichs extension is
not. The above-mentioned results were obtained by Dovzhenko-Tsekanovskii [74].
Consider a system of the Livsic type

o A K J
U9 CcHCH D)

with accretive and dissipative main operator A which is a (x)-extension (with
the exit into the triplets of Hilbert spaces) of a densely defined quasi-hermitian
operator T'. Consider the following function

Q(z) = i[W (=1)Wa(2) + I W3 (-1)Wa(z) — 1]

[e3
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and the operator

1

A=[Q 7 (—00) = Q7 (-0)] 2
x (201 + Q7 (—00) + Q7 (=0)][Q ! (—00) — Q7 (=0)] 2.

Operator T is @-sectorial if and only if A is a f-cosectorial contraction ( A € C(6)).
This fact is obtained by Tsekanovskil [167], [172].

17. Linear systems with Schrodinger operators

Consider nonnegative symmetric operator in L3[0, +00) with real locally summable
potential ¢(z) and defect indices (1, 1)
y=-y" +q(z)y
y'(a) =y(a) =0
and let
Thy = —y" +q(z)y
y'(a) = hy(a)
where nonreal parameter h satisfies the condition Im A > 0. The operator T}, is a

quasi-hermitian extension of S (S C T} C S*). The corresponding (x)-extensions
of T}, can be presented in the form

Apn=—y"+qlz)y + i i plh(a) =y (@)][ud(e — a) +6'(z - a)],

on =~y +a(x)y + i p[hy(a) =y (a)][pd(e — @) + &'(x — a)],
"

(Im h) 2
[ — |

Consider the following canonical conservative system of the Livsic type (Brodskii—
Livsic rigged colligation) involving Schrédinger operator T},

ImA,r=(9)9 ¢g= [1o(x —a) + &' (x — a)].

B Aun K 1
T\ 9y L0, 400) cH c )

In addition to the Stieltjes scalar class G consider the class of Stieltjes-like scalar
functions Rg that consists of all functions with the representation

“+o0
V(z) =~ + /O ; i ZdZ(t),

where v is an arbitrary real number and the integral term belongs to Gy. We will
consider the following problems:
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e When given V(2) belonging to the class Gy or to R can be realized in the

form
V(2) = Va(z) = ilWa(2) + 1]~ {Wa(z) — 1,

where V,,(z) is an impedance function of the system a with Schrédinger
operator T}, and its (x)-extension A, and W,(z) is a transfer function of
this system.

e To find formulas to restor nonreal boundary parameter i and system’s real
parameter p from the knowledge of V (z).

e To find conditions on V(z) when the restored operator T}, is a) accretive, b)
f-sectorial, c) extremal (accretive but not f-sectorial for any ¢ € (0, 7).
A non-decreasing function o(\) defined on [0, +00) is called a spectral distri-

bution function of an operator pair go, S, where

So = —y" + a(x)y,
y'(a) = 0y(a)
is a self-adjoint extension of symmetric operator S and if the formulas
e(A) =Uf(x),
fla@) =U""e(\)

establish one-to-one isometric correspondence U between Lg[0,+00) and Ls[a400).

Moreover, this correspondence is such that the operator Sy is unitarily equivalent
to the operator

Asp(A) = 2p(A),  (p(A) € L3[0,400))
in Lg[0, +00) while symmetric operator S is unitarily equivalent to the symmetric
operator

Aep(A) = Ap(A),
+oo
D(A,) = {gp()\) € L3[0,+00) : /O P(\)do()) = o}.

Theorem 17.1 (Belyi-Tsekanovskii [52]). Let a scalar Stieltjes like function V (z)
belongs to the class Ry and X(t) be a spectral function of distribution for nonneg-
ative Schrédinger operator S (with real potential and defect indices (1,1)) and its
nonnegative self-adjoint extension §A. Then there exists a unique non-self-adjoint
Schridinger operator Ty, (Sh > 0) and its unique (x)-extension A, as a main
operator of the conservative system « of the Livsic type such that the function V(z)
can be realized in the form

V(2) = Valz) = i[Wal(z) + I]_l[Wa(Z) — 1],

where Vo (2) is an impedance function of the system o, W, (z) is the corresponding
transfer function of this system. Operator Ty, is accretive if and only if

dX(t
72+7/ t()—s—lZO.
0
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The operator Ty, is 0-sectorial for some 6 € (0,7/2) if and only if the inequality is
strict. In this case the exact value of angle 6 can be calculated by the formula

fOOO dx(t)

tanf =
~ +’7f00d2t)+1

The operator A, 1, is accretive if and only if V(2) is a Stieltjes function from the
class Sy.

We will consider particular case in this paper (for more details in other cases
we refer to [52], [74]) when
< dx(t
/ ® _
O t

This case profoundly connected with the Krein-von Neumann extension Sk . From
the last theorem follows that in this situation operator T}, is extremal if and only
if v = 0 and operator T}, is f-sectorial if and only if v > 0 with tanf = *17 So, if

we have a function
Vi) = / d>(t)
0 t— =z

[0,

then the operator T}, in the realizing system is extremal and the following recon-
struction formulas take place

Reh = —m_ ( )

Imh_c/ t2+1

=00

with the property

: ly(a)]
C2 =sup ., Yy €D(Sk).
(lyllz, + I1Skvl?,)z

Here Sk is the Krein—von Neumann extension of S and has the form
Sy =—y" +q(x)y
y'(a) + meo(—0)y(a) = 0.

For the general Stieltjes-like functions from the class Ry of the form

V(z)zv—&-/OOOdZ(t)7 vyeR

t—2z

/0°° 0 _

in the case of
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the restoration formulas of 73, and A, j take the form

Reh = —moo(~0) + 1+720/ t2+1

Imh =
m 1+720/ t2+1

H= Mool vC/ t2+1

Restoration formulas as a result of the realization theorem for Stieltjes-like func-
tions were obtained by Belyi-Tsekanovskii [52].
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for Singularly Perturbed Operators
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Abstract. Let A be an unbounded above self-adjoint operator in a separable
Hilbert space H and Fa(-) its spectral measure. We discuss the inverse spec-
tral problem for singular perturbations A of A (A and A coincide on a dense
set in H). We show that for any a € R there exists a singular perturbation A
of A such that A and A coincide in the subspace E4((—0c0,a))H and simulta-
neously A has an additional spectral branch on (—oo, a) of an arbitrary type.
In particular, A may possess prescribed spectral properties in the resolvent
set of the operator A on the left of a. Moreover, for an arbitrary self-adjoint
operator T in H there exists A such that T is unitary equivalent to a part of
A acting in an appropriate invariant subspace.
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1. Introduction

Let A be a self-adjoint unbounded operator defined on the domain D(A) = dom(A)
in a separable Hilbert space H with the inner product (-, -). We shall say that an
operator A # A in ‘H is a (pure) singular perturbation of A if the set

D= {f € D(A)ND(A)| Af = Af}

is dense in H. In this case, one can define a densely defined symmetric operator
Ay = AD = fl|D If, in addition, A is self-adjoint, then A and A are different
self-adjoint extensions of Ag.

We shall denote by o(A), p(A), and E4(-) the spectrum, the resolvent set,
and the spectral measure of A, respectively. The point, singular continuous, and
absolutely continuous spectra of a self-adjoint operator A are denoted by o,(A),
0sc(A), and 0,.(A), respectively. For a Borel set A C R, we set Ap := A|Ea(A)H.
Clearly, A is as a self-adjoint operator in Ha a := Ran(E4(A)).
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Assume that an open set J C R is a subset of p(A). One can ask the question
of whether there exists a singular perturbation A having prescribed spectral prop-
erties in J. We show that the answer is positive if A is not semi-bounded above
and J C (—o0,a) for some a € R.

We note that the first detailed investigation of the spectrum of self-adjoint
extensions within a gap J = (a,b) (—o00 < a < b < +00) of a symmetric oper-
ator Ap with finite deficiency indices (n,n) was carried out by M.G. Krein [15].
Namely, he proved that for any auxiliary self-adjoint operator T with the condition
dim(Ran(Er(J))) < n, there exists a self-adjoint extension A such that

AJ ZTJ. (11)

Here A ~ B means that A is unitary equivalent to B. For the operator T with an
arbitrary pure point spectrum, this result was generalized in [7] to the case of Ay
with infinite deficiency indices.

Further this problem was intensively studied in a series of papers [2, 8, 9].
The complete solution of it was recently obtained in [10]. It was shown that in the
case J = (a,b) and n < co for any auxiliary self-adjoint operator 1" there exists a
self-adjoint extension A of Aq satisfying (1.1). In particular, this means that there
exists a self-adjoint extension A of Ag having an arbitrary predetermined structure
and type of spectrum in the gap J.

On the other hand, it is known that a similar result is not valid for the much
more difficult case of a symmetric operator with several gaps. This problem was
studied in [1, 6, 11], where the spectral properties of self-adjoint extensions were
described in terms of abstract boundary conditions and the corresponding Weyl
functions. In particular, the authors of [1] considered the symmetric operator Ag
of a special structure, namely,

Ao =P S,
k=1

where each Sy is unitary equivalent to a fixed densely defined closed symmetric
operator S with equal positive deficiency indices. It was assumed that there exists
a self-adjoint extension S® of S such that the open set J C p(S°) NR. Then one
can associate with the pair {5, S°} a boundary triple IT = {H,Tg,I'1} (see, [11])
such that S = S*|ker I'g. Under the additional assumption that the Weyl function
M (see [1, 11]) corresponding to II is monotone with respect to J, it was shown
that for any auxiliary self-adjoint operator T' there exists a self-adjoint extension
A of Ay satisfying (1.1).

In the present paper, we consider the above problem from the point of view of
singular perturbation theory. Instead of self-adjoint extensions of a fixed symmetric
operator Ay, we consider singular perturbations A of a fixed self-adjoint operator
A. Therefore, a corresponding symmetric operator Ay is not unique. This gives us

freedom in choosing a dense domain D = D(Ag) = D(A) N D(A) and allows us to

involve in the consideration a wider class of operators A. In particular, instead of
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an interval (a,b), we can consider an arbitrary open set J which is upper semi-
bounded (cf. [10]). We also show that for an an arbitrary self-adjoint operator T
in H, there exists a self-adjoint singular perturbation A such that 7' is unitary
equivalent to a certain part of A acting in an appropriate invariant subspace.
The spectral inverse problem in such a formulation (in the case of the point
spectrum) was investigated in [3, 13]. In particular, it was shown that for any
unbounded self-adjoint operator A and a sequence {\; : k > 1} of real numbers,
there exists a singular perturbation A of A such that all A, are eigenvalues of A.
Moreover, in [14, 12, 3, 13, 4] the inverse eigenvalue problem of the form

A¢k:Ak¢k7 k:1527

was studied for a given sequence {)\ : k& > 1} of real numbers and an orthonormal
system {ty : k > 1} satisfying the condition

span{¢y : k> 1} ND(A) = {0}.

Here M denotes the closure of the set M.

The aim of this note is to present new observations in the problem of construc-
tion of singular perturbations A with prescribed spectral properties, in particular,
of the resolvent set of the operator A.

2. Two theorems

In what follows, we assume, without loss of generality, that an unbounded self-
adjoint operator A in a separable Hilbert space H is not semi-bounded above. The
main results of this note are formulated in the two following theorems.

Theorem 2.1. Let A be an unbounded (at least above) self-adjoint operator in a
separable Hilbert space H. Then for any fized a € R and an auziliary self-adjoint
operator T in H there exists a self-adjoint singular perturbation A of A of the form

A~ = A(—oo,a) D A/7 (21)
where the self-adjoint operator A" in Hi, ) = Ea([a,00))H is such that
Al(foo@) ~ T(,Ooﬂ). (22)

In particular, for an arbitrary open set J C p(A) N (—oo,a) there exists a self-
adjoint singular perturbation A of the form (2.1) such that

AJ = Af] >~ TJ. (23)

Moreover, we will show that for an arbitrary self-adjoint operator 7" in ‘H there
exists a self-adjoint singular perturbation A such that T" is unitary equivalent to
an appropriate part of A.
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Theorem 2.2. Let A be an unbounded self-adjoint operator in a separable Hilbert
space H and T be an arbitrary auziliary self-adjoint operator in ‘H. Then there
exists a self-adjoint singular perturbation A of A of the form

A=A g A", (2.4)

where A’ is similar to T,
A ~T. (2.5)

3. Proofs

Proof of Theorem 2.1. Fix a € R and consider the orthogonal decomposition A =
A(Zoo,a) © Alg,00) Where the self-adjoint operators A(_ ) and A, o) act in the
Hilbert spaces H(_o,q) and Hiq o0), respectively. Let A be an arbitrary densely
defined symmetric restriction of A, o) with infinite deficiency indices. Then A>a
and, according to [10], for any auxiliary self-adjoint operator T there exists a self-
adjoint extension A’ of A (acting in H|, o)) such that A’(_OO o T~ o0,q)- Define
the singular perturbation A of A by

A= A(—oo,a) DA (3].)
Clearly, A satisfies (2.2). In particular, for any open subset J C p(A)N(—o0,a) one
can take T’y instead of T(_ . q) and get, in the same way, a self-adjoint extension
A’ of A such that

/(7007(1) = Ai, ~Tj. (3.2)
By (3.1) and (3.2),
A(_OQQ) = A(—oo,a) D Al(foo)a) ~ A(—oo,a) o Ty. (33)

Note that A(_ q) = A(—cc,a)\s since J C p(A). Therefore (see, (3.3)), A satisfies
(2.3). O

Proof of Theorem 2.2. First, suppose additionally that the operator A is not semi-
bounded below (recall that we assume throughout the paper that A is not semi-
bounded above). Denote Ry := [0,00), R_ := (—00,0). In this case, the positive
and negative parts AT := Ag, of A are unbounded self-adjoint operators in H :=
Hg, . So, we can apply Theorem 2.1 separately to AT and to A~. Let T be an
arbitrary self-adjoint operator in H. Then, by Theorem 2.1, there exist self-adjoint
singular perturbations A* of A% in H4 such that

;11(,0070) ~ T~ and ;1\:[0)00) ~TT,
Define the operator
A=Y @A~ = A% (_000) B A (0,00) ® A (Loo,0) ® A~ [0,00)-
It has the form (2.4), with
A= ;1:(_0070) @ 1211[0700)’ and A" := ;1:[0700) @ 2{:[0700).
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Clearly, A is a singular perturbation of A such that its part A’ satisfies the condi-
tion (2.5).

Now, consider the case of a semi-bounded operator A. Suppose that A > a,
a € R. Then we can decompose [a, 00) into a union of mutually disjoint Borel sets
Ap C la+k,00):

[a,00) = U Ay,
k=0

in such a way that each A®) = Ap, is an unbounded operator in the subspace
Hy, := Ha,- Note that

A= AW,
k=0
Let T be an arbitrary self-adjoint operator in H. Set 70 := T(—s0,a)s T®) =
T[a+k—1,a+k)7 k 2 1. Then

(oo}

T = é 7",
k=0

Applying Theorem 2.1 to A®) | we obtain that there exists a self-adjoint singular
perturbation A®) of A®) in H;, such that

AR gy = TW, (3.4)

Define the singular perturbation A of A by

Clearly, A = A’ & A", where

A/ = @m(,m7a+k), and AH = @m[ﬁkm).
k=0 k=0
By (3.4) we have that
A ~T. O

4. Discussion

We emphasize that the singular perturbations A in Theorems 2.1 and 2.2 are not
uniquely defined since in our considerations the symmetric restrictions of A, )
and A% are arbitrary.

Theorem 2.1 shows that the spectral properties of A and T in J C p(A) N
(—00,a) are the same. In particular,

oy(A)NJ =oy(T)NJ for f =ac, sc, p.
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Besides, on E4((—o0,a) \ J)H the operators A and A coincide. If an unbounded
self-adjoint operator A is not semi-bounded below, then in Theorem 2.1 one can
replace (—o0,a) by (a,00).

Note also that Theorem 2.2 shows that for an arbitrary Borel set A C R
there exists a self-adjoint singular perturbation A of the form (2.4) such that

!/
A=TA.

In particular, one can construct A such that 4.(A) = 04.(A) = 0,(A) = R.

We remark that Theorem 2.1 shows that for any fixed a € R there exists
a singular perturbation A coinciding with A on the subspace E A((—00,a))H and
having any predetermined additional kind of spectra on the left of the point a.
Theorem 2.1 can be improved in some sense by using paper [16] and combining it
with the results from [10]. The following theorem holds.

Theorem 4.1. Let A be an unbounded (at least above) self-adjoint operator in a
separable Hilbert space H. Then for any fired a € R and an auxiliary self-adjoint
operator T' in H there ezists a self-adjoint singular perturbation A of A such that

A(—oo,a) ~ T(—oo,a)~ (4.1)

However, this variant of our main result does not ensure that A coincides
with A on the subspace E4((—00,a))H.

Further, taking into account the paper [17], Theorem 2.2 can be given the
following stronger form:

Theorem 4.2. Let A be an unbounded (at least above) self-adjoint operator in a
separable Hilbert space H. Then for any auxiliary self-adjoint operator T in H,
which is unbounded above, there exists a self-adjoint singular perturbation A of A
such that A ~T.

One of the aims of our short paper is to show how recent results of the
usual spectral theory of self-adjoint extensions imply the corresponding results
for singular perturbations. So, Theorem 2.2 can, in particular, be considered as a
simple proof of a weak version of the corresponding result from [17].

By the way, Theorem 4.2 shows that the only condition for the existence of a
singular perturbation obeying A ~ T is that both operators A and T together are
either semi-bounded above or semi-bounded below. However, if this condition is
satisfied, then one can produce by singular perturbation any self-adjoint operator
up to unitary equivalence.
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1. Introduction

The classical white noise analysis (Gaussian white noise analysis) can be under-
stood as a theory of generalized functions of infinitely many variables with a pair-
ing, between test and generalized functions, provided by integration with respect
to the Gaussian measure. It is well known that there are several approaches to a
construction of such a theory of generalized functions: the Berezansky-Samoilenko
approach [19] and the Hida approach [24]. In the Berezansky-Samoilenko approach,
the spaces of test and generalized functions are constructed as infinite tensor prod-
ucts of one-dimensional spaces. The Hida approach consists in a construction of
some rigging of a Fock space with a subsequent application of the Wiener-Ito-Segal
isomorphism to the spaces of this rigging.

After a number of years, it has become clear that the Hida approach is more
convenient; in most cases, investigations in white noise analysis and its general-
izations are based on it. There exist many works dedicated to white noise analysis
developments:

e Works dealing with investigations of spaces of test and generalized functions
and operators acting in these spaces, using the Wiener-It6-Segal isomorphism
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and various riggings of the Fock space. For more information, see books [24,
12, 25, 39], surveys [40, 41] and the references therein.

o Works dealing with the so-called Jacobi fields approach to a generalization of
white noise analysis. In these works, the role of the Wiener-It6-Segal isomor-
phism is played by a unitary Fourier transform defined by the Jacobi field,
i.e., by some family of commuting selfadjoint operators that act in the Fock
space and have a Jacobi structure. The theory of Jacobi fields was created
by Berezansky under the influence of the works by M.G. Krein (see, e.g.,
[37, 38]) on Jacobi matrices. A detailed study of general commutative Jacobi
fields in the Fock space and of a corresponding spectral measure was carried
out in the works by Berezansky and his collaborators (see, e.g., [4], [6]-][10],
[15]-[18], [42]-[46]). Note that the Wiener-It6-Segal isomorphism is possible
to understand as the Fourier transform of a certain Jacobi field, the so-called
free field. This result was obtained by Koshmanenko and Samoilenko in [36];
see also [12].

e Works devoted to the biorthogonal approach to a generalization of white noise
analysis. In this approach, one replaces the system of Hermite polynomials,
which are orthogonal with respect to the Gaussian measure, with a certain
biorthogonal system. The biorthogonal approach was inspired by [22], pro-
posed in [3] and developed in [51, 2, 13, 14, 29, 30, 20, 21] (see survey [20] for
the complete bibliography). Note that in [13, 14], it was first observed that
the biorthogonal approach is deeply related to the theory of hypergroups.

There exists a deep analogy between the above-mentioned works. In all these
works, the spaces of test functions are constructed as images of positive spaces
from some rigging of the Fock space. But in the first series of works, the Wiener-
It6-Segal isomorphism is used, in the second series, a Fourier transform is used,
and in the third series, a certain biunitary map is used.

This survey is devoted to the biorthogonal approach to a generalization of
classical white noise analysis. In the first part of the survey, we recall the main
idea of the Hida approach to a construction of classical white noise analysis. In
the second part, we give the basic idea of the biorthogonal approach. In order
to make the presentation simpler, we first consider the corresponding theory of
generalized functions for a model one-dimensional case, and then, briefly, that for
the infinite-dimensional case. For the details and proofs, we refer the reader to
surveys [20, 21].

2. Gaussian white noise analysis

Let us shortly recall some basic results of Gaussian white noise analysis; for details,
see, e.g., [12, 25]. We consider a rigging of the real Hilbert space L?(R) := L?(R, dt),

S 5 IL*R) DS,
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where S is the Schwartz space of infinitely differentiable, rapidly decreasing func-
tion on R, and S is the Schwartz space of distributions dual of § with respect to
the zero space L2(R). We denote by (-, -) the dual pairing between elements of S’
and S inducted by the scalar product in L?(R); i.e., for any f € L?(R) and any
p €S,
(fro) = (f, P)r2(m)-
We will preserve this notation for tensor powers and complexifications of spaces.
Let pg be a probability measure on the Borel o-algebra B(S /) such that

i(z,0) g — o 2lelia S 2
e pc(z) =e o PEO (2.1)
s

By the Minlos theorem, the measure pg is completely characterized by (2.1). This
measure pg is called the Gaussian measure.

Note that clements z € S’ can be thought of as paths of the derivative of
Brownian motion, i.e., as white noise. More precisely, it follows from (2.1) that

| @eldoc@) = el o€
Hence, extending the mapping
L*R) D83 ¢ (-¢) € LS, pa)

by continuity, we obtain a random variable (-, f) € L%(S ", pg) for each f € L2(R).
Thus, we can define the stochastic process { Bt }icr,

By() = § O 70ah 120,
—<-,%[t70]>, t<0

(54 is the indicator function of a set «). It is easily seen that {B;}ier is a version
of Brownian motion, i.e., finite-dimensional distributions of the process {B;}icr
coincide with those of Brownian motion. Now, we informally have, for all ¢ € R,

&@zék@@,wum i&@zaw

The main technical tool for a construction and study of spaces of test and
generalized functions in Gaussian white noise analysis is the Wiener-Ito-Segal iso-
morphism

Ig: F(L*(R)) — L*(S ', pc)
between the symmetric Fock space F(L2(R)) and the complex space L(S, pc).
Let us recall that the symmetric Fock space F(L?(R)) over L?(R) is defined as

FL®) = @) Fo (2@l
n=0

where the n-particle Fock space

FalL2(R)) == (LA(R)®"  ((LA(R)®°:=C)
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is equal to the nth symmetric tensor power & of the complexification L (R) of
the real space L?(R) (henceforth, the subscript C denotes the complexification of
a real space). Thus, for each f = (f,)2%, € F(L*(R)),

”f”%(L%R)) = Z ||fn||3"—‘n(L2(R))n! < 0.
n=0

The isomorphism I is completely characterized by its following properties:
1. Ig : F(LA(R)) — L3(S’, pg) is the unitary operator.
2. Ig(f070,07 .. ) = fo for all fo eC.
3. For each n € N and any disjoint Borel sets aq,...,a,, € B(R) of finite
Lebesgue measure,

(TG0, 10,50, ® - ® 520,,,0,0,..)) () = (-, %) - (- 7a, ).
~

n
There are several equivalent ways of constructing such isomorphism:

e Using multiple stochastic integrals. In this case, Is is constructed by repre-
senting any function from L2(S,, pc) as an infinite sum of pairwise orthogonal
multiple stochastic integrals with respect to the Brownian motion {Bi}icr;
see, e.g., [24, 27, 25].

e Using the Jacobi fields approach. Now, I is the Fourier transform of the
free field, i.e., a certain family of commuting selfadjoint operators that act
in the Fock space F(L?(R)) and have the Jacobi structure; see, for instance,
[36, 12].

e Using the system of infinite-dimensional Hermite polynomials orthogonal (in
terms of the Fock space F(L?(R)), see below) with respect to the Gaussian
measure pg; see, e.g., [12, 25].

Our investigation is related to the third way of constructing the Wiener-It6-Segal
isomorphism Ig. Let us take a closer look at it.
We consider the function

H(z,p) =
It is well known that H is the generating function for the infinite-dimensional
Hermite polynomials H,(z) € (S")®" which are defined from the decomposition

(z0y =S llell?
e 2TE® ze8’, pc&e.

o0

Z (", Hn(x)),

where the symbol ® denotes the tensor power. The polynomials H,(z) are orthog-
onal in the space L*(S’, pe) in terms of the Fock space F(L2(R)),

L ) o, B0} () = 8ol V), oy, (22

ES(?”, Um Eng, n,m € Zy,
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and the mapping
F(L*(R)) D Fiin (S) 2 ¢ = (¢n)izo = c9)(-) = Y {n, Ha(-)) € L*(S ', pc)
n=0

after being extended by continuity to the whole space F((L?(R)), is the Wiener-It6-
Segal isomorphism. Here, Ffn (S) denotes the set of all finite sequences (n)5%g
such that each ¢, belongs to SZ".

With the help of the Wiener-It6—Segal isomorphism Ig, spaces of test and
generalized functions are constructed and investigated. These spaces are obtained
as the Ig-image of some rigging of the Fock space F/(L*(R)):

F_ D F(I*R) > Fy

I

H_ D L2(S',pg) D Ha.
Here, F, is a certain Fock space densely and continuously embedded into F(L?(R)),
and F_ is the negative space with respect to the positive space F, and the zero
space F(L?(R)). By definition, the space of test functions H, := IgF, is the Ig-
image of the Fock space F with topology inducted by the topology of F,, and
the space of generalized functions H_ := (H+)/ is the dual of H with respect to
L2(S', pg). Note that we can extend the isomorphism I : F(L*(R)) — L*(S', pc)

to the isomorphism between the negative Fock space F_ and the space of gener-
alized functions H_.

3. Biorthogonal approach

In this section, we give the basic idea of the biorthogonal approach. In order to
make the exposition simpler, we first consider the corresponding theory of gener-
alized functions for a model one-dimensional case; then we briefly consider that
for the infinite-dimensional case.

3.1. One-dimensional case

At first, we consider a one-dimensional analogue of Gaussian white noise analysis.
Then we describe the biorthogonal approach to a generalization of such an analysis.

3.1.1. Gaussian case. Let pg be a Gaussian measure on the Borel o-algebra B(R).
Its Fourier transform has the form

. 1
/ e dpg () = 672>\2, AeR.
R

In this case, we have the well-known generating function

A=l e A"
H(z,\):=e"""2" = | Hn (), zeR, AeC,
n!

n=0
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for the Hermite polynomials H, that are orthogonal with respect to pg. More
precisely, we have, for all n,m € Z,

/H x)dpg(x) = 0p,mnl.

Now, the role of the Fock space F(L?(R)) is played by the (?-space
2 i { = (00 £ € €[ 11 = 3 1Pl < )
n=0
and an analogue of the Wiener-1t6-Segal isomorphism has the form
23 f=(f)0 — af)( an n(-) € L*(R, pg).

By analogy with the infinite-dimensional situation, using the space {? instead
of the Fock space F(L?(R)) and the unitary mapping I : 1> — L*(R, pg) instead
of the Wiener-Ito6-Segal isomorphism, we obtain spaces of test and generalized
functions of variables x € R as the Ig-image of riggings of the space 2.

Namely, for fixed K > 1 and ¢ € N we denote

2(a) = {f = (F)izor fo €C|IFIR ) = D 1P ()K" < oo,
n=0

13 :=prlimi3(q).
geN

Then the dual spaces of l_%_ (¢) and l_%_ with respect to the zero space (2 are
2(0) == (120)) = {/ = U)io fu € C|IfIR ) == D 1l K~ < o0},
n=0

12 = (%) = indlim 2 (q),
geN
respectively. Thus, for each g € N, we get the rigging
22502 D1?>1%(g) DA,
Using the unitary operator I, one defines spaces of test functions

Hi(q) := I3 (q), Hy = Igl: =pr liNm’}'h_(q)7
qe

and their dual (with respect to the space L?(R, pg)) spaces of generalized functions
Hola) = (He(a),  Hoi=(Hy) = indlimH(g).
Hence, for each ¢ € N, we have the rigging

H-DH-(q9) D L*(R,pc) D Hy(q) D Hy

with pairing, between test and generalized functions, provided by integration with
respect to the Gaussian measure pg on R.
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3.1.2. Biorthogonal case. Let p be a Borel probability measure on R, and L?(R, p)

be the corresponding L2-space. Our purpose is to construct some class of test and

generalized functions on R with pairing for integration with respect to p. We try to

construct these classes functions on R in a way parallel to the Gaussian case, but

using a certain biunitary mapping instead of the Wiener-I1t6-Segal isomorphism.
Let us consider, instead of H(x, ), a fixed function

RxC>s{x,A} — h(z,\) €C

such that for each A from some neighborhood By of zero in C, the function R >
x +— h(z,A) € C is continuous and for every z € R

h(z,A) =) 2! hn(z), A€ By.
n=0
We additionally assume that h(-, \) is locally bounded, uniformly with respect to
A on any closed ball inside of By, and that h(x,0) = 1 for all z from R. In our
consideration, the role of the function h(z, A) is same as the role of the generating
function H(z,\) = e**~2*" for the Hermite polynomials in the Gaussian case.
We denote by C(R) the linear space of all complex-valued locally bounded
(i.e., bounded on every ball in R) continuous functions on R. It follows from the
properties of h that for every n € Z,, the function R 3 x +— h,,(z) € C belongs to
the space C'(R), and the mapping

B(q) > f=(fa)o— (I"f) an n(") € C(R)

is well defined for each ¢ € N and sufficiently large K > 1 (we recall that K is

used in the definition of the space {2 (g)). In what follows, we fix such K > 1.
From the general results, one has (see, e.g., [20])

Theorem 3.1. Let the above-mentioned function h be such that

o ||hnllr2r,p) < C™n! for some C >0 and all n € Zy.

e The linear span of the functions {h,}5<, is dense in the space L*(R,p).
° ||Ihf||L2(R)p) =0 if and only if f =0 inl3(q), ¢ € N.

Then the I"-image
Hi(q) = I"(12(0)) = {F € CR) | 3070 € B ann )}

of the space lf_(q), q € N, is a Hilbert space of continuous functions with topology
inducted by the topology of 1%.(q). Moreover, H'" (q) is densely and continuously
embedded in L*(R, p), and we can construct the rigging

H" > H" (q) D L3R, p) D H"(¢) D H",
H = 1M =prlimH" (g),  H" = (H") =indlimH" (q).
geN geN
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Let all requirements of Theorem 3.1 be fulfilled. It follows from [5] that for the
unitary operator I" : 12 (q) — M (g), there exists a uniquely determined unitary
operator I" : 12 (q) — H" (¢q) such that

(I", 1) 12y = (E9)is E€12(q), ¢ €13(q).

The pair {I",I"} is called a biunitary map. This biunitary mapping transfers the
rigging of the space [ to a rigging of the space L*(R, p):

2(q) D 12 > (g

[ |

H'(q) D L*R,p) D Hli(q).

Thus, in the biorthogonal case the spaces of test and generalized functions
are constructed in a way parallel to the Gaussian case (as the image of the rigging
of the space (), but using the biunitary map {I", I"} instead of the Wiener-Ito-
Segal isomorphism. This give us a possibility to develop the biorthogonal white
noise analysis by analogy to the Gaussian analysis. In particular, we can give an
inner description of the spaces of test and generalized functions, construct, for
general situation, the S-transformation, Wick multiplication etc; see, e.g., [20] for
more details.

Note that the natural question arises under which conditions on h the bi-
unitary map {I",I"} is the unitary map, i.e., the system of functions {h, }°°,
constitutes an orthogonal basis in the space L?(R, p).

The answer is the following [21].

Theorem 3.2. The system of functions {h,}>°, with the generating function h
constitutes an orthogonal basis in the space L*(R,p) if and only if the following
conditions hold:

o ||hnllr2(r,p) < C™n! for some C' >0 and alln € Zy.
e The linear span of the functions {h,}°, is dense in the space L*(R,p).
e For each A\, u from some neighborhood of zero in C,

/h(x7)\)h(x7u)dp(m) = M,
R

It is possible to prove that if all conditions of Theorem 3.2 hold, then all
conditions of Theorem 3.1 will also hold (see [21]). In other words, the orthogonal
situation is a particular case of the biorthogonal situation.

Consider a more special situation.

FEzample. Let p be a Borel probability measure on R such that

/ ef1ldp(z) < 0o for some € >0,
R
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and h(x, \) be a generating function for the Schefer polynomials h,,(z) (in another
terminology, the generalized Appel polynomials), that is,

h(z,\) == y(N\)e®M? = Z A h (), reR, MeC, (3.1)

n!
n=0

where v and « are fixed analytic functions in some neighborhood of 0 € C such
that «(0) = 0, ' (0) = 1, and 7(0) = 1.
In this case, the estimate

hnll2@®,py < C"n! for some C >0 andall ne€Zy

is automatically satisfied and the linear span of the functions {h,}22 is dense in
the space L%(R, p), see, e.g., [33, 35]. Hence, if the mapping

()3 f= )iz I")) an n() € L*(R, p)

is injective, then all requirements of Theorem 3.1 are fulfilled, and we can construct
the corresponding theory of generalized functions.

The next question is: Which of the Schefer polynomials are orthogonal?

The answer was given by Meixner [47] in 1934 (see also [43, 48] for more
details). There exist exactly five types of orthogonal Schefer polynomials: the Her-
mite, Charlier, Laguerre, Meixner, and Meixner—Pollaczek polynomials, which are
orthogonal with respect to the Gaussian, Poissonian, Gamma, Pascal, and Meixner
measures respectively.

3.1.3. Some useful tools in biorthogonal analysis. Let p be a Borel probability
measure on R and

h(z,A) =Y 2, ho(z), z€R, XeC,
n=0

be a fixed function such that Theorem 3.1 holds.
e Annihilation and creation operators. The annihilation operator 0 acts con-
tinuously in the space of test functions Hi by the formula

Ohy, = nh,_1, Ohg := 0.

The creation operator 97 is, by definition, the adjoint to & with respect to the zero
space L2(R, pg) and acts continuously in the space of generalized functions H" .
These operators play an essential role in our considerations. Using them,
we investigate the spaces of test and generalized functions, construct general-
ized translation operators, extended stochastic integral (in the infinite-dimensional
case), etc. (see, e.g., [20, 21, 49, 50, 1] and references therein). Note that in the
Gaussian case, the annihilation operator @ is the derivative and & + 01 is, as an
operator in the space L?(R, pg), the operator of multiplication by x € R.
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e S-transform. For each ¢ € H" | the S-transform is defined by the formula

(SE)A) := (& 1l M),

where X belongs to a neighborhood of zero in C, and ((-,-)) is the dual pairing
between elements of H" and Hi generated by the scalar product in the space
L%(R, p).

Each generalized function ¢ € H” is uniquely determined by its S-transform.
More exactly, let Holp(C) denote the set of all (germs of) functions which are
holomorphic in a neighborhood of zero in C. According to [14], the S-transform is
a one-to-one mapping between H” and Holy(C).

o Wick multiplication. Taking into account that Holp(C) is an algebra of an-
alytic functions with ordinary algebraic operations, we can define a Wick product
£0mn of €,m € H" through the formula

£0n = S™H(S¢ - Sn)

and make H" an algebra with such multiplication.

Using this multiplication, we can construct the elements of Wick calculus.
In Gaussian white noise analysis, such calculus has found numerous applications,
in particular, in fluid mechanics and financial mathematics; see, e.g., [23, 26] for
more details.

3.2. Infinite-dimensional case
Now, we start with a fixed family (H,),cz, of real separable Hilbert spaces H),
such that for all p € Z,, the space H,;, is densely embedded in H,,, and this
embedding is quasinuclear, i.e., the Hilbert-Schmidt type. So, one can construct
the rigging of the space Hy,
® :=indlimH_, > H_, > Hy D H, D prlim H, =: ®, (3.2)
pELy pEZy

where H_), is the dual space to H, with respect to the zero space Hy. We de-
note by (-,-) the dual pairing between elements of H_, and H, inducted by the
scalar product in Hy. As before, we preserve this notation for tensor powers and
complexifications of spaces.

For each p € Z, we introduce a weighted symmetric Fock space F(Hp, T) over
H, with a fixed weight 7 = (7,)72, T» > 0, by setting

F(Hy,7): = @D Ful(Hp)7n
n=0

= {f = (f)oos fn € FulHp) [ 15, m) = D 1 fnllF, 1,y < oo}7
n=0

where the n-particle Fock space

Fn(Hp) == HE’E (Hfg =C)
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is equal to the nth symmetric tensor power @ of the complexification Hp, ¢ of the
real space H,. Using rigging (3.2) and the weight

() = ((n)°’K™)2,, g €N,
with fixed K > 1, we construct the rigging of the Fock space F(Hy, (n!)22),
F(=p,—q) D F(Ho) := F(Ho, (n!);Z0) > F(p,q),
where
F(=p,—q) == F(H-p, (K~T)p%),  Flp,a) == F(Hpy, (n)2K7™)p%,)

are dual with respect to the zero space F'(Hp).

Let p be a fixed Borel probability measure on &', and L2(®',p) be the
corresponding space of square integrable functions. Our goal is to construct some
class of test and generalized functions on ®  with pairing generated by the scalar
product in L2(<I>/,p). We try to construct this class functions on @' in a way
parallel to the Gaussian and above one-dimensional cases.

Let By be a neighborhood of zero in the space ®c. Instead of the generating
function for the infinite-dimensional Hermite polynomials, we take a function

® x By > {x, ¢} — h(z,0) € C

such that for each ¢ € By, the function h(-,¢) is continuous, and for each 2 € &,
the function A(z,-) is analytic in By, i.e., has the representation
- 1 n ! ATL
) =30y (P b)) (o) € (@)
for all  from By. We additionally assume that h(-, ) is locally bounded, uniformly
with respect to ¢ on any closed ball inside of By, and that h(z,0) = 1 for all =
from & (see [20], Sections 2.3, for more details).
Due to such properties of h, one can show that for each ¢, € CD(%", the
functions
® 52— (pn, hn(z)) € C

belong to the space C' (<I>') of all complex-valued locally bounded continuous func-
tions on @ . Moreover, there exist p,¢g € N and K > 1 (we recall that K is used
in the definition of space F(p, q)) such that the mapping

o0

Fp.a) 3 f = (fa)io > I"H) =D fuha()) € C(@)

n=0
is well defined. In what follows, we fix such p,q € N and K > 1.
According to [20], we have
Theorem 3.3. Let the above-mentioned function h be such that

o [ haOllz, 2@ py) < C™nl for some C >0 and all n € Z..
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o The linear span of the set of functions
{(n: hn () € L2(®',p) | on € BE", € Zy }
is dense in the space L2(®', p).
o ||Ihf||L2(¢,’7p) =0 if and only if f =0 in F(p,q).
Then the I"-image
H" (p,q) : = I"(F(p,q))

oo

= {fec@)|3()0 € Fp.0). f@) =Y (fushnla))}

n=0
of the space F(p,q) is a Hilbert space of continuous functions with the topology
inducted by the topology of F(p, q). Moreover, H"(p, q) is densely and continuously
embedded in L2(<I>/7p), and we can construct a rigging

H"(—p,—q) D L*(@,p) > H"(p, )
with pairing between the elements of H"(—p, —q) :== (H"(p,q))" and H"(p,q) in-

ducted by integration with respect to the measure p.

Under the conditions of Theorem 3.3, for the unitary operator

1" F(p,q) — H"(p.q)

there exists a uniquely determined unitary operator
IE : F(_pa _q) - Hh(_pa _q)
such that
(1", 1"0) 207 ) = (&9 Fy),  §€F(=p,—q), @€ F(p,q).
So, we have a biunitary map {I", I"}. This mapping transfers the rigging of the
space F(Hy) to a rigging of the space L2 (<I>/, p):
F(=p.—q) D F(Ho) > Flp.q)

[ [
H'(=p,—a) D> L*@',p) > H'(p,q).

Thus, in the biorthogonal case, the spaces of test and generalized functions
are constructed in a way parallel to the Gaussian case (as the image of the rigging
of the Fock space F(Hy)), but using the biunitary map {I", I"} instead of the
Wiener-It6-Segal isomorphism /.

The infinite-dimensional analogue of Theorem 3.2 holds; see [20, 21].

Theorem 3.4. The mapping

o0

F(Ho) 3 f = (faliZo = (I"F)() =Y (fusha()) € L(@",p)  (33)

n=0

is well defined and unitary if and only if the following three conditions hold:
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o [ haOllz, 2@ p) < C™nl for some C >0 and all n € Z..
e The linear span of the set of functions

{fnr ha()) € LXH(@ ', p) | € BE", n € 21}

is dense in the space L2(®", p).
e For each ¢, from some neighborhood of zero in O¢,

/ h(z, o)h(z, ¥)dp(z) = P Hoc
(b/

Note that under the assumptions of Theorem 3.4, the functions

o’ 3z (pn, hn(x)) € C, o 3z (Ym, hm()) € C,

on € P, Y € PE™, n,m¢€ Z,,

are orthogonal in the space L2(®', p) in terms of the Fock space F(Hy),

[ tn b o e @) = 8l )5,

and all requirements of Theorem 3.3 are fulfilled.
Let us consider the special case where ® = S, Hy = L*(R) and, as a conse-
quence, ® =&’ Let the function h satisfy all conditions of Theorem 3.4 and

O"h(z, 2101+ + Znpn)
0z1...0zy,

0
= 01 h(z,z101)

z1=...=2,=0€C
0

o h(z, znpn) (3.4)

zp=0€C

z21=0€C B
for all z € S and all ©1,...,pn € S such that supp p; Nsuppy; = @ if j # 4,
i,j7 € {1,...,n}, n € N. Then, according to [1], the mapping (3.3) is completely
characterized by the following properties:

1. I": F(L2(R)) — L2(S', p) is the unitary operator.

2. .[h(f()7(),()7 .. ) = fo for all fo e C.

3. For each n € N and any disjoint sets a1,...,a, € B(R) of finite Lebesgue
measure,
(Ih(oa 50, Hay @ U @ %an70, 0,.. ))() = <h1()7 %041> s <h1()v %Otn>'
N~ ~ e

n

Note that in the case of the Gaussian measure p := pg on B(S"), the function

z.o)— 1 2
h(z, ) = H(z, ) = 7 2 ¥ze — pcsr Les,

satisfies all conditions of Theorem 3.4 and equality (3.4).
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Now, we have an analog of the Example from Subsection 3.1.

Example. Let p be a Borel probability measure on @' such that
/ eIy dp(z) < 00 for some >0 and peN.
(b/

It is well known that the Schefer polynomials (3.1) have the corresponding infinite-
dimensional counterparts and are defined by the Taylor expansion of the generating

function
oo

(e, 9) == 100 = 37 (6 (),

n=0
where v and « are fixed analytic functions in some neighborhood of zero in ®¢
such that «(0) =0, v(0) = 1, and « is invertible in a neighborhood of zero.
In this case, the estimate

[ hn( 7o)l 22(a7 ) < C"nl for some C >0 andall neZy

is automatically satisfied, and the linear span of the functions

{(pnhn(-)) € L@, p) | o € DE", n € 2y}

is dense in the space L%(R, p); see, e.g., [33, 35]. Hence, if the mapping

o0

Flp,q) 3 = ()i = I"H() =D {fa hn()) € LX(@', p)

n=0

is injective, then all requirements of Theorem 3.3 are fulfilled, and we can construct
the corresponding theory of generalized functions (see [3, 51, 2, 46, 33, 34, 32, 11,
31, 48, 45] for more detailed acount).

For the infinite-dimensional counterparts of the Hermite, Charlier, Laguerre,
Meixner, and Meixner—Pollaczek polynomials, the orthogonality persists in the
following sense:

e In the Gaussian and Poisson cases, the orthogonality of the Hermite and
Charlier polynomials, respectively, is given in terms of the Fock space (rela-
tion of type (2.2)); see, e.g., books [24, 12, 25] and articles [28, 51, 34, 10,
31, 21]. Note that the study of Poisson white noise analysis was initiated
by Y. Ito and I. Kubo [28] in 1988. They were the first to construct spaces
of test and generalized functions of Poisson white noise, to study them and
some operators acting in these spaces.

e In the Gamma, Pascal, and Meixner cases, the orthogonality of the corre-
sponding polynomials is more complicated and is given in terms of the so-
called “extended Fock space”; see, for instance, [34, 32, 17, 11, 16, 18, 43, 44,
48, 45].
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Abstract. We study sufficient and necessary conditions for the compact ex-
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1. Introduction

Analysis [1]-[5] of the extremum problems for variation functionals in Sobolev
space W leads to the notions of a strong compact extremum, compact continuity,
and compact differentiability. In papers [6]-[10], various necessary and sufficient
conditions for the compact extrema of the Euler-Lagrange functional in W are
considered.

In the present work, we consider an application of the compact extremum
theory to the case of the Euler-Lagrange functional of several variables. We obtain
both sufficient and necessary conditions for a strong compact extremum of the
FEuler-Lagrange functional in terms of, respectively, a system of inequalities for
the positive definiteness and that for the non-negativeness, which are constructed
with the help of the strong Hessian of the integrand. Also, we generalize to the
case of a strong compact extremum the known Legendre necessary condition and
the Legendre—Jacobi sufficient condition. These results are obtained on the basis
of a positive definiteness test and a non-negativeness test for the operator matrices
and quadratic forms in products of n real Hilbert spaces.
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Let us give necessary definitions and results (see [4, 5, 11]). In what follows,
FE, Y, Z are Banach spaces.

Definition 1.1. We call a functional ® : E — R compactly differentiable at a point
y € E if for every absolutely convex compact set C' C F, the restriction of ¢ onto
(y + span C) is Fréchet differentiable with respect to the norm || - ||¢ generated
by C.

We call a K-differentiable functional ® twice K -differentiable at y € E' if for
every absolutely convex compact sets C1 and Co, there exists a bilinear form g¢, ¢,
continuous on span C7 X span Cy and such that

(Px(y +h) — Pk (Y)) k= gcic.(y) - (h, k) +o(llhllc, - [IEllcs)-

Here @ and @’ are the first and the second K-derivatives, respectively.

Definition 1.2. We say that a functional ¥ has a strong compact extremum (strong
K -extremum) at a point y € E if for every absolutely convex compact set C' C E,
the restriction of ¥ onto (y + span C) has a local extremum at y with respect to
|- |lc in span C.

Remark 1.3. Note that any local extremum of ¥ at a point y € F is a strong
K-extremum.

Definition 1.4. Let Q be a compact finite Borel measure space. We say that a
continuous mapping ¢ : Q x Y x Z =T — F of class C? in (y, z) belongs to the
class W2 K(z) if a representation of ¢ in the form

exists such that the mappings P, @, R, the gradients VP := V. P, VQ := V,.Q,
VR :=V,.R, and the Hessians H(P):=H,.(P), H(Q):=H,.(Q), H(R):=H,.(R)
are uniformly continuous and bounded on T = Q x Cy x Z for each compactum
Cy CY.

Let us formulate a condition for the twice K-differentiability of a variational
functional [4, 11].

Theorem 1.5. Let Q) = [a;b], H be a real Hilbert space, and a function u= f(z,y, z),
f:Qx H? - R.If f € W2Ky(2), then the Euler—Lagrange functional

O(y) =/f(xvy(ﬁv)7y'(x))dx (y € Wy (2, H)) (1.2)
Q

is twice K -differentiable and

S k) = [ [ 2 )0k + )T @ () + ()
Q

o2 f

+ 0z2

(z,y, 9" (W, k)| dx. (1.3)
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Note that in [4], [5], the classical Euler-Lagrange variational equation is ex-
tended to the case as follows:

Theorem 1.6. If, under the hypothesis of Theorem 1.5, y(-) € W(Q, E), then
O (y) = 0 if and only if the Euler-Lagrange variational equation

0 d (0
o) = o () =0 (1.4

is fulfilled a.e. on Q.

2. Positive definiteness test and non-negativeness test for the
operator matrices and quadratic forms in products of n real
Hilbert spaces

Let us first obtain a positive definiteness test for the operator matrix in a product
of Hilbert spaces.

Let H,..., H; be separable real Hilbert spaces, H = Hy X --- x Hj, and op-
erators B;; : H; — H; (i,j = 1,k) be linear and continuous. Define a linear con-

tinuous operator By : H — H by the operator matrix By = (Bij)ﬁjzl.

Definition 2.1. Consider the splitting of the matrix B, into the following four
blocks: B, the upper-left block of size [5] x [5]; B22, the lower-right block of

2
size (n—[3]) x (n—[3]); BA? and B2', the adjacent rectangular blocks of sizes

[5]x (n—[5]) and (n — [3]) x [5] (here, [-] is the integral part of the number).

Assume that a necessary condition of the positive definiteness of a 2 x 2
operator matrix is fulfilled [12], that is, B:! and B2? are continuously invertible
operators. On the set of all such matrices B,, (n =1,2,...), let us introduce the
first kind Silvester operators:

AN(Bn) =By A1(Bn) =B, — By (BY) - By
DB = B B35 = B~ B (B)7 B
Note that the maximum sizes of the matrices A%(By) (i,j = 1,2) are
n n n n
(L)) (] +r) ema L] )
for odd and even n, respectively.

In [5]-[6], the following positive definiteness test for an operator matrix
By = (Bij)7 j=1 in Hy x Hy was obtained.

Theorem 2.2. The operator By is positive definite if and only if
Bi1 > 0; A}(By) = By — Biz - (B) ™'+ Ba1 > 0;
Bay > 0;  A3(Ba) = Bao — Ba1 - (Bi1) ™! - Bi2 > 0.

Applying the first kind Silvester operators repeatedly, we can generalize this
result by induction to n X n operator matrices.
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Theorem 2.3. Let H; (i = 1,n) be separable real Hilbert spaces, H=H; X --- X H,,
and B,, = (B;;) where B;j : H; — H; (i,j = 1,n) are linear continuous operators
in H. The operator B, is positive definite if and only if there holds the system of
inequalities
im i i 2
{Am - AR AL (By) > 0} (2.1)

Jm i,1=1

where A;ll are the first kind Silvester operators and

_ k,  for n =2k
= { E+1, for 2F <n <2k, (2.2)

Proof. Consider the splitting of the matrix B,, = (Bij)i,jzl,n into four blocks ac-
cording to Definition 2.1. Then B, = (Bi); j=1,2. Denote H' = Hy x -+ x Hn
and H? = H[g]+1 X ---x H,. Then B, can be considered as an operator matrix
in
H' x H?, B : Hi — Hi (i,j = 1,2). By Theorem 2.2, B,, is positive definite if
and only if:

1) B}l = A{(Bn) > 0; B2 = A3(By) > 0;

2) A2 = A3(B,)>0; Al=ALB,) >0.
Splitting each operator matrix

AY(B.) = Bly, £3(B,)=BYy. A3(Ba) = B3 (), ANB.) =Bl () (23)

according to Definition 2.1 and applying Theorem 2.2 to the linear continuous

operators (2.3) in f[ 1w H' and H? x H? respectively, we obtain 16 inequalities
of the form {AZ A > 0}7 ; _; in spaces

i1

2 2
2 2

After the construction is continued by induction p times, the size of the
operator matrices is reduced, at least, to 28H1=P x 2kF1=P a5 5 < 2F+1

Thus, we arrive at the system (2.1) after m steps, where m is defined by (2.2).
O

Remark 2.4. Note that the number of inequalities in the system (2.1)-(2.2) can
be calculated by the formula

Vi =28 (3n — 21 for 2F <n < 2L (2.4)

In addition,
n? <V, <(n+1)>2 (2.5)

Let us consider an application of these results to concrete operator matrices.
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Ezample. Consider a diagonal operator B,, = {B;;}}';,_; in a product of Hilbert
spaces Hy X --- x H,,, B;; =0 for i # j. Then
Ai(Bn) = A%(Bn) = BvlLla A%(Bn) = A%(Bn) - B'I2L2
are diagonal operators, too. Thus, we obtain by induction the diagonal elements
Lo 83, 85, (Bn) = Bii-

Hence, the condition for the positive definiteness of the diagonal elements B;; > 0
is both necessary and sufficient for the positive definiteness of the operator ma-
trix B,,.

Now, we proceed to a non-negativeness test for the n x n operator matrix in
a product of Hilbert spaces.

Definition 2.5. Consider the splitting of B, into the following four blocks: E}ll, the
clement By; of the matrix By,; B22, the lower-right block of determinant of size
(n—1) x (n—1); B2 and B2', the adjacent row and column of sizes 1 X (n — 1)
and (n — 1) x 1.

Assume that B! is continuously invertible. On the set of all such matrices
B, (n=1,2,...), let us introduce the second kind Silvester operators

AY(B,) = BYY;  AL(B.) = B2 - B2 (B Bl

In (8] (see also [14]), the following non-negativeness test for the operator
matrix By = (Bij)ij:l in H; x Hy was obtained.

Theorem 2.6. Let By be continuously invertible and self-adjoint, Bis = B3,. Then
the operator Bs is non-negative if and only if

(1) Bi1 20,
(2) AY(Bg2) = Bag — Ba1 - (B11)™1 - B2 > 0.

Applying the Silvester operators of the second kind repeatedly, we can gen-
eralize the Theorem 2.2 by induction to n X n operator matrices.

Theorem 2.7. Let H; (i = 1,n) be separable real Hilbert spaces, H=H;y X --- X H,,,
B, = (B;j) where B;; : Hj — H; (i,j =1,n) is a linear continuous self-adjoint
operator in H, and all operators

AN AYH(B.),  k=0n-2 (2.6)
be continuously invertible. The operator B, is non-negative if and only if
AHADH(BA) 20, k=0n—2 (55" 7'(Ba) 20, (2.7)

where gll, (I =1,2) are the second kind Silvester operators.
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Proof. Consider the splitting of the matrix B, = (Byj); ;_; ,, into four blocks ac-
cording to Definition 2.5. Then B, = (Eflj)m:m. Denote H! = H; and H? =
Hy x --- x Hy,. Then B, can be considered as an operator matrix in H' x H?2,
Bij . Hi — H' (i,j = 1,2). By virtue of Theorem 2.6, under the conditions of
continuous invertibility of E}ll = B11 = A}(B,,) and self-adjointness of B, B, is
non-negative if and only if

ANB,) >0,  ANB,) = B2 - B2 (BY)1 B2 >0,

Splitting the operator matrix &(Bn) of size (n — 1) x (n — 1) according to Def-
inition 2.5 and applying Theorem 2.6 to the linear continuous self-adjoint oper-
ator AL(B,,), under the conditions of continuous invertibility of A}(AL(B,)) in
H? x H?, we obtain the following necessary and sufficient conditions for the non-
negativeness of A(B,,):

ANAN(BY) 20, AYAL(B,)) >0,

After the construction is continued by induction p times, the size of the operator
matrices is reduced, at least, to (n — p) X (n — p). Thus, under the conditions
of continuous invertibility of the operators (2.6) and self-adjointness of B,,, we
obtain, after (n — 1) steps, n inequalities of the form (2.7). O

On the basis of the above-proved tests for the positive definiteness and non-
negativeness of operator matrices, we shall obtain appropriate sufficient conditions
for the positive definiteness and necessary conditions for the non-negativeness of
the quadratic forms in products of n real separable Hilbert spaces.

Theorem 2.8. Let H; (i = 1,n) be separable real Hilbert spaces, H=H; X --- X H,,
@ be a continuous quadratic form in H generated by a symmetric bilinear form
g on H?, B, be a linear continuous self-adjoint operator in H associated with
g (g(h,k) = (k,Byh)), and B, = (B;;) where B;; : H; — H; (i,j = 1,n). If the
system of inequalities (2.1)—(2.2) holds, then ¢ >0 on H.

Theorem 2.9. Let H; (i = 1,n) be separable real Hilbert spaces, H=H; X --- X H,,
@ be a continuous quadratic form on H generated by a symmetric bilinear form
g on H?, B,, be a linear continuous self-adjoint operator in H associated with g
(g9(h,k) = (k, Byh)), and B, = (B;j) where B;; : H; — H; (i,j =1,n). If p >0
and all operators (2.6) are continuously invertible, then the inequalities (2.7) hold.
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3. Sufficient and necessary conditions for the strong compact
extrema of the Euler-Lagrange functionals of n variables in
Sobolev space in terms of the Hessian of the integrand

Now, we use the results proved above to obtain sufficient and necessary conditions
for a strong compact extremum of the Euler-Lagrange functionals of n variables
in Sobolev space Wj.

In [4], the following result was obtained.

Theorem 3.1. Let Q) = [a;b], H be a real Hilbert space, and a function u= f(x,y, z),
f:Qx H? =R be of W2Ky(2). If the equation (1.4) is fulfilled at a point

y(-) € W2(Q, H) and the quadratic form (in (y,z)) f"(z,y(x),y'(z)) is positive
definite on H? for any fived x € Q, then the Euler-Lagrange functional (1.2) has
a strong K-minimum at y(-).

A sufficient condition for the strong K-extremum follows from this result and
the theorems 1.5, 1.6, 2.7.

Theorem 3.2. Let Q = [a;b], H; (i =1,n) be separable real Hilbert spaces, H =
Hy x ---x Hy, and a real function u = f(2,Y1,. . Yn, 21, .-, 2n) be of W2Ks(2),

z = (21 X+ X z,). Suppose that for some functions ym,(-) € Wi (Q, Hy,), m = 1,n,
the variational Euler—Lagrange equations

of d (0f \ a.e.
o =i (o) 0 m=1m) (3.1)
are fulfilled.
Let T,,(f) be the Hessian of [ in the variables y; and z;, (i = 1,n)
2 f o2 f "
_ 9y 0y; 0yi0z;
()= | ol Nl
aziayj aziaZj

i,j=1
If the system of inequalities
(O 82 A3 Ta() > 08, s (3.2)

k,  for n =2k
E+1, for 2F <n < 2k,
is fulfilled for a K-extremal y(-) = (y1(-), ..., yn(*)) a.e. on Q, then the Euler—
Lagrange functional

where A;ll are the first kind Silvester operators, m =

b
B o) = [ F@n@) @ @) @) (33)
has a strong K-minimum at a point y(-) = (y1(:), ..., yn("))-

Proof. As is shown in Theorem 2.8, the positive definiteness of f”(z,y1(z), ...,
Yn(2), ¥\ (x), ..., y,(z)) for all z € Q follows from the condition (3.2). As the



148 E.V. Bozhonok

system of variational Euler-Lagrange equations (3.1) is equivalent to the equa-
tion (1.4), then, by virtue of Theorem 1.6, y(:) = (y1(),...,yn(:)) is a K—extremal.
In view of Theorem 1.5, under the conditions f € C?(H,R) and f € W2 K»(z),
it follows that ® € C% (W} (Q, H),R).
Since f”(z,y1(x), ..., yn(2), ¥} (2), ...,y (x)) > 0 for the K-extremal y(-) =
(y1(+),---,yn(-)), it follows from Theorem 3.1 that ® has a strong K-minimum at

the point y(-) = (y1(-), -, yn("))- u
Corollary 3.3. If, under the hypothesis of Theorem 3.2, the system of inequalities
im N 2

{A50 - &5, A5 (Ta(2)) < 0}

u,1=1
is fulfilled for the K-extremal y(-) = (y1(:),...,yn(")) a.e. on Q, then the Euler—
Lagrange functional (3.3) has a strong K-mazimum at the point y(-) =

(yl(')ﬂ R yn())

Now, we obtain, on the basis of Theorem 2.7, a necessary condition for a
strong compact extrema of the Euler-Lagrange functional in terms of the Hessian
of the integrand.

Theorem 3.4. If, under the hypothesis of Theorem 3.2, the Fuler—Lagrange func-
tional (3.3) has a strong K-minimum at a point

y() = (yl(')a SRR yn()) € W22(Qv H)7
and all operators &(&%)k(f‘n (f)), k=0,n—2 are continuously invertible, then
AMAYHT(£) 20, (=0, =2), (A" H(Tul(f) 20, (34)

where 5}7 (I =1,2) are the second kind Silvester operators.

Proof. Since the function f(z,y1,...,Yn,21,...,2,) is twice continuously differ-
entiable in (y,z) on Q x H x H and f € W2K»(z), by Theorem 1.5 the Euler—

Lagrange functional (3.3) is twice K-differentiable on W3 (€2, H). Moreover, the
functional (3.3) has a strong K-minimum, whence

e (y1,- -, yn)(hy h) > 0. (3-5)

Suppose that 3k3 > 0 for which on some set A9 C Q, pAg > 0 and for some
fixed hg € H,

@y (@), . yn(@), 210(2), ..o, 20 (2)) (ho, ho) < —kd < 0.

Now, let g be any density point in Ag. Choose a neighborhood Os,(x¢) (69 > 0)

such that for § < dy,
A
ml oﬂ%O[s(xo)) >1-g (0<eo<1).

ho, x € (xg—90;20+96);
Put h(z) = ho - X(10*59$0+5)(3’1) = { ()O x ¢ Exg —0; zvg + 5;.
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Then
% (y1,- -+, yn)(h, h)

/ (@1 (@), ey (@), 21 (), 2a(@)) (B, B(w))da

zo+0
= / ' (xy1(z), .. yn (), 21(2), . . ., 20 (2)) (ho, ho)dx

0—6

< —k§-25-(1—e0) <0
for 0 < ¢ < dp small enough. Hence @7 (y) < 0, which contradicts the inequal-
ity (3.5). Thus, if ®%-(y1,...,yn) >0, then f"(x,y1(x), ..., yn(z), 21(x), ...,
zn(x)) > 0 for the K-extremal y(-). As was shown in Theorem 2.9, the last
condition provides the fulfilment of the inequalities (3.4) for the Hessian T, (x)
associated with f"(z,y1(x),...,yn(x), 21(x), ..., 2,()). O

Corollary 3.5. If, under the hypothesis of Theorem 3.4, the Fuler—Lagrange func-
tional (3.3) has a strong K-maximum at a point y(-) = (y1(-),...,yn(-)), then

AL ADETL () <0, (k=0,n-2);  (A)" 1 Ta(f) <0,

where 5}7 (I =1,2) are the second kind Silvester operators.

4. The Legendre condition and the Legendre-Jacobi sufficient
condition for a strong K-extremum of the Euler-Lagrange
functional of n variables in Sobolev space

Let us extend, to the case of Sobolev space W3 and a strong compact extremum
of the Euler-Lagrange functional of n variables, the known Legendre necessary
condition and the Legendre—Jacobi sufficient condition [13].

First, we formulate the Legendre necessary condition.

Theorem 4.1. Let Q = [a;b], H; (i =1,n) be separable real Hilbert spaces, H =
Hy x -+ x Hy, areal function u = f(x,91,...,Yn,21,---,2n) be of W2Ks(z), and

all functions 8328];]_ (T Y1y ey Yns Uiy -5 Yh) (i,5 = 1,n) be absolutely continuous
on §2, where the functions ym,(-) € W3(, H) satisfy the Euler-Lagrange variational
equations
af d [ of e.
- =0 =1,n).
OYm ( 02m ) (m n)
Set P, (x) = (632812 ) . If the Euler-Lagrange functional (3.3) has a strong
1925 ) iq

K-minimum at y(-)=(y1(:),..,yn(-)) EW3Z(Q,H), and all operators &(&%)k(ﬂl),
k =0,n — 2 are continuously invertible, then the system of differential inequalities

ANADHP) >0, k=0,n—2; (AL)"Y(B,) >0, (4.1)
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where gll (I = 1,2) are the second kind Silvester operators, holds true for the
extremal y(+) a.e. on Q.

Proof. Since the functional (3.3) has a strong K-minimum at the point
y(-) = (y1(+), ..., yn(")), the Legendre necessary condition ([10], Theorem 1.1)

62
O L @) () @), () 20,

where gi{ (x,y1(2), ..., yn(2),y1(2),...,y,(z)) is the symmetric bilinear form as-
sociated with P, (z), holds true for a.e. x € Q.

_Then, by Theorem 2.9, under the conditions of continuous invertibility of
AI(Al) (P,), k = 0,n — 2, the system of inequalities (4.1) is satisfied. O

Note that the representation (1.3) can be rewritten in the following form:

¢uwwm=!<}$(gz@w¢0+§xu%yﬂwm

+ 95 J;(I Y,y )(h’,k’)) dx. (4.2)

For the Euler-Lagrange functional (1.2), the second K-derivative is the qua-
dratic functional (1.3), (4.2). To extend the Legendre-Jacobi sufficient condition
to the case of a compact extremum of a variational functional in Sobolev space,
consider some properties of the quadratic integral functional

®(n) :/(P(h’,h’)+Q(h, h)) dz, (4.3)

Q

where h € W} (Q,H), H=H; x ---x H,, H; (i=1,n) are real separable Hil-
bert spaces, and for each x € Q = [a;b], P(x) and Q(z) are symmetric bilinear
continuous forms on H x H, strongly measurable and essentially bounded with
respect to x as mappings from € into (H, H)* = (H, H*) = (H, H). Note that the
forms P(z) and Q(z) can be considered as self-adjoint linear continuous operators
P= (Hj); Q = (QU) where .Pij : Hj — HZ', Qij : Hj — HZ', (Z,] = l,n).

Define the Jacobi condition for the functional EI\>(h)

Definition 4.2. Consider the Jacobi equation

i (PU) +QU A0, Ua) =0, U'la)= Iy, (4.4)
in the class of mappings U(-) € W2 (Q, L(H)). We say that the functional (4.3)
satisfies the Jacobi condition if any solution of the Jacobi equation (4.4) is such
that the operators U(z) are continuously invertible for a < x < b.
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The Jacobi condition can be rewritten in the coordinate form.

Definition 4.3. Consider the linear continuous operator U = (U;;) where
UijZHj—>HZ', (7,7]:].7TL)

Then it is possible to consider the system of Jacobi equations

n

d
Z (— A (P:ULL,) + QkiUim> AL,

i=1

Uin(@) =0, Ul ={ "0 E57 L hm=1) (45)

0, k#*m

in the class of mappings U(-) € W3 (Q, L(H)). We say that the functional (4.3)
satisfies the Jacobi condition if any solution of the system of Jacobi equations (4.5)
is such that the operators U(z) are continuously invertible for a < z < b.

Theorem 4.4. If the system of inequalities
{Qm - A AU (P) > 017 5, (4.6)
where A;ll are the first kind Silvester operators and
_ ok
m= { k -]?1, ;Z: 2k <nn_<22k“, (4.7)
holds true for a.e. © € ) and the Jacobi condition (Definitions 4.2-4.3) is fulfilled,
then the quadratic functional (4.3) is positive definite on V[Zl (Q,H).

Proof. If the system of inequalities (4.6)—(4.7) is satisfied, then, by Theorem 2.8,
the bilinear continuous form P(x) > 0 for a.e. € Q. Hence, by Theorem 2.1 [10],

~

®(h) > 0 on WH(Q, H). O

Applying the sufficient condition for the positive definiteness of the quadratic
functional (4.3) (Theorem 4.4), we obtain the Legendre—Jacobi sufficient condition
for a compact extremum of the Euler-Lagrange functional of several variables in
Sobolev space.

Theorem 4.5. Suppose that the assumptions of Theorem 4.1 are fulfilled.
Set

f \" d [ 8f 2\
Fule) = (6Ziazj>i,j_1’ Onle) = (dﬁﬂ (3%3%‘) " 3%3%‘)1‘4—1.

If for a K-eatremal y(-) = (1(), -, ya()) € WE(Q, H):
1) The system of inequalities

{Alm A2 AP > 012 (4.8)

Jm i, 1=17
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where A;ll are the first kind Silvester operators and
_ k,  for n =2k
m= { E+1, for 2F <n <2k, (4.9)

is fulfilled for a.e. x € Q;
2) For the functional (4.2), the Jacobi condition is fulfilled, i.e., any solution of
the Jacobi equation

d (0%f d [ 0*f 0*f a.e.
dx (622U> + [_dsc (83/62) + 6y2} v=o,
Ua)=0, U'a)=Ig,

d

(where 1 and — o*f + 1 are the bilinear continuous forms associ-
0z2 dx \ Oydz 0y?

ated with P, (z) and Q,(z), respectively) in the class W3 (Q, L(H)) is such
that the operators U(x) are continuously invertible for a < x <b,

then the Euler-Lagrange functional (3.3) has a strong K-minimum at y(-).

Proof. Since the system of inequalities (4.8)—(4.9) for the operator P,(x), asso-
ciated with the form gzg , is fulfilled, gig‘ > 0 almost everywhere on €2 (Theo-
rem 2.8). Under the Jacobi condition, the Euler-Lagrange functional (3.3) has a
strong K—minimum at y(-) ([10], Theorem 3.1). O
Corollary 4.6. If, under the hypothesis of Theorem 4.5,
1) The system of inequalities
{Aln - A2 AN (P,) <0}, (4.10)

where A;ll are the first kind Silvester operators and
_ k,  for n =2k
m= { E+1, for 2F <n <2k, (4.11)

is fulfilled for a.e. x € Q;
2) For the functional (4.2), the Jacobi condition is fulfilled,
then the Euler-Lagrange functional (3.3) has a strong K-mazimum at y(-).
Remark 4.7. According to Definition 4.3, the Jacobi condition for the functional

(4.2) can be rewritten in the coordinate form, i.e., any solution U(z), where
U= (U), Uij : Hj — H;, (i,j = 1,n), of the system of Jacobi equations

d a2f d 0% f 0% f a.c.
_ / — ; = 4.12
- ( dx (8zi8zj UJ’") * [ dx (8yiazj> * 8yi8yj} Ui ) 0, (412)

Ig,, i=m
Ui (a):()v Uz/m(a):{ 611 Z?ém

in the class W, (Q, £(H)) is such that the operators U(z) are continuously invert-
ible for a < z < b.

M- L

J

, (i,m=1,n), (4.13)
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5. Example of a K-extremum of the Euler—Lagrange functional of
n variables that is not a local extremum

1) Let us consider a real function ¢ € C?[0,+00) such that p(t) =t for 0 < ¢ <
1-9,p(t)=2—tfor1+06<t<+4o00,p  as0<t<l,and ¢ \yas 1<t < oo
(6 > 0 is small enough). Assume

n
f(m7yla ceyYny 21, - '7Zn) = <Z ||yl||z2 + ||Zl||z2> )
=1

where y;,2; € H;, H = Hy x ... x H,, and H; are the separable real Hilbert spaces
with norms | - ||; generated by inner products (-,-); (i = 1,n). Consider the func-
tional

D(ys,.. yn) = / 0 (Z lyi(a)I? + ||y;<x>||%> dz,
0 i=1

where y() € W21([07 1]7H)7 (7’ = ]-an)
Then the variational Euler-Lagrange equation (1.4) takes the form

d d? ,
df (yi — y;/’ )i — 2 dtf (yi + y;/’ y;>l ’ <yz/'ﬂ i =0 (i=1,n). (5.1)

Thus, the function yo(z) = (yo1(x), ..., yon(x)) = 0 is a K-extremal and
(I)(y()la s 72/077.) =0.

2) Direct verification shows that ® has a compact minimum at the point yo(z) = 0,
but no local minimum at this point [7].

3) Let us show that the sufficient condition for a K-minimum (Theorem 3.2) is
fulfilled on the K-extremal yy = 0.

Consider
>f ’fF \"
Oyi0y;  Oyidz;
Fn (f) = ( y@nyJ %QfZJ ) .

0z;0y; 020z ij=1

Direct verification shows that
>?f AP o O’ f e
=4 i )it Wiy )i H2 0 ()i = is )i Yy )5

0*f d*p do 82 f 2y
8212 =4 dt2 <Z“ '>z : <Zz7 '>z +2 dt <'7 '>u 62’2823 =4 dt2 <Zzu '>z : <Zj7 '>]7
0% f d*p 0% f d?¢
iVYj 10z
(Z7J = 17”)
Then

d*¢ ( Tt T2 de ( Dy 0
[p(x) =4 (le F22>+2dt( 01 Dl)’
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Since (-,-) > 0, i = 1,n, by Example in Section 2 we obtain
_ Dy 0
Fn(x)_2< 0 D >>>0
for the extremal (yo1,...,Yon) = 0.

5) Let us show that the Legendre-Jacobi sufficient condition for a K-minimum
(Theorem 4.5) is fulfilled on the K—extremal yo = 0.

a) For the K-extremal yo =0, P, = 2(5ij<-, .>i)?j:1' Since (-,-) > 0,i=1,n,
by Example in Section 2 we obtain P, (z) > 0.
b) The system of equations (4.12)—(4.13) can be rewritten in the form

a.e.
—UZ/; + Uij =0,
UZ](O) - 07 Uzg(o) - { O7 Z?éj 9 (7’73 - ]-an)
The solution of this system is U(z) = (&;; sh(a:IHi))?j:l, where
eIIHz' _ ezIHi
2

As the operators sh(zlm,) (i = 1,n) are continuously invertible for 0 < z < 1,
the operator U(x) is continuously invertible for 0 < z < 1.

sh(xly,) =
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Abstract. The moment problem as formulated by Krein and Nudel’'man is a
beautiful generalization of several important classical moment problems, in-
cluding the power moment problem, the trigonometric moment problem and
the moment problem arising in Nevanlinna-Pick interpolation. Motivated by
classical applications and examples, in both finite and infinite dimensions, we
recently formulated a new version of this problem that we call the moment
problem for positive rational measures. The formulation reflects the impor-
tance of rational functions in signals, systems and control. While this version
of the problem is decidedly nonlinear, the basic tools still rely on convexity.
In particular, we present a solution to this problem in terms of a nonlinear
convex optimization problem that generalizes the maximum entropy approach
used in several classical special cases.
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Keywords. Moment problems, interpolation, rational positive measures, con-
vex optimization.

1. Introduction

The moment problem for positive measures is the synthesis, over the course of
more than 70 years by Krein and his collaborators (see [1, 15] and references
therein), of many important classical problems in pure and applied mathematics.
This paper is devoted to the study of a class of moment problems, which we refer to
as the moment problem for positive rational measures, whose formulation reflects
the importance of rational functions in signals, systems and control. This class of
problems abstracts the recent work of a number of authors [3, 4, 5, 6, 8, 9, 11, 12,

This research was supported in part by grants from AFOSR, Swedish Research Council, Swedish
Foundation for Strategic Research, and the Goran Gustafsson Foundation.
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13] who incorporated various complexity constraints into the refinements of the
moment problem for arbitrary positive measures [15].

We refer to this problem as the moment problem for positive rational mea-
sures. In this paper we develop some basic results for this problem, closely following
the approach outlined in [15]. Indeed, in Section 2 we recall the fundamental result
on the generalized moment problem as derived in [15] using convex cones in finite-
dimensional function spaces and properties of positive measures. In Section 3 we
derive similar basic results for the moment problem for positive rational measures
using a topological proof that mirrors the steps in the convexity proof in [15].

While this version of the problem is decidedly nonlinear, one can still develop
an approach based entirely on convexity. In particular, in Section 4 we present a
synthesis of our topological approach with a nonlinear convex optimization prob-
lem that we discovered in the context of interpolation problems [4, 5] and gener-
alized to the case of moment problems with complexity constraints [6, 8, 9, 13].
In fact, the topological approach developed in Section 3 allows us to significantly
streamline our previous proofs concerning the convex functional and its extrema.
Naturally, the optimization problem itself generalizes the maximum entropy ap-
proach. Indeed, for cases where the space of test functions lie in the Hardy space
on the unit circle, we provide in Section 5 a succinct closed form for the maximum
entropy solution. In Section 6 we describe some amplifications of our basic results
using differentiable maps and manifolds, a methodology upon which we based an
alternative approach to this problem in [8, 9] and which is also streamlined by our
topological arguments.

2. The moment problem following Krein and Nudel’man

The fundamental result on the generalized moment problem derived in [15] is based
on two results, one about properties of convex cones in finite-dimensional spaces
of continuous functions and the other about properties of positive measures.

The first result concerns a subspace P of the Banach space C|[a, b] of complex-
valued continuous functions defined on the real interval [a, b] and a choice of basis
(up, u1,...,uy) of P. If p € P we denote by P its real part P := Re(p). Following
[15], we define the subset P, of those elements p € P such that P > 0. The
space P4 C P is a closed, convex cone. In terms of the basis (u;), every ¢ € P*
corresponds to a complex sequence ¢ = (cg,c1,...,¢,) € C"L. Since every ¢ is
determined by its real part as a linear functional on 3 as a real vector space, we
can characterize elements of the dual cone B as those sequences c satisfying

(c,p) :=Re {ipkck} >0 (2.1)
k=0

for all p € P. Such a sequence is classically called positive, and the space of
positive sequences is denoted by €. In particular, €, is a closed, convex cone
with €1 = P,
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Following [15], consider the curve

UuQ (t)
ul(t)

Un (t)
We then define the subset U = {U(t) : t € [a,b]} C C**!, and let K(U) denote its
convex conic hull. Clearly, K(U)"T = 9, from which follows:
Theorem 2.1 ([15]). K(U) = €5..

We now turn to some results concerning positive measures. Given ¢ € C**+1,
the generalized moment problem (see [15]) is to find a positive measure du such
that

b

/ wr(Odu(t) = cx, k=0,1,....n. (2.2)

For the sake of brevity, from now on we shall refer to this problem as simply the
moment problem, omitting the adjective “generalized”. More generally, let

M : Cla,b)* — C"*! (2.3)

be the continuous mapping defined via (2.2) for an arbitrary bounded measure
dp € Cla,b]* and consider the subset M C Cla,b]* of positive measures.

Lemma 2.2 ([15]). M(M ) C €.
Proof. If p € Py = €1, then

(c,p) :=Re {Zpkck} / Pdu >0, (2.4)

so that c € €. (]

By Theorem 2.1 and Lemma 2.2, we have that (M) is a convex subset
of K(U). On the other hand, by choosing dyu = 0, for each ¢y € [a,b], it follows
that U C 9(M). In particular, to say that (M) is closed is to say that
K{U) CcMm(M).

In [15], the Helly Selection Theorem is used to show that (M) is closed
in €4 under the following hypothesis.

Hypothesis 2.3. There exists p € P such that P > 0 on [a, b].

Theorem 2.4 ([15]). Whenever Hypothesis 2.3 holds, K(U) = M(M). In partic-
ular,

Of course, in order for the moment equations to hold it is necessary that cg
be real whenever uy, is real. Moreover, a purely imaginary moment condition can
always be reduced to a real one.
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Convention 2.5. Henceforth we shall assume that wug,...,u,_1 are real functions
and u,, ..., u, are complex-valued functions whose real and imaginary parts, tak-
ing together with wy,...,u,_1, are linearly independent over R.

In particular, we may regard 9 as the real vector space R?"~"+2 and ¢, C
R2"="+2 Therefore, it follows [15] that €, is a closed convex cone of dimension

2n — r + 2, with interior € consisting of strictly positive sequences c; i.e., those

sequences c satisfying
(c,p) :=Re {Zpkck} >0 (2.6)

k=0
for all p € P, ~ {0}. Assuming Hypothesis 2.3, it then follows that . is also a

closed convex cone of dimension 2n —r+ 2, with a nonempty interior 3, consisting
of those p € P for which Re(p) > 0.

3. The main results

In the power and the trigonometric moment problems, the elements of the sub-
space P are polynomials and trigonometric polynomials, respectively. In part for
this reason, the elements of the subspace P in an arbitrary moment problem are
referred to as “polynomials in ”. Following this precedent, we shall refer to the
ratio p/q with p,q € P as a “rational function”. For the classical Nevanlinna-
Pick interpolation problem, it turns out that 93 is a coinvariant subspace of H? so
that the “polynomials” are rational functions o /7, where 7 is fixed. This of course
implies that the rational functions in 8 are rational in the usual sense.

Definition 3.1. The functions P := Re(p), for p € P in the moment problem are
referred to as real polynomials for . We shall refer to the ratio P/Q with p,q € P
as a real rational functions for .

Remark 3.2. Under Convention 2.5,

n
pi= Zpkuk B (3.1)
k=0
corresponds to an (n+ 1)-tuple of points (po, p1, - - -, Pn), Wwhere pg, p1, ..., pr—1 are

real and py,pri1, ..., pn are complex. Moreover, p is determined by P [8, p. 165].

The moment problem is about measures and combining these two concepts
leads us to following definition.

Definition 3.3. Any measure of the form
du = dt, (3.2)

where P, (@ are positive real polynomials for B, is a rational positive measure. Let
R+ C M denote the subset of rational positive measures.
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Problem 3.4. Given a sequence of complex numbers ¢y, c1,...,c, and a subspace
B = span(ug, ..., un) C Cla,b], the moment problem for rational measures is to
parameterize all positive rational measures P®) gt such that

Q(t)
b
/a uk(t)gg;dt:ck, k=0,1,...,n. (3.3)

We shall need an additional hypothesis to accommodate the restriction to
rational positive measures.

Hypothesis 3.5. The space B consists of Lipschitz continuous functions.

Remark 3.6. To the best of our knowledge, all instances of the generalized moment
problem that arise in systems and control involve subspaces of Cla, b] consisting of
Lipschitz continuous functions. Moreover, we recall the classical result that, if 8 is
spanned by a Chebyshev system (or T-system) and contains a constant function,
then after a reparameterization 8 consists of Lipschitz continuous functions [15,
p. 37].

In the setting of Section 2, our first result is the following.
Theorem 3.7. If Hypotheses 2.3 and 3.5 hold, then
W(R+) - Q:_;,_.

In other words, the moment problem for rational measures is solvable if, and only
if, the sequence c is strictly positive.

For any du € R4, consider the sequence ¢ defined by (2.2) and any p =
Sor_o pruk € By~ {0}. Then

n b
(c,p) :==Re {Zpkck} = / P(t)du > 0, (3.4)
k=0 a

so that c € é+. This observation yields the rational analogue of Lemma 2.2.

Lemma 3.8. If Hypothesis 2.3 holds, then 9M(R ) C QOZ+.
The following result implies the reverse inclusion.

Theorem 3.9. If Hypotheses 2.3 and 3.5 hold, then M(R+) contains a set which is

both open and closed in the conver set €, .

Remark 3.10. The assertions in Theorem 3.9 are the topological analogue, for the
case of rational measures, of the convexity assertions used in the proof of Theorem
2.4 for the generalized moment problem, where it was shown that the convex subset
M(M4) C € = K(U) both contains U and is closed. In light of Lemma 3.8, a
point mass d;, cannot be realized on * by a positive rational measure so that
U ¢ M(R+). Nonetheless, there exists Py C R4 such that M (P,) is both open

and closed in €.
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Indeed, for a fixed P € qo3+ consider the set

gdu QB (3.5)

and the restriction of the moment mapping M|p, : Py — é+.

Pr={dp € Ry :du=

Proposition 3.11. If Hypothesis 2.3 holds, then 9 (Py) C é+ is open.

Proof. For simplicity, we view 3 and € as real vector spaces, so that 9 is spanned
by the real basis (u;), where we have replaced a complex-valued (uy) by its real and

o

imaginary parts. We shall also parameterize du € P4+ by ¢ € B . The Jacobian,
Jac(M|p, )q,, of M|p, at a point ¢ € P is a square matrix M, whose (i,j)th
entry is
b
P(t)
M) i :—/ wi(t)uw;(t
( q)(,j) " () ]()Qg(t)

evaluated at the point go. Thus, —M, is the gramian matrix of the real basis (u;)
with respect to the positive definite inner product defined by P(t)/Q?*(t)dt on

Cla, b]. Therefore, Jac(M|p, ), has rank 2n — r + 2 at each point ¢ € P so that,
by the Implicit Function Theorem, 9(P4) is open. O

dt (3.6)

Proposition 3.12. If Hypotheses 2.3 and 3.5 hold, then IMM(P4) C é+ is closed.

Proof. Suppose
P .o
E)JT(Q dt) = e ¢4 (3.7)

J
and lim;_,o.c/ = ¢ € QO$+. We claim that there exists an M > 0 such that |Q;|lec <
M. To see this note that
b P2(t)
o Q1)
Setting Q; = Q;/1|Qjlloc, we have

dt = lim;_o0(c,p) = (¢, p) > 0. (3.8)

liijOO

b Pz(t)
a Qj(t)
Since f; P2(t)/@j(t) dt > € for some € > 0, we must have ||Q;||cc < M < oo for
some M > 0. Therefore, there is a convergent subsequence in 3,

lmj oo | Q]| oo dt = {(¢,p) > 0. (3.9)

limg—ooqr = qo, with qo € PB4 (3.10)

for which
b P2t
a QO (t)

0< dt = {¢,p) < 0.

We claim that qo € ‘iﬂr.



The Moment Problem for Rational Measures 163

Suppose, on the contrary, that Qo(to) = 0 for some to € [a,b], Then, since
Qo is Lipschitz continuous at tg, there exists an € > 0 and an L > 0 such that
Qo(t) < L|t — to| whenever |t — to| < € and ¢ € [a,b]. In particular, if ¢y € (a,b),

b P2 1 /t0+8 P2
t = 400,
t

dt > d
a QO — L |t_t0|

contrary to assumption. If {9 = a or ;3 = b, a similar estimate holds. Hence,

0—€

qo € P4, as claimed. (]

Corollary 3.13. If Hypotheses 2.3 and 3.5 hold, the moment mapping M|p, : P, —

&, is surjective.

4. A Dirichlet principle for the moment problem with
rational positive measures

In the course of proving Theorem 3.7 we showed that, for any ¢ € € and any

choice of P € P, the moment problem for rational positive measures always has
a solution in the set

p
Q

In this section, using a convex optimization argument, we show that the surjection
IM|p, is injective, and we characterize the unique rational measure as the solution
of a variational problem. In fact, we derive both a primal optimization problem
and its dual. Remarkably, the moment problem for rational positive measures is
the set of critical point equations for the dual variational problem. In this classical
sense, a nonlinear convex optimization provides an illustration of the Dirichlet
Principle for this class of moment problems.
Let I, : Cy[a,b] — RU{—o0} be the relative entropy functional

Py ={due Ry du="dt, QeP.}. (4.1)

I(®) = / bP(t) log ®(t)dt, (4.2)

which is a generalization of the entropy functional obtained by setting P = 1.
From Jensen’s inequality we see that I,,(®) < log (f: P<I>dt> < fj Pddt < oo.

Theorem 4.1. Assume that Hypotheses 2.3 and 3.5 hold, and let ¢ € QZ.. Then, for

any P € P, the constrained optimization problem to mazimize (4.2) over Cy|a,b)
subject to the moment constraints

b
/ up(t)®(t)dt =cx, k=0,1,...,n, (4.3)
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has a unique solution, and it has the form
P
&= ., @Q:=Re{q}, (4.4)
Q
where q € ‘,]O3+.

The optimization problem of Theorem 4.1, to which we shall refer as the
primal problem, can be solved by Lagrange relaxation. In fact, we have the La-
grangian

)

n b
L(®,q) =1(®) + Re )  a [ck - / updt
k=0 a
where (o, q1,...,q,) € R” x C"~"*! are Lagrange multipliers. Then,

b b
L(®,q) :/ Plog ® dt + (c, q) —/ Qdt,

where @ = Re{q} with ¢ := Y ;_,qrur € P. Clearly, comparing linear and
logarithmic growth, we see that the dual functional
¥(g)= sup L(®,q)
PeCy [(Lb]
takes finite values only if ¢ € B, so we may restrict our attention to such Lagrange
multipliers. For any ¢ € P4 and any ® € C4 [a,b] such that P/® is integrable, the
directional derivative

b
d(@7q)L(h) :/ [(I; - Q:l hdt =0

for all h € Cla,b] if and only if & = g € Cyla,b], which inserted into the dual

functional yields

b
b(a) = Ipla) + / P(log P — 1)dt, (4.5)

where J, : By — RU {oo} is the strictly convex functional
b

Jp(a) = {c.q) — / Plog Qdt. (4.6)

a
As the last term in (4.5) is constant, the dual problem to minimize v (q) over
P+ is equivalent to the convex optimization problem
min J(q). 4.7
min 3(g) (4.7

Since .
oIy P
=cp — dt, k=0,1,...
aqk Ck ., Uk Q ) s 4y » 1,
it follows from Corollary 3.13 that the optimization problem (4.7) has an optimal

solution ¢ € P satisfying the moment equations (3.3). Moreover, since the
functional (4.6) is strictly convex, this optimum is unique.
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Consequently,

- g € O fa,b] (4.8)

is the unique optimal solution of the primal problem. To see this, observe that
® — L(®,q) is strictly concave and that dL g 4 (h) = 0 for all b € C.[a,b].
Therefore,

L(®,§) < L(®,§), forall ® € Cyla,b] (4.9)

with equality if and only if ® = &. However, L(®,q) = L,(®) for all ¢ satisfying
the moment conditions (4.3). In particular, since (4.3) holds with & = &, L(®, §) =
I,(®). Consequently, (4.9) implies that I,(®) < I,(®) for all ® € C [a, ] satisfying
the moment conditions, with equality if and only if & = d. Hence, I, has a unique
maximum in the space of all ® € C [a, b] satisfying the constraints (4.3), and it is
given by (4.8).

This concludes the proof of Theorem 4.1, but we have also proven the follow-
ing theorem.

Theorem 4.2. Assume that Hypotheses 2.3 and 3.5 hold. Let (¢,p) € O€+>< ‘fh_, and

set P := Re{p}. Then the functional (4.6) has a unique minimizer ¢ € P, and
Q :=Re{q} is the unique solution to the moment equations

bop
up dt=cp, k=0,1,...,n. (4.10)

o @
Corollary 4.3. If Hypotheses 2.3 and 3.5 hold, the moment mapping M|p, : P, —

&, is a bijection.

5. Moment problems in a Hardy space setting

Some important special cases of the moment problem is when

ug(t) = gr(e") where g, € H*(D), k=0,1,...,n, (5.1)
and [a,b] = [—m,7]. A case in point is the trigonometric moment problem when
gr(2) = ,.2%; another is Nevanlinna-Pick interpolation when gi(z) = . 272,
where 29, 21, . .., 2, are the (distinct) interpolation points. In both of these cases,
g :=(90,91,---,9n)" can be represented as

g() = (I - 24) B, (5.2)

where A is a n X n stability matrix and B an n-vector such that (A, B) is a

reachable pair; i.e.,
T

G= g(eMg(e™)*dt > 0. (5.3)

—T
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Indeed, positive definiteness of G follows readily from the fact that the basis func-
tions are linearly independent. This condition also insures that there is a unique
function of the form

w(z) = Zwkgk(eit)*
k=0
that satisfies -
/ agr(eMw(e®)dt =, k=0,1,...,n,

—T

namely the one provided by the unique solution of the system of linear equations
n
ZijijCk, k:O,l,...,n.
k=0

Consequently, for any ¢ € ‘B,

(ca)= [ QHyw(e™)dt. (5.4)
It can be shown that gg, g1, ..., g, span the coinvariant subspace X := H2 &
¢H?, where ¢ is the inner function

_det(zl — A¥)
) = Get(1 — 24) -
In view of (5.1), X is a Hardy space model of 3. Moreover, for any ¢ € X, there
is a v € X such that ¥ := Re{¢)} = vv* [7, Proposition 9]. Therefore, for any
q € P, there is an a € C" such that Q(¢) = a(e'*)*a(e™) where a(z) := g(z)*a.
Then, by (5.4),

(c,q) =a" /Tf w(e®)g(e)g(e)*dt a = a*Pa, (5.5)

—T

where
1 [T . , . ,
P = ) / g€ w(e™) +w(e™)*]g(e™)*dt. (5.6)
—Tr

Consequently, ¢ € €4 if and only if P > 0, and ¢ € QOZ+ if and only if P > 0. In the
trigonometric moment problem P is the Toeplitz matrix, and in the Nevanlinna-
Pick case P is the the Pick matrix.

If B contains constants, then we may determine the maximum-entropy solu-
tion, corresponding to setting P = 1 in (4.2), in closed form.

Proposition 5.1. Suppose that the basis functions in P satisfy (5.1) and P contains
constants. Then the mazimum-entropy solution is

<o g(0)*P1g(0)

O e Ptg0) 7

where P is given by (5.6).
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Proof. We proceed as in [14, 16]. Since, by Jensen’s formula [2, p. 184], the last
term in the dual functional (4.6) (with P = 1) can be written 2log|a(0)], (4.6)
becomes

J(a) :=J,(a"a) = a"Pa — 2log|a*g(0)].
Setting the gradient of J(a) equal to zero, we obtain a = P~1g(0)/|a(0)| and
hence a(z) = g(z)*P~1g(0)/|a(0)|. Then |a( )2 = ¢g(0)*P~1g(0), and therefore
the optimal a becomes

*P- 1
a(z) = 9() 9(0) (5.8)
V9(0)*P=1g(0)

Moreover, in view of Theorems 4.1 and 4.2,

. 1 1

@ t = = . B

D= Q) ~ Jateny?

and therefore (5.7) follows from (5.8). O

In the trigonometric moment problem, modulo normalization,

en(z) = g(z)"Pg(0)

reduces to the Szegd polynomial orthogonal on the unit circle of degree n (cf. [10]).

6. Amplifications and conclusions

In this paper we showed that the moment problem for rational positive measures
is solvable for all strictly positive sequences, provide Hypotheses 2.3 and 3.5 hold
for B. In the language of functions and spaces, we showed that the moment map
M defined by (2.3) restricts to a surjection

im|7g+ : R+ — Q:+ (6].)
by proving that the restriction
9J1|p+ : ’PJr — Q:+ (62)

is surjective. Indeed, using the strict convexity of the dual functional, we were able
to conclude in Corollary 4.3 that (6.2) is a bijection.
In this section we briefly discuss these maps in more detail. Following Hada-

mard, the problem of solving, for ¢ € €, the equations

Mlp, (du(q)) = ¢, for € Puy, (6.3)

is well posed provided a solution ¢ exists, is unique and varies continuously with
¢ (in some reasonable topology). As elements of open convex subsets of Euclidean
space, the choice of topology is clear. Existence and uniqueness is the essence of
Corollary 4.3. Moreover, our proof of Proposigion 3.11 reposed on the observation

that Jac(9M|p, ), is nonsingular at each ¢ € P, so that, by the Inverse Function
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Theorem, M| p, is a smooth bijection with a smooth inverse. Since Sm|7§i is differ-
entiable, it is continuous, so that ¢ is a continuous function of ¢ and this restricted
moment problem is well posed.

Our second amplification concerns the map (6.1). Here, M|, is not injec-
tive and one woulod instead like a continuous or smooth parameterization of the

solutions, for ¢ € €, to the equations
M|r, (dp) = ¢, for dp € Ry. (6.4)
As before, one can compute the Jacobian Jac(9M|r. )4, and show [9] that
rank Jac(M|r, )i, = 2n — 1+ 2,
for all du € R4 In fact, in [9] we prove that the solution space 93?|7_£r (¢) is a smooth

manifold, smoothly parameterized by p € iu as described in Theorem 4.1.

References

[1] N.I. Ahiezer and M. Krein, Some Questions in the Theory of Moments. American
Mathematical Society, Providence, Rhode Island, 1962.

[2] L.V. Ahlfors, Complex Analysis. McGraw-Hill, 1953.

[3] C.I. Byrnes, A. Lindquist, S.V. Gusev, and A.S. Matveev, A complete parameter-
ization of all positive rational extensions of a covariance sequence. IEEE Trans.
Automat. Control 40 (1995), 1841-1857.

[4] C.I. Byrnes, S.V. Gusev, and A. Lindquist, From finite covariance windows to mod-
eling filters: A convex optimization approach. STAM Review 43 (2001) 645-675.

[5] C.I. Byrnes, T.T. Georgiou and A. Lindquist, A generalized entropy criterion for
Nevanlinna-Pick interpolation with degree constraint. IEEE Trans. Automatic Con-
trol AC-46 (2001) 822-839.

[6] C.I. Byrnes and A. Lindquist, A convez optimization approach to generalized mo-
ment problems. In “Control and Modeling of Complex Systems: Cybernetics in the
21st Century: Festschrift in Honor of Hidenori Kimura on the Occasion of his 60th
Birthday”, K. Hashimoto, Y. Oishi and Y. Yamamoto, Editors, Birkhauser, 2003,
3-21.

[7] C.I. Byrnes, T.T. Georgiou, A. Lindquist, and A. Megretski, Generalized interpo-
lation in H™ with a complexity constraint. Trans. American Mathematical Society
358 (2006), 965-987.

[8] C.I. Byrnes and A. Lindquist, The generalized moment problem with complexity con-
straint. Integral Equations and Operator Theory 56 (2006) 163—180.

[9] C.I. Byrnes and A. Lindquist, Important moments in systems and control. STAM J.
Control and Optimization 47(5) (2008), 2458-2469.

[10] P. Enqvist, A homotopy approach to rational covariance extension with degree con-
straint. Intern. J. Applied Mathematics and Computer Science 11(5) (2001), pp.
1173-1201.

[11] T.T. Georgiou, Partial Realization of Covariance Sequences. Ph.D. thesis, CMST,
University of Florida, Gainesville 1983.



The Moment Problem for Rational Measures 169

[12] T.T. Georgiou, Realization of power spectra from partial covariance sequences. IEEE
Trans. Acoustics, Speech and Signal Processing 35 (1987), 438-449.

[13] T.T. Georgiou, Solution of the general moment problem via a one-parameter imbed-
ding. IEEE Trans. Automatic Control AC-50 (2005) 811-826.

[14] T.T. Georgiou and A. Lindquist, Kullback-Leibler approximation of spectral density
functions. IEEE Trans. on Information Theory 49(11), November 2003.

[15] M.G. Krein and A.A. Nudelman, The Markov Moment Problem and Extremal Prob-
lems. American Mathematical Society, Providence, Rhode Island, 1977.

[16] A. Lindquist, Prediction-error approzimation by convexr optimization, in Modeling,
Estimation and Control: Festschrift in honor of Giorgio Picci on the occasion of his
sixty-fifth Birthday. A. Chiuso, A. Ferrante and S. Pinzoni (eds.), Springer-Verlag,
2007, 265—-275.

Christopher 1. Byrnes

Department of Electrical and Systems Engineering
Washington University

St. Louis, MO 63130, USA

e-mail: chrisbyrnes@wustl.edu

Anders Lindquist

Department of Mathematics
Optimization and Systems Theory
Royal Institute of Technology
SE-100 44 Stockholm, Sweden
e-mail: alq@math.kth.se



“This page left intentionally blank.”



Operator Theory:
Advances and Applications, Vol. 190, 171-190
© 2009 Birkh&user Verlag Basel/Switzerland

Almost Periodic Factorization of
Some Triangular Matrix Functions

M.C. Camara, Yu.l. Karlovich and I.M. Spitkovsky

To the esteemed memory of Mark Grigorevich Krein, with our deep respect
and gratitude for everything he has taught us, directly or indirectly.

AT
Abstract. The paper is devoted to matrices of the form G(z) = {6 v } ,

f(l‘) e—i)\:c
with almost periodic off-diagonal entry f. Some new cases are found, in terms
of the Bohr-Fourier spectrum of f, in which G is factorable. Formulas for the
partial indices are derived and, under additional constraints, the factorization
itself is constructed explicitly. Some a priori conditions on the Bohr-Fourier
spectra of the factorization factors (provided that a canonical factorization
exists) are also given.
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1. Introduction

First, let us fix some notation. Throughout the paper, we denote by e the functions
ex(r) = e,z eR,

with the parameter A also being real: A € R. Finite linear combinations of {ex: A €

R} form the algebra APP of almost periodic polynomials. It may be considered

as a (non-closed) subalgebra of the algebra C'(R) of all functions continuous on

R. The closure of APP with respect to the uniform norm ||-|| is the Bohr algebra

AP of all almost periodic functions. On the other hand, the closure of APP with
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respect to the stronger norm

£l = Z lesl,  f= chex_p ¢j € C,
is the Banach algebra APW. Of course, APW is a dense subalgebra of AP with

respect to the uniform norm.
For any f € AP there exists the Bohr mean value

M(f) = Jlim 2T/ Ut

Consequently, the Bohr-Fourier coefficients

FO) = M(e-rf)

are also defined. The set

Qf) = [\ € R: F\) # 0}
is at most countable; it is called the Bohr-Fourier spectrum of f. Functions f € AP
are defined uniquely by their formal Bohr-Fourier series

F~ 3 FW

AeQ(f)

Naturally, for f € APW these series converge to f uniformly and absolutely on R.
For X = AP, APW, or APP, we let

F={feX:Q(f) c Ry},

where of course Ry = {x € R: £z > 0}. All these classes also are algebras, with
APP?* being dense in APW* and AP¥, in their respective norms.

We refer interested readers to the books [9, 11], Chapter 1 in [12] and Sec-
tion 1.4 in [5] for a more detailed treatment of AP functions, in particular, proofs
of the above-mentioned results.

Finally (as far as the notation goes), we will denote by X,, (X,,x») the set of
all n-columns (respectively, n x n matrices) with elements in X. To save space, it
is convenient to write a column z € X,, in the form of an n-tuple (x1,...,z,).

An AP factorization of the n x n matrix function G is by definition its
representation in the form

G =G AG_, (1.1)

where
G=' € AP),,, Gl e ApP,,,, (1.2)
and the diagonal matrix A has the simplest AP functions ey,,..., ey, as its diag-
onal entries. The numbers A1,...,\, € R are defined uniquely (up to the order),
provided that the factorization (1.1) exists, and are called the partial AP indices
of G. The AP factorization (1.1) is canonical provided that Ay =--- =\, =0, in

which case the middle multiple A can be dropped:
G=G,G_. (1.3)
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Canonical factorization of G exists exactly when the Toeplitz (or Wiener-Hopf)
operator with the symbol G is invertible, and is therefore stable. An important
characteristic of the canonical factorization is the geometric mean of G,

d(G) == M(G)M(G_), (1.4)

where M(G4+) are computed entry-wise. The geometric mean is defined by G
uniquely, in spite of the fact that the canonical factorization is not unique, and
depends on G continuously ([14], see also [5, Section 18.5]).

The representation (1.1) is called an APW (respectively, AP P) factorization
of G if in condition (1.2) the classes AP* are replaced by APW® (respectively,
APP?*). Of course, G must be an invertible element of AP (APW, APP) in order
to admit an AP (respectively, APW, APP) factorization.

The notion of the AP factorization may be thought of as a natural generaliza-
tion of the classical Wiener-Hopf factorization of purely periodic matrix functions.
Various applications of it, along with the state of the existence and construction
problem as of 2002, can be found in [5]. For instance, it is known that a canonical
AP factorization of an APW matrix function, if it exists, automatically must be
an APW factorization.

In this paper, we will work with 2 x 2 matrices of the form

G_[ef* 0}, (1.5)

e_x

f € AP. Such matrix functions arise naturally in the consideration of convolution
type equation (in particular, difference equations) on finite intervals, with A being
the length of these intervals and f describing the behavior of the Fourier transform
of the kernel at infinity. In spite of their seemingly simple structure, even for
such matrices the AP factorability criteria are known only under some, rather
restrictive, additional conditions on f. See [10, 1, 6] for pertinent recent results.
In Section 2 we describe the factorization criterion and provide explicit fac-
torization formulas in the so-called big gap case. The existence part is then used in
Section 3 to single out some new factorability cases. These cases happen to be new
even when the off-diagonal entry f contains only three terms, and in Section 5 we
provide explicit factorization formulas for some of them. The derivation of these
formulas is based on solving appropriate Riemann-Hilbert problems, as described
in Section 4. Finally, in Section 6 we make some general observations regarding
the spectral structure of the factorization multiples for matrix functions of the

type (1.5).

2. The big gap case

Matrices (1.5) have constant determinant: det G = 1. This property easily implies
that the partial AP indices sum up to zero; in what follows we will denote them
by §(> 0) and —4. The factorization (1.1) therefore takes the form

G = G4 diagle_s, e5]G—. (2.1)
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Since, according to (2.1), det G = det G=', both determinants must be constant.
A simple adjustment of the factors by a constant scalar multiple allows us to
assume without loss of generality that

detGy =detG_ = 1.

It is known (and easy to prove, see [5, Section 13.2]) that 6 < A. Also, in case

f € APW, a simple transformation of G allows without loss of generality to
suppose that

Q(f) C (=\A). (2.2)

If the set Q(f) contains two points «, 3 such that d := o — § > A and the

rest of the Bohr-Fourier spectrum of f € APW lies either to the left of 3 or to the

right of «, then the matrix (1.5) is APW factorable with the partial AP indices

equal +(d — A). This result, under the name “big gap case”, can be found in [5,

Section 14.2]. In this section we show that basically the same factorization result

holds when portions of (f) are present both to the left of 3 and to the right of .

Theorem 2.1. Let f € APW be such that its Bohr-Fourier spectrum has a gap of
length (at least) X within (—\, \):

QHN(a—Na)=10 (2.3)
for some « € (0,\). Then the matriz (1.5) admits a canonical AP factorization if

—~ A~

and only if f(a), f(a— ) # 0.
Proof. Under condition (2.3), f can be represented as

f = ereOc - f*eaf)w
where fi € APW®. In this representation, f(a) = M(f+) and f(a —A) =
-M(f-).
Sufficiency. Suppose first that ¢+ := M(f+) # 0. The functions f; and e)_,
then satisfy the corona condition

inf([f4(2)] + lex—a(2)]) > 0

in the upper half-plane C . By the corona theorem for APW ™, there exist ]7; Jr €
APWT such that

fefe +eax—agy =1 (2.4)
Similarly, there exist f_,g— € APW ™ such that
fof-te—agm = 1. (25)

Now let o . .
F=fiff-+gif-ex— frg-e—x
and denote by F. the functions in APW* such that F, + F_ = F (the latter are
defined up to constant summands).
Finally, introduce

G. = er/i_e)\faFJr eAa:|7 G_ = l:/v f* N_efa ) 26
H iy 0 O g-+ [-F- f-—e_oF" (26)
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Obviously, G+ € APW®. Direct computations show that det G+ = 1 (so
that G3' € APW® as well) and

G=G.G_. (2.7)

This gives the canonical AP factorization of G.

This concludes the proof of sufficiency. However, we will make an additional
observation which will become useful later. From (2.4) and (2.5) it follows, respec-
tively, that

M(fy)=1/cy, M(f-)=1/c_.

This yields the following information regarding the geometric mean d(G) of the
matrix function (1.5):

d(G):[l/c+ oHc_ 0 }:[0_/04_ 0 } -

x ol | x 1/c_ * ey /e

Necessity. Suppose that at least one of the means M(f+) is zero. By an arbitrarily
small perturbation of f preserving property (2.3) these coefficients can be made
non-zero. The resulting perturbation of the matrix function (1.5) admits a canon-
ical AP factorization. According to (2.8), by choosing sufficiently small M(f;) or
M(f-) for the perturbed f, the norm of d(G) for the perturbed G can be made
arbitrarily large. This would contradict the continuity of the geometric mean, if
the matrix (1.5) with f satisfying (2.3) and vanishing f(a) or A(a — ) had a
canonical AP factorization. O

Our proof of sufficiency follows the lines of [4, 3] and [2] (also see [5, Corollary
23.2]). The statement of Theorem 2.1 can be extracted as well from Theorem 4.1
and Corollary 4.5 of [7]. Moreover, it is contained in [5, Theorem 22.16]) as its
very particular case corresponding to n = 0 in formula (22.53).

It follows from Theorem 2.1 that if the gap in the Bohr-Fourier spectrum
of f is strictly wider than A, then the matrix (1.5) does not admit a canonical
AP factorization. Our next results implies that a (naturally, non-canonical) AP
factorization of such matrices does exist, provided that both endpoints of the gap
belong to the spectrum.

Theorem 2.2. Let f € APW be such that for some o, 3 € (=X, \) with a — 3 :=
d> A\,

a, B € Q(f) and (8,0) NQ(f) = 0. (2.9)
Then the matriz (1.5) admits an APW factorization with the partial AP indices
equal £(d — \).

Proof. Observe first of all that the case d = A follows from Theorem 2.1. It remains
therefore to consider the situation when

0:=d—\X>0.
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Along with (1.5), let us introduce the auxiliary matrix
€d 0
H = 2.10
O .10

having the same structure as (1.5) but different exponents in the diagonal positions.
Due to (2.9), the matrix (2.10) satisfies the conditions of Theorem 2.1 (with A
changed to d) and therefore admits a canonical AP factorization

H=H,H_. (2.11)
But then
I =) 0 1 0 o €_§ 0
o=y Nult - fy Yo e
where

€_§ 0 €5 0 1 0 1 0
G+ = |: 0 1:| H+ |:O 1:| and G_ = |:0 €§:| H_ |:0 €§:| .
Matrix functions G4 are unimodular along with Hy. Moreover, the property H1 €
APWS , implies that three out of four entries of G+ also belong to APW*, with
the dubious ones located in (1, 2)-positions. From the formulas analogous to (2.6)
it follows however that the (1,2) entries of Hy and H_ equal eq_, and —e_,,
respectively. The corresponding entries of G4 are therefore e_seq_o = ex_o €
APW and —ese_o = —e_g_» € APW ™. Thus, (2.12) delivers the desired APW
factorization of G. O

Remark 2.3. If, in the setting of Theorem 2.2, f € APP, then the matrix (1.5)
actually admits an AP P factorization.

For d = A, when the factorization is canonical, this follows from [5, formulas
(13.42), (13.43)] for the solutions of corona problem with corona data as in (the
proof of) Theorem 2.1. In this case, by the way, the factors of all AP factorizations
are automatically in APP. For d > X the construction of the proof of Theorem 2.2
yields an AP P factorization.

Of course, the above-mentioned AP P factorization can be obtained explicitly,
by first finding the canonical AP factorization of the matrix (2.10) with the use
of [5, Theorem 22.15] (and its analogue for the corona problem in APW ™) or
Theorems 4.2, 5.3 from [7], and then proceeding to the factorization of (1.5) as
described in the proof of Theorem 2.2.

Consider for example the case of a trinomial

f=cove_,+cpe, +cata, —A<—1v<0<p<a<A copcuce#0, (2.13)

with u+v:=d> A
Direct computations as outlined above show that a canonical AP factoriza-
tion (2.11) is delivered by

o h1+ €y |y —e—y
Hy = —hoy Cy + caea,j , Ho= |: ho_ hi_



AP Factorization 177

with
N J
1 Co 1
h1+ = c E (_ ) Cila—p) — c_, €d;,

N+1
Cp Cq Co
h2+ = c ey + (_C > E(N+1)(a—p)—v + €

—v n C_y
. o\’
Cu j=0 Cu
Here N is the greatest integer such that N(a—p) <d—pu=v,ie.,! N = H:ﬂ
An APP factorization of G is then given by (2.12) with d =d— A= pu+v— X and
hiy ex— —C—y —Cu—x
Gy = " , G_= .
+ _h2+e,u+u—)\ Cu + CaCa—p h2—€)\—,u—1/ hi-

3. Not so big gap. Existence

We now move to the consideration of matrices (1.5) with a more delicate structure
of the gap in the Bohr-Fourier spectrum of f. Namely, let us suppose that f is
an AP polynomial, the negative portion of Q(f) consists of one point —v, and
its positive portion has the endpoints o and (< «). Denote the respective Bohr-
Fourier coefficients of f by c_,, c¢o and ¢,. Also, let

= L]

>n—1, (3.1)
o+v

u>a(1—:&>. (3.2)

Theorem 3.1. Let f be as described above. Then the matriz (1.5) admits an APP
factorization. This factorization is canonical if and only if #j‘_y is an integer or
the equality is attained in (3.1) or (3.2).

and suppose in addition that

Observe that n = 1 if and only if g + v > X which is a particular case of
the situation of Theorem 2.2. Conditions (3.1) and (3.2) then hold automatically,
and the equality in either of them is not possible. The statement of Theorem 3.1
therefore implies that G is APP factorable, and the factorization is canonical if
and only if A\ = p + v (which is in line with Theorem 2.2).

Here and in what follows we use the standard notation [x] for the smallest integer upper bound
of x € R.
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Proof. We invoke the Portuguese transformation (see [5, Chapter 13]) according
to which the matrix (1.5) is APP factorable only simultaneously (and has the
same set of the partial AP indices) with

{(Jii €?u:| ' (3:3)

Here f; is an AP polynomial constructed from f explicitly as described in [5,
Sections 13.3-13.4]. By this construction, £2(f1) lies in the set

A+ Yk, (3.4)
J

where k; are non-negative integers and y; are the distances from —v to the re-
maining points of Q(f). Moreover, property (2.2) for the matrix (3.3) means that
the terms of Q(f1) lying outside (—v,v) can be dropped.

Apparently, for our structure of Q(f)

pt+v <y <a+v
Denoting ) k; = k, we conclude from here that

XN+ ki <At kla+v) < (k—n+1)(a+v)
J
due to (3.1), and

A+ kv = A+ k(utv) > (k—n)(p+v)
J
by the definition of n. So, there are only two values of k for which —X 4 Zj kjvyj
may lie between —v and v: k. =n — 1 and k = n.

The biggest exponent corresponding to k =n—11is 1 = =X+ (n—1)(a+v),
and the smallest exponent corresponding to k = n is aqg = —A + n(u + v). The
respective coefficients of f1 can be computed by formulas (13.40), (13.41) from [5]
and are equal to

= (—cafe—,)"Fand ¢ZL(—cu/e_).
It is important in what follows that they are different from zero.

Observe also that 51 < 0 due to (3.1) while a; > 0 due to the definition of
n. Moreover,

ao—Pi=-A+np+v)—(-A+n-1)(a+v)=np—(n—1a+v>v

because of (3.2).

If both ay and ; fall between —v and v, the matrix (3.3) satisfies the con-
ditions of Theorem 2.2, with an obvious change of notation. By Remark 2.3, it
is APP factorable. Its partial AP indices equal +(nu — (n — 1)a) according to
Theorem 2.2. The same is then true for the matrix (1.5), so that in particular its
AP factorization is canonical (in this case) if and only if the equality holds in (3.2).

If 81 < —v, then Q(f1) lies to the right of «y. This situation falls into the
so-called one-sided case (see [5, Theorem 14.1]) in which the matrix (3.3) is APP
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factorable with the partial AP indices equal 4+ min(aq,v). Consequently, the ma-
trix (1.5) also is APP factorable, and the factorization is canonical if and only if
ap = 0, that is, \/(x + v) is an integer.

In a similar fashion, the matrices (3.3) and (1.5) remain APP factorable if
ay > v, and the partial AP indices in this case equal + min(— [, ). The canonical
AP factorization takes place if and only if 81 = 0, that is, when equality holds
in (3.1). O

4. Auxiliary result

Theorem 3.1 delivers the AP factorability criterion and formulas for the partial
AP indices of the matrix function (1.5) under conditions (3.1), (3.2). In principle,
the AP factorization itself can also be produced by carrying out the Portuguese
transformation and then using the explicit construction of the AP factorization in
the big gap case (implied by Theorems 2.1, 2.2) or in the one-sided case.

However, there is a more direct approach to the factorization construction
for matrix functions of the type (1.5) with a priori known partial AP indices. We
now present this approach.

Let us continue using notation (2.1) for the AP factorization of matrices
(1.5), with

G+ = [g;ﬂ ij=1,2" det G+ = 1, (41)
1 —
GTl=lg;),, 1, detGo=1 (4.2)
It is easy to see that, on the one hand,
(I)Jr = ets(g;%ag;Q)v o = (9;2,952)
satisfy the Riemann-Hilbert problem
Gd_=d,, d.ec APWT; (4.3)
on the other hand

vy = (9;179;_1% Vo= (91_1792_1)
satisfy the Riemann-Hilbert problem

GU_=e ;0,, U.ec APWS. (4.4)
Since det G+ = 1, we also have
lim_det (W (iy), (e )(iy)] = lim_det[V_(iy), B (iy)] = 1.
Y—T00 Y——00
In the following theorem we show that the converse is true.

Theorem 4.1. Let G € APWayo of the form (1.5) admit an AP factorization with
partial indices £6. Let also @4, P_ be a non-trivial solution to (4.3) such that

D, =e 5D, € APW,, (4.5)
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and ¥4, W_ be a solution to (4.3) such that

lim_det [\huy), ch(iy)] = lim det[U_(iy), ®_(iy)] = L (4.6)
Y— 00 Yy——0
Then an AP factorization of G is given by (2.1), where

Gp=[0,,8,], ¢ =[w_ 0] (4.7)

Proof. From (4.3), (4.4) and (4.5) it follows that Gy € APW,,, G=' € APW,,
and
GG~' diagles,e_s) = Gy (4.8)
In particular,
det G, = det G71,
so that the latter determinants are actually constant. From (4.6) it follows that

this constant is 1. Consequently, (4.8) can be rewritten as (2.1), with G4 satisfying
(4.1), (4.2). O

5. Factorization construction for some trinomials

Let us return to matrix functions (1.5) with trinomial off-diagonal entry f given
by (2.13). In this section we will apply Theorem 4.1 to obtain an AP factorization
of G provided that conditions (3.1), (3.2) hold with n = 2, that is,

M2<pu+v<A, a+v<A anda>p>a/2 (5.1)
Recall that the case n = 1 was disposed of in Section 2. The case of general n will
be considered elsewhere.
We denote by 7 the class of all matrix functions (1.5) with the trinomial f
given by (2.13) and satisfying (5.1).
First we determine a solution to the Riemann-Hilbert problem (4.3). Let

ﬁzmin{u,)\Qa}, ﬁ:;—ﬁ. (5.2)
Then _ _
f=esf +eufy,
where _ _
fo=c_ve_ip, f+ =cueu—p + cata—p-
Denoting

g=1f (e—ﬂﬁ - 6;7]1) = 6—25% - 62;7]}3,
where fi € APW#*, observe that the Riemann-Hilbert problem
G(P1-, Do) = (P14, P2y)

is equivalent to

Gl( ~(I)17 ~ ,‘I’2> = ( ~(I)1+ ~ ,‘I’2+>,
e—vf- —euf+ e—vf- —euf+
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where
G = {"’A 0 } .
g €e-x
It can be easily checked (see also [7, Theorem 4.2] for a similar reasoning) that a

solution of the Riemann-Hilbert problem

Gin- =ny; nx = (ma,me) € APWS

is given by
Nt = €am, Mot = —f1, M- = €_op, No— = —f2.
Therefore, it is clear that
Dy =m+ (6717]?— - €ﬁf+> , @oy = 1oy (5.3)
give a solution to (4.3) if ;4 € APW®,
We have
mye_pf- =c_peap_y.

Ifv=v,then2v—v=v>0;ifv = Ago‘, then 20 —v = A— (a+v) > 0 due to the
second inequality in (5.1). Thus, 7, e_pf_ lies in APW*. By (5.3), so does ;.
As for ®;_, we have

nlfeﬁ.}l = Cu€u—2n + CaCa—2p1 = Culput20—x + Ca€at2p—-
If 7 = v, then by (5.2) v < *,* and it follows that o + 20 — A = a +2v — A < 0;
ifv = ’\ga, then o + 2v — A = 0. Either way, ni_ezf+ € APW ™ and therefore

®_ € APW ™~ as well.
We have thus proved the following.

Theorem 5.1. Let G € T and let v be defined by (5.2). Then the Riemann-Hilbert
problem (4.3) has a solution @1 = (P14, Poy) with

Q1 =c_perp_y — Cutopipy — Cal2itas

2
Doy = — (cﬂe,H,;,,\/g + Caea+177)\/2) )
D =ec_ 2Py,
2
Qo = —cZ e2m-0)-

Since matrix functions G € T are AP factorable (by Theorem 3.1) and the
values of their partial AP indices +J are known, we can now follow Theorem 4.1
to compute the factors G4. To this end, it is convenient to introduce the notation

1=p+v, Y=o+ (5.4)

First we derive formulas for the second columns of G, G=!, sticking to the nota-
tion of (4.7).

Case : a+v—-A< —v <0<v<2(up+v)— A\ As is shown in the proof of
Theorem 3.1, then § = v.
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Definition (5.2) implies that in this case v = v. From (4.5) therefore:

Dy =c_y —cuey, — Catry,

~ (5.5)
Py = — (Cie271772+a7)\ + 2¢4Cary +a—x T ciew+a,>\) ,
while ®_ is given by
P1_ = Ccvey—a—r — Culyiyz—A—a — Ca€2y2—A—a;
By — -2 (5.6)

Case2: a+v—X < —v <0 <2(pu+v)— A< v. As shown in the proof of
Theorem 3.1, then § = 2(u +v) — A
As in Case 1, v = v. Formulas for the elements of ®, change to
(I)1+ = CvC 2y 4y —at+A T Cul—yi+yr—at+r = CaC—-2vy +2v2—a+s

(5.7)

Doy = — (Ci +2¢ucaty, -, + 0262(72—’71)) )
while formulas for ®_ remain the same as in Case 1.
Case3: —v < a+v—XA<0<v <2pu+v)— A As shown in the proof of
Theorem 3.1, then § = A — (a + v).
In this case 7 = *% and from Theorem 5.1 we find that elements of &4 are
given by the same formulas (5.5) as in Case 1 while

Q1- =cove—y, —Culy—y, — Cay

(5.8)

2
Qo = —cZ e 294 rta-

Case4: —v < a+v—X<0<2u+v)— X< v. Asshown in the proof of
Theorem 3.1, then § = 2 — a.

As in Case 3, v = )‘;a. Formulas for ®_ remain the same as in this case,
while 5+ are given by the formulas from Case 2.

Having determined the second column of G and G~', we now move on to
computing the first column, that is, to constructing a solution of (4.4) under the
additional condition (4.6). To this end, it is convenient to rewrite (4.4) in the scalar
form: determine ¥y, Vo, € APW™ WUy € APW™ such that

(c—p +cpey, +caey,)Viy =exsyVor —esy, Wol (5.9)

while
Q(Ty4) C 0, A+ 9] (5.10)
The latter condition is equivalent to the requirement U1_ (= e_y_sV14) € APW ™.

Once again, we consider separately the four cases corresponding to different
formulas for the partial AP indices.

Case 1. Since § = v, conditions (5.9) and (5.10) take the form
(C*V tCuey, + Cae’Y2)\Ill+ = 6)\+72,a\112+ - 62(72—04)\112*

and
Q(\I/1+) C [07>\+72 — Oé]7
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respectively. From (5.6) we see that 0 € Q(Py_) while 0 ¢ Q(P;_). For (4.6) to be
satisfied it is therefore necessary that 0 € Q(¥;_), that is,
Atv(=A+7—a) € Q).
In fact, setting
Vit = erxgyo—ar Yor =cop Fculy, +Calyy, Yo =1, ¥o_ =0 (5.11)
in this case yields the desired solution.
Case 2. Since § = 2y; — A, conditions (5.9) and (5.10) now take the form

(cov +cpey +calyy)Vir = expyo—aPar — €29 4y, a—aVa (5.12)

and
Q(¥14) C [0,27]. (5.13)

As in Case 1, from (5.6) we conclude that 0 € Q(¥1_). In the current case it is
equivalent to 2y; € Q(¥y4).

On the other hand, from (5.7) we see that 0 € Q(®24), 0 ¢ Q(P1) (unless
2+ v = A), so that we need 0 € (V) in order to satisfy (4.6).

Taking this as a starting point we can use a method of recursive construction,
following the ideas of [7, Section 4.2], to determine a solution to (5.12) under
condition (5.13). Denoting by M the smallest integer such that

Nn+MOz=—m)=ZA-a (5.14)
i.e., letting
M:[)\—a—’yl—‘:[/\—(a—&—u—ku)—" (5.15)
72" a— [
we thus obtain
C2 M ‘ o j
Uiy = 02“ €2+, + Z(—I)J (G+1) (C ) €i(v2—1) (5.16)
i j=0 o
M . .
(—1)7 el M1
+ Z A1 Eyiti(ra—m) T (_1)M+1(M + I)CMC Cyi+(M+1)(v2—71)>
j=0 C-vCu n C—v
Ci cica
oy = c2 €371 —y2+a—A T 2 €291 +a—\ (5,17)
(M + 2)cM+1
+ (_1)M+1 ¢ CM 1 CvtM(yva—m)+a—X
€y
(M + 1)eg"™?
+ (_1)M+1 ¢ M Cy1+(MA41)(v2—v1)+a—X>
—uChy
\:[11, = 67271\1114” (518)

C
= —Z G +1)° cj e (- D) (yam)FatA- (5.19)
i
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Simple computations show that, along with (5.12), also (4.6) holds. It remains to
check that Uoy € APW® and that (5.13) holds.

In (5.17), the exponent 3y, — 2 + a — A is non-negative because 2y, > A\ and
M=y +a=pu>0;v+ My —v)+ a— X is non-negative due to (5.15). The
other two exponents are obtained from these two by adding a positive quantity
2 — 71, so that indeed ¥y, € APWT.

Now observe that (5.15) implies

i+ (M—=1(y2—7)<—a. (5.20)
Consequently, the biggest exponent in the right-hand side of (5.19), =3y + a +
A+ (M — 1)(y2 — 71), does not exceed —4v1 + 2, and is therefore non-positive.
Finally, (5.20) also implies that
N+HM+Dr-—m)<A-a+2(p2—m)=A+ta-2u<A
Thus, all the exponents in the right-hand side of (5.16) lie between 0 and A.
Case 3. In this case § = A — 72, so that (5.9), (5.10) take the form

(c—v +cpey, +caby,)¥iy = ertrp—aPoy —ex_a¥Ua,
Q(¥14) C 0,24 = 7.

From (5.5) we have 0 € Q(®14), 0 ¢ Q(Poy) (unless 24 + v = ), so that 0 €
Q(Py4). Similarly, from (5.8) we have that 0 € Q(®;_), 0 ¢ Q(Po_) (unless
a+2v = )), and therefore 0 € Q(¥5_). In any case, we conclude that A — « €
Q(T14).

Proceeding as in Case 2, we obtain

N cu J (_1)N+1Cﬁ/+1
iy = Z T Er—a—j(re—m) T Ne ex—atn-N(z—n) (5:21)

7=0 o
(—1)NeN+2 (—1)NeN+1
Yoy = ca = cyc_l: Eyi—(N+1)(v2=m) ~ cy_lcli,, en-Np—m)  (5:22)
N e\
Uim=e ontpn¥is, VYoo =— Z (— C”) Cov_j(ra—) (5.23)
=0 “

where N is the smallest integer such that
2n=(N=1(e2-m)<A+a

ie.,
N:{—)\—a—#%—kvz-‘:{uﬁ—Qu—/\". (5.24)
Y2 m a—p
To check that W,;.. € APW* (j = 1,2) we reason as follows.
The smallest exponent in the right-hand side of (5.21) is A —a — N(y2 —71)
which is non-negative because

Nyz=—m)=r-n+EN-12—m)<-A-a+2y
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due to (5.24), and vo < A. Thus, ¥1, € APW™. On the other hand,
A—a—j(yr—m)<A—a<2 -y forj=0,...,N,
while
A—atm =Ny —m) <20 =7,

again due to (5.24). Consequently, Q(¥y4) C [0,2)\ — 2], and ¥ € APW ™.
The smallest exponent in the right-hand side of (5.22) is v1 — (N +1)(y2 —71),
and due to (5.24) it is bigger than A+ «a + (21 — vy2) — 272. But in the case under
consideration 2y; — 2 > A — a (because 2u + v > A) and A — 2 > 0. Hence,
Uy, € APW.
Of course, from (5.23) it is clear that Uy € APW .

Case 4. We have now § = a — 2(y2 —71), and (5.9), (5.10) take the form
(C*V tCpey + cae’Y2)\Ill+ = e>\+72*a\112+ - 6271,72\112,, (5'25)

Q(V14) C 0, A+ —2(72 — )] (5.26)

From (5.7) we see that 0 € Q(®34), 0 ¢ Q(®14) (unless 2i + v = A), and from
(5.8) we see that 0 € Q(P1_), 0 ¢ Q(P2_) (unless o + 2v = X). Thus we should
look for a solution to (4.4) satisfying

0,2’}/1 — Y2 € Q(\IJH_).

The recursive construction yields the following:

K i1+l K K42
(—1)i el (—1)Eec
Vg = Z c cj# €y1—j(v2—m) T c2 C; €291 —K(v2-m)
=1 —vCa —v-a
(M +1)cM+t
=+ (_1)M+1 M Cy1+(M+1)(v2—m) (5.27)
7 —V
M 1 M ;
(—1)1e d
+ Z it Eyrti(rz—m) T Z(_l)](j i 1)07 Gz
j=0 C-vCu =0 o
(—1)K05+3
Vot =€2y,—yo—rta 2 K 1=K (v2—m1)
(1)K cK+2
+ 2 cKu—l Cry1—(K—1)(v2—71)
£ Ca (5.28)
areq (M +2)cM+t
DY MY earee—
m —v

a1 (M +1)el+2

+(—1) Mg
1 -V

C(M+2)(y2—1) |

Vio =e_x—at+2(r2—71) Y1+ (5.29)



186 M.C. Camara, Yu.l. Karlovich and I.M. Spitkovsky

M ;
J
COL

Vo =—e€y,—, Z(_l)j(j + I)Cj €—y1+5(v2—m)
— ,
! (5.30)
al AR
+Z(_1)j+ Zj €—j(v2—m)
— “
J
Here M is given by (5.15) while K is the smallest integer such that
2’}/2 —K(’}/Q —’Yl) S >\+Oé, (531)

ie.,
K= ’72’)/2—A—Oé—‘ .
Y2—MN

As in the preceding case, we now need to check that ¥;4 € APW*, j=1,2.

From the definition of K it follows in particular that

(K=1D(r2—m)<272-A-a (5.32)
Consequently,
Nn=—Ke—m)=2n-r—-(K-1M0-—m)>A=r+(@=2(r—m))
=(A=72)+Q2u—-0a)

is non-negative. It follows then that all the exponents in the right-hand side of
(5.27) are non-negative, that is, 14 € APW™.

Inequality (5.31) implies directly that

211 = K(v2—m) <A+ a—2(2—m)

On the other hand, from the definition of M we have:

1+ M+1D(v2—m) <A—a+2(y2—m),
and therefore

1+ M+1D)(2—m) <A+a—2(2—m),
because @« — 2(y2 — v1) = 2u — a > 0 by the last inequality in (5.1). Thus, all
the exponents in the right-hand side of (5.27) do not exceed A + o — 2(y2 — 71).

Consequently, (5.29) defines a function in APW .
Property ¥o, € APWT boils down to

3m—r—-Ata—-K(Mp-m)>0, 2yn—p—-A+ta+(M+1)(y2—m)>0.

The first of the exponents in question equals 4y1 — 2y — A+ a — (K —1)(y2 — 1),
and due to (5.32) is bounded below by 2(a — 2(y2 — 11)) = 2(2u — «) > 0; the
second is non-negative simply because of (5.14).

Finally, U5 € APW ™ because the biggest exponent in the right-hand side
of (5.30) is

Y2 =271+ M(ya —71) <A=271+2(2—m) —a=(A=27) + (@ —2u) <0.
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We have thus proved the following.

Theorem 5.2. Let G € T. Then G admits an APP factorization
G = G4 diagle_s, e5]G_,
where the factors

Uyt §1+

G, = Dy —@1_}
Ty, oy

’ G—:{—% Uy

and the partial AP indices £ are computed according to the rule:
(i) Ifa+v—A<—rv<0<v<2u+wv)—A then 6 =v and elements of G4

are given by (5.11), (5.5), (5.6).

(ii) Ifa+v—A<—v <0<2(u+v)—A <v, then 6 = 2(u+v)— X and elements
of G1 are given by (5.16)—(5.19), (5.6), (5.7).

(iil) If - v<a4+v—A<0<v<2(u+v)—A then § = A\ — (a+v) and elements
of G1 are given by (5.5), (5.8) and (5.21)—(5.23).

(iv) If v<a+v—-A<0<2(u+v)— A<v, then 6 =21 — a and elements of
G+ are given by (5.7), (5.8) and (5.27)—(5.30).

In particular, Theorem 5.2 gives explicit formulas for the canonical AP fac-
torization of G in the cases when it exists, that is u +v = A/2, a + v = A, or
2p = a.

6. Bohr-Fourier spectra of the factorization factors

It is known [3, 13] that if G is an arbitrary n x n matrix function admitting a
canonical AP factorization (1.3) and the Bohr-Fourier spectrum Q(G) of G lies in
some additive subgroup ¥ of R, then also

QGEY), QG c 3.
This point is illustrated in particular by formulas from Theorem 5.2, corresponding
to the cases p4+v =A/2, a+v =\, or 2u = a. A closer look, however, suggests
that there is an additional structure to the Bohr-Fourier spectra of the individual
entries. Namely, the Bohr-Fourier spectra of the diagonal elements of Gfl and the
off diagonal entries of Gl actually belong to a smaller subgroup >y generated just
by Q(f), while the remaining entries of Gil have their Bohr-Fourier spectra in

+ A+ 3. The next theorem shows that this is no coincidence but rather a general
property of the matrices (1.5).

Theorem 6.1. Let f be an AP function with the Bohr-Fourier spectrum Q(f) con-
tained in the subgroup Yo of R. Suppose that the matriz function (1.5) admits a
canonical factorization (1.3). Then this factorization can be chosen in such a way
that: the diagonal entries of Gfl and the off diagonal entries of GT* also have the
Bohr-Fourier spectra contained in ¥o; the (1,2) entry of Gf, (1,1) entry of G_
and (2,2) entry of G_' have the Bohr-Fourier spectra located in A + Xq; the (2,1)
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entry of Gfl, (2,2) entry of G_ and (1,1) entry of G=' have the Bohr-Fourier
spectra located in —\ + Y.

Proof. Factorization (1.3), when it exists, is defined up to multiplying G+ by a
constant invertible matrix on the right and G_ by the inverse of this constant
matrix on the left. Therefore, we may choose M(G4) to be any invertible matrix.
We will show that the desired spectral properties of the multiples are associated
with the choice M(G4) = I. Observe that for this choice det G+ = 1.

Consider first the case when f € APW. Then [5, Corollary 10.7] also G4 €
APWsy5. Moreover, the Bohr-Fourier spectra of G4 lie in the group ¥ = A\Z+ Y.
Represent the latter as the union of pairwise disjoint subsets

Y =k\A+Xo, ke T,

where J = Z if X is rationally independent from ¥y and J = {0,...,p — 1}
otherwise. Here p is the smallest natural p for which pA € 3.
Now write GZ! as

G = Z F, (6.1)
keg
where (in obvious notation)
Ypo1 g
Q(Fy) C 6.2
(Fx) [Ek Ek+l:| (6.2)

the right-hand side of (6.1) converges in || ||, norm if J is infinite, and k£ £ 1 in
(6.2) are understood (mod p) if 7 is finite.
Then, from (1.5) and (6.1),

GGZ' =) GF, =) G,

keJ keJ
where
DD Y A
Q(Gr) C . 6.3

Since the sets ¥j corresponding to different values of k € J are disjoint, the
non-negativity of Q(GG~") implies that each of Q(GF}) must be non-negative. In
particular,
Go = GFO S AP2+><27
so that det Gy = det Fy must be constant. Since the only set ¥ containing 0 is
Yo, conditions (6.3) imply that
M(Gy) = M(G4) = I
therefore, the constant in question is equal to 1. Consequently,
G =GoF, !

is a canonical factorization of G. The desired spectral properties of its multiples
follow from (6.2), (6.3) with k = 0.
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To cover the general case when f € AP does not (necessarily) lie in APW,
introduce a sequence of functions f,, € APW converging uniformly to f and such
that Q(f,) C 3o. For n large enough, the matrix functions

(Y 0

fn €_\
all admit canonical AP factorizations GSTL)G(_n). Normalizing these factorizations
by setting M(G(f)) = I, from the already proved part of the theorem we conclude

for example that the Bohr-Fourier spectra of the diagonal entries of Gf) lie in X.

But, according to [5, Section 21.3], GE:L) converge to the factorization multiple G
of (1.5) in the topology of the Besicovitch space Bs. Therefore, the Bohr-Fourier
spectra of the diagonal entries of the latter matrix also lie in . The statements
about the remaining entries can be treated similarly. O

In relation with Theorem 6.1, let us mention the following question posed
in [8]: given rationally independent «, 5 € (0,1), characterize all such g € APP
with Q(g) C T' := aZ + B7Z for which there exists h € APT with Q(h) C T and
Q(gh)N(0,1) = (). According to Theorem 6.1, g has the desired property whenever

€1

the matrix function } admits a canonical factorization. Moreover, this

€_1
observation carries over to I' being an arbitrary additive subgroup of R, not just
those with two generators as in [8].
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On Generalized Operator-valued
Toeplitz Kernels

Olga Chernobai
This paper is dedicated to M.G. Krein

Abstract. In this report, we sketch the proof of an integral representation for
operator-valued Toeplitz kernels. The proof is based on the spectral theory
for the corresponding differential operator constructed from this kernel and
acting in Hilbert space. The report also contains references to other new
results concerning such Toeplitz kernels.

Keywords. Positive definite functions, Toeplitz kernels, generalized Toeplitz
kernels, quasinuclear riggings of spaces, projection spectral theorem.

1. Introduction

In 1979, M. Cotlar and C. Sadosky [1] introduced an essential generalization of
positive definite functions on the axis, called generalized Toeplitz kernels, and gave
their integral representation. Later, R. Bruzual [2] developed this construction for
the case of a finite interval. In 1988-1999, M. Bekker investigated matrix positive
definite Toeplitz kernels (see [3]).

In this talk, we present a survey of our results [4]-[7] concerning an inte-
gral representation of positive definite Toeplitz kernels, whose values are bounded
operators in fixed separable Hilbert space.

The proof is based on the methods of construction of a representation for
positive definite kernels, developed by Yu.M. Berezansky [8] in 1956, and general-
izes some M.G. Krein’s ideas [9]. In particular, it exploits the theory of eigenvector
expansions for a selfadjoint operator acting in Hilbert space constructed by such
a kernel.
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2. Results

Let H be a full separable complex Hilbert space with involution H 5 f+— f € H,
scalar product (-, ) 1, and norm || -||. Let L(H) be the set of all bounded operators
in H. For I = (—1,1), 0 <l < oo, we denote: ; = IN[0,00), [ = IN(—00,0],
and Vo, 3 =1,2

ILyg={t=2—ylr € l,,y € I3}.
Thus7 Ill = I22 = (—l,l), .[12 = (072”

Consider the operator-valued kernel K
IxI>3(z,y)— K(z,y) € L(H).

By definition, this kernel is a generalized Toeplitz kernel if it is positive
definite and there exist four continuous operator-valued functions I.g > t +—
kap(t) € L(H) such that

K(z,y) = kap(x — ), (x,y) € In x Ig, o, =1,2.

Remind that an operator-valued kernel K is called positive definite if for an
arbitrary continuous bounded vector-valued function I > x — f(x) € H, there

holds the inequality
| [ ) ). 1@ dady > 0,

Theorem 2.1. For every generalized operator-valued Toeplitz kernel, the following
integral representation holds:

K(z,y) = / Aa—y) Z ka(z)ka(y)doas(N), (x,y) eI xI. (2.1)
a,f=1
Here, ko are the characteristic functions of I, o = 1,2, and (doag(A))i g1 5 @
positive definite matriz-valued Borel measure on R,

Conversely, every kernel of form (2.1) is a generalized Toeplitz kernel.

Sketch of the proof. Let C(H, I) be the set of all continuous vector-valued functions
I> 2w~ f(x) € H. Introduce the (quasi)scalar product

// (@, 9)f (W), 9(x)) ndady.

Denote by Hgk the completion of the space C(H,I) wrt the scalar product intro-
duced above.

Let us construct some quasinuclear rigging of Hilbert space Hg. For this
purpose, we take any quasinuclear rigging of the space H :

H_>HD>DH,,
and construct the tensor product
Wy )@ H- D> L*(H,I) = L*(I) @ H > W} (I) ® Hy,
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where Wy (I) is the ordinary Sobolev space and W, *(I) is the corresponding

negative space. The imbedding L?(H,I) — Hpy is continuous and imbedding

W3 (I) — L*(I) is quasinuclear; therefore, the imbedding W (H,I) ® Hy — Hyg

is quasinuclear. So, we have constructed the required rigging of Hilbert space Hy :
HK7, D HgD HK)JF.

In the space Hg, we consider the operator
. d
Dom(4') = C§*(H, 1) 3 f(@) = —i | f(z) = (Lf)(@);
Lt =L.

Here, C§°(H,I) denotes the set of all continuously differentiable vector-valued
functions finite near the points —I, 0, I. The operator A’ is Hermitian wrt the
scalar product in the space Hy :

(Alf7g)HK:(f7Alg)HK7 f,gECgO(H,I).

It has equal defect numbers, because it is real wrt the corresponding involution in
the space Hg. Therefore, it has a selfadjoint extension A in the space H.

This operator A is standardly connected with the quasinuclear chain intro-
duced above:

HKy_ D HgD HK,+ oD = OSO(H+,I).

Therefore, we can apply the results connected with the spectral theorem for a
selfadjoint operator. In particular, the Parseval equality can be written now:

(o) = [ POV 0indpN), w0 € Hico =W (D) © Ho
]Rl

Here, P(\) : Hix 4 — Hpg,— is the corresponding operator of generalized projec-
tion.

From the Parseval equality, it is possible to show that the following lemma
holds:

Lemma 2.2. For the kernel K, there holds the representation
K = Q(N)dp(N). (2.2)
R1
Here,
o\ e Wy (e H-)® (Wy ' (I)® H-)
is an elementary positive definite kernel with bounded norm, dp(\) is a positive

Borel bounded measure on RY. This kernel Q(N) is definite for p-almost every
A € RL. The positive definiteness of Q(A\), A € R, means that for every u € Hy 4,

(Q\),u ® )2, ner2(m,1) = 0.
An elementary character of this kernel means that the following equalities holds:
(QN), v ® Aou) 2, ner2(a,r) = (2A), (Aov) @ w) L2, neL2(H,1)
A2(N), v @ u), u,v € C5°(Hy, I).
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Denote by Qas(A\) (o, f = 1,2) the restriction of () on the space Hy o ®
H, 3 where H, , is the subspace of H consisting from all functions equal to
zero on I \ I,. For arbitrary I,m € H., we introduce the kernel Qlo%()\) =

(Qag()\) () (, ®m)> Using Lemma 2.2 and the theorem concerning the

smoothness of generalized solutions of the equation —i% g = Au, we can prove the
following representation:

QUE(N) = QLB (N @, y) = thE(A) ey, r€l,, yels, a,8=1,2, (2.3)

where Tag are some coefficients. From (2.3), it is possible to obtain the following
representation: ,
Qus(N) = Top(N)eN=);
2
QN z,y) = Z eV g () ks (1) Tap(N), z,y €l (2.4)
a,B=1
Putting the expression (2.4) into (2.2), we get the representation

Ka) = [ 20z s)dp)

2 (2.5)
= / D ek (@)rp(y)Tap(N) | dp(N).
R a,B=1
Denoting 7,3(X)dp(A) by doag(A) we get from (2.5):
K(z,y) = /R 1 Az=y) Z ko (T)kp(y)doas(N),  (z,y) el x 1.
a,B=1

As a result, we get the representation (2.1).

To prove the second part of theorem, it remains only to check that the kernel
(2.1) is positive definite.

Theorem 2.1 for a scalar-valued kernel was published, together with the
proofs, in [4], and that for the general case in [6]. The articles [4]-[6] also con-
tain some additional facts concerning generalized Toeplitz kernels, namely: the
conditions for the uniqueness of the measure doag(\) in the representation (2.1),
investigation of the Fourier transform connected with the representation (2.1) and
selfadjointness of the above operator A. In the article [7], we prove a theorem con-
cerning the smoothness of generalized solutions for simple differential equations
with operator-valued coefficients, which is necessary to prove Theorem 2.1.
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Abstract Interpolation Problem in
Nevanlinna Classes

Vladimir Derkach

Abstract. The abstract interpolation problem (AIP) in the Schur class was
posed V. Katznelson, A. Kheifets and P. Yuditskii in 1987. In the present pa-
per an analog of the AIP for Nevanlinna classes is considered. The description
of solutions of the AIP is reduced to the description of L-resolvents of some
model symmetric operator associated with the AIP. The latter description is
obtained by using the M.G. Krein’s theory of L-resolvent matrices. Both reg-
ular and singular cases of the AIP are treated. The results are illustrated by
the following examples: bitangential interpolation problem, full and truncated
moment problems. It is shown that each of these problems can be included
into the general scheme of the AIP.

Mathematics Subject Classification (2000). Primary 47A57; Secondary 30E05,
47A06, 47B25, 47B32.

Keywords. Symmetric relation, selfadjoint extension, reproducing kernel,
boundary triplet, resolvent matrix, interpolation problem, moment problem.

1. Introduction

The abstract interpolation problem (AIP) was posed by V. Katznelson, A. Kheifets
and P. Yuditskii in [30] as an extension of the V.P. Potapov’s approach to inter-
polation problems [34]. A description of the set of all solutions of the AIP was
reduced in [30] to the description of all scattering matrices of unitary extensions
of a given partial isometry V ([8]). In a number of papers it was shown that many
problems of analysis, such that the bitangential interpolation problem [31], mo-
ment problem [33], lifting problem [39], and others can be included into the general
scheme of the AIP.

In the present paper we consider a parallel version of the AIP for the Nevan-
linna class N[L]. The class N|[L] consists of all operator-valued functions (ovf’s)

This research has been done partially while the author was visiting the Department of Mathe-
matics of Weizmann Institute of Science as a Weston Visiting Scholar.
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holomorphic in the upper half-plane C; with values in the set [£] of bounded
linear operators in a Hilbert space £, such that the kernel

m(A) — m(w)*

Ne ="

w

(1.1)

is nonnegative on Cy. If m is extended to C_ by the symmetry m(\) = m(\)*
then the kernel N”'(\) is also nonnegative on C\ R.

In introduction we restrict ourselves to the case when dim £ < oo and iden-
tify £ with the space C? where the standard basis is chosen. Then every ovf
m € N4 .= N[C can be considered as a d x d matrix-valued function (mvf).
Let H(m) be the reproducing kernel Hilbert space of vector-valued functions holo-
morphic in C\ R (see [17], [4]), which is characterized by the properties:

(1) N™(-)u € H(m) for all w € C\ R and u € C%
(2) for every f € H(m) the following identity holds

(FO)NG ) pymy =0 f(w), weC\Rue€ ce. (1.2)

The AIP in the class N%*? can be formulated as follows.

Let X be a complex linear space, let By, By be linear operators in X, let C1,
C5 be linear operators from X to £ := C?, and let K be a nonnegative sesquilinear
form on X which satisfies the following identity
(A1) K(Bgh,Big) — K(Bih, B2g) = (C1h,C2g)ca — (C2h, C1g)ca

for every h,g € X. Consider the following

Problem AIP(B, Bs,Ch,Cs, K). Let the data set (By, B2, Cy, Ca, K) satisfies the
assumption (A1). Find a mvf m € N9*? such that for some linear mapping F'
from X to H(m) the following conditions hold for all h € X

Chh
(€1 (PR - NFBEDW = [ 1 -m() ]| ¢y |
(C2) |Fhl2yn < K(h,B).

Clearly ker K = {h € X : K(h,h) = 0} is a linear subspace of X. Let H be
the completion of the factor-space X = X /ker K endowed with the scalar product

(h,§)w = K(h,g), h=h+kerK,j=g+kerK, h,g€X. (1.3)

In the present paper we will use the notion of a linear relation in a Hilbert
space §). Recall, that a subspace T' of $?2 is called the linear relation in $, [11].
For a linear relation T" in $ the symbols dom T, ker T', ran T, and mul T" stand for
the domain, kernel, range, and the multivalued part, respectively. The adjoint T
is the closed linear relation in $ defined by (see [11], [19])

T* = {{h,k} € 9% (k, f)s = (h,9)s5, {f. 9} €T}. (1.4)

Recall that a linear relation T in § is called symmetric (selfadjoint) if T C T*
(T =T, respectively).



Abstract Interpolation Problem 199

Tt follows from (A1) that the linear relation

RGN

is symmetric in H @ C?. The main result of the paper is the following description
of all the AIP solutions m.

Theorem 1. Let the data set (B, Ba, C1,Cs, K) satisfies the assumption (Al) and
let ranCo = L. Then the Problem AIP(By, Ba,C1,Co, K) is solvable and the set
of its solutions is parametrized by the formula

m(\) = Pe(A— NIz + AP (A - N7 e) ™Y (1.5)

where A ranges over the set of all selfadjoint extensions of A with the exit in a
Hilbert space HBLOHDL. The corresponding linear mapping F : X — H(p, 1)
is given by

(FR)(\) = Pe(A—A)""h, heX. (1.6)
Due to Theorem 1 the description of all solutions m of the ATP(B;, B2, Cy,Co, K)
is reduced to the problem of description of all L-resolvents of the linear relation
A. The latter description has been obtained by M.G. Krein in [36] (see also [38)).
In order to apply this theory to the linear relation A we will impose additional
assumptions on the data set (B, Ba, C1, Ca, K):

(A2) dimker K < oo and X admits the representation
X =Xy +kerK, (1.7)
such that B; Xy C &y (j =1,2).
(A3) By = Iy and the operators Bi|y, : Xo C H — H, Ci|x,, Colx, : Xo C
‘H — L are bounded.
Notice that the decomposition (1.7) was used by V. Dubovoj in [25] to study
the degenerate matrix Schur problem. The continuations of the operators Bi|x,,
C1lxy, Calx, will be denoted by By € [H], Cy, Cy € [H, £]. Here [H, £] stands for
the set of bounded linear operators from H to L.
Denote by N%*¢ the set of Nevanlinna pairs {p, ¢} of d x d mvf’s p(-), q(-)
holomorphic on C \ R such that:

(i) the kernel Np(x) — 9P (“’A) (V) a(®)
(i) ¢(N)*p(A) —p(N)*q(N) =0, A €
(ili) 0 € p(p(A) — Ag(A)), A € Cy.
In the regular case (ker K = {0}) the set of L-resolvents Pr(A — A)~%|z of A can
be described by the formula (see [35], [38])

Pe(A= 2 e = (w1 (VgY) + w12 (p(0) (wan (Na(N) + w2 (Np(0) L, (1)

where {p,q} € N**? and W = [w;(\)]?,_; is an L-resolvent matrix of A which
can be calculated explicitly in terms of the data set (see (4.38)).

_ is nonnegative on C;
@
C\R;
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Combining (1.5) and (1.8) one obtains the following

Theorem 2. Let the AIP data set (By, By, C1, Co, K) satisfy (Al), (A3), ker K =
{0}, ranCy = L = C?, and let

~011(A) B12(N) | Ch
@()‘) - |:021(/\) 022(>\):| - Iﬁ@ﬁ - léz

Then the formula
m(A) = (011(N)a(A) + b12(A)p(A)) (021 (A)a(A) + Ba2(N)p(N) (1.10)

establishes the one-to-one correspondence between the set of all solutions m of the
AIP and the set of all equivalence classes of Nevanlinna pazrs {p7 q}t € Naxd,

(I — ABy) ™! [—CN'Q’ 5ﬂ . (1.9

The operators C’ C’; in (1.9) are adjoint operators to Cy, Cy : H — L, i.e.,
(C;lhh)’)—{ = (U,th)g foralhe Hiue L (j=1,2).

Let the matrix J € C2?%24 he given by

=
iy 0
The mvf ©()\) belongs to the Potapov class P(J) (see [43]), i.e., ©()) is meromor-
phic in C; and has the following J-property
J— WA JW(\)*
A=A
where g is the set of holomorphy of ©.

In the singular case (ker K # {0}) the formula (1.8) gives a description of all
L-resolvents of the linear relation

{2 [ 8o}

To obtain a description of all L-resolvents of A(D Ag) one should consider in (1.8)
only those Nevanlinna pairs {p, ¢} € N(£) for which A > A(D Ap). We show that
after the replacement of ©(\) in (1.10) by the ©(X)V, where V' is an appropriate
J-unitary matrix, the formula (1.10) gives a description of all the solutions of the
ATP when {p, ¢} ranges over the set of all Nevanlinna pairs of the form

Py = [% p1(()A)} = {IOV m(()/\)} - ek e N (L11)

>0 forall A€ He NCy,

where v = dim Cker K.

All these results are formulated in the paper in a more general situation,
when the mvf m is replaced by a Nevanlinna pair {¢,1}. Moreover, we do not
suppose, in general, that dim £ < oo.

The paper is organized as follows. In Section 2 we recall the definition of the
class N (L) of Nevanlinna pairs from [7], [23]. To each selfadjoint linear relation A
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and a scale spaces £ we associate a Nevanlinna pair {¢, 1} by the formula

$(A) = Pe(A= X"z, o) =T+ AP(A= Nz, Aep(A).  (1.12)
Conversely, given a Nevanlinna pair {¢, %} normalized by the condition ¢(\) —
Ap(AN) = Iz we construct a functional model for a selfadjoint linear relation A=
A(p, 1), such that the pair {p, 1} is related to A(p, ) via (1.12). In the case when
the pair {p, 1} is equivalent to a pair {I4,m} with m € N%*4  functional model
A(m) for a selfadjoint linear relation was given in [7] (see also [22]). Conditions
when the model A(p, 1) is reduced to A(m) are discussed. In Sections 3 and 4 we
formulate the AIP in the classes N9 and N4*¢ and give a complete description of
its solutions under some additional restrictions on the data set both in the regular
and singular cases. The results of the paper are illustrated in Section 5 with an
example of bitangential interpolation problems in the classes N9%¢ and N9xd,
reduced there to the AIP with appropriately chosen data set. These problems
have been studied earlier in [42], [7], [32], [26], [27], [16].

Mention, that the Arov and Grossman’s description of scattering matrices of
unitary extensions of an isometry V' in [8] used in the Schur type AIP is an analog
of M.G. Krein’s description (1.8) of L-resolvents of a symmetric operator [35].
One of the goals of this paper is to formulate the AIP, where the M.G. Krein’s
formula (1.8) works directly. In particular, we use the example of the full moment
problem to show that the reduction of this problem to the Nevanlinna type AIP
is more natural and simpler than that in [33], where the reduction of the moment
problem to the Schur type AIP was performed.

Another goal of the paper is to elaborate the operator approach to singular
ATP’s. This approach is illustrated with an example of singular truncated moment
problem, where we discuss the results of [15] and explain them from our point of
view.

The paper is dedicated to the centennial of M.G. Krein.

2. Functional model of a selfadjoint linear relation

2.1. Nevanlinna pairs
Let £ be a Hilbert space.

Definition 2.1. A pair {®, ¥} of [£]-valued functions ®(-), ¥(-) holomorphic on
C\ R is said to be a Nevanlinna pair if:

(i) the kernel

ey = FOTEE S REE) o

€l

is nonnegative on Cy;
(ii) TA)*®(\) — P(A)*T(N) =0, A€ C\R;
(iii) 0 € p(®(A) — A¥(N)), A e Cy.
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Two Nevanlinna pairs {®, U} and {®y,¥;} are said to be equivalent, if
D1(N) = D(AN)x(A) and Ty (A) = T(N)x(A) for some operator function x () € [H],
which is holomorphic and invertible on C. UC_. The set of all equivalence classes
of Nevanlinna pairs in £ will be denoted by N(L£). We will write, for short,
{®, W} € N(L) for the Nevanlinna pair {®, ¥}.

A Nevanlinna pair {®, U} will be said to be normalized if ®(\) — A\¥(\) =
I. Clearly, every Nevanlinna pair {®, U} is equivalent to the unique normalized
Nevanlinna pair {¢, ¥} given by

PN =N (@A) = ATW) T PN = TN (@) — AT(A) (2.1)
The set N(£L) can be identified with the set of Nevanlinna families (see [23])
T(A) = {{eNu, ¥(Nu}: ue L}, {®, 0} e N(L). (2.2)

Define the class N (L) as the set of all Nevanlinna pairs {®, ¥} € N(£) such that
ker ®(\) = {0} for some (and hence for all) A € C \ R. Then ¥(\)®(A\)~! is an ovf
with values in the set of maximal dissipative operators in £ for A € C. The set
N[£] can be embedded in N(£) via the mapping

m € N[L] — {Iz,m} € N(L).
2.2. Nevanlinna pair corresponding to a selfadjoint linear relation and a scale

Let $, £ be Hilbert spaces, let Abea selfadjoint linear relation in $ @ £ and let
P, be the orthogonal projection onto the scale space L. Define the operator-valued
functions

N =T+ APL(A= N7, () = Pe(A= N7z, Aep(d).  (23)

Proposition 2.2. The pair of ovf’s {p, ¥}, associated with a selfadjoint linear re-
lation A and the scale L via (2.3) is a normalized Nevanlinna pair.

Proof. Consider the kernel

w
N2V (\) = [ , AweCiuC_. (2.4)
It follows from (2.3)-(2.4) that
Nz = Y T ey
A—w
Ry — Ry 2.
=P ;\\ e = PcRAPLRs . (2:5)
— W
= PcR\PxRs|c

and hence the kernel N£¥()\) is nonnegative.

The property (ii) is easily checked, ¢(\) — Ap(A) = I, and, hence, the pair
{#, %} is a normalized Nevanlinna pair. O
Definition 2.3. The pair of ovf’s {p, ¢} determined by (2.3) will be called the
Nevanlinna pair corresponding to the selfadjoint linear relation A and the scale L.
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Remark 2.4. Definition 2.3 is inspired by the notion of the Weyl family of a sym-
metric operator corresponding to a boundary relation, see [24]. Namely, the Nevan-
linna pair {¢, ¢} determined by (2.3) generates via (2.2) the Weyl family of the
symmetric linear relation S = AN(H®H), corresponding to the boundary relation

SR RN

The proof of Proposition 2.2 is contained in [24, Theorem 3.9]. Moreover, it is
shown in [24] that the converse is also true, every Nevanlinna family generates
via (2.2) the Weyl family of a symmetric linear operator S. In the case when the
pair {¢, 1} is equivalent to a pair {Iz,m} with m € N[L], functional model A(m)
for this symmetric operator S was given in [6] (see also [22] and [41]).

In the following theorem we give another functional model of a selfadjoint
linear relation A recovered from a Nevanlinna pair. The author was aware that the
same result was obtained independently in [14] by another method. Consider the
reproducing kernel Hilbert space H(®, ¥), which is characterized by the properties:

(1) N®¥(N)u € H(P, V) for all w € C\ R and u € L;
(2) for every f € H(®,¥) the following identity holds

(FOINEY V) gy = (f@) ), weC\RueL (2.6)

It follows from (2.6) that the evaluation operator E(\) : f — f(\) (f € H(P,¥))
is a bounded operator from H(®, ¥) to L.

Theorem 2.5. Let {®, U} € N(L). Then the linear relation

B f 1 , [ f e H(®,¥), u,u’ € L,
is a selfadjoint linear relation in H(®, V) ® L and the normalized pair {, ¢} given
by (2.1) is the Nevanlinna pair corresponding to A(®,¥) and L.

Proof. Step 1. Let us show that A(®, V) contains vectors of the form

{Fou, Flu} = {[ ';;Eé))z ] , { a}g(g()z“ ]} wel, weC,aUC_, (2.8)

where N, (-) := N2¥() and the restriction A’ of A(®, V) to the span of vectors
{F,u, F/u} is a symmetric linear relation.
Indeed, it follows from (2.7) and the equality

(@ = ANy (Nu = &(N)* V(@) — U () (@)
that {F,u, Flu} € A(D, ).
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For arbitrary w; € C\ R, u; € £ (j = 1,2) one obtains
<Q1 Nwl (')ulﬂ Nw2 (')u2>H(<I>,\I/) - <Nw1(')u17Q2Nw2 (')u2>H(<I>,\I/)
+ (®(w1)ur, ¥(w2)uz)c — (W (w1)u1, P(w2)uz)c
= (@1 = w2)(No, (w2)ur, u2)r — ((R(@2)"W(w01) — W(w2)" (w1))ur, uz)
= O7
therefore, A’ is symmetric in H(®, ) & L.

Step 2. Let us show that ran (A’ —A) is dense in H(®, ¥) @ L for A € C\R. Choose
the vector {F,u, F/ u} with w = A. Then

{Fyu, Fu — AFyu} = {[ '\\‘I/A((A)) ] [ B _OW(A)U ]} eA -\ (29)

Since ran (®(N)u — AP (N)
w # A one obtains from (

{[ Ufé)) } [ CI)((&)ZJ?)\\IJ((C);; ]} eA - (2.10)

N“’é')u € ran (A’ — \) for all w # X. Due to the properties 1) and 2)

of H(®, ¥) one obtains the statement.

) = £ one obtains 0@ £ C ran (A’ — \). Taking Fu with
2.8)

and, hence,

Step 3. Let us show that A(®, ¥) = (A’)*. Indeed, for every vector

F={FF}= {{ 7t } , [ Fe) H €A®,), f.f €H® W), uu €L,

u

and w € C\ R, v € £ it follows from (2.7) that
<F/ﬂva>H(<I>7\II) —(F, Fo:v>7‘l(q),\l’) = (f\N, (‘)U>H( —(f,@oNu()v >H(<I>7\If)
+ (', ¥ (@)v)e ( (e ) )z
= (f'(w) —wf(w) + ¥(@)v — ®(@)"u,v)c = 0.
Hence F € (A))* and A(®,¥) C (A')*. Conversely, if
(" N (Vg .0y = (0N ()0) g0,y + (0, ¥ (@)0) 2 — (u, R(@)v) 2 = 0
for some f, f' € H(p,¢), u,u’ € L and all w € C\ R, v € L, then
fw) —wf(w) = (2(@) v - ¥(@)u) =0

and, hence, F' € A(®, U). This proves that (A')* C A(®, ¥), and, hence, (A')* =
A(P, D).
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Step 4. Finally, in view of (2.9) and Definition 2.1 (iii) one obtains
Pe(A@, %) = N) 7 e = (@) = ATA) T =9,
Ie + Mp(A) = V) (R(A) = AT(A) ™! = (V).

Therefore, the pair {p,} is a normalized Nevanlinna pair corresponding to the
linear relation A(®, ¥) and the scale L. O

Remark 2.6. For every normalized Nevanlinna pair {¢,¢¥} and h € H(p, ) the
following identity holds

Pelate) -7 o] =00, (e (2.11)

Indeed, it follows from (2.9) that for every u € £ one obtains

(Pﬁ(A(% SR m ,u>£ - ([g} (Al v) =2 [2DH( V)BL
— (h Na o) = (B ).

Remark 2.7. In notations of [24] the pair {®, U} generates via (2.2) the Weyl
family of the symmetric operator

S(@,9) ={f.f'}: £, € H(®,), f'(N) = Af(N) = 0}

corresponding to the boundary relation

F:{{{f} [u” £ f € H®, W), u € L, }
]l F'O) = Af() = (V) u— TN’
Remark 2.8. Mention that the linear space
No(T) :={N,(u:ue L}
in general is not closed, since
(N (-t Ny (Yt sy = (N ) 2

and the operator N, (w) not necessarily is boundedly invertible. If, however, 0 €
p(Ny(w)) then Ny (T') is closed. Recall that in this case 0 € p(Nx(N)) for all
A € C\R and, hence, all the subspaces My(A) are closed for all A € C\R.

Let, the ovf v(X\) : £ — H be defined by

Y = Pu(A =Nz (A€ p(A)). (2.12)

Proposition 2.9. Let Abea selfadjoint linear relation in H ® L and let {p,v} be
the normalized Nevanlinna pair given by (2.3). Then the following identity holds

NZY(A) = 7(N) (@) (2.13)
Proof. Indeed, it follows from (2.5) that the kernel N£¥(\) takes the form
NZ¥(A) = (PcRAPw) (PrRs|c) = v(\) (). O
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In general case one obtains
NZY () = (@A) = AT(A))*NEY (V) (2 (@) — 0¥ (@)
= (2(A) = AT(X) Y (N) (@) (2(@) — P (@)).

The following statement formulated in terms of boundary relations can be
found in [23, Lemma 4.1].

Lemma 2.10. Let A be a selfadjoint linear relation in H & L, let {@, 9} be the
normalized Nevanlinna pair given by (2.3), and let dim £ < co. Then:

(i) kerip(A) = {0} for A € C\ R iff Pr dom A is dense in L;

(ii) kerp(A) = {0} for A € C\ R iff Pcran A is dense in L.

Proof. Let us prove the first statement. The set Prdom A consists of the vectors
u € L such that

{[f},{ij}}eﬁ for some f,f € H,u € L.

u

If there is a vector v € £ such that v L u for all u € P/;dOHl;‘I then

ol [e]fe

and then ¢¥(A)v = 0, p(A\)v = v, due to (2.3).
Conversely, if ©)(A\)v = 0 for some v # 0, then in view of (2.3)

0 0 ~
(o] [2]}ea
and hencevJ_Pgdomg.

The proof of the second statement is similar. O

Remark 2.11. If {®, U} is an arbitrary Nevanlinna pair and {¢, 1} is the corre-
sponding normalized Nevanlinna pair, then the mapping

U:feH(p )= (2A)" = ATA))F(N) (2.14)

maps isometrically H(yp, ¢) onto H(®, ¥). The linear relations A(y, ) and A(®, ¥)
are unitarily equivalent under this mapping, that is

{1, 1} € Alp,v) & {UFfUf'} € A(D, D).

If the Nevanlinna pair {¢, 1} satisfies the first condition (i) in Lemma 2.10
then it is equivalent to an ovf m € N(L£). If, additionally, m(\) takes values in [£]
for A € C\ R then m € N[£] and the reproducing kernel Hilbert space H(p, 1) is
unitary equivalent to the reproducing kernel Hilbert space H(m) with the kernel
N™(\) (see (1.1)) via the mapping

U: feHlpy) = I =ImA)f(A) € H(m).
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These spaces have been introduced by L. de Branges [17]. The following statement
can be derived from [5], however we will give a proof for the convenience of the
reader.

Lemma 2.12. Let m € N[L], and let dim £ < co. Then:

(i) f(N) =0(1) (X =o0) for all f € H(m);
(i) If, additionally, m € No[L] then f(X) = O(}) (A=0o0) for all f € H(m).

Proof. The reproducing kernel property and Schwartz inequality yield

(), u)el = [(FC) NaC)w)r )|
< 1 Orem) INAG) ul 1)

S\ 1/2
= 1 £1l2¢(m) (“Z;i )u7u> —0(1)

for all f € H(m) and v € L. If, additionally, m € Ny[L£], then m admits the

integral representation
do(t)
\) = 2.15
m = [ 47 (215)
with a nondecreasing function o(¢) such that

tilr}looo(t) =0, tll?ooo(t) =X e[L].

It follows from (2.15) that

&
(V1) = [0 <o,
Therefore, (f(A),u)e = O(1/X) for all u € L. O
2.3. Generalized Fourier transform
Definition 2.13. A linear relation A = A* in H @ L is said to be L£-minimal if
Ho = span{ Py (A —\)"'L: X e p(A)}. (2.16)
In this section we show that every £-minimal selfadjoint linear relation A is

unitarily equivalent to its functional model A(p, ), constructed in Theorem 2.5.
The operator F : H — H(¢, 1) given by the formula

hi— (Fh)(N) = v(A)*h = P(A—X)"'h (heH) (2.17)
is called the generalized Fourier transform associated with A and the scale £. In
the discrete case this definition was given in [30].

Theorem 2.14. Let A be a selfadjoint linear relation in H & £ and let {¢, 9} be
the corresponding Nevanlinna pair given by (2.3). Then:

1) The generalized Fourier transform F maps isometrically the subspace Hy onto
H(p,¥) and F is identically equal to 0 on H © Ho;
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/ ~
2) For every {[ 5 } , { i, }} € A the following identity holds

ENF(F — M) = [p(N) ()] [ “ } . (2.18)

u

Proof. 1) For every vector h = v(@)v (w € p(A), v € L) it follows from Proposi-
tion 2.9 that

(FR)A) = (N y(@)v = NE¥ (M.
Therefore, 7 maps the linear space span{y(w)L: w € p(A)} dense in Hg onto the

linear space span{N¥¥(-)L : w € p(A)} which is dense in H(y,). Moreover, this
mapping is isometric, since

(Fh Fh)peo) = (NS (v, NEY ()0)reo,)
= (NE¥(W)v,v)e = (h, )

This proves the first statement. It is clear from (2.17) that Fh = 0 for h € HS&H,.
2) Let h = y(@)v = Py(A—©) v, wve L. It follows from (2.3), (2.12) that

Lo | =G-a [0] [ ] = +w<ﬁ—w>l>[3}

L L

wh
)
I
Since A = A* one obtains for all {[ 1{ } [ i, }}

(f's )3 = (f, wh)w + (', (@) (@) =0, veL
This implies

(2.19)

V@) (f' —wf) = pw)u —Plwh', weC\R. (2.20)
This proves the identity (2.18). O

Remark 2.15. In the case, when the linear relation A is £-minimal it is unitary
equivalent to the linear relation A(p,) via the formula

o (L DAL ER R e

The operator F & I, establishes this unitary equivalence.

Remark 2.16. It follows from (2.11) that the Fourier transform F associated with
the operator A(p, 1)) is identical, since

(Fh)(\) = Pe(A(p, ) — A)~t [g} =h(\) for every h € H(p,v).
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Remark 2.17. The Fourier transform F(®, ¥) associated with an arbitrary Nevan-
linna pair {®, U} can be defined by the formula

F(®,0)h :=UF(p,)h, heH,
where {p, %} is the corresponding normalized Nevanlinna pair and I/ is the map-
ping from H(p, 1) to H(®, ¥) given by (2.14). Then F(®, ¥) maps isometrically
the subspace Hy onto H(®, ¥) and
— — ! ~
EONF(@,0)(f'~Af) = [(V)* — w(A)*] { Y } for every H ! } 7 [ i’ }}EA.

u

3. Abstract interpolation problem

Let X be a complex linear space, let £ be a Hilbert space, let By, By be linear
operators in X, let Cy, C5 be linear operators from X to £, and let K be a
nonnegative sesquilinear form on X which satisfies the identity
(Al) K(th, Blg) - K(Blh, ng) = (Olh, ng)/; - (Ozh, Olg)/;
for every h, g € X. Consider the following continuous analog of the AIP considered
in [30].
Problem AIP(B, Bs,Cy,Cs, K). Let the data set (B1, B2, Cy, Ca, K) satisfies the
assumption (A1). Find a normalized Nevanlinna pair {¢,1} € N(£) such that for
some linear mapping F : X — H(p, 1) the following conditions hold:
(€1) (BN - MFBMN) = [ 20 =0 ]| £ |
(C2) [IFh|3y(p,p) < K (R 1)
for all h € X.

Consider the factor space X=x /ker K and denote by h the equivalence
class h +ker K in .5(\7 h € X. Let X be endowed with the scalar product (1.3) and
let H be the completion of X' with respect to the norm |[h|z.

In some examples (see Section 5) the linear space X has its own inner product.
In order to avoid an ambiguity we denote by BT the adjoint to the operator
B :H — H and by B* the adjoint to B : X — X.

Proposition 3.1. Let the data set (By, Ba, C1,Cs, K) satisfies the assumption (Al).
Then the linear relation

HENE )

is symmetric in H @ L.

)

Proof. The statement is implied by (A1) since

deallen], el laD
Coh || Cih |/ yer Cih |7 Cah |/ s

= K(Byh, Bih) — K(Byh, Boh) — (Cyh, Cah)z + (Coh,Cih), =0. O



210 V. Derkach

Remark 3.2. The linear relation A is called the AIP symmetry. In general, the AIP
symmetry A need not be simple and its deficiency indices not necessarily coincide.

Theorem 3.3. Let the data set (B, Ba,C1,Co, K) satisfies the assumption (Al).
Then the Problem AIP(By, Ba,Cy,Co, K) is solvable and the set of its normalized
solutions is parametrized by the formula

B R B

where A ranges over the set of all selfadjoint extensions of A with the ezit in a
Hilbert space HBLOHDL. The corresponding linear mapping F : X — H(p, 1)
is given by

(FR)(\) = Pe(A—\)""h, heX. (3.3)

Proof. Sufficiency. Let A be a selfadjoint extension of A and let {p,1} be the
normalized Nevanlinna pair corresponding to A and the scale L, and let F : H—

H(p, 1) be the corresponding generalized Fourier transform given by (2.17). Then
the formula (3.2) is implied by (2.3) and in view of (2.17) the linear mapping
F: X — H(p, ) given by (3.3) is connected to F via the formula

Fh=7Fh, (heX). (3.4)
Since F satisfies the identity (2.18) and

B ] [ ie
e len]peae
one obtains from (2.18)

(FBah)(\) = A(FBih)(\) = (FBah)(\) = N(FB1h)(\)
=[ e\ -\ ] { g;z } Vh e H.
Next, it follows from (1.3) and Theorem 2.14 that

IF R ) = IF Ry < Bl = K (R, R).

This proves (C1), (C2) and, hence, {p, 1} is a solution of the AIP.

Necessity. Let a normalized Nevanlinna pair {¢, ¥} be a solution of the AT P
and let the mapping F' : X — H(p, 7)) satisfies (C1), (C2). We will construct a
selfadjoint exit space extension A of A such that (3.2) and (3.3) hold.
Step 1. Isometric embedding of H into a Hilbert space. It follows from (C2) that
(FR)(A\) = 0 for all h € ker K. Thus F' induces the mapping F : X — H(p, 1),
which is well defined by

h— (Fh)(\) = (FR)(\), heH (3.6)

and is contractive due to (C2)

IERY Moy = IER) N Ry < K (R h) = 113,

(3.5)
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We will keep the same notation for the continuous extension of Fto M.
Let D = D*(> 0) be the defect operator of the contraction F' defined by

D*=]-F'F:H—-H (3.7)

and let D = ran D be the defect subspace of F in H. Consider the column extension
F of the operator F to the isometric mapping from H to D&H (g, 1) by the formula

Dh

th:[ﬁh}, heH. (3.8)

Step 2. Construction of a selfadjoint linear relation A. Let Ap be a linear relation
in D defined by

Ap = {{Délh,D§2h} he X}

and let us show that Ap is symmetric in D. Indeed, it follows from (3.6), (3.7)
that

(DBzh, DB1h)y — (DByh, DBah)y
= ((I = F*F)Bzh, Bih)y — (I — FTF)Byh, Bah)y

(3.9)
= K(Bsh, B1h) — K (B1h, Byh)
— (FBsh, FBih)yy, ) + (FBih, FBah)sy -
As follows from (C1)
(FBah)(\) = M(FB1h)(A) = (FB2h)(A) — A(FBih)(\)
Cyh (3.10)

— [ o MM]{@h} Vhe X.

In view of (2.7) this implies

FBih ] [ FBoh
A .
{7 ] e ) e aten)
Therefore, the right-hand part of (3.9) can be rewritten as
K(th, Blh) — K(Blh, Bzh) — (Olh, Cgh)g + (Ozh, Clh)g

and hence it is vanishing due to (Al).
Let Ap be a selfadjoint extension of Ap in a Hilbert space D D D and let

A= Ap ® Ap, ). (3.11)

Step 3. Linear relation A satisfies (3.2) and (3.3). Under the identification of the
vector h € H with Fh the symmetric linear relation Ain ‘H @ L can be identified
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with the symmetric linear relation

Al = (F@I)A(F @ I)™!
DBih DByh
= FBih || FByh cheX
Cih Csh

in H := D®H(p, 1) ®L. Moreover Aj is contained in the selfadjoint linear relation
A= Ap @ A(p, ), since {DB1h, DBsh} € Ap C Ap and

FBih| [ FBoh
A .
{[ 78] BB 1L e aon)
The formula (3.2) is implied by the analogous formula for A(¢p, ¢)

{ P(A) } _ [ I 0 } [ Pr(A(e, ) = N7 e }
(M) My I I
since N

Pe(A(p, ) = A) e = Pe(A= X" e.

In view of Remark 2.6 one obtains for every h € X

Pe(A— )1 [ Zi)h } — Pe(A— 2! [ Z“E)h }
1| Fh
= et -2 | | = o,
This proves the formula (3.3), since Fh is identified with h. O

Remark 3.4. If (By, B2, C1,Co, K) is a data set for the AIP in the Nevanlinna
classes then the data set (T1,Ta, My, Ms, K) given by

Ty = By —iBa, 15 = By +1DBo;
M, =C1 —iCy, My =Cq+iCs,

is a data set for the ATP in the Schur class. Remind (see [30]), that a contractive [£]-
valued function w(() is said to be a solution of the problem AT P(Ty, Ty, My, M, K),
if there exists a map ® from X to the de Branges—Rovnyak space H*, such that

@z - temnn = | _ L, 9 } [ i } ,
and || ®h||3,. < K(h,h) for all h € X. One can check, that solutions of the problems
AIP(Bq,Ba,C1,Cy, K) and AIP(Ty,Ts, My, M, K) are related via some linear
fractional transformation and the result of Theorem 3.3 can be derived from the
corresponding result in [30]. However, we prefer to give a direct proof based on the
space H(p, 1), especially since these spaces will be useful in applications to some
interpolation problems.
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In general, the mapping F : X — H(p,v) in (Cl), (C2) is not uniquely
defined by the solution {p, 1} of the AIP(By, By, C1,Cs, K). We impose an addi-
tional assumption on the data set:

(U) By — ABjq is an isomorphism in X' for A in nonempty domains Oy C Cy,
which ensures the uniqueness of F. Let us set
G = [gj (Bs—AB1)"" (A€ O).

Proposition 3.5. Let the data set (Bi, Ba,C1,Cy, K) satisfies the assumptions
(A1), (U). Then the mapping F : X — H(p,v) in (C1), (C2) is uniquely de-
fined by the solution {p,v} of the AIP(By, B2, Cy,Co, K) by the formula

(FRO) = [p) —6(N)] GA (A€ 0. (3.12)
Proof. Applying (C1) to the vector
h=h,:=(By—puB1)'g (ne€0y,geX),

one obtains
(Fg)(A) = (FBzhy)(A) — p(FBihy)(A)

= (FBzhy)(A) = AEFBrhy)(A) + (A = p) (FByhy,)(A) (3.13)
= [e(N)  —Y(N)] G(w)g + (X = p)(FBihy)(N).
Setting in (3.13) A = y, one obtains (Fg)(u)) = [¢(n) —(n)] G(u)g. O

4. Description of solutions of abstract interpolation problem

In view of Theorem 3.3 a description of the set of solutions of the AIP is reduced to
the description of L-resolvents of the linear relation A. The latter problem can be
solved within the theory of L-resolvent matrix [35, 38] (see also [21], [22]). In this
section we will treat both the nondegenerate (ker K # {0}) and the degenerate
case (ker K # {0}). In the case when the form K(-,-) is degenerate it is more
convenient to calculate the resolvent matrix of some auxiliary linear relation Ag
which is a restriction of A.

4.1. Symmetric linear relation A
Let us impose some additional assumptions on the data set (By, B2, C1, Cs, K):
(A2) dimker K < co and X admits the representation
X =Xy +ker K, (4.1)
such that B; Xy C &y (j = 1,2);
(A3) By = Iy and the operators Bi|x, : Xo € H — H, Ci|x,, Colx, : Xo C
‘H — L are bounded.

Due to the assumption (A2) one can identify X, with X = X /ker K and consider
the space H as a completion of Aj. The continuations of the operators Bi|x,,

C1lxy, Ca|x, will be denoted by By € [H], Cy, Cs € [H, L).
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Define a linear relation

Bt ET ) 2 N

in a Hilbert space H® L. Clearly, Ay is a restriction of the symmetric linear relation
A which can be rewritten as

i Bih+Biu | [ Boh+Bau | .
A_{H Cih+ Chu },{ Coh + Cau ”.he){o,uekerK}. (4.3)

In view of (A3) the closures of Ay and A take the form

A::closAoz{{ ,[é‘h}};he?{} (4.4)

~ h
closA—{{ ,{52h+02u}}.h6H,u€kerK}. (4.5)

A point A € C is said to be a regular type point for a closed symmetric linear
relation A if ran (A — A) is closed in H @ L. It is well known that the set p(A)
of regular type points for symmetric linear relation A contains C; U C_ and the
defect subspaces

Cih

Bih + Byu
Cih+ Ciu

NMA(A) == (H® L) Sran (4 — N)

have the same dimensions ny(A) and n_(A) for A € C4 and A € C_, respectively,
which are called the defect numbers of the symmetric linear relation A. In the
following proposition we show, that the symmetric linear relation A in (4.4) has
equal defect numbers ny (A) = n_(A) = dim £ and, moreover, 0 € p(A).

Proposition 4.1. Let the data set (By, Ba, C1, Co, K) satisfy the assumptions
(A1)-(A3). Then:

(1) the adjoint linear relation A takes the form

+ )~ g g’ ) ULU/EELQIEH;N )
4 ‘{9‘{[”” g=Big+Cio—Gho §i 49

(2) the set p(A) of regular type points for symmetric linear relation A contains
the resolvent set of the linear relation By *

p(BTY) = {\ € (C\{0}): 1/X€ p(B1)} U{0} if B € [H]
and the defect subspace My\(A) for X € p(gl_l) consists of the vectors

[ —F(\)tu

" } , u€ecl, (4.7)

where F(\) = (Cy — AC1)(Ig — ABy)~ L.
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Proof. 1) Let

ﬁz{{ 19} },[ g; }}EAJr (9,9 € H;v, 0" € L).
Then it follows from (4.4) that

(g, Bih)w = (g, h)w + (v, Cih) e — (v, Coh) . = 0
for all h € ‘H and, therefore, Efg' —g+ 5f h— éjv = 0. This gives the equality

g=Blg +Civ - Ciw. (4.8)

2) It follows from (4.4) that
} che H} , (4.9)

el

it~ {[pln] ).

Therefore, ran (A — \) is closed for all A € p(By ).
If A € p(By") and g € M\(A) then ¢’ = Ag, v' = M. Substituting these
equalities in (4.8) one obtains

(In — AB)g = —(Cf — AC{ ).

Bih

Cih (Cy — ACh)h

luﬁ—xénh

and, hence

This proves the second statement since g = —F(\)to. O

4.2. L-resolvent matrix

Let A be a selfadjoint extension of A in a Hilbert space H & L. The compression

Ry = Pz(A—\)"1] £ of the resolvent of A to £ is said to be an L-resolvent of A.
Recall some facts from M.G. Krein’s representation theory ([36], [22]) for

symmetric linear relations in Hilbert spaces.Let us say that A € p(A, L) for a

symmetric linear relation A in H @ £, if A is a regular type point and

Ho L=ran(A—X)+ L. (4.10)

For every A € p(A, L) the operator-valued function P(\) : H — L is defined as a
skew projection onto £ in the decomposition (4.10) and Q(A) : H — L is given by

Q\) = Pe(A—N)"HI-P(N), Aep(AL). (4.11)
Let the block mvf W(A) be defined by the formula
W(A) = [wi; (N7 o1 =T +iAVA)V(0)TT (A€ p(A, L)), (4.12)
—Q(A)

where V(\) = PO and the block structure of W () is conformal with that

of V(A). The ovf W () is called the L-resolvent matriz for the linear relation A.
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Theorem 4.2. [35, 38]. The set of L-resolvents of A is parametrized by the formula
Pe(A= N7z = (wir(\)g(A) + wiz(AN)p(A) (war (Ng(A) +waa (Np(A) ™ (4.13)
where {p,q} ranges over the set N(L) of all Nevanlinna pairs.

In the following theorem we calculate P(\), Q(A) and the L-resolvent matrix
W (A) for the linear relation A in terms of the AIP data set.

Theorem 4.3. Let By, B2, C1, Ca, K salisfy the assumptions (A1)—(A3). Then:
1. p(A, L) = p(ByY) and for X € p(A, L) the ovf’s P(\), Q(\) are given by

PN { ! } —u—F\f, feH, uel (4.14)
o) { ! } — Gyl — MBS, fEH; (4.15)
2. The adjoint operators to P()), O(A) : [ " } L take the form
PN u = [ ‘F(s)”‘ } we L, e p(A L), (4.16)
Q) Fu = [ (I — X%ﬂ*léfu } we L Nep(A L) (417)

3. The L-resolvent matrix W () in (4.12) takes the form

7 +
Wrie(N) = [ _‘A 10£ } (I—H'/\ J) . (4.18)

Proof. 1) Assume that A € p(A4, £) and the decomposition (4.10) holds. Then for
f € H, u € L there are unique h € H and v € L such that
(I;; = AB))h = f, (Cy—ACh)h+v =u. (4.19)

This implies, in particular, that A € p(B; ). Conversely, if A € p(B;'), then the
equations (4.19) have unique solutions h € H and v € £ and, hence, A € p(4, L).
In view of (4.19) these solutions take the form

&

2

&

2

h=(Iy—A\B1)"'f, v="PO) [ / } =u—F(\)f. (4.20)

u
It follows from (4.11), (4.20) and (4.9) that
Bih

o | I | =rea-n |yl | =re | 2

N
= Cy (I — A\By) "' f.
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2) The formulas (4.16), (4.17) are implied by

<P(>\)+v, { i DHM = (v, u— FO\)f)z = <{ _F(j)+” } : [ z ]>H@£7

(oo ! DW = (0.CulIn — AB) )

([,

ul} € L? one obtains from (4.12) and (4.14)—(4.17)

3) For every u = [
g

W(\u = (I+/\ {‘7%?) [~2(0)* P(0)*] [? éD u
[1] 2 [90) [t G

—Uy

(52 — )\51)([7-{ — )\El)fl(éi’_UQ - CN';ul)

_ +
Ir 0 .
| 5o } (Iﬂ@aﬂx\ J) w. O

The L-resolvent matrix W (\) satisfies the identity
WNJIW ()" =T +i(A = )VN)V()" (A€ p(A, L)) (4.21)

Originally, the identity (4.21) has been used by M.G. Krein as a definition of the
L-resolvent matrix. It follows from (4.21) that W (X) belongs to the Potapov class
P(J), that is

51([7-[ — )\El)_l(éflu — 6;’[1,1) ‘|

1 5 y—1
=1 | (I — \B
o ](H 1)

Gy

2 2

WNIWN =T S 6 (xe p(a, 0). (4.22)
(A= A)
Corollary 4.4. Let the data set (B, Ba, C1,Co, K) satisfy (Al),(A2) and
(A3') the operator D = By — uBj is an isomorphism in X for some p € R, and
the operators ByD ™Y Xy : Xy — Xo, G(p)|Xo = Xo — L2 are bounded.
Then one of the L-resolvent matrices can be found from

R

+ (4.23)
J.

=T +i(\—p) l g;

Gy

(By —AB1) "(Bf —puB/)™ &
2

Proof. The data set
(Bi(Bz — uB1) ™Y, Ly, Ci(Ba — pB1) ", (Co — uCh) (B2 — uB1) 1, K)
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satisfies the assumptions (A1)—(A3). Consider the linear relation A — u
BB~ )

h
A_ﬂ:{{ C1(By — uB1)"'h ’{(52—u51)(§2—u§1)—1h}}IhEH}.

Due to (4.18) its L-resolvent matrix W (A) satisfies the equality

—1
-1 0
[A —I} W) =
5 a ]
=1 A =~ P~ | (Bo— (A +pB) (B —puBH | = Tt~ |
A A (By = (A+p)B1)" (By — uBy) Gy — uCh

Then the matrix W#(X) = W(X — p) is the L-resolvent matrix of A and, hence,

9] w4 0] woew

~ ~ 7+
. Cl g H\—1/D+ D+ —1 Cl I 0
=1 + (A — ~ By — A\B B —uB ~ J .
coc +il M)[@(z OB -uBH | o
This prove (4.23) since the class of L-resolvent matrices is invariant under the
multiplication by a right J-unitary factor. O

4.3. Boundary triplets for AT and the L-resolvent matrix

Definition 4.5. ([28], [40]) A triplet IT = {£,T'1, T2}, where I'; : AT — £, i =1,2,

is said to be a boundary triplet for A% if for all f = {f, f'}, 9= 1{g,9'} € AT;
(fl7 g)H@ﬁ - (fa gI)H@ﬁ = (Flfa FQ@\)[, - (FQfa Fl/g\)ﬁ

Iy

and the mapping I" := [
Iy

} AT — [ﬂ is surjective.
The set of all selfadjoint extensions A of A can be parametrized by the set
of selfadjoint linear relations 7 in £ via the formula
J? cAs FJ? €T
Let the operator-valued functions P(A)* and O(A)* be given by
PN u={PN u, AP Tu}, ueL, (4.24)
QN FTu={Q\)  u,u+AQN)Tu}, ueL, (4.25)

where P(A\)*, O(A)* : £ — H are adjoint operators to P(\), Q(\) : H — L. The
following statements were proved in [21] and [22].

Theorem 4.6. ([21], [22]) Under the above assumptions the linear relation AT can
be decomposed in the following direct sum

At =AFPNTLEQNTL, Aep(A L), (4.26)
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and one of the L-resolvent matrices of A corresponding to the boundary triplet 11
can be found by

—T,0(\) T TRP(A)*

Wi () = “T10N* TPV |

X € p(A,L). (4.27)

Mention that every L-resolvent matrix W(A) of A can be found in this way
by a suitable choice of the boundary triplet IT and this correspondence between
L-resolvent matrices and boundary triplets is one-to-one, [22].

Proposition 4.7. Let the data set (By, Ba, C1, Co, K) satisfy the assumptions
(A1)-(A3). Then:
1) A boundary triplet 11 = {L£,T1,T2} for AT can be defined by
Fl/g\ = — 519/, FQZ]\ = v + 529/; (428)

2) The L-resolvent matriz of A corresponding to the boundary triplet I1 coincides
with that in (4.18).

Proof. 1) For two vectors
(L e (L] [ e
one obtains

(f's 9 = (f. 9 m + (W v)e — (u,v') e = (W', v)e — (u, )
+ (Bl g + Cfv' = Cf o) — (BY '+ Cf o/ = G u. g e
Then the right-hand part of (4.29) takes the form
(Bif', gy = (f', Bigm + (Cof',0") e = (Caf ' 0)c
— (', C1g)z + (u, Cag)e + (u',0) e — (u, )z
= (Cof',Crg') e — (Cof,Cag)e + (CLf ,0) e — (Caf',v)c
— (', C1g)z + (u, Cag)e + (v, ) — (u, )z
= (Cof —u/,C1g —v)e — (C1f —u,Cag’ — ')
Since 0 € p(A, L) one can rewrite the formula (4.26) in the form
At = A+ PO)TL+ O(0)T L.
Due to (4.16), (4.17), (4.24), (4.25) one obtains for every u € £

sore={[ 5 [2])- o= ([0}

It follows from (4.28) that

(4.29)



220 V. Derkach

and hence the mapping I' : AT — L& L is surjective and {£,T';,T'2} is a boundary
triplet for A*.
2) Now one obtains from (4.24), (4.16) and (4.28) that

TP\ o = =X — Ao F(A) T, (4.30)
PN o =0+ ACIF(A\) o, (4.31)
Similarly (4.25), (4.17) and (4.28) imply
—T50(N) v = v — ACa(I, — ABY) " 'Cifw, (4.32)
—T10(\) "o = ACy (I — ABY)1Co. (4.33)

It follows from (4.30)—(4.33) and (4.27) that

. Ip =) | C e Tl o~
Wiz (A) :{ 0£ I }—Al_éll(IH—ABD 1[C’fr C;—)\Cﬂ
and hence
I 0 C ~ = _
ey = Ly 7] 52—3511”””3” e et

(I = ABy) " [ CF _éﬂ>. O

4.4. L-resolvents of A
In the case when ker P is nontrivial we calculated the L-resolvent matrix of the
linear relation Ag(C A). A description of L-resolvents of A is given in Theorem 4.2.
In order to obtain a description of L-resolvents of A we will use the same formula
and specify the set of parameters {p, ¢} € N (£) which correspond to L-resolvents
of A via (4.13).

Recall (see [44]) that every generalized resolvent Prg (A — A)~Yyar of A
corresponding to an exit space selfadjoint extension A in a Hilbert space Ho L,
where H C 7:2, can be represented as

Prgc(A— N = (T(N) = N)7!, AeCy, (4.34)

where T'(A) (A € Cy) is the Strauss family of maximal dissipative linear relations
in H defined by

T\ ={PL.Pf}Y:{f. FYEA f =M eHa L} (4.35)
and P is the orthogonal projection onto H & L.

Proposition 4.8. ([22]) Let A be an ezit space selfadjoint extension of A, let T(\)
be the Strauss family of mazimal dissipative linear relations defined by (4.35),

let {£,T1,T2} be a boundary triplet for AT. Then the pair {p,q} € N(L) is the
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Nevanlinna pair corresponding to A via (4.13) if and only if the pair {p,q} is
related to T () via the formula

q(A)]
I'T'(\) =ran .
W [p(/\)
We will need the following simple statements.
Lemma 4.9. Let under the assumptions of Proposition 4.8 A be a symmetric ex-
tension of A in H® L. Then:
(i) AC A if and only if A C T(\) for some A € Cy;

(ii) Ac A if and only if T4 C ran qugiﬂ for some A € C,.

Proof. (i) The implication = is immediate from (4&5). Conversely, assume that
A C T(N). In view of (4.35) for every {g,g'} € A there are {f, '} € A and
g1 € Hi :=H & 'H such that
f=9+a, f'=¢+. (4.36)
Hence
(f', =g 9)n + Ag1, 91)m, -
Since ﬁ and A are symmetric this implies ¢; = 0. Therefore, {9,9'} € A and hence
AC A
2) The statement (i) is implied by (i) since the inclusion A C T(A) is equiv-

alent to TA C T'T()) = ran Bgﬂ O

It follows from Lemma 4.9 that all Nevanlinna pairs corresponding to gener-
alized resolvents of A have a common constant part TA.

Lemma 4.10. Let A be the symmetric linear relation (4.3), and let {L£,T1,T2} be
a boundary triplet for AT. Then
(i) T'A is a neutral subspace in (£2,J¢) of dimension v := dim Cker K ;
(ii) There is a subspace Lo C L and a Je-unitary operatorV € [L2] such that
V({{0} x Lo)=
Proof. 1) It follows from (4.5) and (4.28) that

T Flg C’lu A
FA—{{FM} geA} {[_CQU}.uekerK}.

Clearly, the subspace T'A is finite-dimensional and dimI'4A = dim Cker K. The
subspace I'A is neutral since for every u € ker K one has

(I'1g,T2g) — (I'1g,I'2g) = (C1u, Cou)c — (Cou, Cru)c
= K(u, Biu) — K(Byu,u) = 0.
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2) Let us decompose £ into the orthogonal sum of two subspaces Lo and £q
L=Ly® Ly,

with dim £y = v. The subspace {0} x Ly is Jg-neutral and hence there exists a
Jc-unitary operator V€ [£?] such that V ({0} x Lo)=TA. O

Let V be the J-unitary operator, constructed in Lemma 4.10. Then

o~

W(A) = (@i (V)7 j=1 = Wi (WV. (4.37)

is also the L-resolvent matrix of Ag with the advantage that the £-resolvents of A
can be easily described in its terms.

Proposition 4.11. The set of all L-resolvents ofg s parametrized by the formula
Pe(A= N7z = (@11 (Ng(N) + Di2(Ap(A) (@21 (N g(A) + Ba2(Mp(A) ™" (4.38)
where {p, q} ranges over the set N(E) of Nevanlinna pairs of the form
p(\) = [ 180 pl(()A) } . g\ = [ 080 ql(()A) } . {pL,@i} € N(Ly). (4.39)
Proof. Let {p,q} be a Nevanlinna pair defined by
)
p(A)

It follows from Lemma 4.9 that the formula

Pe(A=N)"e = (win (NG + wia (V)P (war (NTA) + waa(A)BA)) ™

o laN) S
—V[pm], (0.0} € N(L).

establishes a one-to-one correspondence between the set of all L-resolvents of A
and the set of Nevanlinna families {p, ¢} such that

I'A C ran L‘%E/A\H . AeC,. (4.40)

Since

TA—V [ EJ . and ran [ggiﬂ — Vran [Zgﬂ :

the inclusion (4.40) is equivalent to the inclusion

] cm ). 2een a

which, in turn, means that the pair {p, ¢} admits the representation (4.39). g
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4.5. Description of AIP solutions

To describe solutions of the AIP it remains to combine Theorem 3.3 and Proposi-
tion 4.11. Let the ovf ©(\) be defined by

O\ = [ i ? } W) = (1 A [ gl ] (= AB)~* [Cf —6ﬂ) V (4.42)

2

Theorem 4.12. Let the AIP data set satisfy (A1)—(A3). Then the formula
¥(A) ] { q(A) ] ~ -~ -1
=0(A Ag(A) + A)p(A 4.43
) | e | 5 | @ e+ amouon
establishes the one-to-one correspondence between the set of all normalized solu-
tions {@, ¥} of the AIP(By, Ba,C1,Co, K) and the set of all equivalence classes

of Nevanlinna pairs {p,q} € N(L) of the form (4.39). The corresponding mapping
F: X — H(p,¢) in (C1), (C2) is uniquely defined by the solution {p,1}:

(Fg)(n) = [e() —v(1)] G(n)Pryg (1€ 0O, g€ X), (4.44)
where O is a neighborhood of 0,
G = | L (- uB) ™t (e o),

and Px, is the skew projection onto Xy in the decomposition (4.1).

Proof. Indeed, the description (4.43) is implied by (3.2), (4.38) and (4.42).

Let O is a neighborhood of 0, such that (Iry — pBy) is invertible in M for
pwe Oandlet g e (I —pBi)Xy (1€ O). Applying (C1) to the vector h = h, =
(I — uBy1)~tg, one obtains

(Fg)(A) = (Fhyu)(A) — w(FBihy)(A)
= [e(N)  —v(N)] G(uw)g + (A = p)(FBihy)(N).
Setting in (4.45) A = p, one obtains
(Fg)(n) = [¢(n) —v(w)] G(w)g (€ O,g€ (I~ pBi)Xo). (4.46)
Let g € &b, let g, € (I — uB1)Xy and g, — g. Then taking the limit in
(Fga) () = [p(1)  —(w)] G(1)gn

one obtains (4.44) for g € Xy. To complete the proof of (4.44) it remains to notice
that Fig =0 for all g € ker K. O

Theorem 4.13. Let the AIP data set satisfy (Al), (A2), (A3') and let

o=y § |

= (I—&-i(A—u) [ g;

(4.45)

(By — ABy)"N(By — pBf)™!
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Then the formula

YA | a q(\) . . -
{ o(N) } =6 { o) } (@5 (Na(N) + @ (Vp) ™ (447)

establishes the one-to-one correspondence between the set of all normalized solu-

tions {p,1¥} of the AIP(B1,§2,C'1,C'2,K) and the set of all equivalence classes
of Nevanlinna pairs {p,q} € N(L) of the form (4.39).

Corollary 4.14. Let the AIP data set satisfies (A1l)-(A3), let O(\) be given
by (4.42), and let ranCy = L. Then the formula

m(A) = (611 (A\)a(A) + 012(N)p(N)) (021 (N)g(X) + b22(N)p(N) ™" (4.48)
establishes the one-to-one correspondence between the set of all solutions m(X) of

the AIP(Bl,B37017CQ,K) and the set of all equivalence classes of Nevanlinna
pairs {p,q} € N(L) of the form (4.39).

In the case when the AIP data set satisfy (Al), (A2), and (A43') similar
formula can be written in terms of the mvf ©# ().

5. Examples

5.1. Tangential interpolation problem

Let \; € Cy, & € C4 n; € C (1 < j < n). Consider the following problem. Find
m € N4 such that
m(A)n; =& (1<j<n) (5.1)
The problem (5.1) is called tangential (or one-sided) interpolation problem and was
considered first by I. Fedchina [29] in the Schur class. In [30], [32] the inclusion
of this (and more general bitangential) problem into the scheme of the AIP was
demonstrated.
For the case of Nevanlinna class let us set By = I,,, Bo = diag (A1 ... \p),

Ci=[& - & ], Co=[m - nn ], andlet
p_ |:77k£j - 5;&73} (5.2)
)\j_>\k 7,k=1

be the unique solution of the Lyapunov equation
PBy — B3P = (C5C; — C{Ch. (5.3)

Assume that P is nonnegative and nondegenerate and that ranCy = C?. Then
the data set (B1, Be, C1, (s, P) satisfies the assumptions (A1)—(A3). Consider the
ATP corresponding to this data set. Due to Lemma 2.10 and Proposition 3.5 every
AIP solution is equivalent to a mvf m(-) € N¥¢ and the mapping F : H — H(m)
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in (C1), (C2) is uniquely defined by (4.44). Therefore, the conditions (C1), (C2)
can be rewritten as

(Fu)(A) := [l —m(N)] {gﬂ (By — N 'ueH(m) (ueCh); (5.4)
||Fu||${(m) < (Pu,u) (ueCm). (5.5)

We claim that the problem (5.1) is equivalent to the problem (5.4), (5.5). Indeed,
the condition (C1) takes the form

Sj—m(A)mr
u e H(m), ueC",
[ A=A j=1 )

which implies (5.1). Moreover, if m(-) has the integral representation

m()\):a—kﬂ)\—i-/k(t_l/\ _ l_it2)do(t)7 (5.6)

where a, 3 € C¥*4 o = a*, f > 0 and o(t) is a nondecreasing d x d-valued mvf,
then the vvf (Fu)(A) takes the form

u.

(Fu)(A) = [ﬂ’?j + /R (t _d;)((tt)?E mr

Due to [4, Theorem 2.5] Fu € H(m) and

| Fullfyny = u” {”75 (5 * /R (t— gg)— m) "3} k_ '

m(N;) —m(\)* "
) - )m} .
J Nk G k=1

j=1

(5.7)
=u" [nz

Thus, (5.5) is implied by (5.7) and (5.1).
More general bitangential interpolation problems in the classes of Nevan-

linna pairs with multiple points can be included in the AIP by using the data set
(Bla B2a Clv C2u P)

1) By = Iy, By = diag (J(A\1) ... J(Ae)), where J(A;) is a Jordan cell, cor-
responding to an eigenvalue A\; € C\R of order n; (1 < j < {), n =
ny +ng + - 41y

2)Ci=[& - &, Co=[m - m];

3) P is a nonnegative solution of (5.3).

If the set {\; }521 contains symmetric points then the solution P of the Lya-
punov equation (5.3) not necessarily exists and is not unique. Assume that there
is a nonnegative nondegenerate solution P of (5.3). If ran Cy # C¢ then the AIP
corresponding to the data set (Bi, Ba,C1,Cs, P) can be formulated as follows.



226 V. Derkach

Find a normalized Nevanlinna pair {y, %} such that:

(PO = [p0) o] || (BN e ) ey 68)
||Fu||%(%w)§(Pu,u) (ueCh). (5.9)

One can show that every solution {¢, 1} of the problem (5.8), (5.9) satisfies the
Parseval equality

|Full3(pp) = (Pu,u)  (ueC™).
Regular bitangential interpolation problems in the Schur and Nevanlinna classes
were studied in [42], [10], [26], [32], [9], [7]. Singular tangential and bitangential
interpolation problems considered in [29], [42], [26], [18], [16], [27] can be also
included in the above consideration by imposing the assumption (A2).

5.2. Hamburger moment problem
Let s; € C?4 j e N and let S,, be the Hankel block matrix

Sn = (Si+j)2j:0'

A C%*9_yalued nondecreasing right continuous function o (#) is called a solution of
the Hamburger moment problem if

/tjdo-(t) —s, (jeN). (5.10)

It is known (see [2], [12], [36]) that the Hamburger moment problem (5.10) is
solvable iff S;,, > 0 for all n € N. Due to Hamburger-Nevanlinna theorem a function
o(t) is a solution of the Hamburger moment problem (5.10) if and only if the

associated mvf % dolt
m(\) = / o(t)

o t— A

has the following nontangential asymptotic at oo

S0 S1 San 1

m(A) ~ N a2 T aentt +O(>\2n+2)

(A So0) (5.11)

for every n € N.
Let £ = C%, let X be the space of all vector polynomials

hX)=> hX’, hjecL, (5.12)
3=0
and let the nonnegative form K (h,h) be defined by
K(h,h) =Y (sj4rhj, hi)c. (5.13)
k=0

Assume that all the matrices S,,, n € N are nondegenerate and consider the closure
H of the space X endowed with the inner product K(-,-). Then the closure M of
the multiplication operator M, in X is a symmetric operator in H. The moment
problem (5.10) is called indeterminate if the defect numbers of M are equal to d.
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As was shown in [13] the scalar moment problem (d = 1) is indeterminate if and
only if there exists § > 0 such that

Sp>60>0 foralneN. (5.14)

Slight modification of the proof of this statement in [13] shows that the condi-
tion (5.14) is also necessary and sufficient for the moment problem (5.10) to be
indeterminate for arbitrary d.

Let us consider the abstract interpolation problem in the class N%*? cor-
responding to the indeterminate moment problem (5.10). Define the operators
By,By: X — X and C,(s : X — L by the equalities

h(X) — ho

x o Beh=h Cih= > sjihy, Coh=—h(0).  (5.15)

Jj=1

Bih =

Then the data set (By, Ba, C1, Co, K) satisfies the assumption (Al). Clearly, (A2)
is in force, since ker K = {0}. Let us show that (A3) is fulfilled.

Proposition 5.1. The operators By, C1,Cy admit continuous extensions to the op-
erators By € [H], and C1,C5 € [H, L].

Proof. Let By be the closure of the graph of the operator B;. Then
Bt = {{h,Mh+u}: h e dom M, u e L}.

As was shown in [36] p(M, L) = C in the case of indeterminate moment prob-
lem (5.10). In particular, 0 € p(M, L), that is

ran By =ranM + £ ="H, kerBj'=ran M N L = {0}.

Therefore By is the graph of a bounded operator in H for which we will keep the
same notation.
It follows from (5.14) that for every polynomial h € X

B3, = K (h,h) = > hisjrhy =6 > |hyl* = 6]lhol>.
J,k=0 4,k=0

Therefore,
1
ICahl> < lIbl%

and, hence, the operator Cy : X C H — L is bounded. Let us note that the
boundedness of Cy is implied also by the fact that 0 € p(M, L), since Coh =
P (0)h, where Py o(N) is the skew projection onto £ in the decomposition
H=ran(M —\) + L.

The boundedness of Cy : X C ' H — L is implied by the equality

h(X) = h(0)

(Cihyu)e = K ( .

,u) = K(B1h,u). (5.16)
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Indeed, it follows from (5.16) that
|(Cyh,u)z| < K(Bih, Bih)Y2K (u,u)/?
= || Bih||4(s0u, u)'/?
< 1Bulllsg” 1Pl

and hence Cy is bounded and ||Cy]] < ||Bl||||s(1)/2||. O
Remark 5.2. The definition (5.15) of C} can be rewritten as
C1h = h(0), (5.17)
where the adjacent polynomial h is defined by
~ h(X)—h(A
(h(A),u)g =K (X) = A ),u , u€eL. (5.18)
X=X
Let us consider the [H, £?]-valued operator function
G = [ < } (I-AB)™!, AeC. (5.19)
2

Recall some useful formulas (see [33])
Xh(X) = Ah(N)
X - ’
Ci(I = AB))'h = h(\), Cy(I —ABy)"‘'h=—h(}). (5.21)
The corresponding abstract interpolation problem can be formulated as follows.
Find a Nevanlinna pair {p,1} € N(C%), such that

Fh:=[p(\) —¥(N)] GMNh € H(p, ); (5.22)
IFR||3(p ) < K (B, R) (5.23)

(I -=\By) 'h= (h € X). (5.20)

for all h € X.

Since the operators By, Bs = I satisfy the assumption (U) the mapping F :
X — H(p, ) corresponding to the solution {p, 1} of the AIP is uniquely defined
(see Proposition 4.44). Moreover, since ran Cy = L it follows from Lemma 2.10 that
any solution {(, 1} of the AIP is equivalent to a pair {1, m(\)}, where m € N4x4.

Theorem 5.3. Let m be a solution of the AIP(By, Ba,Cy,Cso, K), which assumes
the integral representation (5.6), and let F' : X — H(m) be the mapping corre-
sponding to m via the formula (Fh)(X) := [Ig  —m(X\)] G(A\)h, h € X. Then:

1) o is a solution of the Hamburger moment problem (5.10);

2) for every polynomial h € X one has

(Fmy) = [

— 00

> do(t)h(t)
t—X 7
[ER|3(y = K (B, R). (5.25)

(5.24)
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Proof. For a monic polynomial h = uX7 (u € £) one obtains from (5.15)—(5.19)

(Gh)(A) = [ g; } (XTI 42X 4 M)

[ (M lso+ -+ Asja+sj1)u
—MNu
and hence
(Fh)(N) = [ Ia —m(X) |G(\)h
=Nm\) + N sg+ -+ sj-1)u

_/—oot_)‘ o(t)u.

When j = 0 it follows from (5.26) and Lemma 2.12 that m()\) = O(1) if A=oo.
Setting j = 1 one derives from (5.26) that

Am(A) +so =0(1) (A=o00).
Therefore, m(A\) = O(3) and applying Lemma 2.12, (ii) gives

(5.26)

S 1
m(\) + ; =0(,,).

Similarly, for A = uX™ one obtains from (C1) (A"m(\) +soA" L + -+ 5, 1)u €
H(m), or by Lemma 2.12, (ii)
50 Sn—1 1
m(A)+>\+-~-+ \n O(/\n+1)

for arbitrary n € N. In view of the Hamburger-Nevanlinna theorem ([2]) this
implies that o is a solution of the Hamburger moment problem (5.10).

For arbitrary polynomial h = 377 ;u;X7 € X the formula (5.26) can be
rewritten as (5.24). Applying the formula for the inner product in H(m) (see [4,
Theorem 2.5]) one obtains

| Fh|Z iy = / (do(t)h = 3 (sy4x5, uk)e = K(h,B).

J,k=0

This proves (5.25).

Conversely, let ¢ be a solution of the Hamburger moment problem (5.10).
Then it follows from (5.24) and Theorem 2.5 from [4] that Fh € H(m) for arbitrary
polynomial A € X. This proves (C1). (C2) is implied by the equality (5.25). O

To calculate the L-resolvent matrix let us introduce a system of matrix poly-
nomials { P, (\)}52, orthogonal with respect to the form K:

K (Pju, Pyo) = v*udjy, u,v€C%jkeN

and a system of adjacent polynomials { Py (\)}°,

~ P — P
v P (\Nu = K( k(ti_ )\k(/\)u,v) . uw,veCh keN.
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Proposition 5.4. For every u € L the following formulas hold

Ciu=> P(t)Pe(0)u, Cfu=— Pu(t)P:(0)"u. (5.27)
k=1 k=0

Proof. Indeed, for every j € NU {0}, u,v € £ one obtains from (5.15), (5.17)
(Cifw, Piv)s = (u, CrPv)e = (u, P(0)v)z

= (Pj(0)"u,v)y = (Z Pk(t)ﬁk(O)*u,Pjv> :
k=1

H
(CFu, Pjv)y = (u,CoPjv)e = —(u, Pj(0)v)z

= —(Pi(0)*u,v)n = — (Z Pk(t)Pk(O)*u,Pjv) . O
k=1 H

Applying the formulas (4.18), (5.21) and (5.27) one obtains the resolvent
matrix O(\):

011 (Nu=u+ACy (I —ABy)~ (Zpk )P: (0 ):(HAiﬁk(A)Pk(O)*)u,
k=0
012N u=AC1 (I —ABy)~ (Zpk )P (0 ):Aiﬁk(x)ﬁkm)*u,
k=0
021 (N u=ACo(I —AB;)~ (ZPk )Py (0 )z—AéPk(A)Pk(O)*u,
Oas (N u=u+ACo(I —ABy)~ (Zpk )P (0 ):(I—AiPk()\)ﬁk(O)*)u.
k=1

Application of general result in Corollary 4.14 gives the well-known description of
solutions of the moment problem (5.10)

87 = En0a0) + 20p0) 61 (a) + 622 Np() L, 628

when the pair {p, ¢} ranges over the class Nixad,

5.3. Truncated Hamburger moment problem

Let S, S1, ..., 52, € C*4 A C™?_yalued nondecreasing right continuous function
o(t) is called a solution of the truncated Hamburger moment problem if
/tjda(t) =s; (j=0,1,...,2n—1) (5.29)

/ 27 4o (t) < san. (5.30)
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It is known that the problem (5.29)-(5.30) is solvable if and ounly if S,, > 0. A
solution ¢ of the problem (5.29)-(5.30) is called “exact”, if [¢*"do(t) = son.
Singular truncated Hamburger moment problem has been studied in [20], [15], [1].

Theorem 5.5. ([15]) Let Sp = (i) j—¢ € CHUTI*AMHD) —pe o nonnegative
block Hankel matrixz. The following assertions are equivalent:

1) The problem (5.29)—(5.30) has an “exact” solution;
2) S, admits a nonnegative block Hankel extension Syy1.

The equivalence (1) < (2) was proved in [15]. Moreover, it was shown in [15]
that if the conditions 1)-2) in Theorem 5.5 fail to hold then one can replace the
right lower block in the matrix S,, in such a way that the new matrix S, =
(8i1,)1 =0 satisfies 1)-2) in Theorem 5.5 and the sets Z(S,) and Z(5},) coincide.

In what follows it is supposed that S,, satisfies the assumptions 1)-2) of
Theorem 5.5. We will need also the following statement from [15].

Lemma 5.6. Let a block Hankel matrix S,, = (3i+j)?,j:o satisfy the assumptions of
Theorem 5.5 and let the matriz T € CN*N (N = (n + 1)d) be given by

04 14
T = :
0q Ig4
04
Then there exists a matriz X = X* € CN*N of rank X = rank S,, such that
XS5, X=X, 5,XS,=5,, TranX CranX. (5.31)

Let X be the space of vector polynomials h(X) of the form (5.12) of formal
degree n and let the form K(-,-) be given by (5.13). Define the operators By, By :
X — X and C1,C5 : X — L by (5.15). Then the data set (B1, Be, C1,Cs, K) sat-
isfies the assumption (A1l). Choosing the basis 1, X,..., X™ in X’ one can identify
X with CV and then the form K(-,-) is given by

K(h,g) = (Suh,g), h,geCY, N=(n+1)d.

The operators B, Bs and Cp,Cs can be identified with their matrix representa-
tions in this basis

By =T, By;=lIy, (5.32)
Cy = [0 s ... sn,l] , Oy = [—Id 0 ... 0} . (5.33)
Then By — ABy = Iy — AT is invertible for all A € C\ {0} and
I; ... M\l

- Cl} (5.34)

pr— J— _1 - .
G\ = [CJ (In = AT) {02 :
14
Since the operators By = T, By = Iy satisfy the assumption (U) and ranCy =
C? the mapping F : X — H(p,1)) corresponding to the solution {¢,?} of the
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AIP(By,Bs,C1,Cs, K) is uniquely defined and any solution {¢, %} of the AIP is
equivalent to a pair {I;, m(\)}, where m € N9*?. The corresponding AIP can be
formulated as follows:

Find a Nevanlinna mvf m € N%*4 such that:

(C1) Fh=[I; —m(N)]G(\h € H(m) for all h € X;
(C2) [|[FR|3n) < (Suh,h) for all h € X.

Proposition 5.7. Let m be a solution of the AIP(By, Ba,C1,C4,S,,). Then m ad-
mits the integral representation

m(\) = /  do(t) (5.35)

o t—A
where o € Z(Sy,). Conversely, if o € Z(S,,), then m is a solution of the AIP.

Proof. Necessity. The same arguments as in the proof of Theorem 5.3 show that
(C1) implies

m) + %+t oo L) 05, (5.36)
Let m(A) have the integral representation (5.35) and let us set
§W=4Vwm (j=0,1,...,2n). (5.37)
It follows from (5.36) that
sgm):sj for j=0,1,...,n—1. (5.38)

The rest of the equalities (5.29) and the inequality (5.30) are implied by (C2).
Let us show that for every polynomial h(X) = E?:o u; X7, wuj € CY, the
following equality holds

PR oy = D qu§T,luj. (5.39)
7. k=0

Indeed, it follows from (5.26) that

(Fh)(A) = [m(X) dm(A)+s0 ... A"m(A)+X""lsg+ -+ sp_1]u
[ [ do(t) tdo(t) t"do(t) (5.40)
= [/Rt_A /Rt_A /R 7w ),
where u = col (ug, u1, . . ., un) € C»TH9 Due to [4, Theorem 2.5]
1ER | Fymy = w55, (5.41)
where

n

(5.42)

sem =[]

i,j=0
Then the inequality st < 8, in (C2) and (5.38) imply that (5.29) and (5.30)
hold.
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Sufficiency. Let o € Z(S,,) and let m be defined by (5.35). Then it follows
from (5.40) that (C1) holds.
The condition (C2) is implied by (5.41), (5.29) and (5.30), since

||Fh||§{(m) =u* Sy <u*Spu, weCV. O

In the regular case (when det.S,, # 0) the solution matrix ©(\) can be cal-
culated by (4.42). Since C; = S;1Cf and Cy = S, 1C3 one obtains from (4.42)

n

Ch

O(\) :Igd—/\{ o

} (I~ NT) 150 [0 —ci].

Then by Corollary 4.14 the formula (5.28) establishes the one-to-one correspon-
dence between the set of all solutions ¢ of the truncated moment problem (5.29)—
(5.30) and the set of all equivalence classes of Nevanlinna pairs {p, ¢} € Ndxd,

In the singular case (det S,, = 0) let us consider the matrix X € CV*¥ which
satisfies (5.31). Then the decomposition

X =ranX + ker S,

satisfies the assumptions (A2), (A3), since Tran X C ran X, and the solution
matrix ©()\) takes the form (4.42). Now, let us calculate the operators C, Cy :
L — 'H. For arbitrary h = Xg € ran X, u € £ and 7 = 1,2 one obtains

(Ong7u)(Cd = (Xg7Cj*u)(CN
= (Xg,SnXC']*u)(CN
= (Xg,XCju)n.

Therefore, O} = XCf, CF = XCj, and the mvf ©O()\) takes the form
Cl -1 * *
o) = (Im A [ o } (I = AT) X [C —CJ) V. (543)

where V' € C2?%2d ig a unitary matrix such that

vy Cl o 0 S1 e Sn—1
V({{0} xC")= [—02} ker S, = [Id 0 0 }kerSn
and
v = dim 0 51 oo Sn ker S,
- —I; 0 ... 0 "

Then by Corollary 4.14 the formula (5.28) establishes the one-to-one correspon-
dence between the set of all solutions ¢ of the truncated moment problem (5.29)—
(5.30) and the set of all equivalence classes of pairs {p, ¢} € N9* of the form (4.39).
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On the Strong Kreiss Resolvent Condition
in the Hilbert Space

Alexander Gomilko and Jaroslav Zemanek

Abstract. It is proved that if an operator T" on a Hilbert space satisfies the
strong Kreiss resolvent condition then so does the operator 7™ for any m € N.
Mathematics Subject Classification (2000). Primary 47A10; Secondary 47D03.

Keywords. Hilbert space, resolvent, Carleson embedding theorem.

1. Introduction

Let H be a Hilbert space with inner product (-,-) and norm || - ||, and let L(H)
be the algebra of bounded linear operators on H. We denote the spectrum of
T € L(H) by o(T), the identity operator on H by I, and the resolvent of T by
R(T,\) = (T — X)), Mg o(T).

Let us recall (see, e.g., [1], [2]) that an operator T' with spectrum in the unit
disc is said to satisfy the strong Kreiss resolvent condition with constant M > 1 if

M
|RF(T, \)|| < (N — 1) for all [\| >1, andk=1,2,... . [SR]
We recall that the condition [SR] is equivalent to the condition
e*T|| < Mell, for all z € C. (1.1)

In this article we prove that if the condition [SR] holds for an operator T then
it also holds for the operator T, for any integer m > 2 (with constant depending
on m). It means that if the condition (1.1) holds then there exists M, > 1 such
that

[T || < My,el?! for all z € C. (1.2)

Research partially supported by “TODEQ” MTKD-CT-2005-030042. The first author partially
supported by grant 0107U000937, Ukraine.
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2. Auxiliary results

We intend to use the Carleson embedding theorem [3, Ch. 2, §3]. To this end, we
need the following assertion.

Lemma 2.1. Let o € (0,1), ¢ > 1 and let v be the Jordan curve in the complex
plane defined by
y={A*: A=0+1is, s € (—00,0)},
where \* = |\|®ei*¥8A arg X\ € (—7/2,7/2). Then for any sy € R and h > 0
the length 1(vs,(h)) of the curve vs,(h) = vy N {Imz € (so, 80 + h)} satisfies the
estimate
2v/2

e, () < =¥ 7 1)

Proof. We note that v = {f(s) +ig(s) : s € (—o00,00)}, where the real-valued
functions
f(s) = (6% 4 s%)*/2 cos(a arctan(s /o)),

g(s) = (0% + s*)*/? sin(a arctan(s /o)), (2.2)
satisfy f(—s) = f(s), g(—s) = —g(s), and for s > 0 they are positive and mono-
tonically increasing.

It follows directly from the definition (2.2) that
d'(s) = a(0?® + s?)*/?* ssin(aarctan(s /o)) + o cos(aarctan(s/o))],
and if z(s) = f(s) +ig(s), then
2 () = (1f' ()1 +19'(5)])/? = alo? + s%)*/271/2,
Thus we have the following equality
12'(s)| _ (0% + 7)1/
g'(s)  [ssin(aarctan(s/c)) + o cos(a arctan(s/o))]’
From this and the inequalities cos(ar/4) > 1/v/2, sin(an/4) > a/2, a € (0,1),
one derives the estimates

’ 2 ’ 2 2v/2
Ol V2 g s @I V2 BV2 L
g'(s) cos(am/4) g (s) sin(am/4) e
so that the inequality
2'(s)] _ 22
R 2.3
/(S) = o ) s € ) ( )

is true.

Let sgp € R and let so > s1 be such that g(s1) = so, g(s2) = so + h, and that
the curve 7 intersects the lines Imz = sp and Imz = sg + h at the points z(s1)
and z(sz2), respectively. Then, in view of (2.3), we have

2 2 2
° ° |ZI(S)| / 2\/2 s ’ 2\/2
17y, (h :/ z’stZ/ g’ (s)ds < g'(s)ds = h.
(na) = [ 1 s = [ gy <5V [ g pas =7
The proof of the lemma is finished. O
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Suppose the plane Jordan curve v belongs to the half-plane Re z > 0. Recall
[3, Ch. 1, §5] that  is called a Carleson curve, if there exists a constant N(v) > 0
such that

(v N Qs (h) < N(y)h

for all squares
Qsy(h) ={z€C: Re € (0,h), Im=z € (sg,50+ h)}.

From Lemma 2.1 we obtain the following assertion.

Corollary 2.2. For any m € N, m > 2, o > 1 the curve
Lo ={A" =0 : A=0+1is, s € (—0,00)}, amy=1/m,
is a Carleson curve such that
I(Tmo N Qsy(h)) < 2v2m h.
In the next considerations we need the following assertion (see [4]).

Lemma 2.3. For an operator S € L(H) with the spectrum in the half-plane Re A <
1, the following assertions are equivalent:
1) the estimate
S]] < Me*, ¢ >0, (2.4)

18 true;
2) there exists C > 0 such that for all x,y € H the inequality

o+1i00
sup(o=1) [ I(R(S N 9)| [N < Clalo] (25)

holds.

Furthermore, if the assertion 1) holds, then the estimate (2.5) is true with the
constant C = 2xM?, and if the assertion 2) holds, then the estimate (2.4) is true
with the constant M = eC/m.

From Corollary 2.2 and Lemma 2.3, we deduce the following statement.

Lemma 2.4. Let S € L(H) satisfy the estimate (2.4). Then its spectrum lies in the
half-plane Re X < 1, and there exists an absolute constant Cy > 1 such that for
any m € N, m > 2, and for all ¢ > 1 we have

TH (RS, A )z, )|

Jmp(x;y) = (U - ]-)/ ) |)\|2(1—1/m) |d)‘|
< 8 M2Cym? ||| ||yl Va,ye H, (2.6)

7| (R(S, A/
Gmo = (00— 1)/(; I |)(\|21/m )l |d\ < V2rM(m +1). (2.7)

—1i00
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Proof. The Hille-Yosida theorem [5, Chap. 9] and (2.4) imply the first (spectral)
assertion. If m = 1, then by Lemma 2.3
o+100 ) )
Ji0(z3y) = (0 = 1)/ [(R7(S, Az, y) [dA] < 2nM7[||lllyll, o >1. (2.8)

T —100

Let now m > 2. By the change of the integration variable in (2.6):

z=A\/m = |)\|1/me“’fla‘rg>‘7 arg\ € (—m/2,m/2),

we get
Jmaw=mw—n/’|“%i??wuw|
<ml®™ i)gl/m / [(R*(S, 2)z,y)) |dz], (2.9)

where Vo = {2 =X A =0+1is, s € (—00,0)}, @, = 1/m. From (2.8) it
follows that the function (R?(S,z + c®m)x,y) is analytic for Re z > 0 and belongs
to the Hardy space H' in the half-plane Re z > 0. Moreover

/,6’+ioo 2 M|z |||

IR S, 20 Yo, g) s = sup [ (RS, 2oy de) < 7 1

B>0 JB—ico

Then, using Corollary 2.2, the Carleson embedding theorem and the estimate (2.9),
we obtain

-1 1/m
Jm,a‘(x) < C(12\/27”2 (J O-)J ”(R2(S,Z =+ O'am)x7y)||H1
m?(o — 1)ot/™
< 4V2rM*C
<avemarcy™ 170 D7 " il
< 8rM2Cym3||z| |y oc>1,m>2,

where C; > 1 is the constant from the Carleson embedding theorem for the space
H*! on a half-plane. Hence the inequality (2.6) holds.
To derive (2.7), we note that the resolvent of S admits the estimate

M
IR NI < Y ReAs L

Then, using the inequalities

cos(n/(2m)) > 1/vV2, o —1<mo(c"/™ —1),

(52 4+ o) ™) cos(m ™' arctan(s/o)) > o/ ™,
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where ¢ > 1 and m > 2, we have for o > 1:
otico EN
(Re AL/m — 1)|A[2-1/m
2M (o —1) /OO (52 + o)1/ ™) cos(m ' arctan(s /o)) ds
= cos(m/(2m)) ((s2 4 02)1/(m) cos(m—" arctan(s/c)) — 1)(s2 4 02)

m)
< oot o) (1 * gt 1) A

) < MV2r(m +1).

Gum.o < M(o — 1)/

o—100

— M (0 —1) 1
=M o cos(m/(2m)) (1 T om

The proof of the lemma is complete. (|

3. Main result

Theorem 3.1. Let m € N, m > 2 be fized. Let the operator S € L(H) satisfy the
conditions:

eS| < Me?,  t>0, k=1,2,...,m, (3.1)
where v, = e2™F/™ are the m-th roots of the unity. Then there exists such a
constant M,, > 1 that

€57 || < Mynet, t>0. (3.2)

Proof. From (3.1) it follows that the spectrum o(S) is contained in €, := {\ €
C: RevgA <1, k=1,2,...,m}, that Qo = {A € C: |[Re )| < 1}, and for m > 2
the set Q,, is the regular m-angle polygon circumscribed to the circle |A| =
with points of contact A = vy, k = 1,2,...,m. Hence u™ € o(S™) if and only if
wea(S)CQpy

Observe further that

—-m m — 1 -
R(S™,w™) = (/)" =7 = > RwSp), & Q. (3.3)
k=1
In particular, (3.3) holds for Re g™ > 1. From (3.3) we obtain
1 d
R(S™ ™) = oy o RS™ ) (3.4)

1
T m2p2(m=1) {ZR (viS, ) — ZR Vksu}, Rep™ > 1.

Thus, using (3.4), we have

o+1i00 - o+100 RQ v S )\1/ T,y
[ s eyl < 22/ e ax

o+1i00 VS)\l/m
4+ ||x||||y||§j/ IRGAS Ay oy
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Then, using Lemma 2.4 for the operators 1S, k =1,2,...,m, we obtain
o+1t00 2 M
(0 - 1)/ (RS N, y) A < . (AMCim® + (m* = 1))||z|[||y]

< 2mm?M (4MCy + 1)||z|ly]l-
Then, according to Lemma 2.3, we conclude that the estimate (3.2) is true with
M,, = 2em?M(4MCy + 1). (3.5)
(|

The following theorem is the main result of the paper. It is an immediate
corollary of Theorem 3.1.

Theorem 3.2. Let T be a bounded linear operator on a Hilbert space H satisfying
the strong Kreiss resolvent condition [SR]. Then for any m € N, m > 2, the
operator T™ satisfies the condition [SR] with the constant My, defined by (3.5).

Added in proof. A different approach, in the Banach space setting, also concerning
the converse implication, is in preparation.
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Anatomy of the ("*-algebra
Generated by Toeplitz Operators
with Piece-wise Continuous Symbols

Sergei Grudsky and Nikolai Vasilevski

Abstract. We study the structure of the C*-algebra generated by Toeplitz
operators with piece-wise continuous symbols, putting a special emphasis on
Toeplitz operators with unbounded symbols. We show that none of a finite
sum of finite products of the initial generators is a compact perturbation of a
Toeplitz operator. At the same time the uniform closure of the set of such sum
of products contains a huge number of Toeplitz operators with bounded and
unbounded symbols drastically different from symbols of the initial generators.

Mathematics Subject Classification (2000). Primary 47B35; Secondary 47C15.

Keywords. Toeplitz operator, Bergman space, piece-wise continuous symbol,
unbounded symbol, C*-algebra.

1. Preliminaries

In the paper we continue a detailed study of the C*-algebra generated by Toeplitz
operators T, with piece-wise continuous symbols a acting on the Bergman space
A?(D) on the unit disk D in C, which was initiated in [4, 6].

We start by recalling the necessary definitions and results of [4].

Let D be the unit disk on the complex plane and v = JD be its boundary.
Consider the space Lo (D) with the standard Lebesgue plane measure dv(z) = dxdy,
z = x +iy € D, and its Bergman subspace .A?(D) which consists of all functions
analytic in D. It is well known that the orthogonal Bergman projection B of Lo(D)
onto A?(D) has the form

m o (1- 202
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Given a function a € L., the Toeplitz operator T, with symbol a is defined as
follows:

T,: ¢ € A%(D) — Bl(ay) € A%(D).

As was already mentioned in [6], considering Toeplitz operators with piece-
wise continuous symbols, it turns out that neither the curves supporting symbol
discontinuities nor the number of such curves meeting at a boundary point of
discontinuity play actually any essential role for the Toeplitz operator algebra
studied. We can start from very different sets of symbols and obtain exactly the
same operator algebra as a result. Thus, without loss of generality, we will use the
same setup as in [4].

We fix a finite number of distinct points T' = {¢1,...,¢;,} on the boundary
~ of the unit disk D, and let

= min{[ty —t;], 1}.
0 = min{lty —t;], 1}

Denote by ¢, k = 1,...,m, the part of the radius of D starting at ¢; and having
length 6/3; and let £ = [J;—, £x. We denote by PC(D,T) the set (algebra) of all
functions piece-wise continuous on ) which are continuous in D\ £ and have one-
sided limit values at every point of £. In particular, every function a € PC(D,T)
has at each point t; € T two (different, in general) limit values:
- _ _ . + _ _ .
a” (ty) = a(ty—0) = ’yatiltrkr}t<tk a(t) and a"(ty) = a(ty+0) = vatlltr:}wtk a(t),
where the signs + correspond to the standard orientation of the boundary v of D.
For each k = 1,...,m, we denote by xx = xx(z) the characteristic function
of the half-disk obtained by cutting D by the diameter passing through ¢, € T,
and such that x; (tx) = 1, and thus x;, (tx) = 0.
In [4] we define the functions vy, = vi(2), k = 1,...,m, as follows. For each
k=1,...,m, we introduce two neighborhoods of the point ¢:

) )
Vk’:{ze]]]):|z—tk|<6} and Vk”:{ze]]]):|z—tk|<3},

and fix a continuous function vy = vi(z) : D — [0, 1] such that

vk|vk, =1, Uk|lD)\Vk” =0.
But in this paper we need to make the functions vy = vi(z) more specific. For
each kK =1,...,m, we introduce the Mobius transformation
At — 2
ap(z) =1 , 1.1
=it (1)

which maps the unit disk D onto the upper half-plane II, sending the point g
to 0 and the opposite point —t; to co. We assume now that each vy, = vi(2) is
a C*®-function and that the function vg(ay '(2)) = Uk (r) depends only on r, the
radial part of a point z = re'? € II.
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We denote by 7(PC(D,T)) the C*-algebra generated by all Toeplitz opera-
tors T, whose symbols a belong to PC(D,T'). It is well known that this algebra is
irreducible and contains the entire ideal K of all compact on .A?(ID) operators.

Recall that the main reason causing a quite complicated structure of the
algebra 7 (PC(D,T)) was that the semi-commutator [T,,T) = ToTp — Tap, for
a,b € PC(D,T), is not compact in general (while the commutator [1,,T] =
T, T, — T,T, is always compact).

This implies that the algebra 7 (PC(D,T)), apart from its initial generators
T, with a € PC(D,T'), contains all elements of the form

ST, (1.2)

and the uniform limits of sequences of such elements.

In what follows we will need the description of the (Fredholm) symbol algebra
Sym7 (PC(D,T)) =7 (PC(D,T))/K of the algebra T (PC(D,T)), which we now
proceed to characterize.

Let 4 be the boundary 7, cut at the points ¢, € T. The pair of points of ¥
which correspond to the point t, € T, k = 1,...,m, will be denoted by t; — 0 and
tr, + 0, following the positive orientation of 7. Let X = | [}*; Ay be the disjoint
union of segments Ay = [0, 1];. Denote by I' the union ¥ U X with the following
point identification:

tr — 0= 0, tr +0 =14,
where t =0 € 7, 05 and 1j are the boundary points of Ag, k=1,...,m.
Theorem 1.1 ([7, 8, 9]). The symbol algebra Sym T (PC(D,T)) =7 (PC(D,T))/K
of the algebra T (PC(D,T)) is isomorphic and isometric to the algebra C(I"). The
homomorphism

sym : T(PC(D,T)) — Sym T (PC(D,T)) = C(I")

is generated by the mapping of generators of T(PC(D,T))

sym < T, s a(t), tey
e a(ty —0)(1 —z) + a(ty + 0)z, z€0,1]x ’

where t, € T, k=1,2,...,m.

The following results were, in particular, obtained in [4].
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Theorem 1.2. FEach operator A € T(PC(D,T)) admits the canonical representa-
tions

A= TSA + ZTkaA,k(TXk)Tvk + K
k=1

at ZTuka,k(TXk) + K
k=1

=T, At Z ank(TXk)Tuk + KU?
k=1

where uy(z) = vi(2)%; K, K', K" are compact operators,

far(z) = (symA)|a,, x € [0,1], k=1,....,m
sa(t) = (sym A)(t) = > vR(6)[far(0)(1 = x(t) + far(1)xn(t)]. (1.3)
k=1

We mention that s4(¢) is a function continuous on 7 and that s4(t;) = 0 for
all t, € T

The next two theorems characterize Toeplitz operators with bounded mea-
surable symbols in the algebra 7(PC(D,T)).

Theorem 1.3. An operator A € T(PC(D,T)) is a compact perturbation of a
Toeplitz operator if and only if each operator fai(Ty,), k=1,...,m, is a Toeplitz
operator.

Theorem 1.4. Let A=T,+ K € T(PC(D,T)), thus, for each k = 1,...,m, the
operator fa p(Ty,) is Toeplitz, i.e., far(Ty,) = Ta,, for some ar € L ( ). Then
the symbol a of the operator T, is

a(z) = sa(2) + Y ak(2)vi(2),

k=1
where sa(z) is given by (1.3).
The functions fa, k(ac ,x € [ 1], and the symbols ar(z) of the Toeplitz oper-
ators To, = farx(Ty,), k= ,m, are connected by the formula
9222 In(1 — z) —lnz [7 1 b
z* In(l —z) —lnx —z\ "
= ar (0 do
sk =2 T [ao (1)

where ay,(0) = ax(ay, ' (€'?)), where 0 is the angular part of z = re? € 11, and ay,
is given by (1.1).

Anticipating and motivating a further study we give an example showing how
monstrous the symbols of Toeplitz operators from 7 (PC(D,T')) can be.
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Example. Consider the algebra 7 (PC(ID,Ty)) for the special case of the disconti-
nuity set Ty = {t1,t2}, where to = —t;. Then the Toeplitz operator

Ty, = T + Ty + T

X1v7

lfxz)vg + K;

where s(z) is a function continuous on ) whose restriction on 7 coincides with
x1(8) = x1(Hvi (1) — (1= xa(8)v3 (1) = xa(£) (1 — i (t) — v3 (1))

and K is a compact operator, obviously belongs to the algebra 7 (PC(D, Ty)). And
thus for each function f(z) € C[0,1] the operator f(T),) belongs to the algebra
T(PC(D,Tp)) as well.

Introduce the space Lo(IT), with the usual Lebesgue plane measure, and its
Bergman subspace A?(IT) which consists of all functions analytic in II. For each
ti € T, the operator

(V) (2) = — )2 ¢ (ar(2)) (1.4)

(z 4+t

is obviously the unitary operator both from Ly(IT) onto Lo(D), and from A% (IT)
onto A?(D), and its inverse (and adjoint) has the form

_ 24ty _
1 1
It is obvious that
ViTy Vi ' =Ty, ,

where x4 is the characteristic function of the right quarter-plane in II, and that
this unitary equivalence implies that

f(TXk) = Vkilf(TX+)Vk~ (1.5)
Now for ¢1 € Tp, let ap(z) be a function on the unit disk such that
a0(0) = ag(ag ' (e)) = (sin @) 7 sin(sin §) ~°,

where 0 < 8 < 1 and a > 0.
By Example 6.4 of [4] the Toeplitz operator T4, is bounded on A?(II) and
belongs to the algebra generated by T, Moreover for the function

260
222 In(1 —x) —1 T 1— .
folz) = :_ n((l _i)) B ;x/o (sin §) 7 sin(sin ) ( . x) de,
which belongs to C[0, 1] and obeys the property fo(0) = fo(1) = 0, we have that
Ty = fo(Ty. ). Thus the Toeplitz operator
Ty = fo(Txa) = Vi fo(T )i = Vi ' TaVa

belongs to the algebra 7 (PC(D, Ty)).
We note that the symbol ag(z) is quite horrible, being unbounded and oscil-
lating near every point of v\ T" and having quite a complicated angular behavior
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approaching the points of T. At the same time the (Fredholm) symbol of the
operator T, has quite a respectable form:

0, ten
symTy, = ¢ fo(x), x e A =10,1]
fol—2), zeAy=10,1]

We describe now some results of [10] which we will use in the paper.
Passing to polar coordinates on the upper half-plane IT we have

Lo(IT) = Lo (R, rdr) @ Lo([0, 7], df) := La(Ry,rdr) @ La(0, 7).
We introduce two operators: the unitary operator
U=M®&I: Ly(Ry,rdr) @ La(0,7m) — Lao(R) ® Lo(0, m),
where the Mellin transform M : Lo(Ry, rdr) — Lo(R) is given by

a0 = [ it

and the isometric imbedding Ry : L2(R) — A? C La(R x [0, 71]), which is given by

(Rof)(A\0) = f(A) - \/1 _2;:27“\ o~ (A0

The adjoint operator R : La(R x [0,7]) — L2(R) has the form

wion =, P [Ce0n et
Now the operator R = R§U maps the space Ly(II) onto La(R), and its restriction
Rz : A*(IT) — La(R)
is an isometric isomorphism. The adjoint operator
R* =U*Ry : Ly(R) — A*(II) C Lo(T0)

is an isometric isomorphism of Lo(R) onto the Bergman subspace A?(II) of the
space Lo (II).
We have

RR*=1: Ly(R) — Ly(R) and  R*R= Bp: L(Il) — A%(II),

where By is the orthogonal Bergman projection of Ly (II) onto A?(II).

Denote by H(L1(0,7)) the space of all functions homogeneous of zero order
on the upper half-plane whose restrictions onto the upper half of the unit circle
(angle parameterized by 6 € (0, 7)) belong to L1(0, 7). Writing a = a(6) we will
often mean both a function from L;(0,7) and its homogeneous extension on the
upper half-plane.
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Theorem 1.5 ([10]). Let a = a(f) € H(L1(0,7)) such that the Toeplitz operator Ty,
is bounded. Then T,, acting on A%(Il), is unitary equivalent to the multiplication
operator voI = RT,R*, acting on La(R). The function v,(\) is given by

_ 27 " —2)6
Ya(A) = | — p-2mr /0 a(f)e de, AeR. (1.6)
In particular, for a = x4 (0), we have (see [6])
1
mN= o, AER (1.7)

and
Ty, = R, (MR.

We mention as well, see for details [6], that the C*-algebra with identity 7 gen-
erated by the Toeplitz operator T, is isomorphic and isomorphic to C(R), and
that this isomorphism is generated by the assignment

Ty — Yy (A).

In particular this implies that for every Toeplitz operator Ty, with a = a(f) €
H(L;(0,7)) in the algebra 7. the corresponding function ~,(A), given by (1.6),
must belong to C(R), where R = RU{£o00} is the two-point compactification of R.

We note that for general symbols ¢ = ¢(r, 0) the Toeplitz operator T, is no
longer unitary equivalent to a multiplication operator. The operator RT.R* now
has a much more complicated structure: it turns out to be a pseudodifferential
operator with a certain compound (or double) symbol. The next theorem clarifies
this statement for bounded symbols of a special and important case: ¢ = ¢(r, ) =
a(@)v(r). The case of unbounded a(#) will be treated in Theorem 2.2.

Theorem 1.6. Given a bounded symbol a(0)v(r), the Toeplitz operator Ty, acting
on A%(I1) is unitary equivalent to the pseudodifferential operator Ay = RT,,R*,
acting on Lo(R). The operator Ay is given by

AN = /R e /R (@, VL (dy, TER,  (18)

2

where its compound symbol a1(x,y, &) has the form

alen®) = e (73 70

1 —e @ty 2% 2y
C(‘r; y) - @+ y \/1 _ 6_271-1 \/1 _ 6_2777!7 (]—9)

with
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Proof. We have

(A1N)N) = (BTayom B )(A) = (R(R"R)a(0)v(r)(R"R)R" [)(A)
= ((RE")Ra(0)v(r)R" (RR ) )J(A) = (Ra(@)o(r) B f)(A)
= (Roa(0)(M @ Dv(r)(M~" @ I)Ro f)(\)

2\ g . 1 .
= —(A=9D0,(0)d0 / —iA d
\/1_62“/0 e a(0) Jon R+r v(r)dr
1 ia—1 2a —(a+i)0
\/QW/RT f(oz)\/l _ e—2ra e do
1 N 1 / -
— K3 d (107 d
Jon /ﬂhr v(r)dr Jon Rr fla)da

2) 2a T dae
. \/1—6—27T>\ \/1—6_2770‘ /0 € (te) a(@)d&

The last integral gives
T 1— efﬂ'()w#a) )+«
~OF 4 (0)do =
/0 € a( ) M a Va 9 s

and thus we have

(Arf)(N) = (RTa(a)v R f)(A)

= or /R+ dr/ A\ @) ()\—i—a) o(r) rT A0 £ (0)da

where

1 —e ™A ta) 2\ 201
C(>‘7 a) = A+ o \/1 — 27X \/1 — e 2ma’

Changing variables, A = z, a =y, and r = e~¢, we finally have
1 ,
@) =, [ d [ alep e Gy, e R
™ JR R
with

2
where c(z,y) is given by (1.10), and 9(£) = v(e™%).

a1(2,9,€) = (2, 9) %0 ( “’) 7(e),

2. Semi-commutators involving unbounded symbols

The following classical semi-commutator property
[To,Tp) =ToTy — Tap € K, forall a€ Lo(D), be C(D),

(1.10)

played an essential role in [4]. The question on compactness of the semi-commutator
for unbounded a is quite delicate and does not have any universal answer. In the
next two examples we show that the compactness result is not valid for general,
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and even special, unbounded symbols a and arbitrary b € C'(ID). At the same time
we will prove it for a certain special (and important for us) case of unbounded
symbols @ and a special choice of b € C(DD).

The first example is a minor modification of Example 7 from [3], to which we
refer for further details.

Example. Let
a(z) =a(r) = (1 —r%)Psin(l —r2)~* € Li(D)

and
b(z) = b(r) = (1 —r?)%sin(1 — %)~ € C(D)
where z = re’, 0 < ¢ < 8 < 1. Then both T, and T}, are bounded and compact.
The product ab has the form
(1—7r2)=B=) (1 —r2)=(B==) cos2(1 — r2)~@

a(r)b(r) = ) 5 = c1(r) — ca(r).

Then the operator 1., is unbounded, while the operator T, is compact. That is,
the operator T, is not bounded, and the (unbounded) semi-commutator is not
compact.

In what follows we will deal with the class of unbounded symbols which, con-
sidered in the upper half-plane setting, are the functions a(6) € H(L1(0, 7)), where
z = re? € 11, for which the corresponding Toeplitz operators T, are bounded.

The second example shows that even for such specific symbols a(f) the semi-
commutator is not compact for each b(z) € C(II).

Example. Let

a(z) =a(f) =0 Psinh=?
and

b(z) = w(r) 6°sinf ™,
where z = re??, 0 < e < B < 1, a > 0, and w(r) is a [0, 1]-valued C*°-function
such that
0, re [07 61]

, TE&E [527 53] )
0, 7€ [d4,+00]

Il
[t

w(r)

and 0 < 01 < dp < 03 < 94 < +00.
The operator T, is bounded by results of Example 6.3 of [4]; the operator T}
is bounded as well because of b(z) € C(II). The product ab has the form
~w(r)e? B w(r)f~0 cos 20~

a(@)b(z) =" ) ) = c1(2) — 2(2),

where § = 3 — ¢ € (0,1).
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The Toeplitz operator T., is bounded by Theorem 2.2. To prove that the
semi-commutator [Ty, T}) is not compact, it is sufficient to show, for example, that
the operator T}, is unbounded. Let as(f) = 07, then

2X "5 —2x (2))° s —u
Yas(A) = 1_6_2“/0 0 e do = | —em2m | u e “du.

It is clear that if A — 400 then we have the asymptotics

Yas () = oA + o(1), (2.1)
3723\0\) = 6N 4+ o(1), (2.2)

where ¢y = 2°T'(1 — §).
We will use now the representation (1.8) for the operator Ay = RT, R*.

Denoting
1

Ww—w=2ﬂ

/ w(&)e' "V de,
R

where w(€) = w(e™¢), we have

(@) = [ w73 7) ale - )i,

R
where the function ¢(x,y) is given by (1.9).
We show now that the operator A; is unbounded on Ly(R). Introduce the
family of functions
eV2 yel =[wo—e/2,m0+¢/2)
fIO (y) = ’
0, yeR\ L

where € = g(xg) = xa(s/Q. It is clear that || fz,[/z,®) = 1.
Let x € I.; denoting

K(o) = el (757 ) dla =)

we have
zote/2

(A foo) () = /2 / K (z,y)dy

zo—e/2
ZEO+E/2
— V2K (2, ) +5*1/2/ (K(z,y) — K(x,z))dy
ZE07€/2

=1 (z) + Ix(2).
When xg — +o0, for the first summand we have
Li(x) = 1 7ay(x) - ©(0) - /?(w0)
:@mm(ﬁ.%@%+qn):@mm&ﬁ”*+dn) (2.3)
As w(€) > 0, we have that w(0) > 0.
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Now for the second summand we have

|Io(x)] < £3/2 sup
yele

oK
o ).

Both functions gz (z,y) and ?92 (z — y) are uniformly bounded on z. The former
is bounded by Theorem 4.2, while the latter is bounded as the Fourier transform
of a function with a compact support. Thus we have that

MNas (T+Y T4y
Ay 2 Jas {9 '

Asymptotics (2.1) and (2.2) imply that for 29 — 400 we have

|I(z)| < conste®? sup ( +

yEle

50N 3/2
|Ir(z)| < conste® 22 < const (l’o 5/2> ) = const xg/4. (2.4)
Comparing (2.3) and (2.4), for sufficiently large z¢ and = € I, we have that

[(A1 fo,) ()| > |@(()2)|Co xgs/g

w 2 rxote/2 1/2
1A Fao | Loy > (lw(o)l co x35/4> / ”
2 xo—e/2

1/2
> const (ch[s/z . 5(3:0)) = const x8/2.

Thus

This obviously yields unboundedness of the operator A;, which in turn implies
unboundedness of T,b.

Now as a special choice of functions continuous on D we select any vg(z),
k=1,2,...,m, considered in the upper half-plane setting as a function v = v(r),
where z = re? € 11, as introduced in Section 1. That is, v is a [0, 1]-valued C>°-
function such that for some 0 < §; < 2 < +00, we have

_ [ 1, rel0,4]
v(r) :{ 0. 1 [batoo]

Our aim is to prove that for each a(f) € H(L1(0,)), for which the corre-
sponding Toeplitz operator T, is bounded, the semi-commutator T,T, — Ty, is
compact. To do this we first represent the operators 1,7, and Ty, in the form
of pseudodifferential operators with certain compound (or double) symbols and
then use the next result, which can be found, for example, in [5, Theorem 4.2 and
Theorem 4.4].

Denote by V(IR) the set of all absolutely continuous functions on R of bounded
total variation, and by Cj(R?,V(R)) the set of all functions a : R? x R — C such
that u + a(u,-) is a bounded continuous V (R)-valued function on R2. Then, for
a € Cp(R%,V(R)), we define

em§ (a) = max {[la(u + Au, ") —a(u,")||c : AueR?, ||Au| <1},

(2.5)
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and denote by £ the subset of all functions in C,(R2, V(R)) such that the V(R)-
valued function u + a(u, -) is uniformly continuous on R? and the following con-
ditions hold,

lim emS(a) =0 and lim sup |a(u,-) —a"(u,-)|v =0, (2.6)

H’u.H—>OO ‘h|_'OuE]R2
where a"(u,-) = a(u, & + h), for all (u,€) € R? x R.
Theorem 2.1 ([5]). If&g@;ja(x, y,€) € Cp(RxR, V(R)) forallk,j =0,1,2, then the

pseudodifferential operator A with compound symbol a(x,y, &) defined on functions
f € C§°(R) by the iterated integral

AN@ =, [t [ alen " 0. ver @)

extends to a bounded linear operator on every Lebesgue space L,(R), p € (1, 00).
If@g@ga(z‘, y, &) € ES for allk,j = 0,1,2, then the pseudodifferential operator
(2.7) with compound symbol
T(xa Y, 6) = CL(I, Y, 5) - Cl(l‘, xz, f)
is compact on every Lebesgue space Ly(R), p € (1,00).

Considering semi-commutators, we prove first that for our selection of sym-
bols a(f) and v(r) the Toeplitz operator T}, is bounded.

Theorem 2.2. For each a(0) € H(L1(0,7)) such that the Toeplitz operator T, is
bounded and the [0, 1]-valued C*-function v = v(r) of the form (2.5), the Toeplitz
operator Ty, is bounded on A?(II).

Proof. We mention first that the boundedness of T, is equivalent (by Theorem
1.5) to the boundedness of the corresponding function
2X " —2)6
Ya(N) = P, /o a(f) e do, AeR.

The C*°-functions with compact support in R} obviously form a dense set in
Lo(Ry). Taking any such function f we consider

WNW =, [t [ ey 0wy vk,

where the compound symbol a;(z,y,€) has the form

alend) =cten) (31 70

(1) = 1 — e 7@ty 2z 2y
c\r,y) = $+y ]-_6727.‘.z 1_6727‘.?}17

and 7(¢) = v(e™¢). We note that c(z,z) = 1.
The boundedness of the operator A; follows from Theorem 2.1, Theorems 4.1—
4.4, and the fact that v(§) is a C*°-function with a compact support.

with
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By the calculations of Theorem 1.6 we have that Ty, = R*A;R. Thus the
Toeplitz operator T, is bounded on A2(II). O

Now we are ready to prove that the semi-commutator 7,7, — Ty, is compact.

Theorem 2.3. For each a(0) € H(L1(0,7)) such that the Toeplitz operator T, is
bounded and the [0, 1]-valued C*-function v = v(r) of the form (2.5), the semi-
commutator T, T, — Ty 1S compact.

Proof. Calculation analogous to that of Theorem 1.6 yields
(Asf)(z) = RT,T,R*f = (RaR*)(RvR")f

= @) (ReR)f = [ de [ (e e Ity 2 e

with
az(z,y,€) = c(z,y) va(z) 0(§),
where c(z,y) is given by (1.9), and 9(¢) = v(e™¢).
Thus the operator R*(Ty, — T,T,)R = Ay — Az can be represented as a
difference of two pseudodifferential operators having the compound symbols

7’1(.73, y7§) = a’l(xv y7§) - (11(.1‘, mvf)
A G ECEEET

and

T2((Ea Y, f) = ag((E, Y, f) - G,Q((E, xz, 5)
= c(x, ) Ya(x) V(€) — Yalz) V(E).
The compactness of each of the last pseudodifferential operators easily follows
from Theorem 2.1, Theorems 4.1-4.4, and the fact that v(§) is a C*°-function
with a compact support. Indeed, the above property of v(§) guarantees that both
ay(z,y,€) and az(x,y,§), as well as their two consecutive derivatives on £ satisfy
the second property in (2.6); while the properties

) okdy »
where di(z,y) = c(z,y) v, (“3?) and da(z,y) = c(z,y) Yo (x) imply the first equal-
ity in (2.6). O

The above result leads directly to the following extension (of the sufficient
part) of Theorem 1.3.

Corollary 2.4. Let the operator A € T(PC(D,T)) be such that in its canonical
representation

A=To, + > Tofar(Ty)To + K
k=1



256 S. Grudsky and N. Vasilevski

all operators far(Ty,) are Toeplitz with possibly unbounded symbols ayp, k =
1,...,m, correspondingly. Then A = T, + K4 is a compact perturbation of the
Toeplitz operator Ty, where

a(z) = sa(z) + ) ar(2)vi(2),

where s4(z) is given by (1.3).

We note that Corollary 2.4 immediately reveals, via property (1.5), many
Toeplitz operators in 7 (PC(D,T)) having unbounded symbols. Indeed, recall in
this connection the following result ([4, Theorem 6.2]).

For any Li-symbol a(f) € H(L1(0,7)) we define the following averaging
functions, corresponding to the endpoints of [0, 7],

and .
WO = [ oV, DO = [ DE
0 T—0

for each p=2,3,....

The next statement gives the conditions on some regular behavior of L;-
symbols near endpoints 0 and 7w guaranteeing that the corresponding Toeplitz
operator is a certain continuous function of T, , and thus belongs to the alge-

+
bra 7.
Theorem 2.5. Let a(f) € H(L1(0,7)) and for some p,q € N,
lim 0~PCP) (9) = ¢, (€ C) and Jim 67 DD(9) =d, (€ C). (2.8)

Then v,(\) € C(R), and thus T, € T,.

The conditions (2.8) are obviously satisfied, with p = ¢ = 1, for example,
for any function a(f) € H(L;(0, 7)) which has limits at the endpoints of [0, 7]. Of
course, the existence of symbol limits at the endpoints by no means is necessary
for the Toeplitz operator T, to be an element of 7,. As the example on page
247 shows, the corresponding symbol can even be unbounded near each of the
endpoints 0 and 7. Many further particular symbols can be given, for example, by
combining polynomial growth with logarithmic and iterated logarithmic growth,
then by considering linear combinations of different symbols, etc. The following
symbol may serve as an illustrative example,

n
a(f) = Z 0% In™ 9~ sin (0~ " =),
k=1
where ¢, € C,0< B <1, ar >0, \p e R, . e R, k=1,...,n.
We mention especially that when speaking about a compact perturbation of
a Toeplitz operator, say Ty, one should always remember that the coset T, + K
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contains many Toeplitz operators of the form T, for which the Toeplitz operator
T) is compact; and that all such operators have the same image sym7yyr =
symT, in the (Fredholm) symbol algebra Sym 7 (PC(D,T')). At the same time
the properties of the functions a and a 4+ k can be extremely different. Indeed,
even having as nice as possible a, say a € C'(D), one can always add, for example,
the function

k(z) = (1 —r3)Fsin(1— 3"+ (1 —r)xg(z), z=re",
where the first summand is taken from the first example on page 251 and @ is the
set of all points z = 1 + iro € D with rational r; and r5. This converts the initial
symbol a to the symbol a 4+ k, which does not have a limit at every point of D,
and moreover is unbounded near every point of the boundary.
That is, when speaking about the representation A = T, + K it is preferable

to have a symbol a with fewer unnecessary singularities. It seems that the option
given by Theorem 1.4 and Corollary 2.4 may be optimal in this respect.

3. Toeplitz or not Toeplitz

The key question in the description of Toeplitz operators in 7 (PC(D,T)) is
whether the operators of the form f(T, ), where f(z) € C[0,1]and k = 1,2,...,m,
are Toeplitz or not. By (1.5) this question reduces to the following question in the
upper half-plane setting: given f(x) € C[0,1], whether the operator f(T.,) is
Toeplitz or not. The last question is in turn equivalent to: whether the function
v(A) € C(R), which is connected with f(z) € C[0,1] by (see (1.7))

YA = f <eﬂ1+ 1) ,

admits the representation (1.6) for some a(0) € L1(0,7), i.e.,

_ _ 2X " —2)0
YA) =v.(N\) = | — p-2mr /0 a(f) e de, AeR. (3.1)

The statements of the next theorem are necessary for the existence of the
above representation for a given function y(\) € C(R).

Theorem 3.1. Let a() € L1(0, 7). Then the function v4(\) is analytic in the whole
complex plane with the exception of the points A, = in, where n = £1,£2,...,
where v4(A\) has simple poles. Moreover, for any fized and sufficiently small & the
function v, (X) admits, on the set

C\ |J En(8), where K,(6)={\eC: |A\—in| <5},
Z\{0}
the estimate
[7a(A)] < const [A],

where const depends on 9.
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Proof. The function
Ba(N) = / a(8) e~ ap, A=2x+ 1y,
0

is obviously analytic in C, and for large |A| admits the estimate

1B (V)] < /O " a(8)] e=20 dp.

Thus for x > 0 we have
1Ba(N)| < [la(@)]] Ly

while for z < 0 we have

1Ba(N)] < &2 / a(6)] 29 dp
0

== [ a0)l o < a(O) 1.
The theorem statements now follow from

22
YN = T BaN). O

1—e

To give a sufficient condition for the representation (3.1) we start with some
definitions (see [1] for details).
An entire function () is called a function of exponential type if it obeys an
estimate
[p(V)] < AeP,
where the positive constants A and B do not depend on A € C. The infimum of all
constants B for which this estimate holds is called the type of the function ().
We denote by L£g the set of all functions of exponential type less than or
equal to o whose restrictions to R belong to La(R).
An analytic function on the upper half-plane ¢(\) is said to belong to the
Hardy space H?(R) if
sup/ lo(z +iy)|*de < oco.
y>0JR
The proof of the next theorem can be found, for example, in [1, Theorem 1.4].

Theorem 3.2. Let ¢(2) € L3™ N H%(R). Then there exists a function a(f) €
L4(0,27) such that

27
o(z) = / a(9) e db, A eC.
0

As Ly(0,27) C L1(0,27), the theorem can be used as a sufficient condition
for the existence of representation (3.1). Indeed, given a function v()\), introduce

1 — et 12
o) =i v(—g).

z
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If this function ¢(z) belongs to £2™ N H2(R) then v(\) does admit representation
(3.1). That is, there is a function a(6) € L1(0,27) such that v(\) = v,(\) and

To = R y(NR = f(Ty,),

F@) = (3l @) =~ (—1 In ' _$> :

™ T

where

Theorem 3.3. Let
pla) =Y apz®,  an, #0,
k=1

be a polynomial of degree n > 2 with complex coefficients. Then the bounded oper-
ator p(Ty, ) is not a Toeplitz operator.

Proof. The operator p(T,_ ) belongs to the algebra generated by all Toeplitz op-
erators on the upper half-plane with homogeneous L -symbols a(#) of zero order.
Thus by [2] the operator p(T), ) being Toeplitz must have a symbol which belongs
to H(L1(0,m)). The corresponding function v(A), that is, such that p(T, ) =
R*~(X)R, obviously has the form

TN =p (n, (V) =p <eml+ 1) :

But this function has poles of order n at the points A, = i(2n — 1), where n €
Z. Thus by Theorem 3.1 there is no function a(f) € H(L1(0,7)) for which the
representation (3.1) holds. O

Corollary 3.4. Let A be an operator of the algebra T (PC(D,T)) having the form

P 4
A= [T

i=1 j=1

where all a;; € PC(D,T). Then A is a compact perturbation of a Toeplitz oper-
ator if and only if A is a compact perturbation of one of the initial generators of
T(PC(D,T)), which is a Toeplitz operator T, with a € PC(D,T).

Proof. By Corollary 4.3 of [4], or Theorem 1.2 of this paper, the operator A admits
the canonical representation

P qi m
A= Z H Tlli,j =Ts, + ZTvkpA,k(TXk)Tvk + Ka,

i=1 j=1 k=1

where s4 = sa(z) € C(D), par = par(x), k =1,...,m, are some polynomials,
and K 4 is a compact operator. Thus by Theorem 1.3, A is a compact perturbation
of a Toeplitz operator if and only if each par(Ty,), k = 1,...,m, is a Toeplitz
operator, or by (1.5) if and only if each pax(Ty,), k = 1,...,m, is a Toeplitz
operator. By Theorem 3.3 the last statement is equivalent to the fact that the
degree of each polynomial pa r(z), k = 1,...,m, must be less than or equal to
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one, which in turn is equivalent to the fact that A is a compact perturbation of a
Toeplitz operator T, with a € PC(D,T). |

We summarize now the results obtained on Toeplitz operators of the algebra
T(PC(D,T)). By its construction, the C*-algebra 7 (PC(D,T)) consists of its
initial generators, Toeplitz operators T, with symbols a € PC(D,T'), then of all

elements of the form
p qi
> 7
i=1 j=1

forming thus a nonclosed algebra, and finally of all elements of the uniform closure
of the nonclosed algebra. The information on Toeplitz operators is as follows.

— All initial generators are Toeplitz operators.

— None of the elements of the nonclosed algebra which does not reduce to a
compact perturbation of an initial generator can be (a compact perturbation
of) a Toeplitz operator. Thus at this stage we have not increased the quantity
of Toeplitz operators.

— The uniform closure of the nonclosed algebra contains a huge amount of
Toeplitz operators, with bounded and even unbounded symbols, which are
drastically different from the initial generators. All these Toeplitz operators
are uniform limits of sequences of non-Toeplitz operators.

— The uniform closure, apart from Toeplitz operators, contains many more
non-Toeplitz operators (this is a consequence of Theorem 3.1).

At the same time each operator in the C*-algebra 7(PC(D,T)) admits a
very transparent canonical representation (given in Theorem 1.2).

4. Appendix: Technical statements

We prove here several statements whose results were used in Theorems 2.2 and 2.3.
We start with some properties of the function (see (1.9))

1 —e 7@ty 22 2y
C(iC;y)_ x+y \/1—6_2771\/1—6_277y7 $7y€R

Theorem 4.1. The function c(x,y) is bounded in R?; i.e.,

sup |e(x,y)| < oo.
(z,y)€ER?

=,

) = f@2mx) f(2my)
fAr(z+y))

Proof. Introduce the function

Then
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Let Dy = [1,400) and D_; = (—o0, —1]. We obviously have the following asymp-
totics in the above domains:

flu)y=u? (1+0(™), u € Dy, (4.1)
flu) = |u|1/2 u2(140("), weD_y, (4.2)
u)=ut (1+0(e™™)), u € Dy, (4.3)
2(u) = |u| tem (14 0(e"), u € D_;. (4.4)
In what follows the relation p(u) ~ 1(u) means that
0<e< ;’;Eg < (C < o0,

for all u in the domain under consideration. We note as well that if u belongs to
any bounded domain in R, then

flu)~1 and % (u) ~ 1. (4.5)

We will prove the statement of the theorem considering successively all possible
locations of z and y on R. The symmetry of ¢(x,y) with respect to its arguments
implies that it is sufficient to consider only the following cases:

1. z,y € [-1,1]. Then x +y € [-2,2], and by (4.5) we have that ¢(z,y) ~ 1.
2.z € [-1, 1] y € Dy. Then either z +y € Dy and thus by (4.2) and (4.4) we
have

1 (Qﬂy)l/Q y—1/2
m(z +y)

or y € [1,2] and thus, as in the first case, c(x,y) ~ 1.
3. z € [-1,1], y € D_;. Then either z + y € D_; and thus by (4.1) and (4.3)
we have

e, y) ~

)

L |27Ty|1/2eﬂy —1/2

C(x7 y) ~ |7Ty|€77($+y) ~Y )

or y € [-2,—1] and again c(x,y) ~ 1.
4. x € D1, y € D_1. Then we have the following three possibilities for x + y:
(a) x +y € [-1,1]. Then by (4.1), (4.2), and (4.5), assuming that x +y =
§ € [-1,1], we have

c(z,y) ~ (2mx)' /2 - 2xly]) 2™ - 1~ (54 y) Py e ~ Jylem.
(b) +y € D;. Then by (4.1), (4.2), and (4.3) we have

1/2), 1/2 my
gy TN gl 2 [ gy
b} Y
m(x +y) lyl \yl\ Lz <2yl

1/2 wy
P WS x> 2yl
lyle™,  x < 2|y
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(¢) ©+y € D_q. Then by (4.1), (4.2), and (4.4) we have

(27TJU)1/2 . (27r|y|)1/2€7ry x1/2|y|1/2€—ﬂ’ib

c(z,y) ~
@9~ e 4 ylentat) 2+ 9]
1/2 —max
LT iz
xe T, ly| < 2z

5. x € D1,y € D1. Then x + y € Dy and thus by (4.1) and (4.3) we have

2mx)t/2(2my)Y/?
e(z.y) = (2mz)™/ 2 (2my)
m(z +y)
20 1/2y1/2

== (1+0(e™*) +0(e™)).

(L+0(e™*) +0(e™Y))

As 221/2y1/? < 2 4y, the boundedness of ¢(z, ) is obvious.
6. 2€ D_y,y € D_;. Then x +y € D_; and thus by (4.2) and (4.4) we have

_ (2nfa))!/2em (2xy|)/ 2emy al Lyl
e A (RYCC FRCTERD)
2ot /2]y| /2 . ]
= L+ O0(e7l*y £ O(e~¥y) .
ol vy (O TOE)
The theorem is proved. g

Theorem 4.2. Both functions gfc (z,y) and g; (x,y) are bounded in R?, and more-
over
Oc Oc

lim z,y) =0 and lim z,Y). 4.6
(z)y)%oax( y) (z)y)%oay( y) (4.6)

Proof. We start with the asymptotics of the derivatives of f(u). We have

Fa= g
thus, as is easy to see,
fu) =u=1? (1+O0(ue™™)), u € Dy, (4.7)
() = |[ul*2e"2 (1 +0(e")), wueD_. (4.8)
Then
de 2m f'(2my) f2(n(x +y) — 20 f (2my) f(m (@ + y)) ' (7(z + )

oy ) = 127 fie(a+ )
rom) st 1)),

f@ry)  f(x(z+y)) (4.9)

= 21 c(z,y) (
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We check now the boundedness of the logarithmic derivative of f. By (4.1) and
(4.7) we have

f'(2my) _ (2my)~'/?

f@my) — (2my)t/?

=(2my) " (1+0(ye™™)),  ye Dy,

(1 + O(ye_%y))

and by (4.2) and (4.8),

f'2my) _ (2nly))/2em
f@my) — (2rlyl)/2emy
Thus the function g; (x,y) is bounded in R2.

To prove the second equality in (4.6) we note that if both |y| — oo, and |z +
y| — o0, and moreover signy = sign(x + y) then the result follows from (4.9) and
boundedness of ¢(x, y). If both |y| — oo, and |x+y| — oo, but signy = —sign(z+y)
then by case 4.b of Theorem 4.1 we have that c(x,y) — 0. If (x,y) — oo while y
belongs to a bounded domain, then x4y is unbounded and we are in the situation
of the cases 2 or 3 of Theorem 4.1, when ¢(z,y) — 0. Finally, if (z,y) — oo but
x4y is bounded, then as in the case 4.a of Theorem 4.1 we have that ¢(x,y) — 0.
In the last three cases the result follows from (4.9), boundedness of the logarithmic
derivatives, and ¢(x,y) — 0.

Boundedness of ac ¢ (z,y) and the first equality in (4.6) follow from the above
and the symmetry of c(m y) with respect to x and y. |

(14 0(e*™)) =1+ 0(e*™), y € D_y.

Theorem 4.3. The function 9 % (3: y) is bounded in R?, and moreover

2
lim 0 c( ,y) =0.

(z,y)—o0 OY?
Proof. For the second derivative of f, after elementary calculations, we have
F(uw) = u=?? (14 O(ue™)), ue Dy, (4.10)
F(w) = |ulY?e"2 (1 + 0(e")), u€ D_j. (4.11)
Differentiating (4.9) we have
/
P =2 e (270 e 00

) flr(z+y))
fremy) (Femy)\’
2( f(2my) (m)))

f(r(z +y)) (f’( (@ + )))
flr(z+y)) [z +y)) '

We note that by Theorem 4.2 the first summand is bounded and tends to 0 as
(z,y) — oo. Considering the second summand we have that if |« + y| — oo and
y — oo then formulas (4.1), (4.2), (4.7), (4.8), (4.10), and (4.11), for u = 27y or

—on? c(z,y)




264 S. Grudsky and N. Vasilevski

u=m(x+vy), yield
f'(u) (f’(u)>2 _ { w2 (1+O(ue ™) —u2(14+0(ue ")), ue Dy

f(u) f(w) (1+0(e")) = (14 0(e")), ue D,
[ O(w™te ™), we Dy
o { O(eu)7 u€ D 4

If (z,y) — oo, but |z + y| is bounded, then we are in the situation of the case 4.a
of Theorem 4.1, and thus c(x,y) — 0 as (x,y) — oo. Finally, if (z,y) — oo, but y
is bounded, then we are in the situation of the cases 2 or 3 of Theorem 4.1, and
thus ¢(z,y) — 0 as (z,y) — oo. O

Theorem 4.4. Let a(§) € L1(0,m) be such that

2\ T _
Ya(N) = 1_6_2“/0 a(@)e M df € Loo(R).
Then, for each j =1,2,...,
iy, B
A—too dN (A) =0
Proof. Let j = 1. Then
Ya \y _ 2 " —2)0 dm e /7T —2X0
) = 1—efzﬂ/o o) 0dg+ (0 [ a0 o

4\ i
T _e-2mx /0 fa(f)e 22 do = I} (\) + Io(\) + I3(N).

We consider first the behaviour of the derivative when A\ — +o0o. We have

2 Qe 2T
LN = \ Ya(N) and Iry(\) = | _ o—2mA Ya(N),

and thus the first two summands tend to 0 as A\ — +4o0.
Consider now the last summand,

o T
()] < 2 / 1a(0)](220)e M d) + dmre / la(6)]d6
0 5

é s
g/ |a(9)|d9+4me*”5/ la(0)|dh.
0 0

Then for any £ > 0 we can select both § small enough and A\g = A\¢(d) large enough,
such that

1) T
/ la(0)]dd < /2 and 47‘1’)\6_2)‘6/ la(6)|dO < /2,
0 0

for all A > A\g(6). That is, limy_ 4o I3(A) = 0.
The case when A — —oo follows from the above and the equality

Ya(6)(A) = Ya(z—0) (=)

The cases when j > 1 are considered analogously. (I
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Block Tridiagonal Matrices and a Beefed-up
Version of the Ehrenfest Urn Model

F. Alberto Grinbaum

To the memory of Prof. Mark G. Krein, with gratitude.

Abstract. The very classical Ehrenfest urn model can be solved exactly in
terms of Krawtchouk polynomials. I consider a natural extension of this model
which goes beyond “nearest neighbours” random walks and whose analysis
benefits from the study of a family of matrix-valued orthogonal polynomials.
This subject was started by M.G. Krein around 1949. This paper shows one
more example of his vast and lasting legacy in the never-ending task of finding
new mathematical tools to analyze the physical world.

Mathematics Subject Classification (2000). 33C45, 22E45.

Keywords. Matrix-valued orthogonal polynomials, Karlin-McGregor represen-
tation, Krawtchouk polynomials.

1. Introduction

We establish some general results for finite block tridiagonal matrices which are
motivated by the study of a concrete example of interest in mathematical physics.
Most of the discussion is devoted to this important special example, but as we
observe many of the results are valid in general.

2. The Ehrenfest urn model

Consider two urns where a total of 2NV balls, each one carrying a label 1,2,... 2N
is distributed in these two urns. The state of the system is described by an integer
¢ denoting the number of balls in one of the urns. At integer values of time one
picks a label 1,2,...,2N with the uniform distribution and the ball whose label

The author was supported in part by NSF Grant # DMS 0603901.
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is chosen in this fashion is removed from the urn where it is located and placed in
the other urn.

This gives rise to a Markov chain in the finite state space 0,1,2,...,2N where
the matrix P given by

0 1
1 0 2N-1
2N 2N
2 0 2N -2
2N 2N
0
1
O N
oy 0

This situation arises in a model introduced by P. and T. Ehrenfest, see [9],
in an effort to illustrate the issue that irreversibility and recurrence can coexist.
The background here is, of course, the famous H-theorem of L. Boltzmann, that
claims to start from the time-reversible equations of Newton and obtain the result
that a quantity like entropy increases monotonically in time. On the face of it, this
is a flagrant contradiction.

For a more detailed discussion of the model see [11, 14]. This model has
also been considered in dealing with a quantum mechanical version of a discrete
harmonic oscillator by Schrodinger himself, see [23].

In this case the corresponding orthogonal polynomials (on a finite set) can be
given explicitly. Consider the so-called Krawtchouk polynomials, given by means
of the (truncated) Gauss series

2 (@0 ) _ S @n(0)_,
£ (752) = 3 i)
with
(a)p=ala+1)...(a+n—-1), (a)=1.

The polynomials are given by

Ki(z) =2 F (__172]_\,3:;2>

xr=0,1,...,2N; i=0,1,...,2N.
Observe that
Ko(z) =1,K;(2N) = (—1)~
The orthogonality measure is read off from
- <2N)
;)Ki(a;)Kj(x) QfN = ((__213\];!1_ ij =7 10;; 0<i,j<2N.
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These polynomials satisfy the three term recursion relation

;(2]\] K () — ;2]\7[(2-(33) + ;Ki_l(a:) — aK(x)

and this has the consequence that

0 1
1 0 2N-1 gogxg
2N 2N B 1(x
2?\/ 0 2gN2 Ko(z)
0 _ (1 - x) Ki(z)
N :
K2N(.T)
0 1
2N 2(J)V Kon (1‘)
2N
any time that x is one of the values x = 0,1,...,2N. This means that the eigen-

values of the matrix I’ above are given by the values of 1 — ;. at these values of z,

ie.,

1
N
and that the corresponding eigenvectors are the values of

[Ko(l‘)7 Kl(ac), ey KQN(.T)]T

1,1— -1

at these values of x.
Since the matrix P above is the one step transition probability matrix for our
urn model we conclude that the Karlin-McGregor representation is given by

oo (Q;’f )
(P™)ij = m; Z (1 - N) Ki(z)K;(z) 22N
x=0

We can use these expressions to rederive some results given in [14].
We have

(Pn)m:%(l_ x)"(fﬂ)

2N
= N 2

and the “generating function” for these probabilities, defined by

U(z) = 2"(P")oo
n=0

. @)

Uz = ;) N(—2z)+azz 22N

becomes

2N
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In particular U(1) = oo and then the familiar “renewal equation”, see [11] given
by

U(z) =F(2)U(z) + 1
where F(z) is the generating function for the probabilities f, of returning from
state 0 to state 0 for the first time in n steps

n=0

gives

Therefore we have F(1) = 1, indicating that one returns to state 0 with proba-
bility one in finite time. The same is true for any other state, and the physically
important issue has to do with the time that it takes our random walk to return
to state ¢ for the first time if we take this as the initial state.

The results above allow us to compute the expected time to return to state
0. This expected value is given by F’(1), and we have

_U2)
U(z)

< N(N-u2) (25 )

U =2 (N1 —z) +x2)2 22V

=0
we get F'(1) = 22V, The same method shows that any state i = 0,...,2N is also
recurrent and that the expected time to return to it is given by
22N

()

The moral of this is clear: if ¢+ = 0 or 2N, or close to these values, i.e., we
start from a state where most balls are in one urn it will take on average a huge
amount of time to get back to this state.

For N = 10000 and a repetition rate of 1 second M. Kac gives about 109990
years as the expected time.

If on the other hand i = N, i.e., we are starting from a very balanced state,
then we will (on average) return to this state fairly soon.

Again, for N = 10000 and a repetition rate of 1 second M. Kac gives about
175 seconds as the expected time.

Thus we see how the issues of irreversibility and recurrence are rather subtle
and that certain models show how they can coexist.

It is worth pointing out that the complete explicit solution in terms of the
Krawtchouk polynomials came up much later that the original work of P. and

F'(z)

Since
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T. Ehrenfest and even after the important contributions of M. Kac. Two papers
dealing with this point are [2] and [17].

3. Tridiagonal matrices and nearest neighbours random walks

The example above is a special case of a class of random walks of the birth-and-
death kind, where the one step transition probability matrix is a tridiagonal one.
Starting with the work of S. Karlin and J. McGregor, [18], one knows that the
corresponding family of orthogonal polynomials and their spectral measure can be
of use in analyzing properties of the random walk. This work is a discrete version
of similar analysis in the continuous case done by W. Feller and H.P. McKean, see
[10, 22].

The Eherenfest model is very special in that all the ingredients that make up
the spectral analysis have been eventually found in great detail.

4. Block tridiagonal matrices: going beyond nearest neighbours

In [12, 13] and [5] one sees examples of so-called Quasi-birth-and-death-processes,
see [21], where the theory of matrix-valued orthogonal polynomials can be used
to study these processes whose one step transition probability matrix is block
diagonal. This theory was, as it is well known, started by M.G. Krein in [19, 20].

One natural way to get processes of this type is to consider Markov chains
either on a finite set or on the non-negative integers where the the transition
probability matrix is pentadiagonal.

5. A beefed-up version of the Ehrenfest urn model

Here we consider the transition probability matrix for a beefed-up Ehrenfert model
based on N balls, (N odd), with N+1 states 0, 1, ..., N. Notice that we have made
an unimportant change from the standard model where the number of balls was
even. In the previous case this was only a matter of notational convenience, but
now it will be important that we have an odd number of balls and thus an even
number of states.

The state of the system, denoted by i, is the number of balls in the left urn.
From state ¢ you can make a transition to state ¢ — 2,7 — 1,4,7 4+ 1,7 + 2 with

probabilities
i N —i
2 14d i(N—4) IN—i 1 2

() )
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Since the number of states is even and P is pentadiagonal, it is natural to
think of it as a block tridiagonal matrix with 2 x 2 blocks
By Ao

Ci B A

CN—3

2

BN—3 AN—3
Cnoi B
2 2
The matrices A; are all invertible. We construct, following Krein, a finite set of
polynomials
Pi(A), Pi(N), .. .7PN2—1 N
given by the recursion relation
CiPi_1(N) + BiP;(X) + AiPita(N) = AP;(N)

fori=0,1,..., N2_3, where we put P_1(\) =0, Py(\) = I.
One can also consider the so-called polynomials of the second kind, @); defined
by the same recursion relation with initial conditions given by Qo(A) = 0 and

Q1(N) = Ayt
From the expression given above we have
2i(N — 2i) N —2i
N N
1 2
Bi=o| 2041 @+ -2i-1)
N N
(2)
(N — 22')
2
0
)
1 2
A=, N-2i—1
N-—-2i—1 ( 2 )
N N
)
2i
(2) 2i
) "
1 2
Ci=, <2i + 1)
2
0
N
()
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Since we are dealing with a finite matrix this recursion relation cannot be
used for i = N 5 ! for the simple reason that we do not have AN2—1 to be able to
define PN;—I (/\)

We can however consider the polynomial
(AI—L%LJ)PNA(M-—Cqumfs
2 2 2 2

which would be the value of PN2+1 (M) given by the recursion relation above if
we had AN2—1 = I. By a slight abuse of notation we denote this polynomial by
Py (M\). We define its zeros as the zeros of the determinant of Py (A). These
happen to be the eigenvalues of P considered as a pentadiagonal (N +1) x (N +1)
matrix.

In the same fashion, the polynomial QN2+1 (M) requires a special definition
and this is handled as before: one pretends that the missing matrix AN2—1 =1.

As we will see later on these two “last polynomials” play an important role.

For the matrix P given above we find out the following situation

a) These eigenvalues are given by the values of

((=N-1)3-"")
N
(2)
fori=1,2,...,7(N) where the value of 7(N) depends on the nature of the
odd number N modulo 4. If N = 4i + 3 then 7(N) = 3(i + 1), while of
N =4i+1 then 7(N) = 3i + 1.

b) Of these 7(N) eigenvalues, the positive ones are simple eigenvalues and
there are s(IN) of them. The value of s(N) depends again on the value of
mod (N,4). If N =4i+ 3, then s(N) =2i+ 1, if N = 4i+1 then s(N) = 2i.
In the first case there is an extra negative simple eigenvalue corresponding
to i = 7(N) = 3(i + 1). When this extra simple eigenvalue is present it sits
at the bottom of the spectrum.

c) Of these 7(N) eigenvalues there is finally a number of nonpositive double
eigenvalues starting with the value 0. The number of them is d(N) and its

value depends, once again, on the value of mod (N,4). If N = 4i + 3 then
d(N)=1i+1,if N =4i+1 then d(N) = 2i.

In summary we may (or may not) have one simple negative eigenvalue at the
bottom of the spectrum, then d(NN) negative eigenvalues of which the largest one
is zero and then s(N) simple positive eigenvalues of which the largest is one.

For the considerations below it is convenient to replace the non-symmetric
matrix P by one obtained by conjugating it by a diagonal scalar matrix so as to
get a symmetric one. Since P is no longer tridiagonal this is not automatic, but it
is still possible to do such an adjustment.
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From now on the polynomials P; refer to the ones obtained going with this
symmetrized version of the original P. We retain the same symbol for this new
version of P.

It may be worth pointing out that if we put together the (Ng'l) x T(N)
matrix made up of 2 x 2 blocks

N -1
Pi(\;), i=0,..., 9 ,Jj=12...,7(N)
and denote this matrix by X, we do not quite have
PX = XA

with A a block diagonal matrix with 2 x 2 diagonal blocks A;I. Note that when one
views all these matrices as made up to scalars, we have that Pis (N +1) x (N+1),
X is (N +1) x 27(N) and finally A is 27(N) x 27(N).

If one considers PX — X A, then all of its 2 x 2 blocks except those in the last
row vanish. In this last row the only blocks that are zero are those that correspond
to double eigenvalues. The other 2 x 2 blocks are singular nonzero matrices. Of
course this phenomenon (the distinction between vanishing and being singular) is
absent in the case of a scalar tridiagonal matrix.

We find that there exists a unique collection of symmetric nonnegative ma-

trices 2 X 2 Wy, k=1,...,7(N) such that
7(N)
> iAW P (M) = 651
k=1
for 0 <i,j <Nt
Moreover we have for r =0,1,2,...

(N)
> NP RWP (A) = ()i
k=1

A way of seeing this relation is to give a formula for the resolvent of P, which
is of course a matrix version of the Stieltjes transform of the discrete measure in
question. The formula is

7(N) +
- Pi(A\ )W P ()
P-A); =D M _AJ .
k=1

This is not the only useful expression for the inverse of this block tridiagonal
matrix. There is a well-known construction in the scalar case that can be adapted
to the block situation at hand. This is recalled below. A reader familiar with the
construction of the Green’s function for a second-order differential operator from
two solutions of the homogeneous equation, each one satisfying one of the two
boundary conditions will recognize the analogy of the construction below with its
this classical counterpart, see [26].
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One can give a general expression for the corresponding weight matrix at any
one of the \;, namely

Wi = lim (A — A)(P — X))oy
A")\k

This formula follows directly from the one given above.
We have found that a formula of A. Duran, developed for a different purpose,

see [6], works nicely in this case to give a general expression for the weight matrices
Wg. For  k=1,...,7(N), we have

e () o0as o
(det(PNg—l (t)) (/\k)

Here I is the multiplicity of A, which can be one or two.
In the particular case when A\, is double, but only in this case, we get the
familiar looking expression

-1

Wi = | > Prw)Bi(w)
=0

We have not found an explicit treatment of this finite tridiagonal case in the
literature, but there are several references that touch upon several of these issues
in the context of Gaussian quadrature formulas. For a collection of some of these
papers see [8, 7, 6, 4, 24]. In particular in [8] there are references to other papers
on this topic.

The careful reader will have noticed that we have not given here an explicit
expression for the polynomials P;(\) themselves. For the classical Ehrenfest model
this was achieved, as noticed earlier, much later than the time the model was
proposed. One can only conjecture than in the matrix-valued case at hand such
an expression is possible in terms of the matrix-valued hypergeometric function
introduced in [25].

6. Beyond the Ehrenfest model

It may be worth noticing that all the considerations above, with the exception of
the detailed form of the spectrum of the finite block tridiagonal matrix P applies
anytime we are dealing with such a matrix and the matrix blocks A; are invertible.

In particular one can consider situations where the original model is modified
in fancier ways allowing, for instance, picking not only one or two pairs of indices
but also triplets, etc. This leads to scalar banded matrices which can be seen as
block tridiagonal ones with larger blocks. The study of these simple models already
exhibits situations where the multiplicity of the eigenvalues can range all the way
from one to the maximum possible value, given by the size of the blocks.
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0. Introduction

The representation theory of partially ordered sets (posets) in linear vector spaces
has become one of the classical fields in linear algebra (see [1, 2, 3, 4] and others).
See Section 1 for details.

On the other hand when one tries to develop a similar theory for Hilbert
spaces, one will be faced with difficulties even with three subspaces two of which
are orthogonal: it is impossible to obtain their description in a reasonable way (it
is the so-called *-wild problem) see [5, 6]. But adding linear relation

a1P1+"'+anPn:’7I7

between the projections P; on corresponding subspaces, in some cases gives nice
answers which have deep interconnections with the linear case (see Section 2 for
details).

The aim of this article is to show that each indecomposable linear repre-
sentation of a primitive poset of finite type can be unitarized with some weight
X = (a1, ..., an,7v) and to describe all possible weights y appropriated to the uni-
tarization for a given indecomposable linear representation of the primitive poset
(Section 3).

This work has been partially supported by the Scientific Program of National Academy of Sciences
of Ukraine, Project No. 0107U002333.
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1. Posets and their linear representations

In this section we will briefly recall some results concerning partially ordered sets
and their linear representation.

1.1. Posets and Hasse diagrams

Let (W, <) be a finite partially ordered set (or poset for short) which for us will be
{1,...,n}. By the width of the poset A/ we will understand the maximal number
of two-by-two incomparable elements of this set.

The poset N of width m is called primitive and denoted by (ki, ..., k) if
this set is the cardinal sum of m linearly ordered sets Ni,...,N,, with orders
ki, k.

We will use the standard graphic representations for the poset (N, <) called
a Hasse diagram. This representation associates to each point z € A the vertex
vy and the arrow v, — v, if © < y and there is no z € NV, such that < z < y.
For example let N' = {1,2,3,4,5,6} with the following order:

2<1, 2<3, 4<3, 6<5,

then the corresponding Hasse diagram is the following:
v1Q /«?‘Us ? Vs
U2o 0”4 o Ve

For each primitive poset N = (ki,...,k,,) its Hasse diagram has the following

form:
(1) (m)

U}itl 9 9 Uknl
o o o v
1 * * m
i o g w”

V]’ 0« s e 0 U

1.2. Linear representations of posets. Indecomposability and bricks

By a linear representation 7 of the poset A/ in some complex vector space V', we
will understand a relationship such that, for each element i € N corresponding to
the subspace V; C V', if i < j, then V; C V;. We will denote the representation 7 in
the following way: m = (V; V3, ..., V,,), where n is the cardinality of A/, and for the
primitive posets (k1,..., k) we will use the notation = = (V; 1/1(1)7 e Vk(ll); -
vim vy,

By the dimension vector d, of given representation m we will understand
the vector dr = (dp;dy,...,d,), where dy = dim V', d; = dim V; (correspondingly,
for representations of primitive posets the dimensional vector will be denoted by

1 1 m m
dr = (do;ds", ..., dY; . d™, . ™).
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In fact the linear representations of a poset N form the additive category
Rep(N), where the set of morphisms Mor(m, 7o) between two representations
m = (V;Vi,...,V,) and my = (W; W, ..., W,,) consists of such linear maps C :
V — W, that C(V;) C W,;. Two representations 71 and o of a poset N are
isomorphic (or equivalent) if there exists an invertible morphism C' € Mor(my, 72),
i.e., there exists an invertible linear map C : V' — W such that C(V;) = W,.

One can define a direct sum 7 = 1 € 72 of two objects 71, m2 € Rep(N) in
the following way:

r=VaeW;VieWy,...,V, & W,).

Using the definition of a direct sum it is natural to define indecomposable rep-
resentations as the representations that are not isomorphic to the direct sum of
two non-zero representations. Otherwise representations are called decomposable.
It is easy to show that a representation 7 is indecomposable iff there exist no
non-trivial idempotents in End(7). A representation 7 is called brick if there is no
non-trivial endomorphism of this representation. One can show that brick implies
indecomposability. But there exist indecomposable representations of posets which
are not brick: let us take

A = ((1) ff) a € R\{0},
and consider the representation ., = (V; Vq, Va, V3, V4) of the poset N'= (1,1,1,1),
V=C*aC? Vi=C*®0, Va=0®C?
Vs ={(z,) € Clz e C*}, Vi={(z,Aqz) € Clz € C*};

this representation is indecomposable but is not brick.
We call the representation m non-degenerated if the components of dimension

vector d, satisfy the following conditions:

o d; #0;

o if i <J then d; < dj;

o d; < d()7
otherwise the representation is called degenerated. Note that in works [3, 4], by the
term non-degenerated, the authors meant only the first and second of the above
conditions.

1.3. Posets and quivers

In studying the representations of the primitive posets it is helpful to use the well-
developed representation theory of quivers (for the representations of quivers see
for example [7, 8]).

A quiver Q = (Qo, @1, 8,t: Q1 — Qo) is given by a set of vertices @y, which
for us will be {vy,...,v,}, and a set @, of arrows. An arrow p € Q; starts at the
vertex s(p) and terminates at t(p). A representation X of @ is given by a vector
space X,, for each vertex v; € Qo and linear operator X, : Xy, — Xy(,). In a
similar way as for the posets one can define the set of morphisms between two
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representations X and Y, indecomposable and brick representations (see [7] for
the details).

To each poset A" one can associate the quiver QV in a similar way as the Hasse
diagram was associated, the only difference being that we add the extra vertex
vo to the quiver and connect by arrows all vertices that correspond to maximal
elements of A/ with the vertex vg. More formally, QA" = {v, | z € N'} U {vp} and
Q consists of the following arrows:

e v, — vy if x <y and there are no such z that < z <y, and
e v, — g if there no such z that z < z.

For example, for each primitive poset N' = (k1, ..., k) the corresponding quiver
QN has the following form:
n @ (1 @)

U, U1 Vg g
/o< O « o O« o
Voo .
\. O « o O« o
vl(cm)vl(cm) vém) v§m)

Remark 1.1. Notice that the underlying graph of the quiver Qs that corresponds
to primitive poset N = (ki,...,k;,) is the tree which is usually denoted by
Tk1+17"')k’7n+1'

It is obvious that each linear representation 7 of the poset N = (k1, ..., kn)
defines some representation X, of the corresponding quiver Q. Indeed, let be
given the representation

=V v v v

of the poset N, then the corresponding representation X, of quiver Qs could be

built in the following way: to each vertex v( 7) e associate the space V(J ) , X W0 =

V;(j) (to the vertex vy we associate the space V, X,, = V) and to each arrow
’UZQ) — vg_)l we associate the embedding V;(J) Vz(j)l (to the arrows U(]) — g
we associate the embedding V,C(LJ ) o V). And vice versa every representation X of
quiver () with underlaying graph Tk, 4+1,... k,.+1, such that for all p € Q1, X, is a

monomorphism, defines a representation of the poset N = (k1, ..., ky):
= v vy,

where V = X, is a representation of the vertex vy, and V-(Z) =X o o
0 ’ 7 ViU
. . : } . (1)

XU)(CVLA)HUO (va)) Is an image of space corresponding to the vertex v;

maps that correspond to the path from vertex v§i) to vertex vg.

In fact, having chosen a representation of the poset, then using the above
construction, we build a representation of the corresponding quiver and finally,
after building a representation of the corresponding poset, we will get the repre-

under the
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sentation that is isomorphic to the one with which we started, i.e., 7 ~ mx_ in the
category Rep(NV).

Proposition 1.2.

1) The representations w1 and mo of the poset N are isomorphic if and only if the
corresponding representation X, and X, of the quiver QN are isomorphic.

2) The representation m is indecomposable if and only if the corresponding rep-
resentation X, of the quiver QN is indecomposable.

Proof. 1) The morphism C : X, — X, ,, establishes an isomorphism between
the representations of the quiver @ if and only if the linear map C,, is an
isomorphism between the representations 7; and m of N.

2) If the representation 7 of primitive poset N is decomposable, i.e., T =~ 7 &
o, then the correspondlng representation X of the qulver QN has the followmg
form: for all v; € QO , Xy, =U; @ Wy, for all v; — v; € Ql y Xojon; = Fm D Fw,
where 1"1)] :U; — U; and I‘w : W; — Wy, ie., X is decomposable. O

1.4. Finite type posets

Recall that a poset N has finite (linear) representation type if there exist only
finitely many indecomposable representations of A in Rep(N). A result obtained
by M.M. Kleiner [2] gives a complete description of the posets of finite type. In case
of primitive posets using connections between posets and quivers and analogous
results for quivers (see [7], for instance) one can obtain description of the primitive
posets of finite type.

Proposition 1.3. Fach primitive poset of finite type has one of the following forms:
(k) for all k € N;

1, kz) fO’I“ all k1, ke € N,’

), for all k € N;

Proof. if. As it was shown in the previous subsection that for every representation
of primitive posets one can build a representation of the corresponding quiver,
non-isomorphic representations of the poset correspond to non-isomorphic repre-
sentations of the quiver. The quivers Ap+1, Ak, +ky+1, Di+s, Es, E7, Eg are the
corresponding quivers for the posets listed in the statement. Each of these quivers
has finitely many non-isomorphic indecomposable representations (see [7]), hence
the listed posets also have finitely many non-isomorphic indecomposable represen-
tations.

only if. One can show that each primitive poset that is not included in the list
contains a subposet with corresponding extended Dynkin quiver. But this quiver
has infinitely many non-isomorphic indecomposable representations (see [9, 10] and
others for description). We list infinite series of non-isomorphic indecomposable
representations of the corresponding poset:
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e for the poset (1,1,1,1) (the corresponding quiver is Dy):
V =C?=(e1,e2); Vi = (e1), Vo = (ea),
Vi =(e1 +ea), Va={e1 + Aea), N#£0,1;
o for the poset (2,2,2) (the corresponding quiver is Fg):
V =C3 = (e, e2,e3),

Vi = (e1), Vo = (e1,e2), V3 = (e3), Vi = (e2, €3),
Vs =(e1+ex+es), Vo= (e1+ex+es rer+ez), AF#0,1;
e for the poset (3,3,2) (the corresponding quiver is Er):
V= (C4 = <€1,€27€3,€4>7
Vl = <€1>3Vv2 - <€1,€2>,Vv3 = <€1,€27€3>,
V;l = <€4>7V:5 = <€3,€4>,‘/6 = <€2,€37€4>,
Vi =(e1+ex+es,der+es+eq), A#0,1;
e for the poset (5,2,1) (the corresponding quiver is Eg):
V= (CG = <€17€2,€37€4,€57€6>7
Vi = (e1), Vo = (e1,e2), V3 = (e1,e2,e3), Vi = (e1, e, €3, €4),
Vs = (e1,e2,e3,¢e4,¢e5), Vs = (es,¢e6), V7 = (€3, €4, €5, €6),
Vs =(e1+es+es+es, Ner +e3+e5+es,e2+eq), AF#0,1

Hence the theorem is proved. 0

1.5. Coxeter functors for representations of posets in linear spaces

Coxeter functors for representations of quivers were studied in [12] for proving
Gabriel’s theorem. Similar Coxeter functors F'©, F~ act in the category Rep(N)
of linear representations of posets that was constructed in [4]. We will not give
their full construction here, but we recall some basic necessary facts.

There are functors o, p, p* (02 = id, po p* = id, p* o p = id) which act
between categories Rep(N) and Rep(N*) (where N* is dual to poset A'). These
functors change the dimensions of the representations by the following formulas:

(dozd,d)sd™, a3 dY) — dordlY dg) —d
j=1

dt —dl) sod™ L d™ —d™ ), for p: Rep(N) — Rep(N*);
(dosdM,...,dD;. od™, L d™) 2 (3D — dgdl) — Y,
j=1

dP —d®V, . dVdm™ = d™ ™), for p* i Rep(N*) — Rep(V).
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(dosdi”, ... odVs.sd™ o d™) T (dosdy — dfY, . do — dYs.
do—d{™,....do—d™).

By definition F~ = poo : Rep(N) — Rep(N), Ft =cop=Rep: (N) —
Rep(N), hence their action on generalized dimensions could be written as follows:

m

m m + = j = j
(dozdV, . dl) s ™, d™) e (YA — doy Y dY) — do,
j=1 j=2
m m m—1
Sdd) —do+dV, Y de, —do+dy) g5 Y0 dY) —do+d )5 (1)
j j=2 j=1

Jj=2

m

m m F~ j
(dordM .. odDs . d™ LAY s (= Ddo =Y dYdl — Y,

m

j=1
d —d®, . dl = dM do—dDs s dM, - d™M dy— ™). (12)

Importance of these functors is due to the following fact (see [4]):
Any non-degenerate representation of finite type poset N is the following:
(FH)*m, where 7 is degenerate.

2. Representations of posets in Hilbert spaces

In this section we will consider the unitary representation of the posets. We will
show how these representations are connected with *-representation of certain
x-algebras that are generated by projections and linear relations. The represen-
tations of these algebras associated with primitive posets could be studied using
the Coxeter functors, which will allow us to study unitary representations of the
posets, using a similar technique.

2.1. Unitary representations of posets

Denote by Rep(N,H) a sub-category in Rep(N). Its set of objects consists of
representations in finite-dimensional Hilbert spaces and two objects m and 7 are
equivalent in Rep(N) if there exists a morphism between them that is a unitary
operator U : H — H such that U(H;) = H; (unitary equivalent). Representa-
tion m € Rep(N,H) is called irreducible iff the C*-algebra generated by a set
of orthogonal projections {P;} on the subspaces {H;} is irreducible. Let us re-
mark that indecomposability of representation 7 in Rep(/N') implies irreducibility
of C*({P;,i € N'}) but the converse is not true (see [11] for details).

The problem of classifying all irreducible objects in category Rep(AN, H) be-
comes much harder. Even for primitive poset N' = (1, 2) it is impossible to classify
in a reasonable way all irreducible representations: indeed this leads us to classify



286 R. Grushevoy and K. Yusenko

up to unitary equivalence three subspaces in Hilbert space, two of which are or-
thogonal, but it is well known [5] that such a task is #-wild. Hence it is natural to
consider some additional relation.

Let us consider those objects @ € Rep(NV,H), # = (H; Hy, ..., Hs), which
satisfy the following linear relation:

where «y;,y are some positive real numbers and P; is an orthogonal projection
on space H;. These objects form a category (in the sequel this category will be
also denoted by Rep(N, H), of course we will consider only those representations
in Hilbert spaces which satisfy the required relation). We can also fix the weight
X = (a1,...,a,;7) € R and consider those representations that satisfy (2.1)).
The category of such representations (which is a subcategory of Rep(N,H)) we
will denote by Rep, (N, H).

The surprising result of [13] is that if there is an indecomposable 7 € Rep(N)
that is equivalent to some 7’ € Rep(N, H), then 7 is brick.

2.2. Certain *-algebras and their representation in the category of Hilbert spaces

Let be given the weight x = (aq,...,an;7y) € RTFI and consider the following
«-algebra Ay, which is generated by n projections and corresponds to poset N
of order n:

An e =C{p1,p2, ..., pn | pi =P} =D}, Pip; = DjPi = pis i < J,
aipr + -+ QpPn = ’76>' (22)

It is easy to see that every s-representation 7 of *-algebra A, gives us a repre-
sentation of poset A in category Rep, (N, H) (H; = m(p;)), and vice versa every
representation of poset A in category Rer (J\f ,H) generates the #-representation
of Ay x. This means that categories Rep, (N, H) and Rep(Ax,y) are equivalent.

For primitive poset N' = (k1, ..., kn), weights, for convenience, will be de-
noted by y = (ozgl), e oz,(ell) aﬁm), e a,(;:); ~) and correspondingly

Ay =™ | P = p = p?,

pz(-j)pg) = p(j)pgj) = pmm{z k}> Z Z a(J)pzj) = ’76> (2'3)
j=11i=1

Under some conditions there exist isomorphisms between these algebras and
x-algebras Ap ¢ which are associated with star-shaped graphs I' = Ty, 11, k. +1

and character y = (ﬁ£1)7 e 6(1) . ;ﬁ;m), R ,(Cm), 7). *-Algebras Ar ; defined
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in the following way:

Arg =gV, gV g™ g™ | g = ngj>7
oat = aa” = 6,14, ZZﬁ(” = qe). (2.4)
j=11i=1

Proposition 2.1. Let N be a primitive poset and

1 1 m m
X:(ag),.. oz,(ﬁ) ;ozg ),...,a,(cm);’y)

and
A:(ﬁ](_l)ﬂ"'?/@(l)?"‘.ﬁm)ﬂ"'ﬂ ](Cm)7’}/)

be two given weights such that for all j = 1,...,m, ¢ = 1,...,k; the following
conditions hold:

k;j
7 =3 e,
s=1
then there exists an isomorphism ¢ between *-algebras Ay and Ar .

Proof. One can easily prove this map, which is given on generators of algebras, in
the following way:

(J)»—>Zq(3) j=1....1, i=1,...kj,

establishes the isomorphism between Ay, and Ar . O

The isomorphism ¢ can be extended to an equivalence functor between cat-
egories of representations of the algebras. Let m be a representation of x-algebra
Ar ¢ then ¢o is a representation of Ay . Furthermore if 71 and 7o are equivalent
objects in Rep(Ar y) then ¢ o m and ¢ o mp are equivalent objects in Rep(An ).

Let us recall some definitions from [15]:

Definition 2.2. An irreducible finite-dimensional *-representation 7 of the algebra
Ar 5, such that

(g”) #0

k;
7o( (J)
i=1

<
|
=
o~
I
=
R
Q
=]
o

<0

K2

will be called non-degenerate. By Rep(Ar,y) we will denote a full subcategory of
non-degenerate representations in the category Rep(Ar y).

Objects that corresponds to the subcategory Rep(Ar 5 ) in RepAyr,, ) will be
called non-degenerated as well. Non-degenerate representations of x-algebra Axs y
correspond to non-degenerate representations of poset .
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For the Hilbert representation (H; Hi, ..., H,) of a poset N to be degener-
ated means that one of the following conditions holds:

e there exist ¢ such that H; =0, i.e., P, =0;
e there exist ¢ such that H; = H; 1, i.e., P, = P;_q;
e there exist ¢ such that H; = H, i.e., P, = 1.

In this case one can obtain a non-degenerate representation of some subposet
of V' by the following procedure. If for some i, P; = 0, then one automatically has
a representation of poset N/ = A"\ {i}. If P, = P,_4, then one can consider 7 as a
representation of poset N/ where (i — 1) = H; = H;_1 and D jemfi-1,iy 4P+
(i1 + a;)P,—1 = ~I. And finally, if for some ¢ (i) = H one can consider
representation 7 as representation of N for which holds >7 .\ ;P = (v — o) 1.

2.3. Coxeter functors for representations of x-algebras Au
in case of primitive poset \

In [14] there were developed Coxeter functors for representations of quivers in
Hilbert spaces which preserve the so-called ‘orthoscalarity’ condition. It was proved
that any irreducible representation of a quiver whose underlying graph is a Dynkin
diagram can be obtained from the simplest ones by using these Coxeter functors.

These functors allow us to construct some other Coxeter functors ®* and
®~, which act on representations of algebras Ar ;. Recall that -algebras Ar 5 and
their involutive representations have been studied in many recent works (see [15,
17] and others). Using the isomorphism ¢ between x-algebras Ar g and An
we obtain two new functors which we will also denote by ®* and ®~ and call
Coxeter functors. These functors act from category Rep(Anx) to Rep(Anx, )
and Rep(Ay,y,_ ) respectively, where

k1
ENE! 1
Xo+ = (7_20‘5 ),ozg )7"»0‘1(@1)71;---;
i—1

1= SSal, 0, ol iy = 3 o)
i=1 7=l
m kj .
Xo- = (087,087l ST el <y
j=2 i=1
m—1 kj m  kj
knz
G o) =73 D e =)
j=1 i=1 J=1li=1

In other words, these functors can be considered as functors from Rep, (N, H) to
Repy,+ (N, H), and these functors change the dimensions of representations by
formulas similar to (1.1) and (1.2).



On the Unitarization of Linear Representations of Posets 289

3. Unitarization of linear representations of primitive posets

This section is devoted to the interconnection between linear and unitary rep-
resentation of the primitive posets. Actually for primitive posets of finite type
we will obtain a complete list of possible weights that are appropriate to given
indecomposable linear representations.

3.1. Unitarization

Let be given the representation m € Rep(N), m = (V;V4,...,V,,) of the poset N.
We say that 7 can be unitarized if there exists an appropriate choice of hermitian
structure (-, )¢ in V, such that the corresponding projection P; : V — V; satisfies
the following relation:

arPr+ -+ an Py =91,
for some weight x = (a1,...,an;7) € Ri+l7 and correspondingly we say that w
can be unitarized with weight x if this weight is fixed.

Recall that a similar notion of unitarization was provided in article [14] for the
unitarization of representations of a given quiver @. In fact that work studied the
question when it is possible to define hermitian structure on each space X;, i € Qo,
in such a way that in each vertex ¢ the following condition is satisfied:

* *
Y XX Y XX = il
j—1 i—j

where X . denotes the adjoint map to X; .; with respect to hermitian structure
in X; and X;. One of the results of paper [14] is that if @ is a Dynkin quiver then
every representation could be unitarizable, and if @ is an extended Dynkin quiver
then there are representations that cannot be unitarized.

One can obtain an analogous fact for representations of a primitive poset of
finite type using Coxeter functors. Noticed that it can be obtained using results
from [14].

Proposition 3.1. Every indecomposable linear representation of a primitive poset
of finite type can be unitarized with some weight.

Proof. To start with, remark that it is obvious that any one-dimensional repre-
sentation with dimension vector d, = (1;dy,...,d,) of any poset can be unita-
rized with weight x = (a1, ..., an;7) satisfying trace condition ) - dsas = 7.
All indecomposable representations of primitive posets N = (k),k € N and
N = (k1,kz), k1, ks € N are one-dimensional hence they could be unitarized.

Let m be some representation of a primitive poset A of finite type. There
are two possibilities: 7 is degenerate or 7 is non-degenerate. In the first case the
representation m can be considered as one of some subposets N’ of /. Then by
induction it can be unitarized and a corresponding unitary representation of N’
can be restricted to a unitary representation of A" which is a unitarization of .

In the latter case representation 7 has the form (F~)km = 7’ where 7’ is de-
generate ([4] and Section 1.5), hence (F~)kr = n’. Each degenerate representation



290 R. Grushevoy and K. Yusenko

7/ can be unitarized with some weight y’. Applying functor (®*)* to its corre-
sponding unitary representation, we obtain a unitary representation with some
weight x equivalent to w. Therefore 7 unitarizes with weight x. As a result we
obtain a statement of the theorem and even more: this gives the algorithm which
allows us to describe all possible weights that are appropriated for the unitarization
of the given representation of a finite type primitive poset. O

The next theorem gives a complete list of all possible weights for non-degener-
ated representations of primitive posets of finite type. In other words it describes
the set of weights yx for every primitive poset A/ such that x-algebra Ay, has
irreducible representation in fixed dimension D. Analogous results for x-algebras
Ar 5, were obtained in [15] and the following theorem can be obtained using those
results but we did it independently. The list of weights is organized in the follow-
ing way: for each representation of primitive poset N = (ki,...,k,) (which for
us is given by generalized dimensional d = (dgl)7 e d,(cll); co dgn)7 e d,(:l); dop),
since this gives a representation up to isomorphism) we state the condition on
weights x = (aa, ...,k ; 01, ..;7), under which it is possible to unitarize the lin-
ear representation. A complete list (for all representations including degenerated)
is available online (http://arxiv.org/pdf/0807.0155).

Theorem 3.2. For primitive poset N its non-degenerate linear representation with
dimension D unitarizes with every weight x for which conditions C' are satisfied:

1. Poset N = (1;1;1) o o o

Dimensions D Conditions C
(1;1;1;2) a<y,B<y,0<v,a+pB+d5=2y
2 9

2. Poset N = (2;1;1) o o o
Dimensions D Conditions C

(1,2;1,2;1;3) art+ay <7v,ar+az+ B2+ <2761+ 52 <
Yoo+ 014 P+ 0 < 2y,00 + P2 < y,01 +
200 + 51 + 262+ 0 =3y

(1,2;1,2;2;3) Ba+6 <v,as+ 1 +28+85 < 2y,as +0 <
v, 014200+ Po+0 < 27, a1+as+P1+Ga+0 <
2y, a1 + 200 + B + 202 4+ 26 = 3y
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3. Poset N' = (3;2;1)
Dimensions D

(1,2,3;1,2;2:4)

(1,2,3;1,3;2;4)

(1,2,3:2,3;2;4)

4. Poset N = (4;2;1)

Dimensions D
(1,2,3,4;1,3;2;5)

(1,2,3,4;2,3;2;5)

?
9
o o o

Conditions C

a1 +as+as < v,a1+as+as+ G+ <
27,01 +as+2a3+ 01 +202+6 < 3y, a3+6 <
v, ao+2a3+ G+ < 27, ast+az+ 61+ 02+6 <
27, a1 + 29 + 3ag + (1 + 202 + 26 = 4y

Ba+8 <vy,az3+P1+282+8 < 2y, a0+ 203 +
B142P2+26 < 3y, as+az+ 02 < v, a1+2002+
2a3+ 01420246 < 37, a1 +as+2a3+P2+6 <
27, a1 + 29 + 3ag + (1 + 302 + 26 = 4y

az+ f1+ P2 < v,a2+ 203+ 01+ 2+ 0 <
2y, 00 + 200 + 3az + 1+ 202 + 0 < 3y, +
astag+ 01+ 04+ < 2v,a1 +as +2a3 +
B1+2B2+20 <3y,ae +azg+ 1+ 262 +6 <
279,01 + 202 + 3a3 + 2081 + 302 + 20 = 4

O »O »O

?

@] (@] (@]

Conditions C

a1tast+aztay <7v,a1+as+ag+ag+Br+
0 < 2v,a1 +as+ a3+ 204+ 01+ 202 +6§ <
3v,a1 + ag + 2a3 + 3ayg + B1 + 202 + 26 <
dy, a3 + ag + B2 < 7,2 + 203 + 204 + 1 +
202490 < 3y, s+ az+2a4+P2+0 < 2y,a1+
2a + 3z +4ay + 81 + 302 + 20 = 5y

a1t as+azs+ag < y,a4+ 01+ P <v,a3+
20¢4+61+ﬂ2—|—5<27,a2+20¢3+3a4+ﬂ1+
205 + 0 < 3v,as +az+ag+ 01+ P2+ <
2y, a1 + 209 + 2a3 + 3ag + B + 202 + 26 <
4y, a1+ oo +2a3+204+ 14202+ < 3v, 1+
2a2+3a3+4a4+2ﬂ1+362+25=57
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(1,2,3,4;2,4;2;5)

(1,2,3,4;1,3;3;5)

(1,2,3,4;2,3;3;5)

(1,2,3,4;2,4;3;5)

(1,2,3,4;2,4;3;6)

(1,2,3,5;2,4;3;6)

R. Grushevoy and K. Yusenko

ag+ P+ P2 <7v,an+az+ag+ P < v,a1 +
2000+ 203+ 204 + 51 +202+5 < 3y, a1+ 20+
2a3+ 34+ 01 +302+20 <4y, as+as+ 01+
205 + 0 < 27,0 + 2a3 4+ 3ay + 201 + 302 +
20 < 4dv,00+as+2a3+3as+ 01 +2024+6 <
37,01+ 20+ 3z +4ay+ 261 + 402+ 25 = 5y
Oo+0 <vy,az+ay+6 <7, as+2a3+ 2a4 +
Bo 4+ < 2v,a1 + 20 4+ 3asg + 3ag + 51 +
205+ 20 < 4dy,a1 +as+asz+2a4+ Po+0 <
27,01 + ag + 203 + 3ag + B + 362 + 26 <
4’}/,(12—|—(13+20&4+61+2ﬂ2+25<37,0&1+
2a + 3z +4ay + 81 + 302 + 30 = 5y
agtoyu+6 <y, +ogt+azt+ag+ G+ G2+
0 <2v,00 + g+ as+ 204+ 1 +202+20 <
37,01 + as + 2a3 + 3ay + 201 + 302 + 26 <
dy, ao+az+20u+ P14+ P2+ < 2y, 00+ 200+
3as + dag + P11+ 202 + 20 < 4y, a0 + 203 +
204 + P14+ 2062 + 26 < 3v,a1 + 200 + 3ag +
day + 201 + 302 + 35 = by

ag+ B2 +0 < v,a3+ 204 + 1+ 202+ 0 <
27y, 00 + 203+ 3as + B1 + 202+ 20 < 3y,a1 +
2a 4+ 3az + 4oy + B + 302 + 20 < 4y, a0 +
az+ag+ 1 +2024+6 <27, a1 + 209 + 2ai3 +
3ag 4+ 201 + 302 + 20 < 4y, a1 + as + 2a3 +
204 + 061+ 202 + 26 < 3y, a1 + 200 + 3as +
day + 201 + 482 + 36 = 5y

Bo+6 <v,aq+P1+202+0 < 27, a3+ 204 +
81+ 202 + 20 < 3v,a0 + 2a3 + 3aq + 01 +
302+ 20 <4dv,as+ag+as+ 01+ 02+ <
2y, a1 + 209 + 2a3 + 3ag + B + 202 + 26 <
4y, 1 +as+2a3+2a4+ 1 +202+6 < 3y, a1+
2a + 3z + day + 201 + 462 + 36 = 67
ag+ 31+ B2 <v,az+ 204+ P+ P2 +6 <
27, ag+2a3+3as+01+202495 < 3y, a1+2as+
3ag+4as+201+302+26 < by, a1 +az+as+
204+ P2+ 0 < 27,01 +az+2a3+ 3as+ G +
302426 < 4y, as+az+2a4+ 01+ 202426 <
37y, a1+ 20+ 3a3+5ay+ 281 +402+ 35 = 6y
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(1,2,4,5;2,4;3;6) asz +ag+0 < y,an +2a3 + 204+ P2+ 0 <
27,()&1+2(12+30¢3+30&4+61 + 202 + 26 <
4v,01 + 200 + 3ag + dag + f1 + 302 + 360 <
5v,a3 + ayg + B + 202 + 0 < 27y, as + 2a3 +
3ag + 201 + 302 + 20 < 4y, a1 + as + 2a3 +
3ay+1+20824+6 < 37, a1+ 200 +4as+5ay+
231 4+ 4082 + 30 = 6

(1,374,5;2,4;3;6) st ag+ag+ P2 < v, a1+ 202+ 203+ 204 +
B1+2082+6 < 37,01+ 200+ 2a3+3as+ 01 +
302 4+ 26 < 4v, a1 + 20 + 3as + day + 2531 +
4824+ 26 < by,as+az+2a4+ 01+ 02 +6 <
2y, a1 + 200 + 3ag + dag + B + 202 + 20 <
4y, a0 + 203 + 204 + B + 202+ 26 < 3y, a1 +
3ap + 4oz + bay + 201 + 462 + 36 = 67

(2,3,4,5;2,4;3;6)  artastaztast i+t <2y,a1+an+
ag+2ay+ 51+ 2082+ 26 < 3y, a1 +an + 2a3 +
3ay+201+4302420 < 4y, a1+2a0+3az+4as+
2081 4+302+30 < 5’}/,041+042+2(13+20z4+62+
0 < 2y,a1+ 200+ 3as+3a4+ 61 +30624+20 <
dy,a1 + 200 + 203 + 3o + 01 + 202 + 6 <
37,201+ 3as+4as+ 5oy + 261 +462+35 = 6y
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Abstract. An arbitrary operator A on a Banach space X such that either
A or iA generates the Co-group with certain growth condition at infinity is
considered. The direct and inverse theorems on connection between the degree
of smoothness of a vector x € X with respect to the operator A, the rate of
convergence to zero of the best approximation of x by exponential type entire
vectors for the operator A, and the k-module of continuity are established.
These results allow to obtain Jackson-type and Bernstein-type inequalities in
weighted L, spaces.
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1. Introduction

Direct and inverse theorems which establish the relationship between the degree of
smoothness of a function with respect to the differentiation operator and the rate
of convergence to zero of its best approximation by trigonometric polynomials are
well known in the theory of approximation of periodic functions. Jackson’s and
Bernstein’s inequalities are ones among such results.

N.P. Kuptsov proposed a generalized notion of module of continuity, ex-
panded onto Cy-groups in a Banach space [1]. Using this notion, N.P. Kuptsov [1]
and A.P. Terekhin [2] proved the generalized Jackson’s inequalities for the cases of

This work was partially supported by the Ukrainian State Foundation for Fundamental Research
(project N14.1/003).
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bounded group and s-regular group. Recall that group {U (¢) }+cr is called s-regular
if resolvent of its generator A satisfies the condition

C
Im\’

G.V. Radzievsky studied direct and inverse theorems [3, 4], using the notion
of K-functional instead of module of continuity, but it should be noted that the
K-functional has two-sided estimates with regard to the module of continuity at
least for bounded Cy-groups.

In the papers [5, 6] and [7] authors investigated the case of a group of unitary
operators in a Hilbert space and established Jackson-type inequalities in Hilbert
spaces and their rigs. These inequalities are used to estimate the rate of conver-
gence to zero of the best approximation of both finite and infinite smoothness
vectors for operator A by exponential type entire vectors.

We consider Cy-groups, generated by so-called non-quasianalytic operators

[8], i.e., groups satisfying
 In||U(t
/ n1”+(t2)” dt < co. (1.1)

We recall that the belonging of group to the Cy class means that for every z € X
vector-function U (t)x is continuous on R with respect to the norm of space X.

As it was shown in [5], the set of exponential type entire vectors for the
non-quasianalytic operator A is dense in X, so the problem of approximation by
exponential type entire vectors is correct. On the other hand, it was shown in [9]
that condition (1.1) is close to the necessary one, so in the case when (1.1) doesn’t
hold, the class of entire vectors isn’t necessary dense in X, and the corresponding
approximation problem loses its meaning.

The purpose of this work is to obtain Jackson- and Bernstein-type inequalities
and inverse theorems in the case where a vector of a Banach space is approximated
by exponential type entire vectors for a non-quasianalytic operator, and to give
some applications of these results to weighted L, spaces. First, in Section 2, all
necessary definitions and the statement of approximation problem are given, next,
in Section 3 we describe required apparatus, in Section 4 direct and inverse the-
orems are established, and, in the last Section 5, we give some examples of using
the results in weighted L, spaces.

I eR: |Ra(e”A%)| <

2. Preliminaries

Let A be a closed linear operator with dense domain of definition D(A) in the
Banach space (X, ||-||) over the field of complex numbers.
Let C*°(A) denotes the set of all infinitely differentiable vectors of operator
A, ie.,
C>(A)= (] D(A"), No=Nu{0}.

neNp



Direct and Inverse Theorems in the Theory of Approximation 297

For number a > 0 we set
¢*(A) = {z € C>(A)|3c =c(x) > 0 Vk € Ny ||Akx|| < cozk} .
The set €*(A) is a Banach space with respect to the norm
lell oy = sup lare)
neNg an

Then €(A) = J,.o€*(A) is a linear locally convex space with respect to the
topology of inductive limit of Banach spaces €“(A):

¢(A) = limind €*(A).
Elements of space €(A) are called exponential type entire vectors of operator A.
The type o(z, A) of vector x € €(A) is defined as the number

o(x,A) =inf{a >0 : z € €*(A)} = limsup ||A"x||“}~ . (2.1)
Denote by Z%(A) the following set
E%(A) = {z € &) |o(z) < a}. (2.2)
It is easy to see that
€ (A) CEY(A) = () €*T(A). (2.3)

e>0

The question if the inclusion in the equation (2.3) is strict naturally arises. If
the operator A is a generator of bounded Cy-group U(t), then, as follows from
[2, Theorem 1], €*(A4) = E%(A). But if the group U(¢) is unbounded (as is for
non-quasianalytic operators A), it is possible that €*(A) # E*(A), that is there
exists such vector = that o(x) = r, but « ¢ €"(A). We will return to this question
later, discussing the generalization of the Bernstein inequality in Section 4 and in
Section 5, where the example of such operator A and vector x is constructed.
For arbitrary « € X we set, according to [7, 6],
&r(z, A) et lz—yll, >0,

ie., & (x, A) is the best approximation of element x by exponential type entire
vectors y of operator A for which o(y, A) < r. For fixed z, &.(x, A) does not
increase and &.(x, A) — 0, r — oo for every x € X if and only if the set E(A)
of exponential type entire vectors is dense in X. Particularly, as indicated above,
the set €(A) is dense in X if A generates Co-group {U(¢) : t € R} and this group
belongs to non-quasianalytic class (that is, it satisfies (1.1)).

Ezxample. Let X is one of the L,(2m) (1 < p < o0) spaces of integrable in pth
degree over [0, 27], 2m-periodical functions or the space C(2m) of continuous 27-
periodical functions (the norm in X is defined in a standard way), and let A is
the differentiation operator in the space X (D(A) = {z € XN AC(R) : 2’ € X};
(Az)(t) = %*, where AC(R) denotes the space of absolutely continuous functions

over R). It can be proved that in such case &(A) coincides with the set of all
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trigonometric polynomials, and for y € €(A4) o(y, A) = deg(y), where deg(y) is
the degree of trigonometric polynomial y.

Note that all previous definitions do not change if we replace the operator
A by any operator of form e’ A, § € R. Moreover, main results of this article do
not depend on which operator generates group U (t) — either A or iA. So, in what
follows, we always assume that the operator ¢A is the generator of Cy-group of
linear continuous operators {U(t) : t € R} on X. Moreover, we suppose that the
operator A is non-quasianalytic.

For t € Ry, we set

My(t):= sup ||U(7)]. (2.4)
TER, |T|<t
The estimation [|U(t)|| < Me“t for some M,w € R implies My (t) < oo (for all
t € Ry). It is easy to see that the function My (+) has the following properties:
1) My(t) > 1, t € Ry;
2) My (+) is monotonically non-decreasing on R ;
3) My(ti +t2) < My(t1)My(te), t1,t2 € Ry.
According to [1], for z € X, t € Ry and k € N we set as a generalization of
module of smoothness,

wi(t,x, A) = sup ||A'ﬁa:||, where (2.5)
0<r<t
- (3
AF = (U(h) -k = Z(—l)k_J <k> U(jh), keNg,heR (A)=1). (2.6)
j=0
Moreover, let
Wi(t,x, A) = sup || Akz]|. (2.7)
Ir|<t

Remark 2.1. It is easy to see that in the case of bounded group {U(t)} (|| U(t)] <
M, t € R) the quantities w(t, z, A) and wy(t, z, A) are equivalent within constant
factor (wg(t,x, A) < Wi(t,x, A) < Mwi(t,z, A)), and in the case of isometric
group (||U(t)|| =1, t € R) these quantities coincide.

It is immediate from the definition of W (¢, x, A) that for k € N:

2) for fixed x the function Wy (t, x, A) is non-decreasing and is continuous by the
variable ¢ on Ry;

3) Ti(nt,x, A) < (14 (n— )My ((n — 1)8)) " G(t,z, A) (n €N, t > 0);

- ki~
4) Oy (pt,, A) < (1+ pMy(ut)) Ox(t, 2, A) (u,t > 0);
5) for fixed ¢ € Ry the function Wy (¢, z, A) is continuous in x.



Direct and Inverse Theorems in the Theory of Approximation 299

3. Integration kernels and spectral subspaces

In contrast to the Hilbert space case and selfadjoint operators, we do not have
spectral decomposition of operator as the convenient tool to deal with entire vec-
tors of exponential type, we need another instruments. This section devoted to two
such things — the investigation of properties of generalizations of classic integral

kernels, such as
N 2 . T 2n
1 (sing 1 sin
d n , 3.1
() G () 3

and to determining the relationship between entire vectors of exponential type and
spectral subspaces of non-quasianalytic operators, constructed in [8].

3.1. One class of integration kernels

Integral kernels, generalizing (3.1), were first constructed in [10]. They are entire
functions, bounded and fast decreasing on real axis. They will be used later for
constructing of approximation. Now we describe how these kernels are constructed
and state their properties.

In what follows we denote as 9 the class of functions « : R — R, satisfying
the following conditions:

I) a(-) is measurable and bounded on any segment [—7T,T] C R.
II) a(t) >0, t €R.
III) (tl + tg) < a(tl) (tg), t1,ts € R.

v) [o2 Me@Olgr < .

Note that these conditions are properties of norm of non-quasianalytic group.
Without lost of generality we may assume that the function «(t) satisfies additional
conditions:

V) a(t) > 1,teR; !
VI) «(t) is even on R and ib monotonically increasing on R ;
VI a7}, @) = o0l (B)ldt < oo

Really, it is easy to verify that assumptions V), VII) and condition that the func-
tion «a(t) is even in VI) don’t confine the general case if one examine the function
ai(t) = a(t)a(—t), where a(t) = (1 + a(t))(1 +t?). In [11, Theorems 1 and 2] it
has been proved that the monotony condition on «(t) in VI) doesn’t confine the
general case too.

It follows from VII) that

a(t) — oo, t — 0. (3.2)

L As shown in [8], for non-quasianalytic groups the condition ||U(t)|| > 1 always holds, therefore
in this paper the condition V) automatically takes place.
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Let B(t) = Ina(t), t € R. Conditions IIT)-VII) and (3.2) lead to conclusion that

B(t1 +t2) < B(t1) + B(t2), t1,t2 €R (3.3)
/ t(Q)dt < 0 (3.4)
1
Because of (3.3) there exists limit lim;_, gff). And, by virtue of (3.4):
Jim b gf) —0. (3.5)

Also, using monotony of 3(t), for ¢t € [k, k+ 1], k € N one gets

B(t) B(k) 15(k)
27 (k41274 k2

thus using (3.4) it is easy to obtain that
o B(k)
> <o (3.6)
k=1

moreover, all terms of series (3.6) are positive. From the convergence of series
(3.6) it follows the existence of such sequence {@Q,}22; C R that Q, > 1, Q, —
00, n — oo and

> ]i2)Qk:S<oo. (3.7)
k=1
We set )
B(k)Qk
ag == g2 ke N.
The definition of ax and (3.7) result in equality
Z ap = 1. (3.8)
k=1

We construct the sequence of functions, which, obviously, are entire for every
neN:

n soapz \ 2
fn(z) = H Pi(z), where Py(2) = (sn:kzz ) ,2z€C,neN.
k=1 2

Similarly to the proof of Denjoy-Carleman theorem [12, p. 378] it can be concluded
that the sequence of (entire) functions f,(z) converges uniformly to the function

o0 . apz 2
f(z)=H(S”ik;" ) . zeC
k=1 2

in every disk {z € C||z| < R}. Thus, by Weierstrass theorem, the function f(z)
is entire.
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It can be verified that 0 < || f||, &) < co. Thus let
1

Kao(z) =
) 102, )

f(z), zeC. (3.9)

Functions K, (z) are generalizations of integral kernels (3.1). The following two
lemmas state properties of these kernels.

Lemma 3.1 ([13]). Let o € Q. Then the function K, (z), constructed above, satisfies
1) Ko(t) >0, t e R;
2) [7 Kalt)dt =1;
3) Vr>03c, =¢.(a) >0VzeC |Ky(rz)|] <ec

er\lm z|

a(lz])

Let a € Q, and K, : C +— C is the function constructed by the function « as
above. We set

Kar(z) :=rka(rz), z€C, re(0,00).
Lemma 3.1 ensures us that the function I, , has the following properties:
1) Kar(t) >0, teR;
2) [Z Kar(t)dt=1;
3) Vz e C |Kar(2)| <rer e;‘(l‘r:‘z)‘ :

Next lemma describes the behavior of derivatives of Ko (%).

r > 0.

Lemma 3.2 ([13]). For every r € (0,00) there exists a constant ¢, = ¢,.(a) > 0
such that for each n € N the following inequality holds

2 n
ko <5V m er,
, o)

Remark 3.3. If the function «(t) satisfies the conditions of lemma 3.1, but, more-
over, has polynomial order of growth at infinity, i.e., Im € Ny, IM > 0:
alt) < M(1+t)*™, teR, (3.10)

another integral kernel may be used:

- 1 /sin 2 \?™ < fgin PO\ 2™
Ka(z) = K ( Z2m ) 5 Km - / ( x2m > dx.
m 2m —0o0 2m

In much the same way as in Lemmas 3.1 and 3.2 one can show that
~ _ or|Imz| ~ M 2 2m
e m
K, <G s h Cr = 1 3
’ (rz)‘ =G a0l) where K. ( + . )

and

~ 2 n
‘K,gng(t)’ Sér\/ 7"-nOé(r)rn?
’ a([t])

that is to say, defined in such a way integral kernel satisfies Lemmas 3.1 and 3.2.

where ¢, < QTC'T,
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3.2. Spectral subspaces of non-quasianalytic operators

Main instrument for proving generalized Bernstein inequality is the theory of spec-
tral subspaces of non-quasianalytic operator A, constructed in [8]. Recall that
spectral subspaces (denoted by L£(A)) are defined for all segments A C R and are
characterized by the following properties:

1) The operator A is defined on whole £(A) and is bounded on it;

2) L(A) is invariant with respect to A;

3) the spectrum of part Aa of operator A, induced in £(A), consists of inter-
section of spectrum of A with the interior of segment A and, perhaps, the
endpoints of segment A. And at that, if the endpoint of segment A does not
belong to the spectrum of A, it does not belong to the spectrum of Ax either;

4) if there is some subspace £ on which the operator A is defined everywhere
and is bounded, and this subspace is invariant with respect to A, and at
the same time the spectrum of L-induced part of A is included in A, then
L C L(A).

Now we describe the construction of spectral subspaces and their main prop-
erties, and later state the relationship with the entire vectors of exponential type.
Let 0(t) (—oo < t < 00) is the entire function of order 1 with zeroes on the positive
imaginary ray:

N t 1
0(t) :CH (1— itk>7 where 0 < t; <ty < ..., Ztk < 00, (3.11)
k=1 k=1
C' is a constant. Define by Eém) the class of entire functions ¢(t) of finite type and
order 1 which satisfies for all m = 0,1, ... and for all « > 0 the condition
M (p) = / [t"0(at)op(t)| dt < oo. (3.12)

As shown in [8, Lemma 1.1.1], the Fourier transform of functions from Eéoo) is
non-quasianalytic, that is the following property takes place:

Proposition 3.4. For any segment A of real axis and for any open finite interval

I D A there exists ¢(t) € Eéoo) such that its Fourier transform equals one in A
and equals zero outside I.

Moreover, the class Eéoo) is linear and is closed under convolutions and dif-
ferentiation.

Next step is the construction of finite functions of operator A. For Cy-group
with non-quasianalytic generator there exists [11] such entire function 6(t) of order
1 with zeroes on the positive imaginary ray that

U@ <16(t)]  VteR.

Let’s consider arbitrary ¢(t) € E(SOO) and construct linear operator

Py /_ T (3.13)



Direct and Inverse Theorems in the Theory of Approximation 303

The operator, defined by (3.13), is bounded due to (3.12). Next, consider arbitrary
segment A of real axis and denote by Eéoo)(A) the set of such functions ¢(t) €

Eéoo) that the Fourier transform ¢(\) = 1 in some interval containing A. Denote
by L(A) the subspace of vectors x such that

Pyr =z (3.14)

for all ¢(t) € ES(A).
Operators P, are useful to studying of vectors A"z and to proving of the
Bernstein inequality because of properties (3.13), (3.14) and property [8, p. 445]

APy = PyA=P_jy, (3.15)

which allow to deal with derivatives of some entire functions instead of Banach-
space operators and vectors.

The following theorem shows the close relationship between spectral sub-
spaces and entire vectors of exponential type.

Theorem 3.5 ([14]). For all a >0
€*(A) CE%(4) = L([-, a]),

moreover, Z%(A) is the closed subspace of X.

4. Direct and inverse theorems

In this section we establish generalizations of well-known Jackson’s inequality (di-
rect theorem), Bernstein inequality and the inverse theorem.

4.1. Abstract Jackson-type inequality

Direct theorem can be proven in several ways, one of which is indirect — that is,
we can show that there exists a vector or an approximation method giving good
estimate for the best approximation. But from the practical point of view more
interesting is the method giving direct expression for the approximation, even if
this approximation is not the best.

We show how to construct an approximation of a Banach-space vector by
entire vectors of exponential type and state the main results (an analogue of the
Jackson’s inequality) for it.

Let the group {U(t) : t € R} satisfies (1.1). Then it follows from [11, Theo-

rems 1 and 2] that
= In (My([t]))
. 4.1
/ L dt < oo (4.1)

— 00

We fix arbitrary k£ € N and set
k
a(t) == (M (t) (1L + )2, teR,
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The function « is, obviously, even on R. Condition (4.1) and properties of function
My (+) imply « € Q, and, moreover,

° ((L+E)Me(e))t e d
/. oy M= /. (L =2 4.2)

Using lemma 3.1 (or remark 3.3 if a(t) < M (1 + [¢[)™) for the function «(t), we
construct the family of kernels K, ,.
In what follows, we assume x € X, r € (0,00) and n € {1,...,k}. We define

Ty 1= / Kear (@)U (nt)x dt.
Let v € No. It can be shown that z,,,, € C*(A4) =), ¢y, P(A”) and

AUann _ (_1)

nl/

/ h K& ()U (nt)z dt. (4.3)

Moreover, for the relation (4.3) we can get [13]
. 1/v T
1 A'xy < .
imsup (||4"zra]) " <

The last inequality brings us to the conclusion that

Trn € €(A) and  o(zy,, A) < ; (4.4)

that is z, ,,, as the entire vector of exponential type, constructed from vector z, is
a candidate for constructing of the approximation.
For arbitrary = € X we define

Ty 1= /OO Keor(t) (@ + (=D YU(t) — T)kz)dt

_ /_ Z Ko (1) i(—l)”“(z) Unt)rdt (4.5)

n=1
Using definition (4.5) one can get

k

Top = i(—l)”“ (z) /O:O Ko (t)U (nt)zdt = (—1)"H! (z) Ty

n=1 n=1
Therefore, accordingly to (4.4),
Trp € €(A) and o(Tpi, A) <7
Hence for an arbitrary « € X we have

57’ 7A - inf - < _Nr .
(0 A) = gt o=yl < o= T
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Zr is the approximation of vector x. Remark that the rule by which we set the
vector Z,j in correspondence to vector x is the linear operator

rkx_/ Ko (t zi: ”+1( )U(nt)xdt,

defined on all X, that is we constructed linear approximation method and gave the
direct expression for it.

Next we state the generalizations of Jackson’s inequality.

Theorem 4.1 ([13]). Suppose that {U(t) : t € R} satisfies condition (1.1). Then
for every k € N there exists a constant my, = my(A) > 0, such that for all x € X
the following inequality holds

Er(z, A) <mk~®k(17x7A>7 r>1. (4.6)
r

Remark 4.2. If, additionally, the group {U(t)} is bounded (My(t) < M < oo, t €
R), then the assumption r > 1 can be changed to r > 0.

Theorem 4.1 allows us to prove the analogue of classic Jackson’s inequality
for m times differentiable functions.

Corollary 4.3 ([13]). Let x € D(A™), m € Ng. Then for every k € Ny
My (™ 1
Er(z,A) <myiy, ivglr )fuk (r,Amx,A) . r>1, (4.7)

where constants my, (n € N) are the same as in Theorem 4.1.

By setting in corollary 4.3 k£ = 0 and taking into account that wy (-, A"z, A) =
||[A™z]|, one can conclude the following inequality:

Corollary 4.4 ([13]). Let x € D(A™), m € Ny. Then
Ex(a, A) < TN (My(1) A"l =1, (4.8)
where the constants m,, (n € N) are the same as in Theorem 4.1.

4.2. Generalized Bernstein inequality
One of the well-known inequalities in approximation theory is the Bernstein in-
equality. If f(x) is an entire function of exponential type o > 0, and
f@) <M,  —oo<a< oo,

then

|f/(x)| < oM, —00 < T < 00. (4.9)
This inequality was generalized for exponential type entire vectors in [14], but
in contrast to the classical one, the generalized inequality ||A™z| < ¢,a™||z| has

the constants ¢,, in it. In this section we show that the constants c,, grows slowly
than exponent and that in the general case of non-quasianalytic group U(t) it is
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impossible to prove an analogue of Bernstein inequality with ¢,, < ¢ uniformly for
all n € N.

Theorem 4.5 (Bernstein-type inequality). For every x € &(A) with type, not ex-
ceeding some o > 1, the following inequality holds

[A" ]| < cna™||z]], (4.10)

where constants ¢, do not depend on x and o and are growing slowly than exponent,
i.e., for any € > 0 there exists such c. that ¢, < cc(1+€)™ for all positive integer n.

Proof. Let’s consider majorant 6(t) for the function ||U(¢)||, constructed in [11].
Remark that 0(t) is of the form (3.11). As it was done in (3.9) in Section 2, by the
function 6(¢) one can construct the entire function K (t) of exponential type.
Let’s consider arbitrary € > 0 and such function ¢, (¢) that its Fourier trans-
form equals 1 in [~a, o] and equals 0 outside (— a(1 + 2¢), (1 + 2¢)). According
to [8, Lemma 1.1.1], one can use as ¢, (t) the function
2 .
bult) = K?(aet)sin(a(l + €)t) . (4.11)
e
Denote by
K?(et)sin((1+ e)t)
o(t) i= .
mt
Then ¢, (t) = ad(at). As it follows from (3.13) and (3.15), it is enough to estimate
the quantity

| s

to prove the theorem. For o > 1 we have |0(¢)| < |0(at)| and
/ 160 (1)0(1)] dt < / 16 (at)b(at)] adt. (4.12)
The change of variables 7 = «a - t gives

o(or) _ o),
v dm ’

/OO |60 (at)B(aut)| adt = an./

oo
— 00 — 00

thus
|0 (7)0(7)| dr.
It is easy to see that the last integral exists and does not depend on «a. Let it
equals ¢, > 0. Then
[A 2] = [|P—gyngemz| < cna™|z]].

Let’s show that ¢,, are growing slowly than exponent. Using the estimate [14, Proof
of Theorem 1]
0 ( rf2e )

o(t)

2
|¢7(f€)(t)| < cWe2V2mn(r 4 2¢)"
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on derivatives of ¢, (t) = K?(et)*™ " we obtain

Me2 /2
¢ Cf: ™14 (1 + 30|

lo™ (1) < o(t)

Using [14, Proof of Theorem 1]

lim (’0%2)’)“:1, acRy,

n—oo

and the arbitrary of € > 0, from the last inequality we can get that ¢, grows slowly
then the exponent. 0

We see that the inequality (4.10) differs from direct analogue of classic one
(4.9) by the constants ¢,,, which equals 1 in the classic case. The question if these
constants ¢, are the characteristic property of our generalization or only the im-
perfection of proof, naturally arises. It is shown in [2, Theorem 1] that for bounded
Co-group U (t) the direct analogue of Bernstein inequality (with ¢, = 1) can be
proved. But for non-quasianalytic operators the situation is different. In Section 5.2
we construct the example of operator A and vector x such that the type of x equals
some a > 1, but @ ¢ €*(A), which means that there is no such constant ¢ that

Vk € Ny HAka < ca®,
that is there exists a counterexample for any inequality of the form (4.10) with
any bounded sequence c¢,,.

As the consequence of Theorem 4.5 we get the following estimate for operator A¥:
Corollary 4.6 ([14]). Let x € €(A) and o(x) <, a > 1. Then for all k € N
Akl < e (ha)* My (kh)|«|, (4.13)

where constants ci, are the same as in Theorem 4.5 and the function My (t) is
defined by (2.4).

4.3. Inverse theorem

Following results generalize classical Bernstein theorem (also known as inverse
theorem).

Theorem 4.7 ([14]). Let w(t) is the function of type of a module of continuity for
which the following conditions are satisfied:

1. w(t) is continuous and nondecreasing for t € R..
2. w(0) =0.
3. de>0Vte[0,1] w(2t) < cw(t).
L0 g < oo
If, for x € X, there exist n € N and m > 0 such that
1
Sz, A) < ( ) . or>1, (4.14)

rm r
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then © € D(A™) and for every k € N there exists a constant my, > 0 such that

b w(u)

t
n k UJ(U)
wi(t, A"z, A) < my (t /t ukHdu—&—/O " du)7 0<t<1/2. (4.15)
The following lemma is used for the proof of theorem.

Lemma 4.8 ([14]). Suppose that the function w(t) satisfies conditions 1-3 of theo-
rem 4.7. If, for x € X, there exists m > 0 such that

1
Er(z, A) < mw ( ) , r>1, (4.16)
r
then, for every k € N, there exists a constant ¢ > 0 such that
1
=k w(T)
wi(t,x, A) < &t /k e dr, 0<t<1/2. (4.17)

5. Examples of application of abstract direct
and inverse theorems in particular spaces

In this section we discuss two applications of presented theory. First is the ap-
proximation of continuous functions by entire functions in the weighted L, (R, 1)
spaces with growing at the infinity weight (for example, L1 (R, 2™) spaces). Similar
problems studied in several papers (see the review [15]). Second is the approxima-
tion of continuous functions by entire functions in the weighted L, (R, pt) spaces
with decreasing at the infinity weight. Many papers, started from the works of S.
Bernstein [16, 17], concerned to this problem.

5.1. Direct and inverse theorems of approximation by exponential type entire
functions in the space L, (R, y7)
We consider a real-valued function u(t) satisfying the following conditions:
) pt)>1, teR;
2) w(t) is even, monotonically non-decreasing when ¢ > 0;
3) wu(t) satisfies naturally occurring in many applications condition u(t + s) <

w(t) - u(s), s,t € R.

4) [, D) dt < oo,

or alternatively, instead of 4), the equivalent condition holds:

4 S, anQ(k) < 0.
Let’s consider several important classes of functions satisfying conditions 1)-4).
1. Constant function pu(t) =1, teR.

2. Functions with polynomial order of growth at the infinity. It is easy to check
that for such functions following estimate holds:

FkeN, IM>1 plt) < MO+, teR.
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3. Functions of the form
pty =€, 0<p<1, teRr.

4. pu(t) represented as a power series for ¢t > 0. Le.,

o [t
t =
E
n=0
where {my, },cn is the sequence of positive real numbers satisfying two conditions:
e my=1,m2 <mu_1 -mpi1, n€N;
o VElcN (Ol < koI
’ MEy1 — My my’
The function u(t), defined above, obviously satisfies conditions 1) and 2). The
condition Vk,l € N (k+D o K1 implies

Me41 — Mk My

Z tk: n— k n tksnfk:
k-l

- kZ:O MEMp (5:1)
and it is easy to see that condition 3) follows from inequality (5.1). Denjoy-
Carleman theorem [12, p. 376] asserts that the following conditions are equivalent:

a) u(t) satisfies condition 4);

b) fol( ln)l/n<00;

c) Y07, Mt < oo,

n=1 m,

5. p(t) as a module of an entire function with zeroes on the imaginary axis. We

consider
t
=C 1-— teR
H ( Ztk> R,
k=1
where C' > 1, 0 <t; <to <--+, > 2, tlk < 0o. We set u(t) := |w(t)]. Then u(t)

satisfies conditions 1)-3), and, as shown in [8], u(¢) satisfies condition 4) also.

Let’s proceed to the description of spaces Ly(R, p”). Let the function pu(t)
satisfies conditions 1)—4). We consider the space L, (R, u?), 1 < p < oo of functions
z(s), s € R, integrable in pth degree with the weight uP:

ol oy = [l ds.

L,(R, ) is the Banach space. We consider the differential operator
d
(A2)(t) = 7. D) = {r € LR p") N AC(R) : o' € L(R, ")}

The operator A generates the group of shifts {U(¢)}ier in the space L,(R, uP).
This group isn’t bounded. As shown in [13],
UL, @pury < ullt]), teR.

To obtain meaningful results of approximation by entire functions, we need
to establish how the space €(A) and the space of entire functions of exponential
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type are connected. Denote by B, the set of exponential functions of entire type
o. We showed [14] that the following embedding holds

E7(A) C By N Ly(R, pP). (5.2)
It was shown in [14] that for all functions u(t), satisfying
p(t) > 1+ RJt|?

for some ¢ > 1 — 11)7 R > 0 and for all t > tg > 0, the reverse embedding holds.
In this paper we improve this result and show that B, N L,(R, ) C Z7(A) for
all weights p(t), satisfying conditions 1)-4). Let f € B, N Ly(R, uP). Obviously
f € Ly(R). f is entire function, so (see [18, p. 191]) it is bounded on the real axis.
One can conclude that f € &’ (remind that S’ is the Schwartz space of tempered
distributions, see [19]).

To prove that f € Z7(A) by the use of Theorem 3.5, let’s consider majorant
0(t) for the function u(t), constructed as in the proof of Theorem 4.5. We need to

show that for all ¢ € Eém)([—a, o))
f=pt= [ ousa.

Note that it follows from the definition of class Eéoo) that every such ¢ € S. Let’s
consider ¢ € E;m)([—a, g]). As ¢ € S and f € &', the convolution ¢ * f is well
defined [19, p. 324]. But for ¢1(t) = ¢(—t)

(Py, f)(x) = [ (U () f(x)dt = [ o) f(x —t)dt = (¢ * [)(x).
The Fourier transform of ¢ * f equals to
oxf=d-F=TF

because by the definition of Eéoo)([—a, 0]) we have ¢ = 1 on [—0, 0], and by the
Paley-Wiener theorem supp f C [—o, o]. Thus,

Py f=Ff Vi € ES(-0,0)),

(since ¢(—t) also runs over all Eéoo)([—m o)) so f € L([—o,0]) and by the means
of Theorem 3.5, f € Z7(A).

We have shown that Z7(A4) = B, N Ly(R, pP) for all weights (), satisfying
conditions 1)-4). Note that || f —go/z,(®,.») is defined only for those functions that
belongs to Ly (R, u?) (because of ||go|r,® uw) < [If = 9ollz,®pur) + [1f 2, @ ur))
thus the best approximation by exponential type entire vectors is the same as the
best approximation by entire functions of exponential type.

By applying Theorems 4.1, 4.5, 4.7 and Corollary 4.3 we get several results
for the approximation theory in L,(R, u?) spaces.
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Corollary 5.1. For every k € N there exists a constant my(p, ) > 0 such that for
all f € L,(R, pP)

E(f) <my -y (;f), r>1.

Corollary 5.2. Let f € W;(R, u?), m € Ng. Then for all k € Ny

m

gT(f)émk+mﬂ£T)&k (7];7'](‘(1%))’ ’I"Zl,

where constants m,, (n € N) are the same as in Corollary 5.1.

Corollary 5.3. Let f € L,(R,u?) N By, o > 1. Then for all n € N there exist such
constants ¢, > 0, not depending on o and growing slower than exponent, that

||f(n)||Lp(R;IJ«P) S Cno'n||f||Lp(R7Mp).

Corollary 5.4. Let w(t) be a function of type of a module of continuity for which
the following conditions are satisfied:

1. w(t) is continuous and nondecreasing for t € R..
2. w(0) =0.
3. de>0Vte[0,1] w(2t) < cw(t).
L0 g < oo
If, for f € L,(R, u?) there exist such n € N and m > 0 that
1
Sr(f)<nzw(>, r>1,
r r

then f € WI(R, uP) and for every k € N there exists a constant my. > 0 such that

1 ¢
wi(t, £ < my, (tk/t :k(ﬂdu—’_/o wiu)du>7 0<t<1/2.

5.2. Exponential type entire functions in the space L, (R, ) and
constants in the Bernstein inequality

We consider the same real-valued function p(t) as in the previous subsection, but

another functional space. Consider the space L, (R, 1~?) of functions z(s), s € R,
integrable in pth degree with the weight p=7:

o0
ol peny = |l () ds
L,(R, ;~P) is the Banach space. We consider the same differential operator as in
the previous subsection

dx

(Aa)(t) =, D(A) ={r e LR u ") NACR) : o’ € Ly(R,u")}.
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The operator A generates the group of shifts {U(¢)}+cr in the space L,(R, 7).
This group isn’t bounded for unbounded p(t). Let’s show this and that the group
is non-quasianalytic. Indeed, let’s consider for arbitrary ¢ > 1

1, selt,t+1],
x(s) =
0, sé&lt,t+1].
Obviously, z(s) € L,(R, p~ 7). We have

e’} 1
mwnwz/ MHwWwﬂ@@zﬁuW@w:c>a

the last quantity does not depend on t. But
e’} t+1
fal? = [ lelrursyds = [ ur)s
—o0 t
and from the monotony of u(s) for s € [0, 1] we get
1 - 1 - 1
p(t+1) = plt+s) ~ pt)’
so [lz||P < Mpl(t). For unbounded p(t) this shows that
[U(t)]|
[l]

that is the group U(¢) is unbounded.
From the other hand, for every function z, because of the property 3),

/OO x(t+ s)
—oo | H(s)
/OO ot +s) - p(t)
oo | 1u(s) - pult)
Tt 4 s) - p(t)
= /_oo p(t + )
= (u(®))" |||,
so [|[U(t)|| L, ®,u-») < pu(t), that is the group U(t) is non-quasianalytic.

Now we construct an example of vector such that the type of x equals some
a>1, but x ¢ ¢*(A). Consider u(t) = (1 + [t|)® and (for the simplicity)

z(t)=t-e*, keN.

ol =

> Cu(t) — oo,

p

U @)x]|” ds

p
ds

p

ds

Then we can calculate
Ara(t) = (t- )™ = n(ik) e 4 (ik)" - e
Let
a= /OO ekt PP (t) dt, b= /OO |t - e*t|Pu=P(t) dt.

oo o0
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It is easy to see that 0 < a < oo and 0 < b < oo, and from the property |y| — |z] <
ly + z| < |y| + |z| of the absolute value we obtain

nk" ta — k"b < A" 2||L, (ru—») < nk™ ta + k™. (5.3)

It can be seen from the inequality (5.3) that there is no such constant ¢ > 0 that
|A™2||p,, -y < ¢+ k™ for all n € N, that is 2 ¢ €*(A), but, on the other hand,
for any € > 0 there exists such constant c. that ||A"z||z, (& —r) < ce-(k+€)", that
is v € ZF(A) and o(x) = k.
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Abstract. For the last one and a half decades it has been known that the
exponential product formula holds also in norm in nontrivial cases. In this
note, we review the results on its convergence in norm as well as pointwise of
the integral kernels in the case for Schrodinger operators, with error bounds.
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1. Introduction

The Trotter product formula, Trotter—-Kato product formula or exponential prod-
uct formula is usually a product formula which in strong operator topology ap-
proximates the group/semigroup with generator being a sum of two operators. It is
often a useful tool to study Schrédinger evolution groups/semigroups in quantum
mechanics and to study Gibbs semigroups in statistical mechanics.

To think of a typical case, let A and B be selfadjoint operators in a Hilbert
space ‘H with domains D[A] and D[B] and H := A + B their operator sum with
domain D[H| = D[A]ND|B]. Assume that H is selfadjoint or essentially selfadjoint
on D[H] and denote its closure by the same H. Then Trotter [44] proved the
unitary product formula

[e—ztB/Qne—ztA/ne—ztB/2n]n _ e—th — 0, StI‘OHg]y,

[e*“A/"e*“B/”]” —e M1 0, strongly, n — oo,



316 T. Ichinose and H. Tamura

and also, when A and B are nonnegative, the selfadjoint product formula
[eftB/QneftA/neftB/?n]n o eftH -0, Strongly,
[e7tA/meTtB/mn _e=tH _ ( strongly. n — oo,

The convergence is locally uniform, i.e., uniform on compact t-intervals, respec-
tively in the real line R and in the closed half-line [0, 00). Kato [29] discovered
the latter selfadjoint product formula to hold also for the form sum H := A+B
with form domain D[H'/?] = D[A'/?] N D[B'/?], which we assume for simplicity
is dense in H. However, it remains to be an open problem whether the unitary
product formula for the form sum holds.

However, since around 1993 we have begun to know that selfadjoint product
formulas converge even in (operator) norm, though in some special cases, by the
following two first results. Rogava [37] proved, when B is A-bounded and H =
A+ B is selfadjoint, among others, the abstract product formula that

||[e*tA/"e*tB/"]" —e | = O(rfl/2 logn), n — oo,

locally uniformly in [0,00). Helffer [13] proved, when H := —A + V(z) is a
Schrédinger operator in L2(RY) with nonnegative potential V(z) satisfying
|05V (z)| < Cy (Ja] > 2) so that H is selfadjoint on the domain D[—A] N D[V],
the symmetric product formula that

”[eftV/2neft(fA)/neftV/2n]n _ eftH” _ O(nfl)7 n — oo,

locally uniformly in [0, 00). Many works were done to extend these results before
2000, e.g., in [5, 20, 22, 32, 33, 35] for the abstract product formula, [9, 10, 17,
18, 19, 41] for the Schrodinger operators, and after that, e.g., in [23, 27, 16],
[3, 4, 6, 7] for the abstract product formula. In most of them, use was made of
operator-theoretic methods, though of a probabilistic method in [17, 18, 19, 41].

In this note, we want to describe more recent results on convergence in norm
for exponential product formulas and also pointwise of the corresponding integral
kernels, mainly based on our works since around 2000, [23, 27, 24, 25, 26]. As for the
error bounds, although it is easy to see by the Baker—Campbell-Hausdorff formula
(e.g., [45], [40]) that with both operators A and B being bounded, the nonsymmet-
ric product formula has an optimal error bound O(n~!) while the symmetric one
does O(n~2), it was shown in [27] that even the symmetric product formula has an
optimal error bound O(n~1) in general, if both A and B are unbounded. However,
in [25] (cf. [26]), a better upper sharp error bound O(n~?) has been obtained for
the symmetric product formula with the Schrédinger operator —A + V(z) hav-
ing nonnegative potentials V(z) growing polynomially at infinity, in spite that
both —A and V' are unbounded operators. In this note we mention, with a sketch
of proof, a latest complementary result [2] which settles the sharp optimal error
bound is in fact O(n~2) with the symmetric product formula for the harmonic
oscillator, by estimating the error not only from above but also from below, in
norm as well as pointwise.
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Theorems are described in Section 2. Optimality of error bounds is discussed
separately in Section 3. The idea of proof is briefly mentioned in Section 4. In Sec-
tion 5 we give concluding remarks, and also refer to a connection of the exponential
product formula with the Feynman path integral.

It should be also noted that in almost the same context with the notion of
norm ideals (e.g., [12], [38]) we are able to deal with the trace norm convergence
as in [46, 30, 31, 34, 14, 21, 42]. For an extensive literature on this we refer to [47].

The content of this note is an expanded version of the lecture entitled “On
convergence pointwise of integral kernels and in norm for exponential product
formulas” given by T.I. at the International Conference “Modern Analysis and
Applications (MAA 2007)”, Odessa, Ukraine, April 9-14, 2007, which is a slightly
extended version of of the lecture (unpublished) given at the Conference on “Heat
Kernel in Mathematical Physics”, Blaubeuren, Germany, November 28-December
2, 2006.

2. Theorems

We begin with our result which extends ultimately Rogava and Helffer’s.

Theorem 2.1 (Ichinose-Tamura-Tamura-Zagrebnov 2001 [23, 27]). Let A and B
be monnegative selfadjoint operators, and assume H = A + B is selfadjoint on
D[H| = D[A]N DI[B]. Then as n — oo,

”[eftB/2n€7tA/neftB/2n]n _ eftHH _ O(nfl)7 (21)
et A/metB/mn — | = O(n). (22)

The convergence is locally uniform in the closed half-line [0, 00), while on the whole
half-line [0,00), if H is strictly positive, i.e., H > nI for some n > 0. The error
bound O(n=1) in (2.1) and (2.1) is optimal.

We can go beyond this result. First, focussing on the Schrédinger operator
—A + V(z), we ask whether norm convergence implies pointwise convergence of
integral kernels. The answer is yes, though strong convergence does not. This prob-
lem is discussed for Schrodinger operators with potentials of polynomial growth
(Theorem 2.2), with positive Coulomb potential (Theorem 2.3), and also for the
Dirichlet Laplacian (Theorem 2.4). Pointwise convergence of integral kernels for
Schrédinger semigroups is important, because it gives a time-sliced approximation
to the imaginary-time Feynman path integral.

Next, we ask, for the unitary exponential/Trotter product formula, whether
there are nontrivial cases where it converges in norm, though it does not in general
hold (see [15]). The answer is yes. In fact, it holds for the Dirac operator and
relativistic Schrodinger operator (Theorem 2.5).

Let H = Ho+V = —A + V(z) with V(z) a real-valued function. By
K™ (t,x,y) we denote the integral kernel of [e~tHo/2ne=tV/ne=tHo/2n|n " and by
e~ (z,y) that of e,
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Theorem 2.2 (Ichinose-Tamura 2004 [25] (positive potential of polynomial
growth)). Assume that V() is in C>°(R%), bounded below and satisfies

05V ()] < Cafa)™ =01l (2) = (1 +2%)1/?
with some 0 < 6 < 1.
(i) (In norm)
”[e—tHo/2ne—tV/ne—tHo/2n]n _ e—tH”L2 — O(TL_2), (23)
locally uniformly in the open half-line (0, 00).
(ii) (Integral kernel)
[K(n)(t7 z, y) - eitH(xa y)] = O(niz)a
in € (R x R%)-topology, locally uniformly in (0, c0), (2.4)

i.e., together with all x, y-derivatives.

This theorem improves the result of Takanobu [41], who used a probabilistic
method with the Feynman-Kac formula (see Sect. 5) to show uniform pointwise
convergence of the integral kernels, roughly speaking, with error bound O(n”’/ 2),
if V(z) satisfies V(z) > C(1 + |=|?)?/? and |02V (x)| < Cu(1 + |x|?)(P=0leD+/2 for
some constants C, Cy, > 0 and p > 0,0 < § < 1. The claim of Theorem 2.2 is a

little bit sharpened in Theorems 3.1 and 3.2, in the next section, in the case of the
harmonic oscillator.

Theorem 2.3 (Ichinose-Tamura 2006 [26] (positive Coulomb potential)). Let H :=
—A 4+ V(z) with V(z) > 0. Assume that V(—A + 1)~%: L2(R%) — L*(RY) is
bounded for some 0 < a < 1, and that V€ C* near a neighbourhood U of both p
and q (after p,q € R? taken). Then

(K (t/n)" (2, y) — e (@,y)] = O(n™"),
in C*°(U)-topology, locally uniformly in (0, co). (2.5)
The condition is satisfied if V is in L?(R3)+ L>°(R?), in particular, if V is the

positive Coulomb potential 1/|z|. We don’t know what happens at the singularities
of V(x).

Theorem 2.4 (Ichinose-Tamura 2006 [26] (Dirichlet Laplacian)). Let Q € R? be
a bounded domain with smooth boundary and xq the indicator function of 2. Let
Hy := —A in L>(RY), and H := —Ap the Dirichlet Laplacian in Q with domain
D[H] = H*(Q) N H}(Q). Then for 0 <o < },

(XQ e~ tHo/n XQ)H(% y) — e’tH(:my) =0(n™),

locally uniformly in (¢, z,y) € (0,00) x € x . (2.6)

We don’t know what happens when = or y approaches the boundary of €.

Corollary.
xae /" xo]"f — e fllL — 0, f € L*(Q).
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Consequently, Theorem 2.4 is a stronger statement than this corollary, though
the latter is also obtained by Kato [29] as an abstract result: If A is a nonnegative
selfadjoint operator and P an orthogonal projection in a Hilbert space H, then
(PetAIm Pyt — e=tAr  strongly, as n — oo, where Ap := (AY2P)*(AY/2P). In
passing, however, it is an open question whether it holds that (Pe~*4/"P)» —
e~ AP P strongly (Zeno product formula). A partial answer was given in [11].

All Theorems 2.2-2.4 hold with order of products exchanged, e.g., in Theo-
rem 227 [eftV/2neftH0/neftV/2n]n instead of [eftHg/2neftV/neftH0/2n]n.

Theorem 2.5 (Ichinose-Tamura 2004 [24] (Unitary Trotter in norm)). Let A and
B be selfadjoint, and assume H := A+ B to be essentially selfadjoint in a Hilbert
space H. Assume that there exists a dense subspace D of H with D C D[A]N DB
such that e™™A, e~ "B . D — D. Further assume that the commutators [A, B],
[A,[A, B]] and [B,[A, B]] are bounded on H. Then

|| (e—itB/2n€—itA/ne—itB/2n)” _ e—itHH _ O(n—Q)7 n — 00, (27)
locally uniformly in the real line R.

As important applications we have ones to the Dirac operator H = Hy +
V = (ia- V+mp) + V(z) in L*(R?)*, where a = (a1, a2,a3) and 3 are the 4
Dirac matrices, with 97V (z)(]y| = 2) being bounded, as well as to the relativistic
Schrédinger operator H = Hy +V = v/ —A +m?2 + V(z) on L*(R%) with 0]V (x)
being bounded for 1 < |y| < 4 (0 < |y| < 4, if m = 0). In these cases, H are
essentially selfadjoint, and satisfy the conditions in the theorem. So it holds that

”[e—itV/2ne—itHo/ne—itV/2n]n _ e—iitH”L2 _ O(TL_2), n — oo, (28)

locally uniformly in R.

However, this theorem does not apply to Schrédinger operators except for
the Stark Hamiltonian (—A +V(x)) + a -z in L?(R?), where a is a constant real
vector in RY.

Finally it should be noted that we have shown in Theorems 2.2-2.4 that the
convergence is uniform only on compact ¢-intervals which are away from 0, though
in Theorems 2.1 and 2.5, on ones which are allowed to be not away from 0.

3. Optimality of error bounds

In this section we discuss optimality of error bounds. The error bound O(1/n) in
Theorem 2.1 is optimal, because if both A and B are bounded operators, by the
Baker—Campbell-Hausdorff formula we know

[e—tA/ne—tB/n]n _ e—tH _ R;z . n—l7

[eftB/2neftA/neftB/2n]n _ eftH =R, - n727
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for some R! and R,, being uniformly bounded operators which in general are not
the zero operator. From this, optimality in the former non-symmetric case is evi-
dent. But even in the symmetric case it is optimal. Indeed, there exist unbounded
nonnegative selfadjoint operators A, B such that H = A + B is selfadjoint and

|[etB/2ne—tA/metB/2nn _ o=tH || > c(4)p 1

for some continuous function ¢(t) with ¢(¢) > 0, ¢t > 0 and ¢(0) = 0 ([27]).

However, further in some special symmetric case in Theorem 2.2 where — A, V'
are taken as A, B, we have seen the symmetric product formula hold with a sharp
error bound O(n~2). We can make more precise this result with the 1-dimensional
harmonic oscillator H := Hy + V := } (-2 + z?) in L*(R).

Theorem 3.1 (Azuma-Ichinose 2007 [2]). There exists bounded continuous func-
tions C(t) > 0 and c(t) > 0 in t > 0, which are positive except t = 0 with
C(0) = ¢(0) = 0, independent of n, such that for n =1,2,...,

ctyn 2 < ||[e=2n Ve nfoemmV]n —e || < C(t)n~2,  t>0. (3.1)

This theorem mentions an error bound from below, extending the harmonic
oscillator case of Theorem 2.2 which treats only the right-half inequality with
C(t) = C being a positive constant depending on each compact ¢-interval in the
open half-line (0, 00).

It is anticipated that the same is true for the Schrodinger operator H =
—A + V(z) with growing potentials like V(x) = |2|?™ treated in Theorem 2.2.

Theorem 3.1 is obtained as a corollary from the following theorem of its inte-
gral kernel version. Here one calculates explicitly the integral kernel K (")(t, z,y)
of [emtV/2ne=tHo/ne=tV/2nn 44 estimate its difference from the integral kernel
e (z,y) of e,

Theorem 3.2 (Azuma-Ichinose 2007 [2]). There exists a bounded operator R(t)
and uniformly bounded operators {Q™ (t)}2, with integral kernels R(t,x,y) and

QM (t,z,y) being uniformly bounded continuous functions in (0,00) x R x R such
that

KM (tx,y) —e M (x,y) = [R(t,2,9) + QMW Lz, y)n ' n ™% (32)
they satisfy

sup |R(t, x,y)|, sup sup|Q(”)(t,x7y)| —0,t—0; sup|R(tx,y)—0, t— oco.
z,y Y

n T,y
R(t,x,y) is explicitly given by

_ 2 let +et et + e oy — (22 + y?
R(t,x,y):e tH(ac,y) |:t< ( ) Yy ( Yy ))

120 \4et —et (et —e 1)
1 doy — (e +e7")(a? +4?)
+ 16 (1 * et —et ﬂ ’ (3.3)

Ift >0, R(t,x,y) can become positive and negative.
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Lemma 3.3.

K™ (t,2,y)

1 \/1 T 4i2 i
Vs t t2 2 \" -
]'+n 1+4n2+2n2 1 1+42+2n2

2¢/1+ 4t22 1
n xy

(1+ \/1+4‘f2+2n2) (1— \/1+4t:2+2n2)

x exp{ [— 4tn - ;‘t (1— (3.4)

t t2 2\t t t2 2\t
<1+ \/1+4n2+2n2) _(1_ \/1+4n2+2n2> 2
. n . n @)
(1+ \/1+4tn2+2n2> (1_ \/1+4tn2+2n2>
Proof. Calculate the Gaussian integral
n -1
(wj—wj_1)? t 2

K( )(t x, y 27rt / / H e in ]e 2t/n 674"%*1} dxy -+ dxn_1,
where © = x,,, y = xo. We shall encounter with continued fraction to lead to the
final expression (3.4) of the lemma.

X exp

To show Theorem 3.2, we simply calculate the difference K (t,z,y) —
e~ (z,y), though it is not so simple.

Here we mention what the operator with R(¢, z, y) as its integral kernel is. By
the Baker—Campbell-Hausdorff formula (e.g., [45], [40]), if A and B are bounded
operators, we have

[eftB/QneftA/neftB/%z]n _ eft(A+B)

— exp (— A+ B) n_2;4 24+ B,[A, B]] — 0,(n"%)

2 t
_ o tAt+B) _ -2t / e~ =)ATBI A 4 B (A, Blle—*AB)ds + 0, (n~?),
0

24
where Op(n~ ) 15 an operator with norm of O(n=3). In our case where A =
—%8% B = x , we can show R(t,z,y) is just the integral kernel of the oper-
ator

2

t
- / e~ =DH (91, + V, [Hy, Ve *Hds,
2 J,

which does make sense, though Hy and V are unbounded operators. We have
[2H0 +V, [.Ho7 V]] = —4Hy+2V = —4H 4+ 6V.
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4. Idea of proof

Put K(7) = e "8B/2¢=74¢=7B/2 Note that 0 < K(7) < 1. Then we need to
estimate the difference between K (t/n)" and e~ 1. The general technique of proof
is: (i) to establish an appropriate version of Chernoff’s theorem ([8]):

[(A+7'1-K(r)'=Q+H) '] =0, 70
—  [K(t/n)" —e "] -0, n— oo
and/or (ii) to do telescoping:

e—tH _ K(t/n)" — e—(k—l)tH/n(e—tH/n _ K(t/n))K(t/n)”_k
k=1
to estimate each summand on the right. The former method (i) seems to be more
efficient than the latter (ii).
In fact, to prove Theorem 1, we use the former method, establishing the
following norm version of Chernoff’s theorem with error bounds. The case without
error bounds was noted by Neidhardt—Zagrebnov [33].

Lemma 4.1 (Ichinose-Tamura [23]).
I. Let {F(t)}i>0 be a family of selfadjoint operators with 0 < F(t) < 1, and
H >0 a selfadjoint operator in a Hilbert space H. Define Sy :=t=1(1—F(t)).
Then

(a) For0<a<1,||(1+S) -0+ H) Y =01, tlo
mmplies
(b) For every fized 6 > 0,
|E(t/n)" —e | = 672712 O(n™%), n — oo, t>0.
Therefore for a = 1 this convergence is uniform on each compact interval
[0, L] in the closed half-line [0, 00).
II. Moreover, in case H > nl for some constant n > 0, if for every e > 0 there
exists 6(g) > 0 such that F(t) <1—0d(e) for all t > ¢, then
|F(t/n)" —e || = (1+2/n)%*t 70~ %), n— oo, t>0.
Therefore for a = 1 this convergence is uniform on the whole closed half-line
[0, 00).
Condition II is satisfied, e.g., for F(7) = e~ "B/2¢=74¢=7B/2_ For the proof,
we refer to [23].
For the proof of Theorems 2.2-2.5 we employ the latter method (ii), and

further, for Theorems 2.2-2.4, make a crucial use of Agmon’s kernel theorem:

Lemma 4.2 (Agmon’s kernel theorem [1]). Let T : L?(R?%) — L2(R%) be a bounded
operator with ranges of T and its adjoint T* satisfying R[T], R[T*] ¢ H™(R?),
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m > d. If T is an integral operator with integral kernel T'(x,y) being a bounded
continuous function in R% x R? such that

(T)(x) = / T(e.y)f()dy. | eL?

then
« d _d
T (x,9)| < CUITlm + IT* i) = I T|I*

where ||T |, := ||T|| z(r2— ) is the operator norm of T as an operator of L*(RY)
into the Sobolev space H™(RY).

Indeed, we estimate the £(L? — H™)-operator norm of the difference

T — [eftV/2netA/neftV/2n]n _ et(fAJrV).

5. Concluding remarks

We have so far considered the case where the operator sum H = A + B of two
nonnegative selfadjoint operators A and B is selfadjoint. However, otherwise, the
exponential product formula in norm does not in general hold for the form sum
H = A+ B of two selfadjoint operators A > 0, B > 0, even if it is essentially
selfadjoint on D[A] N D[B] (see [43]). Nevertheless, there is some case where it
holds:

Theorem 5.1 (Ichinose-Neidhardt-Zagrebnov 2004 [16]). Let H = A+B be the
form sum of A and B. If D[H*] C D[A®] N D[B®] for some ) < a < 1, and

D[Az2] C D[B?], then
H[e—tB/2ne—tA/ne—tB/2n]n _ e—tHH _ O(n_(Qa_l)), (51)
”[eftA/neftB/n]n o eftH” _ O(nf(%yfl))7 (5.2)

locally uniformly in [0, 00).

This error bound in (5.1)/(5.2) is also optimal. For this we refer to [43]. The
condition for the domains of A and B is not symmetric. It is an open question
whether one may improve it so as to become symmetric with respect to A and B.

Finally, as we should like to mention, there is a very nice Feynman path
integral formula which represents the Schrodinger semigroup, called the Feynman—
Kac formula

() (@) = (A f)(a)
exp|- / V(B(s))ds] f(B())du(B),
0

~/B€C([O,oo)—>Rd),B(O)—w
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where p(+) is the Wiener measure on the path space C([0,00) — R%) (e.g., ([39)).
We may use this formula to get whatever results, in fact, a lot of them. This is
a big advantage! But disadvantage is that it is only restricted to the Schrédinger
operator or Laplacian. For instance, if we think of the semigroup for the relativis-
tic Schrodinger operator H = v/—A +m? + V(x), we have to establish another
Feynman—Kac formula (cf. [28]).

Indeed, the Feynman—Kac formula is one of the realizations of Feynman path
integral as a true integral on a path space. However, as Nelson [36] noted, the
exponential /Trotter product formula also can give a meaning to the Feynman
path integral as a time-sliced approximation by finite-dimensional integrals (cf.
[15]). What it has advantage at is that we may apply it to the sum H = A+ B of
any two selfadjoint operators A, B bounded from below.
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Generalized Selfadjoint Operators
Ivan Ya. Ivasiuk

Abstract. An essential problem in mathematical physics is to introduce and
investigate operators perturbed by singular perturbations. Such operators are
usually introduced with the aid of the theory of selfadjoint extensions of Her-
mitian operators. Berezansky and Brasche have proposed another viewpoint
(see [3]) from which such objects are constructed by using operators in a
Hilbert space chain (rigging).

My report is concerned with operators that act from a positive space
into a negative space of some Hilbert rigging. We investigate the generalized
selfadjointness of such operators.
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Keywords. Selfadjoint operators, generalized selfadjoint operators, Hilbert
space rigging.

1. Basic definitions

Let us consider a complex Hilbert space with rigging
H_>HyD>H; (1.1)

defined in the usual way ([4], Ch. 14, §1), H_ = (H;) . Let I : H. — H.,
J:H_ — Hy, J: Hy — H; be standard isometric operators connected with (1.1)
and such that the equality I = JJ holds.

Let A: Hy — H_ be some linear operator with domain D(A) dense in H.

For A, it is easy to define the adjoint operator A™ : H, — H_. So,let¢ € H,
be such that the functional ¢ — (A, ¥)m, € C, defined on D(A), is continuous
and therefore has the representation (Ap,v)n, = (@, ¥ ), , v+t € H_. Such ¥
form D(AT) of the operator AT and AT := ¢+. If H, = Hy, then we have the
usual definition of an adjoint operator.

If A: H. — H_ is continuous, then A* : H, — H_ exists, is bounded, and

(A(Pu w)Ho = (907 A+¢)H0a 907¢ € HO~ (12)
For any A, the operator AT is closed. If A C B, then AT > B™T.
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Definition 1.1. A is generalized Hermitian if
(A(,O, ¢)H0 = (@7 A’(p)Hm 2 ¢ € D(A) (13)

Indeed, (1.3) means that A C A" and the last inclusion is an alternative
definition of the hermicity of A. It follows from the inclusion A C AT that A is

closable and (A)T = AT,
Definition 1.2. A : H, — H_ is called generalized selfadjoint if AT = A and

generalized essentially selfadjoint if AT = A.

Remark 1.3. Consider a Schrédinger operator in the space La(R%),d = 1,2,...
with potential ¢ generated by the mapping

L:=-A+gq L:C(RY — L*(RY). (1.4)
When g is real-valued and ¢ € L2 _(R?), the mapping (1.4) is well defined and

determines a Hermitian operator in L?(R?). But if ¢ is a generalized function, the
operator defined by (1.4) does not act in L2(R4). In article [3], the following point
of view on the construction was proposed.

We construct the operator B : Hy — H_ corresponding to L = —A. Then
we construct the “selfadjoint” operator C' : Hy — H_ corresponding to ¢ (z) ;
for a generalized ¢ (z), this is possible to do because H_ consists of generalized
functions. Finally, we put A := B+C: H, — H_.

2. Sufficient conditions for generalized selfadjointness
We will give some results represented by Yu.M. Berezansky and J. Brasche in [3].

Proposition 2.1. The generalized selfadjointness and the generalized essentially
selfadjointness of an operator A are equivalent to the same classical properties of
the operator 1A as an operator on H, . Also, there holds the equality

IAT = (I4)*, (2.1)
where the * denotes the usual adjointness in H, .

Proposition 2.2. Let the restriction of a generalized Hermitian operator A: Hy —
H_, D(A) = Hy, on Hy be bounded (i.e., there exists ¢ > 0 such that for every
¢ € Hy, Ap € Ho and [|[Ad| , < c|dlly,). Then A is bounded and generalized
selfadjoint.

Proposition 2.3. Let the restriction of A: Hy — H_ on the space Hy be essentially
selfadjoint and strongly positive in the following sense: there exists € > 0 such that

2
(Ap,)m, 2 ellelly, » @€ DA). (22)
Then this operator is generalized essentially selfadjoint.

The next results were obtained by me.
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Proposition 2.4. Let for A: Hy — H_ its action A : Hy — Hy, D(A) C Hy on
the space Hy be essentially selfadjoint and

3> 0,3 €R:Vp € D(A) (Ap,0)m, > ellollir, + bllellF,- (2.3)
Then A is generalized essentially selfadjoint.

This proposition shows that condition (2.2) can be weakened. This can be
obtained from the following statement.

Theorem 2.5. Let an operator A: Hy — H_ be generalized selfadjoint, D(A) C
Hy, and an operator B be Hermitian in Hy, Hy C D(B) and bounded as an
operator from H,y into H_. Then the operator A+ B: Hy — H_ is generalized
selfadjoint.

The next result is an analogue of Relich-Kato’s theorem.

Theorem 2.6. Let A: H, — H_ be a generalized selfadjoint operator and B: H, —
H_ be a Hermitian operator, D(B) D D(A). IfVf € D(A) there holds the inequal-
ity |Bfllg <plAflg +allfllg, . a=0,p€10,1), then A+ B also is generalized
selfadjoint.

d

5 operator in

3. Generalized essentially selfadjointness of the
weight Hilbert riggings

In their work, Yu.M. Berezansky and J. Brasche considered an example of an
operator which is “good” (i.e., in particular, selfadjoint) an one acting from H
into Hy, but is not selfadjoint with respect to Hilbert rigging Hy in the general
sense ([3], Example 3.4). But it is easy to see that its construction is not correct
(as was noticed by Yu.M. Berezansky).

To move in the right way, it is necessary to use one of M.G. Krein’s results
obtained in [6] (see, also, [1], Ch. 1, Theorem 1.2). In our case, it is stated as
follows:

Suppose that in the space H; we have a continuous operator A with the
norm ||A[|, and which is Hermitian in Hy, i.e., (Au,v)o = (u, Av)o, u,v € Hy.
Then A is continuous on the space Hy and [|All, < [|A]l, .

So, let us consider, for example, some Hermitian operator 7' : Hy — H_
with domain D(T) = Hy which is continuous on H; and Hermitian in Hy. From
the Krein’s result and Proposition 2.2 we obtain that T : H; — H_ is selfadjoint.
Then we have to look for an example in the class of operators unbounded and not
determined on the whole H .

In view of this, it will be shown that such an example cannot be constructed
for Hilbert weight riggings of spaces L?([0, 1]) and L?*(R) for the first order differen-
tial operator either. Moreover, it will be shown that in these cases the generalized
selfadjointness is equivalent to the usual one. We will follow our article [5] and we
will give sketches of the proofs.
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3.1. Case of L*([0,1])

Let us consider the rigging
L*([0,1],p~*dt) > L*([0,1],dt) D L*([0,1], pdt), (3.1)
where L?([0,1], pdt) is the L? space with weight p such that
p e CY0,1]; p(t) > 1,t€[0,1]; p(t) — +o0,t — 0. (3.2)

Isometric operators, which are connected with (3.1), have representations: (Ig)(t) =
1

P~ (B)g(t), Tg)(t) = p~2()g(t), (JF)(t) = p~2 () f(t), where g € H_, f € Ho.
Let us consider the operator A: Hy — Ho, (Af)(t) = i‘;’; with domain D(A)
dense in Hy such that D(A) = {z € AC[0,1] | " € L%*(0,1),z(0) = 2(1)}. Here

AC0,1] is the set of absolutely continuous functions on the segment [0, 1].

Remark 3.1. To consider the operator A as that acting in Hy, it is sufficient to
determine it on D(A). But, since in general D(A) ¢ H., then, to consider the
operator A: Hy — H_, it is necessary to constrict its domain on H .

So, in what follows, the operator A [ D;(A) will be denoted by A, where

Theorem 3.2. Let p satisfy conditions (3.2). The operator A: Hy — Hy with do-
main D4 (A) is selfadjoint iff

1

/ p(t) dt < co. (3.3)

0

Proof. Outline of the proof.
Necessity. Let us suppose the opposite that

/p(t) dt = 0. (3.4)

0

Then Dy (A) C {xz € AC[0,1] | 2" € L*(0,1),2(0) = (1) = 0}. So, A is not
selfadjoint. We obtain a contradiction.

Sufficiency. It is easy to see that under condition (3.3), D(A) C H; and

D4 (A) = D(A). It is well known that the operator A: D(A) — Hy is selfadjoint.

]

Let us consider an operator A: Hy — H_ with domain D, (A) which is
dense in H . According to Proposition 2.1, the generalized selfadjointness of this
operator is equivalent to the selfadjointness of IA: Hy — H. Then the generalized
selfadjointness is equivalent to the usual selfadjointness of the operator .S := JAJ =
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J'AJ: Hy — Hy, where D(S) = {x € Ho|Jz € Dy(A)}. So, we will further
investigate the operator S = JAJ: L?[0,1] — L?[0,1] with domain:

D(S) = {x € L?[0,1] | p~ 2z € AC|0,1],
(p~2x) € L*(0,1), (p~22)(0) = (p~2z)(1)},
where (Jxz)(t) = p~2 (t)z(t).

Theorem 3.3. Let p satisfy condition (3.2). The operator A: Hy — H_ with do-
main D4 (A) is generalized essentially selfadjoint iff p satisfies condition (3.3).

Proof. Outline of the proof.

Necessity. Let us suppose the opposite that (3.4) holds. Then D(S) = {z €
L2[0,1] | p~ 2z € AC[0,1], (p~22) € L2(0,1), (p~22)(0) = (p~22)(1) = 0}. It is
easy to show that
D(S*) D {y € L2[0,1] | p~2 (t)y(t) € AC[0,1], (p~2 (t)y(t)) € L[0,1]}. It follows
Ker(S* £14) # {0}. So, S is not essentially selfadjoint, and we obtain a contradic-
tion.

Sufficiency. Let the weight p be such that (3.3) holds. Then 3z € D(S)
such that (p~22)(0) = (p~22)(1) = ¢ # 0. So, for any y € D(S*) there holds
(p~2y)(0) = (p~2y)(1). Then Ker(S* i) = {0} and S is essentially selfadjoint.

O

It follows from the above-proved, that the operator A: H, — H_ with do-
main D, (A) is generalized essentially selfadjoint iff it is selfadjoint in the normal
sense as an operator from Hy into Hy.

3.2. Case of L%(R)
Let us consider the rigging

L*(R,ptdt) D L*(R,dt) D L*(R, pdt), (3.5)

where L?(R, pdt) is the space with weight p such that p € C*°(R); p(t) > 1, ¢t € R.

Consider an operator A: Hy — H_ generated by the mapping (Af)(t) = iff;
and with domain D(A) = C§°(R) (C§°(R) is the space of finite and infinitely
differentiable function on R). It is dense in Hy and Hy. As is well known, the
operator A: Hy — Hy with domain D(A) is essentially selfadjoint.

Instead of investigating the generalized essentially selfadjointness of A: Hy —
H_, we will examine the essentially selfadjointness of S := JAJ = J~'1AJ: Hy —
Hy, where D(S) = {& € Ho|Jz € D(A)}. Because p 2 € C(R) and Vt €

Rp=2(t) >0, D(S) = D(A) = C°(R).
Theorem 3.4. The operator S is generalized essentially selfadjoint in Lo(R).

Proof. Outline of the proof.
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It is necessary to show that Ker(S* +4) = {0}. Let y € Ker(S* ). Then y
satisfies the equation

’ 1 ’

~( 7 By(®) + (P72 (1)) P (1) F Dy(t) =0,
whose solutions are y4 (t) = cp2 (t) exp{ijp(s)ds}. But y4 (t)€ La(R). O
0

So, the operator A: H, — H_ is generalized essentially selfadjoint in the
sense of rigging (3.5) with domain D(A) = C§°(R) and, at the same time, A: Hy —
H,j is essentially selfadjoint in the usual sense on D(A).
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Orthogonal Decomposition of Functions
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Abstract. The article gives a universal orthogonal decomposition for all sub-
harmonic functions which are weighted square summable over the unit disc
of the complex plane.
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1. Introduction

The present article is a continuation of a series of M.M. Djrbashian’s investigations
that have resulted in his factorization theory for all functions meromorphic in the
unit disc of the complex plane [4, 5, 6, 7]. M.G. Krein considered M.M. Djrbashian’s
complex analysis results important for the development of the operator theory.
He expressed this opinion orally on several occasions. Some applications of M.M.
Djrbashian’s results [4], along with the author’s theory for the half-plane [11], are
given in [8, 9, 11].

More precisely, the present article continues the author’s work [10] which
generalizes the early results of M.M. Djrbashian [2, 3] devoted to the analysis of
some spaces and classes of regular functions defined by means of the Riemann—
Liouville fractional integration. Namely, [2, 3] contain an investigation of the spaces
AP o> —1,p > 1 (or initially H,(a)), of functions f(z) holomorphic in |z| < 1

which are defined by the condition

0<r<1

— « Pdo — su 1 e 2m Teiﬁ ) N
J] 01 Oras(@) = s [Sa it [ e < e,
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where () is Lebesgue’s area measure, and Nevanlinna’s classes of functions f(z)
meromorphic in |z| < 1 (see [1], Section 216) which are defined by the condition

1 1
/(1—7")O‘T(r,f)dr: sup / (1= DT (rt, f)dt < 400, a>—1, (L1)
0 0

0<r<1

where T'(r, f) is Nevanlinna’s growth characteristic.

By the well-known equilibrium relation between Nevanlinna’s growth and de-
crease characteristics, for functions f(z) holomorphic in |z| < 1 (1.1) is equivalent
to the condition

//| B log | £(2)[|(1 - |2])*do(z) < +oc. (1.2)

The present article deals with some classes of functions u(z) subharmonic in |z| < 1
(which, in particular, can be log|f(z)| with f(z) holomorphic in |z| < 1), the
squares of which are summable with some general measures. As a result, the union
of the considered classes coincides with the set of all functions subharmonic in
|z| < 1, and the considered representations become factorizations for all functions
holomorphic in |z| < 1.

2. Classes of square summable subharmonic functions

Everywhere below, we assume that w(x) € y2, ie., w(z) is a continuously
differentiable in [0,1), strictly decreasing, real function, such that w(0) = 1,
w(l) = w(l = 0) = 0 and |w'(z)| is non-increasing in [0,1). Note that Qp= is
a subset of the class Qy of [10].

Further, we define N2 as the set of functions u(z) subharmonic in |z| < 1,
such that u(z) belong to the Lebesgue space L? considered in [10], i.e.,

2, = ! u\z 2 z o0
lullzz = //2<1[ (2)] dpes (2) < o0, (2.1)

where dpu,, (re’’) = —dddw(r?).

Proposition 2.1. The union of the classes N2 over all w(x) € Quz coincides with
the set of all functions subharmonic in |z| < 1.

Proof. Let u(z) be any function subharmonic in |z| < 1. Then one can see that

o) = g [ ulre) a0

is a continuous function in [0, 1). Besides, by setting

”(x):M“”/:H(QZZ”W M“”:(/olu(é;tm)_’
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where ( (‘)/ i )+<p stands for a positive variation of ((r) in [0, v/#], one can verify

that w(x) € Q2 and

2M,
r)‘ e r? ‘ = ‘P“f(i) <2M, < +o0
" 1+ ( Vo ) ¥
Hence, u(z) € N2 for the chosen w(x). O

Now, suppose that dy € (0,1) is some fixed number and introduce the following
Green potential formed by ordinary Blaschke factors and a bounded, nonnegative
Borel measure v(¢) in || < do:

_ , _ -l
= [ tomlbte 01, b0 = 77

Then, obviously, Go(z) belongs to N2. Hence, forming Go(z) by the Riesz asso-
ciated measure of a function u(z) € N2 we conclude that also the subharmonic
function

uo(z) = u(z) — Go(2)
belongs to N2. So, further we shall assume that the Riesz associated measure of a
function u(z) € N2 is such that

inf{|<| : ¢ € supp 1/} > dy,

where dy € (0,1) is a fixed number, and this assumption will not affect the gener-
ality of our argument.

Further, one can see that L2 C L. for any w(t) € Qu, and, consequently, the
inclusion u(z) € N2 implies u(z) € LL. Hence, by Theorem 4.3 of [10], the Riesz
associated measure of u(z) satisfies the density condition

//|<1 (/<2 )dt>dl/(<) < 400, (2.2)

and the following Riesz-type representation is true:

u(z) =G(2)+U(z), |z| <1, (2.3)

G(z) = / /<<1 log [b (2, ) di(C)

is a Green-type potential formed by the Blaschke-type factors b, (z, ¢) of [10]. This
potential is convergent in |z| < 1 in virtue of (2.2), and the integral

1
U(z) = / /<|<1 ORe {Cu(20)} dpis(C) — u(0)

// i<t [ u(zo)} Re {CL(0)} dua (0)

where
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where
[e%e] 1
z
Cy(z)= , Ak:—/tkdwt7
©=3 4, [ au)

is M.M. Djrbashian’s Cauchy-type kernel, is uniformly convergent in |z| < 1, where
it represents a harmonic function.

Representation (2.3) is inherent in a class of functions which is wider than N2.
Thus, the inclusion u(z) € N2 has to imply some additional statements.

Theorem 2.2. The following statements are true:
1°. Both summands G(z) and U(z) in the right-hand side of representation (2.3)
of a function u(z) € N2 (w € Qnz) are of N2.
2°. The operator

Q= [ w0 =" |Refcucoyduo. <t

is identical on the set of harmonic functions of N2 and it paps Green-type
potentials G(z) € N2 to identical zero.
3°. IfU(2) is any harmonic function of N2, then in L?, the function U(z)—U(0)
is orthogonal to any Green-type potential G(z) € N2.
Proof. 1°. By Theorem 3.1 of [10], U(z) = Re f(z) where
1
se= f[ | HOCE i) —uo)
¢l<1

™

is a holomorphic function in |z| < 1, such that f(z) € L2, i.e., f(z) belongs to
the Hilbert space A2 of [10]. Thus, U(z) belongs to the harmonic space A2, i.e.,
U € N2. Hence, G(z) € N2.
2°. One can see that representation (2.3) can be written in the form
u(z) = G(2) + Quu(z).
For any harmonic function of N2, the same representation is true without the

summand G, (z), i.e., @, is identical operator on the set of harmonic functions
from N2. Consequently, by applying Q,, to the above representation, we get

Quu(z) = QuG(2) + QLu(z) = QuG(2) + Quu(2).
Thus, Q,G(z) = 0.
3°. Denote Uy(z) = U(z) — U(0) for brevity. Then Uy(z) = Re F(z) where
1
F z) = U Cw z d w
@)=, [ v

™

is a holomorphic function in |z| < 1, such that F(0) = 0 and

o0
IFEN%: = D lar*Ax < +oo,
k=1
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where {a}5° are the coefficients of the Taylor expansion for F(z) in |z| < 1. It is

obvious that for any r € (0,1)
S0 ) G RERT
[Cl<r

is a function of A2, which possesses the Taylor series expansion

FT(Z)ZZZ‘“<_/ tkdw(t)>zk7 2] < 1.
=1 —Fk 0

Besides, one can see that

- Ry =3 F ([ #aat) <

as 7 — 1 — 0. Consequently, setting

Uo(z,7) = Re F,.( //C|<r ORe {Cu(2¢) }dpw(€)

we conclude that [[Up(z) — Uo(2,7)[|zz — 0 as 7 — 1 — 0, and hence the following
equalities are true for the inner product of Up(z) and G(z) in L2:

(Uo(2).G(2)),, = lim (Uo(z,7),G(2)),,

Ao //||<1< //<<T ORe {Cu(20) bpo (¢ )G(Z)duw(Z)
7‘—»1 027 //C|<r( / ‘<1G z)Re {O (€z) }d/‘w ) Q)dpy(C)

= (0,Uo(2)),, + 2G<0)Uo<0> =0. O

(oo} ’I‘

tkdw(t)‘ —0

In addition, the following statement is true for the L2-norms of the Green-type
potentials, which we give without proof.

Theorem 2.3. If v({) is a nonnegative Borel measure in |(| < 1 which satisfies
(2.2) with some w(x) € Qpz2, then the Green type potential G, (z) with the Riesz
measure v(C) belongs to N2 if and only if there exists finite

2 : / /
Gz = lim /|<|<1 / /m (log b (2, ¢, log [bu (2, ¢')]),, dv(¢)dv(¢ )(

2.4)
where w,(x) = w(x)x(0,p)(x) and x|, (x) is the characteristic function of [0, p].

Remark 2.4. In virtue of Theorems 2.2 and 2.3, the class N2 coincides with the
set of all those functions u(z) subharmonic in |z| < 1 which are representable in
the form (2.3), where U(2) is a harmonic function of N2 and G(z) is a convergent
Green-type potential with finite L2-norm. Note that with the use of some formulas
from [10], the value of the inner product in (2.4) can be exactly calculated. This
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results in a density condition for the Riesz measure dv({)dv(¢"), which includes
the arguments of ¢ and ('
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Asymptotics of Toeplitz Matrices with Symbols
in Some Generalized Krein Algebras

Alexel Yu. Karlovich

To the memory of Mark Krein (1907-1989)

Abstract. Let o, 3 € (0,1) and

K*P .= {a €L™(T): Y [a(=k)|’k* < o0, Y [a(k)]’k* < oo} :
k=1 k=1

Mark Krein proved in 1966 that K'Y?'2 forms a Banach algebra. He also
observed that this algebra is important in the asymptotic theory of finite
Toeplitz matrices. Ten years later, Harold Widom extended earlier results of
Gabor Szeg6 for scalar symbols and established the asymptotic trace formula

trace f(Tn(a)) = (n+1)Gy(a) + Ef(a) + o(1) asn — oo
for finite Toeplitz matrices T}, (a) with matrix symbols a € K]l\,/i’;,m. We show

that if o+ 3 > 1 and a € K]o\‘,‘fN, then the Szegé-Widom asymptotic trace
formula holds with o(1) replaced by o(n'=*=#).

Mathematics Subject Classification (2000). Primary 47B35; Secondary 15A15,
47B10.

Keywords. Toeplitz matrix, generalized Krein algebra, Szeg6-Widom limit the-
orem, Wiener-Hopf factorization.

1. Introduction and the main result

For 1 < p < oo, let LP := LP(T) and H? := HP(T) be the standard Lebesgue and
Hardy spaces on the unit circle T, respectively. Denote by {a(k)}rez the sequence
of the Fourier coefficients of a function a € L'(T),

k) = 1 / T @ Hdn (ke 7).
0

:27T
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For «, 8 € (0,1), put

K0 .= {a € L>(T) :

K%P .= {a € L>(T) :

K8 .= K0 K98,

It was Mark Krein [18] who first discovered that K1/21/2 forms a Banach algebra
under pointwise multiplication and the norm

o 1/2
lall/z,1/2 = llallz~ + ( > [ak)P(k + 1)) :

k=—o0

By the same method, one can show that if o, 3 € [1/2, 1), then K*° and K% are
Banach algebras under pointwise multiplication and the norms

o 1/2
lalla,o == llafl = + (Z [a(=k)[*(k + 1)2°“> ;
k=0

o 1/2
lallo,s = llallze + (Z (k) (k + 1)”) :

k=0

respectively. Further, if max{a, 3} > 1/2, then K®# is a Banach algebra under
pointwise multiplication and the norm

lalla,s == llallze + (Z ja(=k)*(k + 1)2°‘> + (Z (k) (k + 1)2‘3)
k=0 k=0

(see [4, Chap. 4] and also [6, Sections 10.9-10.11] and [2, Theorem 1.3]). In these
sources even more general algebras are considered. The algebra K/21/2 is re-
ferred to as the Krein algebra. The algebras K9 K98 and K*# will be called
generalized Krein algebras.

Suppose N € N. For a Banach space X, let X and Xyxn be the spaces of
vectors and matrices with entries in X, respectively. Let I be the identity operator,
P be the Riesz projection of L? onto H?, ) := I — P, and define I, P, and Q on L%
elementwise. For a € L, y and t € T, put a(t) := a(1/t) and (Ja)(t) := t~a(t).
Define Toeplitz operators

T(a) := PaP|ImP, T(a):=JQaQJ|ImP

1/2

and Hankel operators

H(a):= PaQJ|Im P, H(a):=JQaP|ImP.
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The function a is called the symbol of T'(a), T'(a), H(a), H(a). We are interested
in the asymptotic behavior of finite block Toeplitz matrices

To(a) = (a0 = k)7,

generated by (the Fourier coefficients of) the symbol a as n — oo. It should be
noted that asymptotics of Toeplitz matrices was one of the topics of Mark Krein’s
interests. In particular, he proved [18] that K 1/2.1/2 i an optimal smoothness
class for the validity of the strong Szeg6 limit theorem for scalar positive symbols
(independently this result was obtained by Devinatz [8]; for an extension of this
result to matrix positive definite symbols, see Béttcher and Silbermann [3]). Many
results about asymptotic properties of T}, (a) as n — oo are contained in the books
by Grenander and Szeg6 [11], Béttcher and Silbermann [4, 5, 6], Hagen, Roch, and
Silbermann [12], Simon [24], and Béttcher and Grudsky [1].

Let sp A denote the spectrum of an operator A. If f is an analytic function
in an open neighborhood of sp A, then we will simply say that f is analytic on
sp A. We assume that the reader is familiar with basics of trace class operators
and their operator determinants (see Gohberg and Krein [10, Chap. 3 and 4] or
Section 3). If A is a trace class operator, then trace A denotes the trace of A and
det(I — A) denotes the operator determinant of I — A.

The following result was proved by Widom [26, Theorem 6.2] (see also [6,
Section 10.90]). It extends earlier results by Szegd (see [11]) and now it is usually
called the Szegd-Widom asymptotic trace formula.

Theorem 1.1 (Widom). Let N > 1. If a belongs to K}V/i’]%,ﬂ and [ is analytic on
spT(a)UspT(a), then

trace f(T(a)) = (n +1)Gf(a) + Ef(a) + o(1) as n — oo, (1.1)
where
2
Grla) = ;ﬂ /O (trace f(a))(c )b,
E¢(a) := 271m' o FN) dd)\ logdet T[a — N|[T[(a — \) " t]dA,

and  is any bounded open set containing sp T (a)UspT(a) on the closure of which
f s analytic.

Our main result is the following refinement of Theorem 1.1, which gives a
higher-order asymptotic trace formula.

Theorem 1.2. Let N > 1 and o, 3 € (0,1). Suppose that a+ (3> 1. If a € KJ%,’EN
and f is analytic on spT(a) UspT(a), then (1.1) is true with o(1) replaced by
o(n'=o=8).

Notice that higher-order asymptotic trace formulas are known for other clas-
ses of symbols: see [25] for W N K*% with o > 1/2 (here W stands for the
Wiener algebra of functions with absolutely convergent Fourier series), [14] for
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weighted Wiener algebras, [15] for Holder-Zygmund spaces, [16] for generalized
Holder spaces. All these classes consist of continuous functions only. More precisely,
they are decomposing algebras of continuous functions in the sense of Budyanu and
Gohberg. An invertible matrix function in such an algebra admits a Wiener-Hopf
factorization within the algebra. The proofs of [14, 15, 16] are based on a combina-
tion of this observation and an approach of Béttcher and Silbermann [3] (see also
[4, Sections 6.15-6.22] and [6, Sections 10.34-10.40]) to higher-order asymptotic
formulas of Toeplitz determinants with Widom’s original proof of Theorem 1.1
(see [26] and [6, Section 10.90]). As far as we know, Vasil’ev, Maximenko, and
Simonenko have never published a proof of the result stated in the short note [25],
however, their result can be proved by the same method.

Generalized Krein algebras K“” may contain discontinuous functions. To
study them we need a more advanced factorization theory in decomposing algebras
of L™ functions developed by Heinig and Silbermann [13]. We present main results
of this theory in Section 2 and then apply them to K*? with a + 3 > 1 and
max{a, 8} > 1/2. Under these assumptions, if both Toeplitz operators T'(a) and
T'(a) are invertible, then a admits simultaneously canonical right and left Wiener-
Hopf factorizations a = u_uy = vyv_ in K J(f,f n- The factors and their inverses in

these factorizations are stable under small perturbations of @ in the norm of K ]‘f,f N-
We will use this fact in Section 4 for factorizations of a — A, where A\ belongs to a
compact neighborhood ¥ of the boundary of a set {2 containing sp7'(a) Usp T'(a).

Section 3 contains some preliminaries on trace class operators and their de-
terminants. Further we formulate the Borodin-Okounkov formula under weakened
smoothness assumptions. This is an exact formula which relates determinants of fi-
nite Toeplitz matrices det T}, (a) and operator determinants of I —Q,, H (b)H (¢)Qn,
where @, H(b)H (¢)Q,, are truncations of the product of Hankel operators H (b)
and H(¢) with b := v,ull and ¢ := u:1v+. Here Q,, := I — P,, and P, is the finite
section projection.

Ifa—Xe Kf:,f - then we can effectively estimate the speed of convergence

of the trace class norm of I — Q, H[b(A)]H[c(\)]@y, to zero as n — oo uniformly
in A € ¥. This speed is o(n'=*~#). Combining this estimate with the Borodin-
Okounkov formula for a — A and then applying Widom’s “differentiate-multiply-
integrate” arguments with respect to A € 3, we prove Theorem 1.2 in Section 4.

2. Wiener-Hopf factorization and generalized Krein algebras

2.1. Wiener-Hopf factorization in decomposing algebras

For a unital algebra A, let GA denote the its group of invertible elements.

Mark Krein [17] was the first to understand the Banach algebraic background
of Wiener-Hopf factorization and to present the method in a crystal-clear manner.
Gohberg and Krein [9] proved that ¢ € GWxy«n admits a Wiener-Hopf factor-
ization. Later Budyanu and Gohberg developed an abstract factorization theory
in decomposing algebras of continuous functions. Their results are contained in
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[7, Chap. 2]. Heinig and Silbermann [13] extended the theory of Budyanu and
Gohberg to the case of decomposing algebras which may contain discontinuous
functions. The following definitions and results are taken from [13] (see also [4,

Chap. 5)).
Let A be a Banach algebra of complex-valued functions on the unit circle T
under a Banach algebra norm || - || 4. The algebra A is said to be decomposing if it

possesses the following properties:

(a) A is continuously embedded in L*°;
(b) A contains all Laurent polynomials;
(¢c) PAC Aand QA C A.
Using the closed graph theorem it is easy to deduce from (a)—(c) that P and
@ are bounded on A and that PA and QA are closed subalgebras of A. For k € Z
and t € T, put yx(t) := t*. Given a decomposing algebra A put

A+ = PAa A= QAa A+: X1A+7 A= X1 A_ .
Let A be a decomposing algebra. A matrix function a € An« y is said to admit
a right (vesp. left) Wiener-Hopf factorization in Anxn if it can be represented in
the form
a=a_day (resp.a=ayda_),
where ax € G(A1)nxn and
d=diag(Xu,s -y Xun)s Ki€Z, K1 <Ky <---<EKpn.

The integers k; are usually called the right (resp. left) partial indices of a; they
can be shown to be uniquely determined by a. If k1 = --- = ky = 0, then the
Wiener-Hopf factorization is said to be canonical. A decomposing algebra A is said
to have the factorization property if every matrix function in GAyxy admits a
right Wiener-Hopf factorization in Ay yn .

Let R be the restriction to the unit circle T of the set of all rational functions
defined on the whole plane C and having no poles on T.

Theorem 2.1. Let A be a decomposing algebra. If at least one of the sets
(RNA_)+ Ay or A_ +(RNAL)

is dense in A, then A has the factorization property.

2.2. Stability of factors and their inverses under small perturbations

Let A be a Banach algebra equipped with a norm || - || 4. We will always consider
an admissible norm || -4y, v I Anxn. Recall that a Banach algebra norm is said
to be admissible (see [6, Section 1.29]) if there exist positive constants m and M
such that

. < < .
m max [laglla < llallayy < M max flai]a

for every matrix a = (aij)f\fj:l € ANnxnN-
The following result can be extracted from a stability theorem for factors and
their inverses in the Wiener-Hopf factorization in decomposing algebras given in
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[20, Theorem 6.15]. There it was assumed, in addition, that a decomposing algebra
is continuously embedded in the set of all continuous functions. However, the result
is also true for decomposing algebras in the sense of Heinig and Silbermann adopted
in this paper.

Theorem 2.2. Let A be a decomposing algebra and N > 1. Suppose a,c € AnxnN
both admit canonical right (resp. left) Wiener-Hopf factorizations in Anxn. Then
for any € > 0 there exists a 0 > 0 such that if

”a - CHANXN <9,
) . . o ) ()
then for every canonical right (resp. left) Wiener-Hopf factorization a = a’a}

(resp. a = a@a@) one can choose a canonical right (resp. left) Wiener-Hopf fac-

torization ¢ = c(_r)ch) (resp. ¢ = cﬁ)c(_l)) such that
o) — N anon <& a7 = [ anun <
l l 1)1— Dq—
(resp. a2 — P awen <2 10817 = 1] apan <)

2.3. Invertibility in generalized Krein algebras

For 1 <p <oo,let HP :={a € LP : a € HP} and let C := C(T) denote the set of
all continuous functions on T. If a, § > 1/2, then in view of [2, Lemma 6.2],

K0 cC+H>®, K% cC+H>. (2.1)
Hence, if o, 5 € (0,1) and oo+ 3 > 1, then
K*P c (C+ H®)U(C + H®). (2.2)

The following result was proved by Krein [18] for o = 5 = 1/2.

Theorem 2.3 (see [2, Theorem 1.4]). Let o, 3 € (0,1).
(a) Suppose a > 1/2 and K is either KY or K*'=% [Ifa € K, then

a€GK < acG(C+ H™).
(b) Suppose 3 > 1/2 and K is either K% or K'=P# . Ifa € K, then
a€GK < acG(C+ H™).
Corollary 2.4. Let o, 3 € (0,1).
(a) Suppose a >1—[3>1/2. Ifa € K*P, then
a€GK*’ «— aecG(C+H™).
(b) Suppose 3>1—a >1/2. Ifa € K%?, then
ac€GKYP «— aeG(C+ H>).
(c) Suppose a> 3 >1/2 0or B> a>1/2. Ifa € K*P, then
a€GK* = aecG((C+H®)N(C+H)).
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Proof. (a) Let a € K“# = K'=## N K*0. By Theorem 2.3(a),
a € GKY PP —=aeG(C+H™®), acGK* < acG(C+H™).

Thus a € GK? <= a € G(C + H*®). Part (a) is proved. Part (b) follows form
Theorem 2.3(b) in the same fashion.
(c) Let a € K = K*9N K%, From Theorem 2.3 it follows that

a€GKY «—= G(C +H*®), acGK" < G(C+ H>).

Hence a € GK*P = G(K*'NK%’) <= a € G((C + H*)N(C + H*)). Part (c)
is proved. (I

2.4. Wiener-Hopf factorization in generalized Krein algebras

Lemma 2.5. Let o, 3 € (0,1) and max{a, 8} > 1/2. Then K*P is a decomposing
algebra with the factorization property.

Proof. The statement is proved by analogy with [2, Lemma 7.7]. By [2, Lemma 6.1],
the projections P and @Q are bounded on K®#. Hence K is a decomposing
algebra. Assume that § > 1/2. Taking into account that

K¢ = [* 1 (QB§ + PBY),

where BS and Bg are Besov spaces, from [22, Sections 3.5.1 and 3.5.5] one can
deduce that RNPK*# is dense in PK*#. Analogously, if a > 1/2, then RNQK*#
is dense in QK ®”. Theorem 2.1 gives the factorization property of K~ (|

Theorem 2.6. Let N > 1, o, € (0,1), a + 5 > 1, and max{«a, 5} > 1/2. If
a € K%’EN and both T(a) and T(a) are invertible on H3;, then a is invertible in

K%’EN and admits canonical right and left Wiener-Hopf factorizations in Kf\y,fN

Proof. Once one has at hands Corollary 2.4 and Lemma 2.5, the proof is developed
as in [2, Theorem 1.7(a)]. For the convenience of the reader we give a complete
proof here.

Suppose o = max{«, §}. It is clear that for every 8 € (0,1) one has 8 > 1/2
orl—pF>1/2.Thusa > >1/2(>1-p)ora>1-752>1/2 (> ). In the
first case from (2.1) it follows that

Kl € (C+H®)wxw N(C+ H®)nxn.
Since T'(a) and T'(a) are invertible, from [6, Theorem 2.94(a)] we deduce that deta
and det @ belong to G(C'+ H*). Hence, det a belongs to G((C'+H>)N(C+H>)).
By Corollary 2.4(c), deta € GK*”. Then, in view of [19, Chap. 1, Theorem 1.1],
aeGKYY .

The case « > 1 — 3 > 1/2 is treated with the help of Corollary 2.4(a). Then
a € QKK‘,’EN. Analogously, if 8 = max{«, 5}, then by using Corollary 2.4(b) or
(c), one cans how that a € GK%7 .

By Simonenko’s factorization theorem (see, e.g., [7, Chap. 7, Theorem 3.2]
or [20, Theorem 3.14]), if T'(a) is invertible on H%, then a admits a canonical
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right generalized factorization in L%, that is, there exist functions a_, a4 such
that @ = a_ay and at! € (H?)NxN, ail € (H?)nxn. On the other hand, in
view of Lemma 2.5, @ admits a right Wiener-Hopf factorization in K ]‘f,f N that is,
there exist functions us € G(K$”)yxn such that a = u_du, and d is a diagonal
term of the form d = diag(Xs,,.--; Xxy)- It is clear that u' € (H2)yxn and
ufl € (H*)nxn. Thus a = u_du is a right generalized factorization of a in L3%;.
It is well known that the set of partial indices of such a factorization is unique
(see, e.g., [20, Corollary 2.1]). Thus d is the identity matrix and a = u_u.

Since T'(@) is invertible on HZ, from [6, Proposition 7.19(b)] it follows that
T'(a™1) is also invertible on H%,. By what has just been proved, there exist functions
fr € Q(Ki’B)NxN such that ™' = f_f,. Put vy := f;'. Then a = v v_ and
v € G(KS ) nun. O

3. The Borodin-Okounkov formula

3.1. Trace class operators, Hilbert-Schmidt operators, and operator determinants

In this subsection we collect necessary facts from general operator theory in Hilbert
spaces (see [10, Chap. 3—4]).

Let H and K be separable Hilbert spaces. For a bounded linear operator
A:H— K and n € Z,, we define

sn(A) == inf {|A— F| : dim F < n}.

For 1 < p < oo, the collection C,(H, K) of all bounded linear operators A : H — K
satisfying

o0 1/p

JAlle, e = (Z sz<A>> < o0

n=0
is called the p-Schatten-von Neumann class. If p = 1, then Ci(H,K) is called
the trace class and if p = 2, then C2(H, K) is called the class of Hilbert-Schmidt
operators. We will simply write C,(H) instead of C,(H, H).

One can show that, for every A € C;(H) and for every orthonormal basis
{¥j}32o of H, the series Z;’;()(Agaj, ©;)H converges absolutely and that its sum
does not depend on the particular choice of {¢;}32,. This sum is denoted by
trace A and is referred to as the trace of A. It is well known that

| trace A| < ||All¢, (1)

for all A € C1(H).
The Hilbert-Schmidt norm of an operator A € C2(H, K) can be expressed in

the form
1/2

[Alles(r,) = Z [(Agpj, i)l )
jik
where {¢;}52, and {4} }72, are orthonormal bases of H and K, respectively.
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We will need the following version of the Holder inequality. If B € Co(H, K)
and A € C3(K, H), then AB € C;1(H) and
[ABlcy 1) < N Allea e, 701 Blles () - (3.1)

Let A be a bounded linear operator on H of the form I + K with K € C;(H).
If {\;(K)};>0 denotes the sequence of the nonzero eigenvalues of K (counted up to
algebraic multiplicity), then Z?Q:o |\;(K)| < oo. Therefore the (possibly infinite)
product [] (1 + A;(K)) is absolutely convergent. The operator determinant of A
=0
is defined by
det A =det(I + K) = [ (1 + A;(K)).
j>0
In the case where the spectrum of K consists only of 0 we put det(I + K) = 1.
Lemma 3.1. If A € Ci(H) and |[All¢, () < 1, then [logdet(] — A)| < 2[[Alle, x)-
Proof. Since A € C1(H), by formula (1.16) of [10, Chap. IV],
logdet(I — A) = tracelog(I — A). (3.2)
On the other hand,

log(I — A) Z Al (3.3)

From (3.2), (3.3), and |trace A| < [[All¢, ) we get

|logdet(I — A)| < |trace Z AT < ftrace A7 <Y A, ) (3.4)
j=1 j=1

Jj= 1
By Holder’s inequality,
147,y < NAlley 0 147 Hlew ) < IAlle, ool AIZ )

Taking into account that |[Allc_ ) < Al (), we get [|A7lc, () < ||A||jé1(H)
Hence, (3.4) yields

Mo
logdet(I — ) < 3141, Al < HAllesc

Jj=1
because || All¢, (n) < 1. O

3.2. The Borodin-Okounkov formula under weakened hypotheses
For a € LY,y and n € Z, define the operators

Py Y a(k)xk— Y alk)xe, Qn:i=1I1-P,.
k=0 k=0

The operator P, T(a)P, : P,H% — P, H3 may be identified with the finite block
Toeplitz matrix Ty, (a) = (@(j — k))7 y—o-
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In June 1999, Its and Deift raised the question whether there is a general for-
mula that expresses the determinant of the Toeplitz matrix T),(a) as the operator
determinant of an operator I — K where K acts on fo{n+1,n+2,...}. Borodin
and Okunkov showed in 2000 that such a formula exists (however, it was known
even much earlier. In 1979, Geronimo and Case used it to prove the strong Szegé
limit theorem). Further, in 2000, several different proofs of it were found by Basor
and Widom and by Bottcher. We refer to the books by Simon [24], Béttcher and
Grudsky [1, Section 2.8], Bottcher and Silbermann [6, Section 10.40] for the exact
references, proofs, and historical remarks on this beautiful piece of mathematics.
Below we formulate the Borodin-Okounkov formula in a form suggested by Widom
under assumptions on the symbol a of T;,(a) which are slightly weaker than in [6,
Section 10.40].

Theorem 3.2. Suppose a € (C+ H>®)nxn U (C+ H>®)nxn satisfies the following
hypothesis:

(i) there are two factorizations a = u_uy = viv_, where u_,v_ € G(H®)NxN
and uy, vy € G(H®)NxN;

Put b .= v,ull and ¢ := u:lv+. Suppose that
(i) H(b)H(c) € C1(H%).
Then the constants

) 1 2w i
G(a) :== Tl{rlrlo exp (271_ /0 log det a,(e )d@) , (3.5)
where -
ar(e?) = Z Zi(n)r‘”'emg,
and
Bla)=
" det T(b)T(c)

are well defined, are not equal to zero, and the Borodin-Okounkov formula

det T, (a) = G(a)""' E(a) det (I — Q, H(b)H(0)Q,) (3.6)

holds for every n € N. If, in addition,
(iii) H(a)H(a ') € C1(H%),
then E(a) = det T(a)T(a™1).

Proof. From (i) and [6, Proposition 2.14] it follows that the operators T'(a) and
T(a™') are invertible on H%. If a € (C + H*®)yxn, then from [6, Proposi-
tion 10.6(a)] we deduce that the limit in (3.5) exists, is finite and nonzero. Hence
the constant G(a) is well defined. The proof of [6, Proposition 10.6(a)] equally
works also for the case a € (C + H*®)nxn. Therefore, G(a) is well defined in this
case as well.

From [6, Proposition 2.14] it follows also that the operators T'(b), T'(¢) are
invertible and T'(b)T(¢) = I — H(b)H (¢). From (ii) and the above equality we get
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that det T'(b)T'(c) makes sense. Since T'(b)T'(c) is invertible, det T'(b)T'(¢) # 0 and
therefore the constant E(a) is well defined.

The Borodin-Okounkov formula (3.6) is proved in [6, Section 10.40] under

the assumption that a € K]lv/i’;/ ? admits right and left canonical Wiener-Hopf

factorizations in K}V/i]%/ ?. The two proofs given in [6, Section 10.40] work equally

under weaker hypotheses (i)—(ii).
Applying [6, Proposition 2.14], we get
I - HO)HE) = TOT(e) = T(o-)T ()T ()T (v, )
and
T(o)(I - HOH@)T (vy) = I - T(op) HOHET (v
— (o) T (o) T(u)T (")
=T Ya HT a).
From these equalities and [10, Chap. IV, Section 1.6] it follows that
det T(b)T(c) = det (I — H(b)H(c))
=det (I — T'(v4)Hb)H@)T " (vy)) (3.7)
=detT " (a "T 7 (a).

From (iii) and T'(a)T(a=1) = I—H(a)H (a ') it follows that det T'(a)T (') makes
sense. By [10, Chap. IV, Section 1.7],

det T (a )T (a) -det T(a)T(a™ ') = det T~ (a )T (a)T(a)T(a ") = 1.

Hence
1
—1, —1\p—17,\
det T (a" )T (a) = det T(a)T(a=1)" (3.8)
Combining (3.7) and (3.8), we arrive at E(a) = det T'(a)T (a™1). O

4. Proof of the main result

4.1. Hilbert-Schmidt norms of truncations of Hankel operators

Let v € R. By £3 we denote the Hilbert space of all sequences {¢y}72, such that

> lenl*(k+1)% < o
k=0

Clearly, the sequence {ej/(k+1)7}72,, where (ey); = dr; and dy; is the Kronecker
delta, is an orthonormal basis of £3. If v = 0, we will simply write /5 instead of £3.
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In this subsection we will estimate Hilbert-Schmidt norms of truncations of
Hankel operators acting between ¢5 and ¢ by the rules

o0

H(@) oo = { dati+i+ e},

j=0 =

(oo}

(<

I
<

H(@) : {pi}20 = { Y a(=i— = ey }

=0

J

Notice that one can identify Hankel operators acting on H? and on 2. For ¢ =
{¥j};2o and n € Z, define

f oy ifj>n+1,
(@ny); = { 0 otherwise.

For a € K%P and n € N, put

o 1/2
Ty (a) = ( > la(—k)IQ(k+1)2°‘> :

k=n+1

0 1/2
rt(a) = < > |a(k)|2(k+1)2ﬁ> .

k=n+1

Lemma 4.1. Let —1/2 <~ < 1/2 and o, 3 € (0,1). Suppose b,c € K.

(a) If « > v+ 1/2, then there exists a positive constant M (a, ) depending only
on « and vy such that for all sufficiently large n,

@@y < Mlany) "1 (4.1)

na—vy—1/2°

(b) If B > —v+1/2, then there exists a positive constant M (3,v) depending only
on B and v such that for all sufficiently large n,

7’:+1(b)
||QTLH(b)||C2([2Y,€2) < M(/Ba 7) nB+y—1/2° (42)
Proof. (a) It is easy to see that

Ak—j—1) ifj>n+1, keZy,
(H(c)Quej)r =

0 otherwise.
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Then
o 2
H n 2 = H n€j °
IHO )= 3 (H@@uwes )
= |(H (@) Qne;)i*(k + 1)
k=0
=Y > la-k—j-1Pk+1)"
k=0 j=n-+1
o) k—n—1
= > =R Y 5
k=n+2 j=1
If —1/2 <~ < 1/2, then
k—n—1
jQ’Y < (k - n)1+2’Y
= 1T+ 2y
From (4.3) and (4.4) it follows that
1 oo
2 -~ 2 142
IO < |y, S R = )2
k=n+2
1 = (k —n)t+2y
< _ 2 1 2a
< ey X PR
k=n+2
1 (k —n)+27v\ [ _ 2
=142y (&iﬁz pa ) @

If 1+ 27 = 2q, then

k—n 2
sup <1.
k>nt2 k

Combining (4.5) and (4.6), we arrive at (4.1) with M (a,v) = (2a) /2.
If « > v+ 1/2, then put

2 1
= T > 0.
20— 2y — 1
Let n > 2/A. Then
2an
ni=A+1n= 2,00).
x (A+1)n 20[_27_16[71—&— o0)

It is not difficult to show that the function

fo(@) = (x —n)'T27272 2€[n+2,00)

353

(4.4)

(4.6)
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attains its absolute maximum at x,. Thus

(k —n)tt2y Al+2y

< Fule) = 4 (4.7)

sup
E>n42 k2«

Combining (4.5) and (4.7), we arrive at (4.1) with
M(a,y) = (1+27) YV2AYV2H (A 1)~

for all n > 2/A. Part (a) is proved. The proof of part (b) is analogous. O

4.2. Trace class norms of truncations of products of two Hankel operators

The following fact is well known (see, e.g., [6, Section 10.12] and also [23], [21
Chap. 6]).

Lemma 4.2. Let N > 1, o, € (0,1), and a + 8 > 1. If b,c € Kﬁ‘,xN, then
H(b)H(c) € C1(H%).

We will also need a quantitative version of the above result for truncations
of the product H(b)H (¢).

For a € K]f,’fN and n € N, put

o 1/2
R, (a) = ( > lla(—k)ll?ch(k+1)2°‘> ;

k=n+1

o 1/2

Ry (a) = ( > a2,k + 1)”) :
k=n+1

Lemma 4.3. Let N > 1, o, 3 € (0,1), and o+ 3 > 1. Then there exists a constant

L = Lo g,n depending only on N and o, 3 such that for every b,c € KNxN and
all sufficiently large n,

IQuHMH@@ullesir) < iy Rt D) (o) (48)

Proof. Puty:=1/2—p3.Then~v € (—1/2,1/2) and o > y+1/2 because a+ 3 > 1.
Let b;; and ¢;5, where 4, j € {1,..., N}, be the entries of b, c € KNxN7 respectively.
By Lemma 4.1, there exist positlve constants M («, ) and M (3, ) depending only
on a, 3, and v such that for all sufficiently large n and all i,j € {1,..., N},

Trfﬂ(bij)

1QnH bij)lleaeg ) < M(B7) 50 “1yo (4.9)
n (CZ )

1 (¢i5)Qnllea(es.ey) < M(et,y) 1 (4.10)

no—r—1/2°
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From Holder’s inequality (3.1) and (4.9)—(4.10) it follows that
|@nH (bij)H (ci7)@nllcy (02) < NQnH (big)|leaey o0y 1 H (i) Qulley(es )

Pous1 (i) (cig)
< M(ony)M(B,7) "

for all i,j € {1,..., N} and all large n.
It is not difficult to verify that there exist positive constants Ay and By
depending only on the dimension N such that

1QuH O H@Qulle, iz, < A | max [QuH (b)) H(@)Qulleyeny  (412)

(4.11)

and

 Jnax ri oy (bij) < BNRS (D),  Jnax Toy1(cij) < BNR,  ,(c)  (4.13)

for all sufficiently large n and all b, c € K]%,’fN. Combining (4.11)-(4.13), we arrive
at (4.8) with L = L, g v := AnB% M (o, 7) M (B,7). O

4.3. Tails of the norms of functions in generalized Krein algebras
Lemma 4.4. Let N > 1, o, € (0,1), and max{c, 5} > 1/2. Suppose ¥ is a
compact set in the complex plane. If a : ¥ — KJO\‘,QN is a continuous function, then

lim sup R, (a(A)) =0, lim sup R, (a(\)) = 0. (4.14)
N0 N\en

Proof. This statement is proved by analogy with [14, Proposition 2.3] and [16,
Lemma 6.2]. Let us prove the first equality in (4.14). Assume the contrary. Then
there exist a constant C' > 0 and a sequence {n;}72 ; such that

lim sup R, (a(\)) > C.
ex

k—o0 )

Hence there are a number kg € N and a sequence {)\k}z‘; ko such that for all k > kg,

R, (a(Xk)) = (2] > 0. (4.15)

Since {Ax}7Zy, is bounded, there is its convergent subsequence {Ax; }52;. Let Ao
be the limit of this subsequence. Clearly, A\g € 3 because X is closed. Since the
function a : ¥ — K% is continuous at g, for every ¢ € (0,C/2), there exists a
A > 0 such that |A — Ag] < A, A € ¥ implies [|a()\) — a(/\O)HKpr < &. Because
Ak; — Ao as j — oo, for that A there is a number .J € N such that [Ar, — Xo| < A
for all j > J, and thus

lla(Ax;) — a(AO)HKﬁ’fN <e forall j>J (4.16)
On the other hand, (4.15) implies that

R, (a(A,)) > (2] >0 forall j>J. (4.17)
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By the Minkowski inequality,
R;kj (a(Ak])) S RT_Lk] (a’(AO)) + R;kj (a(Ak]) - a’(AO))
< Ry, (%)) + lla(,) — a(o) s

From (4.16)—(4.18) we get for all j > J,

R, ( (M) >

(4.18)

C
9 —e>0.

Therefore,
> Nl (=R, 172 = o0

and this contradicts the fact that a(\g) € Ky NX ~- Hence, the first equality in (4.14)
is proved. The second equality in (4.14) can be proved by analogy. O

4.4. Proof of Theorem 1.2

Proof. The proof is developed similarly to the proofs of [14, Theorem 1.5], [15,
Theorem 1.4], [16, Theorem 2.2] with some modifications. For the convenience of
the reader, we provide some details.

Without loss of generality, we can suppose that max{«a, 5} > 1/2 (otherwise
max{c, [} <1/2 and o+ S > 1 imply that « = § = 1/2 and this is exactly the
case of Theorem 1.1).

Let ©Q be a bounded open set containing the set sp7'(a) UspT'(a) on the
closure of which f is analytic. From (2.2) and [6, Theorem 7.20] it follows that
) contains the spectrum (eigenvalues) of T),(a) for all sufficiently large n. Fur-
ther, Corollary 2.4 and Theorem [6, Theorem 2.94] imply that the spectrum of
ain K7, is contained in Q. Hence f(a) € K&, and f(T,(a)) is well defined
whenever f is analytic on spT'(a) Usp T'(a).

One can choose a closed neighborhood ¥ of its boundary 0f2 such that f is
analyticon ¥ and XN (spT(a)UspT(a)) = 0. If XA € &, then T'(a) — A = T[a— )]
and T'(a) — M = T[(a — X\)7] are invertible on HZ,. From Theorem 2.6 it follows
that (a—\)~! € Ky B [y and that a— A admits canonical right and left Wiener-Hopf
factorizations

€= = - (s ) = 0a 0o

in the algebra K47 . Since a — A : & — K NX N 18 a continuous function with re-
spect to A, from Lemma 2.5 and Theorem 2.2 we that these canonical factorizations
can be chosen so that the functions

wEl ot S (K9P N H®) Ny, ufl ol Y — (KPP0 H®)vun

are continuous with respect to A € X.
Put b(A) :== v_(N)ui'(A) and ¢(A) := uZ"(N)v4(N). By Lemma 4.2,

H[b(N]H[c(N)] € C1(HR) (4.19)
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for all A € ¥. On the other hand, since (a—X)"" € K% ., we also have (@—\)~! =
[(a—A\)7]"'e KYP . Then from Lemma 4.2 it follows that

Hla— MNH[(@— )" €C(HY) (4.20)
for all A € 3. From (2.2), (4.19)—(4.20), and Theorem 3.2 we conclude that

det Ty, (a — \) =G(a — )" det T[a — \|T[(a — \) 7] (.21)
N 4.21
x det (I — QnH[b()\)]H[c()\)]Qn)
for all A € ¥ and all n € N.
From Lemmas 4.3 and 4.4 it follows that there exists a number ng € N such
that

L (Sup R (b(/\))> (sup R, (c(A))>

|QuEBOIIEEMQulle, gy < L0 <1

(4.22)

for all A € ¥ and all n > ny. Here L is a positive constant depending only only on
a,  an N. Combining (4.22) and Lemma 3.1, we arrive at the estimate

[log det (I — QuH[bN]H[c(\)]Qn)|

< 2L (su RF (b(A))) (Su R, (c(A))) (4:23)
~ noth-l )\Eg " AeIE) "
for all A € ¥ and all n > nyg.
From (4.21), (4.23), and Lemma 4.4 we conclude that
logdet T,,(a — A) =(n + 1) log G(a — \)
(4.24)

+logdet T[a — N|T[(a — \) '] + O(nlfafﬁ)

as n — oo uniformly with respect to A\ € 3. Hence we can differentiate both sides
with respect to A, multiply by f()\), and integrate over 9€2. The rest of the proof is
the repetition of Widom’s arguments [26, Theorem 6.2] (see also [6, Section 10.90]
and [5, Theorem 5.6]) with o(1) replaced by o(nt=2~#). O

Remark 4.5. Formula (4.24) for A = 0 and a € Ky y with o > 1/2 was obtained
by Silbermann [23] by using methods of [3] (see also [4, Sections 6.15-6.23] and [6,
Sections 10.34-10.37]). On the other hand, for a+ 4 = 1, formula (4.24) with A =0
was proved by Bottcher and Silbermann [4, Theorem 6.11] and [6, Theorem 10.30].
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Generators of Random Processes
in Ultrametric Spaces and Their Spectra

Witold Karwowski

Abstract. The L*(S) space of square integrable functions on an ultrametric
space S has rather specific structure. As a consequence in a natural way
there appear in L*(S) the operators of which unitary counterparts in L?(R™)
would be difficult to construct. Such class of self-adjoint operators emerge from
theory of random processes on ultrametric spaces. In this paper we collect
known material on spectral properties of the generators of random processes
on Sp an ultrametric space of sequences. (The set of p-adic numbers is a
subset of Sg.) Then we discuss structure of the eigenspaces of the generators.

Mathematics Subject Classification (2000). Primary 60J35; Secondary 47B25,
60J75.

Keywords. p-adics, nonarchimedean, random process, semigroup generator.

1. Introduction

It is a well-known fact that many systems of very diverse nature develop hier-
archical structures. One can easily give examples ranging from social structure,
government administration or descriptive sciences like taxonomy to complicated
physical phenomena like spin glasses or turbulent cascades. Going in other direc-
tion one finds hierarchical structures in neural networks and cognitive systems [9].
Some phenomena (like for instance relaxations in spin glasses [15] or development
of a turbulent cascades [14]) can be described by random processes in ultramet-
ric spaces.This requires a more precise mathematical formulation. A hierarchical
structure is conveniently visualized as a tree graph, and for its mathematical de-
scription one needs a suitable labelling system. A model example is the correspon-
dence between the set of p-adic numbers Q, [10] and the tree with p branches
emerging from every branching point. Parts of the branches (edges) between two
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consecutive branching levels are of equal lengths. The ratio of the lengths of the
edges between consecutive branching levels is constant and equals p.

There is a one to one correspondence between ends of the tree and p-adic
numbers. The distance between ends of two branches is equal to the p-adic distance
between corresponding p-adic numbers.

A natural generalization of the p-adic model would be to allow for the trees
with number of edges that depends on branching point and that does not have to be
a prime number. Such trees can be labelled by the spaces Sp of numerical sequences
introduced and studied in [2]. When constructing a probabilistic model for time
evolution of a hierarchical system one represents the system by appropriate tree
and then study the random processes on the corresponding space Sp. According
to [2] Sp is a complete separable metric space with nonarchimedean metric. The
p-adic spaces QQ,, are special cases of Sp. Note that @, has the algebraic structure
of a field while it is not even possible to define addition in Sp in general.

There are different methods to construct random processes on p-adics. Evans
[6] based his method on p-adic Fourier transform. Vladimirov [16],[17] constructed
the a-stable processes representing their generators by fractional differential op-
erator D®. Kochubei [11],[12], [13] investigated strong stochastic differential equa-
tions on Q. Aldous and Evans [5] and also Kaneko [7] constructed the processes
in terms of Dirichlet forms. The method developed in [1] is independent of the
algebraic structure of (Q, and hence carry over to Sg. The random processes on
Sp are constructed and studied in [2]. These constructions are based on solving the
Chapman-Kolmogorov equations and then obtaining the transition functions. The
coefficients in the Chapman-Kolmogorov equations are determined by distances
between the initial and target states and the structure of the state space.

This fact is of consequence if the symmetry properties are concerned. The
transition functions of a random process on Q,, is invariant under p-adic transla-
tions. Since there is no addition in Sg a similar statement for Sg cannot even be
formulated in general.

Another class of processes on Q, has been constructed in [8]. The general

method was the same as in [1] and [2] but the coefficients in the Chapman-
Kolmogorov equations were determined by the p-adic distance between initial and
target states and in addition by the target states explicitly.
It is well known that Q, can be made a measurable space. Roughly, the measure
is defined as follows. One defines a set function « on the p-adic balls so that it
is equal to the ball radius. The function « can be extended to a Haar measure
invariant under p-adic translation.

Actually similar procedure works for Sp. One defines a set function « to be
equal 1 on an arbitrarily chosen ball. Then the structure of S and requirement
of additivity determines the values of a on all balls in Sg. Further one shows that
« extends to a Borel measure on Sg.

Let Py(z,A), x € Sg, A C Sp be a transition function. By standard proce-
dure P;(z, A) extends to a strongly continuous Markovian semigroup 7, ¢ > 0 in
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L?(Sp). By the Stone theorem
T, = e 11, (1.1)
where H is a nonnegative self-adjoint operator in L*(Sg).

Spectral analysis of the generators H appears in probabilistic papers [1],[2]
as a side product rather than the main point of investigations. Thus not being of
much interest for probabilistic it stays unknown to the analysts. The aim of this
note is to put together the results scattered in several publications and thus expose
them to the analytically oriented readers. We also add a couple of new results on
the structure of the eigenspaces. To make the main points readable we find it
necessary to give basic facts about the space Sp (Section 2) and the probabilistic
context (Section 3). The generators are discussed in Section 4.

2. The space Sp

In this section we introduce the spaces Sp and list their basic properties. The
presentation follows [2]. Put Z, N and Ny for the set of integers, positive integers
and non-negative integers respectively. For any k € Z let S be the family of all
sequences {«; }i<k such that a; € Ny and a; = 0 for all i < N where N < k. Put

S=J S
kEZ
Let ag41 € No. Then the product {a; }i<x x{ag4+1} can be identified with {a}i<gi1,
{aiti<k X {ags1} = {auti<kyr (2.1)
To simplify notations we put {a}y = {e;}ti<k.
If o; = 0 for all i < k then we write {a}r = {0}.
Definition 2.1. Let By,y, be a function defined on S with values in N\ {1}.
1. We say that {a}r41 is the B-product of {a}y and {ayq1} iff

{atresr = {o}r x {onsa} (22)
and

0 S 41 S B{Oé}k —1. (23)
2. We say that {a}x+i, | € Nis the B-product of {a}) and the ordered l-tuple
{ak+l; LY 7ak+l}
{Oé}k+l = {a}k X {Oék+1, cee aak+l}
iff
{atisr = (- (({odr X {ant1}) x {anga}) X - x {ag}) (2.4)

where all products are B-products in the sense of 1. We then write

{atiss = {ate x {arr} x - x {or}. (2.5)
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Remark 2.2. Whenever we write a formula like the right side of (2.5) we always
mean the B-product. g

Definition 2.3. Given a function By,;,, we define Sp C S by
1. {0}y € Sp for all k € Z,
2. {Oé}k—&-l c Spiff {Oé}k—&-l = {Oé}k X {Oék+1}7 where {Oé}k € Sp.

(]
Proposition 2.4. {a}, € Sp iff there is | € N such that
{atr = {0}k—i x {ag—ig1} x -+ x {ax}.
U
Definition 2.5. We say that a sequence {; };ez belongs to the set Sg iff {a}, € Sp
for all k € Z. O
To simplify notations we write
o = {a;}iez. (2.6)
Let ¢ > 1. For any pair «, 3 € Sp we define
pq(a, ) = 0; 27)
pola; B) = ¢,

where i is such that oy, # §;, and a; = f; if i < 4.
It is easy to verify that the following proposition holds:

Proposition 2.6. p, is a metric on Sg satisfying the non-Archimedean triangle
inequality

pq(a; B) < max{pg(c,7), pg(7, 8)}- (2.8)

O

It is clear that for any ¢,¢’ > 1 the metrics p, and py are equivalent. Thus
we fix a number ¢ > 1 throughout the paper and drop the subscript g. Set
Sk :={ae€Sp;a; =0 fori>k}, (2.9)
and

Spo:=J Sk (2.10)

keZ
Proposition 2.7. Sp equipped with the metric p is a complete metric space and
Sp.,o s a dense subset of it. O
Given o € Sg and N € Z the set
K(a,q") = {8 € Sp;p(e, 8) < ¢} (2.11)

will be called a ball of radius ¢V centered at . As consequences of (2.8) we have

1) If 3 € K(a,¢") then K(8,¢") = K(a.q").

2) K(a,qV),K(B,q"V) are either disjoint or identical, for any «, 3 € Sp.

3) If a € Sp and a; =0 for i < —N, then K (o, ¢V) = K(0,¢V).
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It follows from (2.11) that K (c,q") is uniquely defined by {a}_(n+1) and thus
we can identify

{a}—(N+1) = K(a, qN)- (2.12)
With this notation we have
4) K(o, ¢V ) = {a}_(vi2) = (Jlad - vy x {1} (2.13)
¥

where the union is taken over v satisfying: 0 < v < B{a}_ y,, — 1. Thus the ball
K (o, gV *Y) is the union of B{a}_ (x4, disjoint balls of radius qV. Let M € Z be
given. Then according to 3) for any 3 € Sp thereis N > M such that 8 € K(0,¢").
Thus

Sp=J K(0,¢"). (2.14)

N>M

Put (M) for the family of all disjoint balls of radius ¢™. It follows that k(M) is
countable. Thus

K(M) = {K{"}ien, (2.15)
where KM is a ball of radius ¢™ and KM N KJM = () iff i # j. As a consequence
of (2.13), (2.14), we have

Sp = JEM. (2.16)
ieN
We also have
Proposition 2.8. A ball in Sp is both open and compact. U

Looking back at the discussion leading to definition of the spaces Sp one
realizes that Sp is uniquely determined by choice of the function By,y,. We shall
now specify two classes of Sp.

Let j € No,l € N. Set

S;J = {{Oé}j S Sj;ai =0,1< 0} (217)

-1
st=1{] ). (2.18)
§=0

Put k=nl+s, wherene€ Z,s=0,...,l— 1. Then
L{a}k = {...,0,1700,04“”17...,ak}s (2.19)
defines a map of S onto S'. Let Bf{a} , {a}? € S stand for a function defined on
J
S! with its values in N\{1}. We define the function By,;, on S by
!

If B{,}" is defined by (2.20) then we say that the corresponding Sp belongs to
the £; class. It will be convenient to have following equivalence relation in S. We
say that {a},,{8}; € S are L-equivalent if i = j modulo [ and L{a}; = L{f};.
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Note that S is a countable infinite set. Hence the set of L-equivalence classes
in S is also countable infinite. If B{a}y is defined by (2.20) then the number of
L-equivalence classes in Sp is finite and equal to the number of the B-products

{0}o x {m} x - x{vs}}, s=1,...,L

The important examples of Sp‘s are obtained by further specification.

Take [ = 1. Then S' = S is a one element set S' = {{0}¢}. Define Bioy, = p;
where p is a prime number.Then we have By}, = p. The corresponding space Sp
will be denoted by Sp,. Let a € Sp,. Then ax € {0,1,...,p — 1}. If N is such
that o, = 0 for £ < N, then

a= Z a;p’ (2.21)
i=N

is the Hensel representation for a p-adic number. Conversely, let a € Q, be given
by (2.21) then defining ay = 0 for £ < N we obtain o € Sp,,. Thus we defined a
one to one correspondence between Sp, and Q,. The set Q, is a field. Ignoring
its algebraical structure we say only that it is equipped with a norm which defines
the following metric. Let a,b € Q, be given by the Hensel representation (2.21)
then
ppy(a,a) =0 and Ppy(a,b) =p~*,

where ig is such that a;, # 0, and o; = f; for i < ig. Put ¢ = p in (2.7). If
a, 8 € Sp,, correspond to a,b € Q, respectively then

pp(@; ) = pp)(a; b). (2.22)

3. Stochastic processes on Sg

In this section we outline the construction of a class of stochastic processes on Spg.
The main step in this direction will be a construction of the processes on KC(M).
Let o' € KM, i € N. Then according to (2.13)

KZIM = K(O[Z,QM) = {O[i},(]\/[+1). (31)

Put Piai) i {ai}_ s (B),t € Ry for the transition probability from K} to

K JM in time t. Whenever possible we shall use the simplified notation

M,M
Pz'j = P{ai}_(]vj+1){aj}_(wj+l)(t). (32)

Thus the forward and backward Chapman-Kolmogorov equations read:

P () = —a; M () + Y ag Py, (3.32)
=
(=

BIM(t) = —a; P (6) + Y aa P, (3.3b)

=1
I#j
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i,7 € N. We impose the initial condition
PYM ) = 5,5, (3.4)

)

The coefficients 4;; and a; will be defined as follows. Let a(N), N € Z be a
sequence such that

a(N) > a(N +1) (3.5a)
and
lim_a(N) =0, (3.5b)
Put
UN+1)=a(N)—a(N+1). (3.6)
Let p(a!,a?) = ¢V*™, m € N. Define
B(a?,m, M) = (B{Oéj}—<M+m+1) - I)B{oﬂ'}—(num) “Blaiy i (3.7)
Set
u(a?,m, M) := B~ (a?,m, M)U(M + m) (3.8)
and define
iy = u(ad,m, M). (3.9)

To underline the fact that the elementary balls have radius ¢™ we write
a; = a;(M). (3.10)
Lemma 3.1. If a;(M) =32, 4 then
a;(M) = a(M). (3.11)
The solution of the Chapman-Kolmogorov equations satisfying the initial
conditions (3.4) reads

oo

—1
M,M __
P; E : (B{Oé o (Mtnt2) B{Oé i} (M+2)) (B{ai}—(M+7l+2) - 1)
n=0

exp{— (a(M +n)+u(a’,1,M +n))t}. (3.12)

If p(a?,ad) = ¢™** Kk € N then

M, M _ — )
PYMO) = B0 kB (Bl —1)

> -1
[Z (B{Oé'i}7<M+k+n+2) T B{Oé'i}7<M+k+2)> (B{Oéi}f(1u+k+n+2) - 1)
n=0

exp{— (a(M +k+n) +u(a’,1,M + k+n)) t}
—exp{— (a(M +k—1)+u(a",1,M+k—1))t}]. (3.13)
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Thus we have found the transition functions for the processes on IC(M). To obtain
the transition functions for the processes on Sp we proceed as follows. Let M, N €
Z and M < N. Then {3}_(n41) is an union of the balls of radius ¢ i.e.,

{8} —v+1) = B vy x {v-n} > {1 (3.14)

where the union runs over all B-products of {8}_(y41) and the (N — M)-tuples
v. Set

Pla} i (8- vin (H) = Z Pray s {8 x{rv-n b {r- g} (£)- (3:15)
5
One shows that (3.15) does not depend on M provided M < N.
Since & = Npr<n{a}—(ar41) we define

P(a, {6}*(N+1)’ t) = P{a}—(M+1){ﬁ}—(N+1)(t)' (3.16)

It is further shown that P(a, {3} _(n41),?) extends to a transition function for a
process on Sp.

4. The Markovian semigroup and its generator

The next step of our discussion will be to define a Borel measure p on Sp and the
Markovian semigroup T}, t > 0 of selfadjoint operators in L?(Sp, 1) determined
by P, {8} - (n41):1)-

Recall that IC(M) defined by (2.15) is the family of all disjoint balls of radius
g™ . Then

K= |J K@)
MEZ
is the family of all balls in Sp. We define a set function p on K as follows
n({0}-1) =1, (4.1)
and
p({at—41)) = Biay_ aery p{a}—ar) (4.2)

foralla € Sp and M € Z. It follows from (4.2) that the numbers pu({a}— (rr41)x{~}),
0 <7 < B{a}_(a41y — 1 are equal. By standard arguments p can be extended to a
Borel measure on Sp. It is shown that the transition function P(a, {8} (441),t) de-
termines a pu-symmetric Markovian integral kernel which in turn extends uniquely
to a self adjoint Markovian semigroup T}, ¢ > 0 in L?(Sp, it). Moreover we have

Proposition 4.1. The Markovian semigroup Ty, t > 0 in L*(Sp,p) defined by
P(o, {8} —(k41), ) is strongly continuous.

To summarize T3, t > 0 is a strongly continuous self-adjoint contraction semi-
group and hence it has the representation

T, = e HE, t>0
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where H is a non-negative self-adjoint operator. Let f € L?(Sg,u). Then by
definition

(Hf)(n) =limt™" [f(n) = (Tef) ()] = Lim ¢! {f(??)— A f(ﬁ)P(md&t)}

t10 10

whenever the strong limit exists. It is shown that the characteristic function of
every ball x(a}_,, o belongs to the domain of H. We have the explicit formula
which is valid for all « € Sg and M € 7Z

a(M)if ne{a}_mt1),
HX{a} opon(m) =3 —B Nk, M) (a(M +k—1) —a(M +k))  (4.3)
if p(n, o) = ¢™**.
Put Dy for the linear hull spanned by the characteristic functions of all balls in
Sp. Then we have
Corollary 4.2. Dy is a core for H.
The spectral properties of H are described by

Theorem 4.3. Let —H denote as above the generator of the strongly continuous
semigroup Ty with the kernel defined by (3.16). Then

(a) For any M € Z such that a(M) > 0 and o € Sp there corresponds an
eigenvalue hy o of H given by

hat,a = (B{Oé}—<M+2) - 1)_1 (B{a}i(M“)a(M) —a(M + 1)> (4.4)

and a Bay_ ., — 1-dimensional eigenspace spanned by vectors of the form
EM,a = Z be{a},(MH)x{»y} (4.5)
~v=0
where .
Zb’Y =0and s = B{a}_ 4,0 — L (4.6)
v=0

If a(M) = 0 then X{a}_ (s U5 an eigenvector of H to the eigenvalue 0.
(b) The linear hull spanned by the vectors eyo, M € Z, o € Sp is dense in
L2(SB, ,u) .

Proposition 4.4. Let Sg € L, o, 8 € S and M, N € Z be such that a(M),a(N) >
0. If {a}_(m+2) and {B}_(n+2) are L-equivalent then hnro and hy g have the
same multiplicity. If in addition M = N then haro = harg.

Proof. If {a} _ 310y and {B}_ (540 are L-equivalent then

B{a}—(ZVI+2) = BL{Q}—(M+2) = BL{B}—(ZVI+2) = B{B}—(M+2)'
By Theorem 4.3 the eigenspaces of has,o and hasg are of equal dimensions. If in
addition M = N then the equality haro = hn g follows from (4.4). O
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The processes and their generators discussed so far have been constructed
from the solutions of the Chapman-Kolmogorov equations with coefficients wy;
defined by (3.8), (3.9) and thus depending only on the distance p(a!, a’) and the
structure of Sg. However the procedure we have been using can be extended to the
models with 4;; depending also on the target state explicitly. Since the formulation
allowing for the full generality of Sp would involve a very heavy notation we shall
limit our considerations to the processes on Q. Such processes have been studied
in [8]. The generators and their spectral properties can be found in [3]. Here we
present the results of [3] modified according to its generalization done in [4].

Let R be a o-finite Borel measure on Q. If p(a!, a?) = pM ™ then we define

i = R({e'}_(ar41))u(M + m). (4.7)
Put -
WjM == Z u(M + m)R({aj}—(M+1) \ {aj}—(M+m+l))‘ (4.8)

Then we have
Lemma 4.5. If a;(M) =32, @ then
a;(M) =-wM (4.9)

Let the coefficients u;;, a;(M) in the Chapman-Kolmogorov equations be
defined by (4.7) and (4.9) respectively. The solutions will be given in terms of
following expressions

oo

WE = 3 (k) — uk + D)R({a} i) (4.10)

k=N
We have to distinguish two cases:

1. If R(Qp) is finite then we assume R(Q,) = 1. This assumption is not signifi-
cant if the corresponding stochastic process is concerned. Then the solutions
read

Pla,{a}_(m11),t) = R{a} - (m41))
{1 + Z e rgme) = RO} (ma2))) exp {tw]?/[+m+l}}

(4.11)
If p(a, B) = pM** then

Pla, {8} —(m11),t) = RUBY - (m41))
{1 + Z {5} (MAktmt1)) — R_l({ﬁ}—(M+k+m+2))) exp {twf4+k+m+1}}

- R({ﬁ}—(M+l))Ril ({5}—(M+k+m+1)) eXp {tW]L\34+k}' (4.12)
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2. If R(Q,) = oo then we have
P(o, {a}_(ar41),t) = Rt —(ar41))

Z (R { e} —(gme1) = R} —(arsma2))) exp WV} (413)

m=0

If p(a, B) = pM** then
P, {8} —(m+1),t) = RUBY—(ar+41))

{ > (RMUBY - (arsrtmin) — RTHABY - (ar+h4me2))) XD {tWJ@+k+m+1}}
m=0

(4.14)
It is further found that P(a,{3}_(ar41),t) defines a strongly continuous semi-

group T, t > 0 of self-adjoint operators in L?(Q,, R). Thus the semigroup can be
represented by

T,=eH  t>0. (4.15)
The generator H is given by
= Wirif mne€{a} (s,
HX{a}_ i (M) = — RUG—rn))u(M + ) (4.16)
if p(n, a) = p™*.

In analogy to Theorem 4.3 we have

Theorem 4.6. Let —H stands for generator of the Markovian semigroup Ty, t > 0
in L?(Qp, R) with the integral kernel P(n, A,t) defined by (4.13), (4.14). Then

1. For any o € Q,, M € 7 there corresponds an eigenvalue hyro of H given by
hat,o = Wiy (4.17)

To this eigenvalue there corresponds a p — 1-dimensional eigenspace spanned
by the vectors of the form

p—1
€M,a = Z b’YX{---va—(I\lJrz)70‘—(1\1+1)7'Y}’ (4.18)
~v=0
-1
where 30— byR({a} —(ar1) x 7}) = 0.
2. Denote by €}y ,, s = 1,2,...,p — 1 the orthonormalized eigenvectors corre-

sponding to hara. If R(Qp) = oo then the orthonormal system {e3, .}, o €
Qp, M € Z,s=1,...,p—1is a basis for L*(Q,,R). If R(Q,) =1 then the
above vectors together with the constant function 1 form a basis for L*(Q,, R).
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Proposition 4.7. Let o, 3 € Q,, M € Z, | € N and p(a, 3) = pM. Then
hno = hNﬂ (4.19)
for N > M. If in addition

R({Of}—(Mle)) = R({ﬂ}f(M7l+1)) (4.20)
forl=1,2,...,1ly then (4.19) holds for N > M — .

Proof. We have to prove that W¢ = W4 Since p(a, )= p™ we have {0} _wen) =
{B}—(n+1) if N > M. Thus

R({a}-(ks1)) = RUB ~(kt1))y  k2>2N=>=M

and consquently W = W5 by (4.8). If in addition (4.20) is assumed then (4.19)
holds for N > M — . O
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1. Introduction

The employing of non-Hermitian operators for the description of experimentally
observable data goes back to the early days of quantum mechanics [14, 18, 30].
A steady interest to non-Hermitian Hamiltonians became enormous after it has
been discovered that complex Hamiltonians possessing so-called P7-symmetry
(the product of parity and time reversal) can have a real spectrum (like self-adjoint
operators) [9, 15, 26, 34]. The results obtained gave rise to a consistent complex
extension of the standard quantum mechanics (see the review paper [8] and the
references therein).

One of key moments in the P7-symmetric quantum theory is the description
of a previously unnoticed symmetry (hidden symmetry) for a given P7 -symmetric
Hamiltonian A that is represented by a linear operator C. The properties of C
are nearly identical to those of the charge conjugation operator in quantum field
theory and the existence of C provides an inner product whose associated norm is
positive definite and the dynamics generated by A is then governed by a unitary
time evolution. However, the operator C depends on the choice of A and its finding
is a nontrivial problem [7, 10, 12].

The concept of P7T-symmetry can be placed in a more general mathematical
context known as pseudo-Hermiticity. A linear densely defined operator A acting in
a Hilbert space $) is pseudo-Hermitian if there is an invertible bounded self-adjoint
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operator i : § — $) such that

A*n =nA, (1.1)
where the sign * stands for the adjoint of the corresponding operator. Including
the concept of P7-symmetry in a pseudo-Hermitian framework enables one to
make more clear basic constructions of P7-symmetric quantum mechanics and to
achieve a lot of nontrivial physical results [1, 6, 17, 19, 27, 28].

The related notion of quasi-Hermiticity and its physical implications were
discussed in detail in [16, 31].

Using Langer’s observation [22] that a Hilbert space $) with the indefinite
metric [f, gl, = (nf,9) (0 € p(n)) is a Krein space, one can reduce the investigation
of pseudo-Hermitian operators to the study of self-adjoint operators in a Krein
space [2, 3, 25, 29, 32]. The present paper continues such trend of investigations
and its aim is to analyze pseudo-Hermitian operators with C-symmetries in the
Krein space setting. The special attention will be paid to the generalization of the
concept of C operators.

The existence of a C-symmetry for a pseudo-Hermitian operator A means
that A has a maximal dual pair {£4,£_} of invariant subspaces of § [23, 24].

The paper is organized as follows. Section 2 contains all necessary Krein
space results in the form convenient for our presentation. Their proofs and detailed
analysis can be found in [5]. Section 3 deals with the study of C-symmetries by the
Krein space methods. A more physical presentation of the subject can be found
in [7]-[13, 19, 29, 32]. Section 4 contains some generalization of the concept of
C-symmetry where operators C are supposed to be unbounded in §. The case
of unbounded metric operator 7 has been recently studied in [20]. Examples of
C-symmetries and generalized C-symmetries are presented in Section 5.

For the sake of simplicity, we restrict ourselves to the case where a self-
adjoint operator 7 is also unitary. For such a self-adjoint and unitary operator n
the notation J (i.e., n = J) will be used. Note that the requirement of unitarity of
7 is not restrictive because the general case of a self-adjoint operator 7 is reduced
to the case above if, instead of the original scalar product (-,-) in $), ones consider
another (equivalent to it) scalar product (|n|-,-), where |n| = y/5? is the modulus
of 7.

2. Elements of the Krein’s spaces theory

Let $ be a Hilbert space with scalar product (-,-) and let J be a fundamental
symmetry in § (i.e., J = J* and J? = I). The corresponding orthoprojectors
P, =1/2(I1+J), P_ =1/2(I —J) determine the fundamental decomposition of $)

H=H+89H-, H-=P.9H, Hy =PiH. (2.2)
The space $) with an indefinite scalar product (indefinite metric)
[z, 9] = (Jz,y),  Ve,y e (2:3)

is called a Krein space if dim $H; = dim H_ = oc.
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A (closed) subspace £ C $ is called nonnegative, positive, uniformly posi-
tive if, respectively, [z,z] > 0, [z,z] > 0, [2,2] > afz|? for all z € £\ {0}.
Nonpositive, negative, and uniformly negative subspaces are introduced similarly.
The subspaces $1 and $_ in (2.2) are maximal uniformly positive and maximal
uniformly negative, respectively.

Let £4 be a maximal positive subspace (i.e., the closed set £4 does not
belong as a subspace to any positive subspace). Its J-orthogonal complement

g =g =(eeh|[ry =0 Ve,
is a maximal negative subspace of ) and the direct J-orthogonal sum
9 = £i[+]e- (2.4)
is a dense set in $). (Here the brackets [] means the orthogonality with respect

to the indefinite metric.) The linear set $)’ coincides with § if and only if £

is a maximal uniformly positive subspace. In that case £_ = £[+H is a maximal
uniformly negative subspace.
The subspaces £4 and £_ in (2.4) can be decomposed as follows:

Ci=(U+K)9 £ =(I+Q9,
where K : . — $H_ is a contraction and (Q = K* : §_ — $H) coincides with
the adjoint of K.

The self-adjoint operator T'= K P, + K*P_ acting in $) is called an operator
of transition from the fundamental decomposition (2.2) to (2.4). Obviously,

L, =T+T)9y, L =T+T)H_. (2.5)

The collection of operators of transition admits a simple ‘external’ descrip-
tion. Namely, a self-adjoint operator 7" in ) is an operator of transition if and
only if

ITz|| < ||z|| (Vx #0) and JT =-TJ. (2.6)

The important particular case of (2.4), where $ coincides with $ (i.e., H =
£4[+]£_) corresponds to the more strong condition ||T| < 1 in (2.6).

Let Pg, : ' — L4 be the projectors onto £+ with respect to decomposition
(2.4). Repeating step by step the proof of Proposition 9.1 in [21] where the case
$ = £, [+]£_ has been considered, one gets

Pe =(I-T)"YP_-TP,), Py, =(I-T)"YPy —TP.), (2.7)

where T is the operator of transition from (2.2) to (2.4).

3. The condition of C-symmetry

A linear densely defined operator A acting in a Krein space (9, [-, -]) is called J-self-
adjoint if its adjoint A* satisfies the condition A*J = JA. Obviously, J-self-adjoint
operators are pseudo-Hermitian ones in the sense of (1.1).
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Since a J-self-adjoint operator A is self-adjoint with respect to the indefinite
metric (2.3), one can attempt to develop a consistent quantum theory for J-self-
adjoint Hamiltonians with real spectrum. However, in this case, we encounter the
difficulty of dealing with the indefinite metric [-, |. Since the norm of states carries
a probabilistic interpretation in the standard quantum theory, the presence of an
indefinite metric immediately raises problems of interpretation. One of the natural
ways to overcome this problem consists in the construction of a hidden symmetry
of A that is represented by the linear operator C. This symmetry operator C
guarantees that the pseudo-Hermitian Hamiltonian A can be used to define a
unitary theory of quantum mechanics [8, 11].

By analogy with [8] the definition of C can be formalized as follows.

Definition 3.1. A J-self-adjoint operator A has the property of C-symmetry if there
exists a bounded linear operator C in §) such that: (i) C?> =1I; (ii) JC > 0;
(iii) AC =CA.

The next simple statement clarifies the structure of pseudo-Hermitian oper-
ators with C-symmetries.

Proposition 3.2. Let A be a J-self-adjoint operator. Then A has the property of
C-symmetry if and only if A admits the decomposition

A=A [+HA-, Ay =A1L,, A =A8_ (3.8)
with respect to a certain choice of J-orthogonal decomposition of $
H=2,He, £ =gt (3.9)
where £ is a maximal uniformly positive subspace of the Krein space (9, [, ]).

Proof. Let A admit the decomposition (3.8) with respect to (3.9). Denote C =
Pe, — Pe_, where Pg, are projectors onto £ according to (3.9). Obviously, the
bounded linear operator C satisfies C2 = I and CA = AC. Furthermore, by virtue
of the second relation in (2.6) and (2.7),

C=Pg, —Po =(I-T)"I+T)(Py —P)=JI-T)I+T)"", (3.10)

where T is the operator of transition from (2.2) to (3.9). Hence JC = (I = T)({ +
T)=' > 0 (since ||T|| < 1). Thus A has C-symmetry.

Conversely, assume that A has C-symmetry and denote £, = (I +C)$ and
£ = (I —-C)$. Since C2 =1, one gets § = £, +£_ and

Cf=—f_, Cfi=fs, Vfiecly. (3.11)

Therefore,

[f+7f+] = [Cf+7f+] = (ch+af+) > 07 [f*mf*] = _[Cf*7f*] = _(ch*mf*) < 0.
Thus £4 (£_) is a positive (negative) linear set of $.
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The property of JC to be self-adjoint in $) implies that C*J = JC, i.e., C is
J-self-adjoint. In that case

o, fI=[Cfv, ) =+, Cf ) = =[f+, /-]

and hence, [f4, f-] = 0.

Summing the results established above, one concludes that the operator C
determines an J-orthogonal decomposition (3.9) of ), where £ and £_ are pos-
itive and negative linear subspaces of ). Such type of decomposition is possible
only in the case where £ is a maximal uniformly positive subspace of $ and

_ oldl
£_ =27 [5].
To complete the proof it suffices to observe that (3.8) follows from the rela-
tions AC =CA and £+ = (I £C)9. O

Corollary 3.3. A J-self-adjoint operator A has the property of C-symmetry if and
only if H=+/JCA(VJC)™" is a self-adjoint operator in $.

Proof. Denote for brevity F' = JC. It follows from the conditions (i), (ii) of the
definition of C-symmetry that F' is a bounded uniformly positive operator in §.
If a J-self-adjoint operator A has the property of C-symmetry, then

(VFAz,VFy) = [CAz,y] = [ACx,y] = [Cx, Ay] = (VFx,VF Ay).

This means that H = \/FA(\/F)’1 is a self-adjoint operator in $) with respect to
the initial product (-, -).
Conversely, if H = v FA(VF)~! is self-adjoint, then

[CAz,y] = (HVFxz,VFy) = (VFz, HVFy) = [Cx, Ay] = [ACx, y]
for any z,y € 9. Therefore, CA = AC and A has C-symmetry. (]

It follows from the proof that the scalar product (z,y)c¢ := [Cz,y] determined
by C is equivalent to the initial scalar product (-,-) in $). Thus the existence of
a C-symmetry for a J-self-adjoint operator A ensures unitarity of the dynamics
generated by A in the norm || - |2 = (-, )¢ equivalent to the initial one.

In contrast to Proposition 3.2, Corollary 3.3 does not emphasize the property
of A to be diagonalizable into two operator parts in £).

Denote

U= ;[(I+C)P+ L (I-C)P.). (3.12)

It is clear that CU = UJ. This gives U : $ — £, and U : . — £_, where
$+ are subspaces of the fundamental decomposition (2.2) and £4 = (I £C)$ are
reducing subspaces for A in Proposition 3.2. Furthermore, it follows from (3.12)
that the operators UL = U | $1+ determine bounded invertible mappings of $4
onto £ (since the subspaces $4 and £, are maximal uniformly positive and $_
and £_ are maximal uniformly negative).
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By virtue of Proposition 3.2, the transformation U decomposes an J-self-
adjoint operator A with C symmetry into the 2 x 2-block form

U AU, 0
0 Ul AU
with respect to the fundamental decomposition (2.2). For this reason the mapping

determined by U can be considered as a generalization of the Foldy-Wouthuysen
transformation well-known in quantum mechanics (see, e.g., [33]).

U TAU = (

4. Generalized C-symmetry
The concept of C-symmetry can be weakened as follows.

Definition 4.1. A J-self-adjoint operator A has the property of generalized C-
symmetry if there exists a linear densely defined operator C in $) such that:

(i) C?2=1;

(ii) the operator JC is positive self-adjoint in 9;

(iii) D(A) c D(C) and AC =CA.

The main difference with Definition 3.1 is that the operator C is not assumed
to be bounded.

Proposition 4.2 (cf. Proposition 3.2). A J-self-adjoint operator A has the property
of generalized C-symmetry if and only if A admits the decomposition

A=A [HA., A, =Alg,, A =Alg_ (4.13)

with respect to a certain choice of J-orthogonal sum

o8 =g, [He e =gt (4.14)

where £ is a mazimal positive subspace of the Krein space (9,[,]).

Proof. If £, satisfies the condition of Proposition 4.2, then £,[+]£_ is a dense
set in §) [5]. Denote C = Pg, — Pg_, where Pg_ are projectors in £ [+]£_ onto
£.. It follows from the definition of C and (4.13) that C? = I, CA = AC, and
D(C) = &4[+]L-.

The operator C is also defined by (3.10), where T is the operator of transition
from (2.2) to £, [+]£_. Since T satisfies (2.6), the operator JC = (I = T)(I+T)~!
is positive self-adjoint in §). Thus A has a generalized C-symmetry.

Conversely, assume that A has generalized C-symmetry and denote

T=(I-F)(I+F)", F=JC. (4.15)

Since F is positive self-adjoint, the operator T satisfies | Tz| < [|z| (x # 0)
and
JC=F=I-T)I+T)"". (4.16)
The conditions (i) and (ii) of Definition 4.1 imply JF = C = F~!J. Combin-
ing this relation with (4.15) one gets JT = —T'J. So, the operator T satisfies the
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conditions of (2.6). This means that T is the operator of transition from (2.2) to
the direct J-orthogonal sum (2.4) (or (4.14)), where a maximal positive subspace
£+ has the form (2.5) and £_ = S[j‘].

Since the projectors Pg, are defined by (2.7), relation (4.16) implies (cf.
(3.10)) Pe, — Pe_ = J(I —T)(I +T)* = C. Hence, £, = (I +C)D(C) and
£_ = (I —-C)D(C). In that case, the decomposition (4.13) immediately follows
from the relation AC = CA. O

Corollary 4.3. If a J-self-adjoint operator A possesses a generalized C-symmetry
given by an operator C in the sense of Definition 4.1, then its adjoint C* provides
the property of a generalized C-symmetry for A*.

Proof. Since A is J-self-adjoint, the relation AJ = JA* holds. Therefore, if A is
decomposed with respect to (4.14) in the sense of Proposition 4.2, then A* has the
similar decomposition with respect to the dense subset J£; [+]J£_ of §, where
JL£4 is a maximal positive subspace of the Krein space (), [,-]). Therefore, A*
has a generalized C-symmetry.

The J-orthogonal sum (4.14) is uniquely determined by the operator C =
J(I—T)(I+T)t, where T is the operator of transition from (2.2) to £, [+]£_. It
follows from (2.5) and (2.6) that 7" = —T is the operator of transition from (2.2)
to JL,[+]JL£_. According to the proof of Proposition 4.2 and (2.6), the operator

C=JI-TYI+T)y ' '=JI+T)I-T) ' '=(I-T)I+T)'J=cC*
provides the property of generalized C-symmetry for A*. (]

Corollary 4.4. If a J-self-adjoint operator A has a generalized C-symmetry, then
C\ R belongs to the continuous spectrum of A (i.e., o.(A) D C\R).

Proof. Assume that a J-self-adjoint operator A with generalized C-symmetry has
a non-real eigenvalue z € C\ R. By Proposition 4.2, at least one of the operators
AL in (4.13) have the eigenvalue z. However, this is impossible because Ay are
symmetric in the pre-Hilbert spaces £4 with scalar products [-,-] and —[-, ], re-
spectively. Therefore, 0,(A) N (C\ R) = @. Further o,.(A) N (C\ R) = (} since A*
has a generalized C-symmetry.

In view of (4.13) and (4.14), R(A—2I) C £, [+]£_ = ' # § for any non-real
z. Hence, 0.(A) D C\ R. O

Denote by $¢ the completion of D(C) with respect to the positive sesquilinear
form

(f7 g)C = [Cf7 g] = (‘]Cfa g)a Vf,g € D(C)

In contrast to the case of C-symmetry (see Section 3), the norm || - |2 = (-, )¢ is
not equivalent to the initial one.
If a J-self-adjoint operator A has a generalized C-symmetry, then

Hence, A is a symmetric operator in $)c.
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5. Schrodinger operator with P7-symmetric zero-range potentials

5.1. An example of C-symmetry
Let $ = Ly(R) and let J = P, where P f(z) = f(—=z) is the space parity operator
in Lo(R). In that case, the fundamental decomposition (2.2) of the Krein space
(La(R), [, ]) takes the form

Ly(R) = L§ @ L5, (5.17)

where 9, = L5 and $_ = L34 are subspaces of even and odd functions in Lo (RR).
Consider the one-dimensional Schrodinger operator with singular zero-range
potential
d2
da?
where 0 and ¢’ are, respectively, the Dirac d-function and its derivative (with
support at 0).

It is easy to verify that PT[— 1, + V] = [- d‘fz + V,|PT, where T is the
complex conjugation operator 7 f(xz) = f(x). Thus the expression (5.18) is P7-
symmetric [8, 10].

The operator realization A, of —d?/dz? + V., in Lo(R) is defined as

Ay = Ag 1D(A,), D(A,) = {f € WER(0)) : Awgf € Lo(®)},  (5.19)
where the regularization of —d?/dz? + V., onto W(R\{0}) takes the form
2
dx?
Here —d?/dz? acts on WZ(R\{0}) in the distributional sense and
f(+0) + f(=0) f'(+0) + f(=0)
2 ’ 2

+V, V,=iy[< ¥, - >6+<6,->68], v>0 (5.18)

Areg = — + Z’Y[< 523)(7 >0+ < 5exa - > 5/]

< bex, [ >=

for all f(z) € W (R\{0}).

The operator A, defined by (5.19) is a P-self-adjoint operator in the Krein
space Lo(R).

According to [4], A, has C-symmetry for all v # 2. The corresponding oper-
ator C = C, takes the form

<Ol f>=—

C,Y =a,P+iB,R (5.20)
where o, = ngj‘ and 3, = tl 1y are hyperbohc coordinates’ (a —ﬂ2 = 1) and

Rf(x) = (sign z)f ().

The operator A is reduced by the decomposition
Ly(R) = £1[+]£7, £l = +Cy)L2(R), £ =(I—-Cy)L2(R). (5.21)
Here C, =PI -T )(I +T,)~', where the operator T,

Ty

T, =i “RP (v>2): TwzigRP (v <2) (5.22)

is the operator of transition from the fundamental decomposition (5.17) to (5.21).
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Let us assume v > 2 (the case v < 2 is completely similar). By (2.5), (5.17),
and (5.22)

.2 even .2 o
21 = {feven""‘ZrYIR’feven : fevenGLQ }u £’1 = {fodd_ZrYRfodd : foddELQdd}'

If v — 2, then the invariant subspaces £ and £7 for A, ‘tend’ to each other
and for v = 2 they coincide with the hyper-maximal neutral subspace

,82 - {feven + ineven : fevenELgven} - {fodd - inodd : foddELCQ)dd}-

The spectrum of A, coincides with C and any point z € C\R, is an eigenvalue
of As [4]. Therefore, the P-self-adjoint operator Ay has no C-symmetry as well as
generalized C-symmetry (see Corollary 4.4).

The obtained result is in accordance with the ‘physical’ concept of P7T-
symmetry. Indeed, it is easy to verify that the P7-symmetry of (5.18) is unbroken
for v # 2 and broken for 4 = 2 in the sense of [7] — [12]. According to the general
concepts of the theory [10, 11], the existence of a hidden C-symmetry is an intrinsic
property of unbroken P7-symmetry.

5.2. An example of generalized C-symmetry
Let us consider a Hilbert space = @7° Lo(R) with elements f = {f1, f2,...},
where f;€L2(R) and the scalar product (-,)g is defined by the formula
(5 8)s = > (fir9i) La(w)-
i=1

The operator Jf = {Pf1,Pf2,...} is a fundamental symmetry in $ (i.e.,
J=J*and J? =I) and (), [-,-]) endowed by the indefinite metric (2.3) is a Krein
space.

The operator

A’_Y‘f: {A’YlflaA’Ylf2a"'}ﬂ /7: {’Yi}7 Vi ZO;

where A, are defined by (5.19), is J-self-adjoint in $. If 2 is not a limit point
for the set 4 (i.e., 2 does not belong to the closure of ¥), the operator Ay has
C-symmetry with C = @7° C,, where C,, are given by (5.20).

Let us assume that 2 # ; (¢ € N) and there exists a subsequence ; of ¥ such
that v, — 2. In that case the operator T' = @° T,, with 7, determined by (5.22)
satisfies the conditions (2.6) and ||T'|| = 1. Therefore, T is the operator of transition
from the fundamental decomposition of (), [-,-]) to the J-orthogonal sum (2.4)
that is dense in $). Since || T|| = 1 the subspaces £ in (2.4) are determined by the
unbounded operator

C= éc =JI-T)(I+T)"
1

Thus the operator Ay has a generalized C-symmetry.
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Abstract. The article gives an overview of recent results in the theory of
difference-differential lattices generated by various forms of the Lax equation
J(t) = D(J(t),t) + [J(t), A(J(t),t)] of the following type. It is required that
J(t) : 12 — 1z be able to be mapped into a self-adjoint, or unitary, or normal
operator L(t) of multiplication by an independent variable in separable Hilbert
space L?(C,dp(-,t)). Here dp is a probability measure with infinite compact
support defined on the Borel o-algebra B(C) (spectral measure of L(t)).

The article presents an algorithm that solves such lattices via the Inverse
Spectral Problem. For the case of unitary J(t), three applications (in terms
of the Verblunsky coefficients) are presented.

The results of the article are closely related to the classical theory of
Jacobi matrices (Toda lattice, etc.) and the OPUC theory (Schur flows, etc.).
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1. Introduction

This article gives a brief sketch of the recently-born theory of difference-differential

lattices generated by various forms of the Lax equation J(t) = ®(J(t),t) +
[J(t), A(J(t),t)] of the following type. It is required that J(¢) : 1o — 1y be able
to be mapped into a self-adjoint, or unitary, or normal operator L(t) of multipli-
cation by an independent variable in separable Hilbert space L?(C,dp(-,t)). The
probability measure dp has an infinite compact support and is defined on the
Borel o-algebra B(C). The operator L is bounded. The Lax equation is treated
in the weak (coordinate-wise) sense. These restrictions define a class of difference-
differential lattices that can be integrated using the method presented here.
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The results of this article are based on the classical theory of Jacobi matrices
(see Mark Krein's article [1]) and are inspired by recent advances in the spectral
theory of block unitary and normal matrices (see [2, 3]). The basic ideas for the
self-adjoint case can be found in [4]. A complete proof for the unitary case is
presented in [5]. The normal case is analyzed in [6].

The most simple (but not so trivial) case of a self-adjoint L (this case will
be referred to as the “self-adjoint case”) was extensively studied during last few
decades. A classical lattice of this type is the well-known Toda lattice

an = Lan(bpi1 —by)
m 2 Un{Un+1 n
b, = a?—ad’_, (1.1)
Here, n =0,1,...;t € [0,00), and a_; = 0 is the boundary condition. The corre-
sponding Lax equation has the form
L(t)=[L,Al = LA — AL. (1.2)
Here
0 —ap (t)
a (t) 0 —aq (t)
A= al(t) 0 —az(t)

as (t) 0 —as (t)

The initial boundary value problem is stated as follows: find the solution
(a(t),b(t)) subject to to the given initial data (a(0),b(0)) in the class

K[07T] = {an(t)ﬂ bn(t) € C[l(),T]—JR | Vit e [OvT]ﬂ

an(t) > 0, sup max max(an,(t),b,(t)) < +oo}.
neNg te [ O)T]
The solution can be found in [7]. The main idea is to connect the Toda lattice
with the measure transformation

dp(A’ t) = O(t) ’ eAtdp(Aa 0)7

where A € R, ¢ € [0,00), and C' is a normalizing factor.

In [8], one can find examples of the mapping + multiplication measure trans-
formations for the case where the corresponding chains of differential equations
can efficiently be found and integrated. Article [8] deals with the following more
general Lax equation:

S 1)

Here Dy, = 8‘9)\. For the matrix A = (a;)$5—¢, the matrix (A4) is built in the
following way: (A);r = ajx if j >k, (A)j = 0if j =k, and (A) 5 = —ay; if j < k.
Analogous results for the case of a unitary multiplication operator L can

be found in the OPUC theory. In [9], one can find the so-called Schur flow. The
following theorem can be found in that article:

L(t) = ®(L(t), t) + [L(t), (B(L(t), ) Dps) +
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Theorem 1.1. Let ,(t),n € Zi, be a sequence of complex-valued functions,
lan (t)] < 1 fort >0 and a—y = —1. The following three statements are equivalent:

1. «, solve the Schur flow equations
an(t) = (1 |an(®))(ans1(t) — an-1(1)), >0
2. The CMYV matrices C(t) satisfy the Lax equation
C'(t) = [B,C];

(B is a matriz, whose exact form we do not give here. Instead, we will later
represent a more abstract construction from which this form results as a very
simple technical side effect.)

3. Due to Verblunsky’s theorem, there exists a one-to-one correspondence be-
tween the coefficients «y,(t) and the nontrivial probability measures on the
unitary circle T. The third statement of the theorem says that the measure
du(C,t), having an(t) as its Verblunsky coefficients, satisfies the relation

du(G.t) = C(1)e"“H¢ Ddp(c, 0),
where C' is a normalizing factor.

All these cases are quite similar: they use a common spectral technique.

Now, let us note that on R, the operator of multiplication by an independent
variable L is self-adjoint due to the equality z = 2,z € R). In L2(T,dp), it is
unitary because 2 = 27! Vz € T = {2z € C: |z] = 1}. And in L*(C,dp), it is
normal because z - zZ = |z|? = z - z. No other cases exist. This observation gives us
an idea to unite all three cases (difference-differential lattices generated by the Lax
equation for a self-adjoint, unitary and normal L) into one theory with a single
spectral approach.

A breakthrough in this direction became possible due to articles [2], [3]. The
most significant result of these articles is the way of building the orthonormal basis
in L?(T,dp) and L?(C,dp). In this basis, the operator I='LI has a convenient
block structure. The mapping [ is built in such a way that the matrices of L
and I~'LI coincide. This observation furnishes an opportunity to efficiently build
difference-differential lattices starting from an abstract measure transformation.

The united theory still has practical applications. The corresponding lattices
now have matrix-valued coefficients and arguments. The theory can be represented
in a coordinate-wise form if necessary.

2. The unitary case: theory and examples

Consider a three-diagonal block Jacobi matrix

) 0o a) |
ap(t blt Clt .
R I B (2.1)



390 O. Mokhonko

in the space
lb=HodH1®Ha®---, Ho=C, H,=C? n > 1. (2.2)

I, is a Hilbert space with natural scalar product: for f, g € 1, with coordinates in
the standard orthonormal basis

() 0)-)
(0 000-)

n

(0 OO0

n
the norm and the scalar product are defined as

AR, =Y Wl (Fr =D (s gn)m,
n=0 n=0

Here,
[ fallze, = Ifallze = fual? + 1 fn2l?,
(fmgn)Hn = (fmgn)(cz = fn,l “gn1+ fn72 *9n,2-
Assume that in the standard orthonormal basis, L has the following form:

50;22 Co;21  Co;22

ap;12 brir biae 0 0
0  bio1r b2 ci21 ci22
L(t) = apir ariz bzar b 0 0 (2.3)
0 0 baor baox c221 c2:22

a2;11  a2;12 53;11 53;12
0 0  b321 b322

All the entries are assumed to be continuously differentiable functions on the
interval [0, T]. Consider the following polynomials in A :
1

D) =D iV, ¢;(t) € Clyooyp AET, (2.4)
j=0

T8 =D )N, 9;(t) € Clpoyncr A ET. (2.5)
j=0

Denote by D the differential operator aa)\ and consider the following operators:
Q= ®(L(t),t) o D,
Q=®(L*(t),t) o D,
U=U(L(t),t), E=-0-0—0.
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520101 Zou11 Zoute  Zoiza D022
0 551,1;1,1 Hine Z1210 Z11:2,2
I= 0 0 551212 Z1221 1222 (2.6)
0 0 0 32121 2122
0 0 0 0 12550,
Consider the following differential equation:
d 1
dtL(t) =®(L(t),t) + [L(t), Q2+ 1+ 2\1/]. (2.7)

Here [A,B] = AB — BA. This Lax equation can be rewritten as the lattice in
coordinate-wise form by using the matrix-variables a,,, b, ¢,,. The Cauchy problem
for the differential equation (2.7) can be stated as follows.

Suppose we have a bounded unitary block Jacobi matriz Lo with entries
an:11 >0, ¢po2 > 0. Find L(t), t € [0;T], with continuously differentiable entries
such that L(t) is a solution of (2.7) for t € [0,T] where T depends only on the
initial condition

L(0) = Ly (2.8)
and functions @,V (see (2.4), (2.5)).

Theorem 2.1. A solution of the Cauchy problem (2.7), (2.8) ewists and can be
found in the following way.

Let p(-,0) be the spectral measure of the Jacobi matriz Lg. Denote M =
supp p(+,0) C T. Consider the Cauchy problem

d\(t)
dt

From the standard theory of differential equations, it is well known that one can
choose T > 0 such that for every u € M, there exists a unique solution A(-, ) of
the Cauchy problem (2.9) defined on the interval [0,T].

For every fixed t € [0,T), consider the mapping

we:M — T
D)

=B\E),t), MO)=pu  peM, t>0. (2.9)

(2.10)

and construct the measure q
FAD) = p(w (A),0), A€ B(T). (2.11)

Here w; ' (A) is the full preimage of the set A under the mapping wy. Since A(t, 1)
is continuous, we obtain that p(-,t) € M. Here M is the set of all non-zero finite
measures on B(T) with infinite compact support.
Let us consider the following partial differential equation:
9s(A\,t) ds(A\,t)
o\ ot
s(A\,0) =1, AeT, t>0.

(1) + = U\ t)s(\ 1), (2.12)
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Let s(\, t) be its nonnegative solution. Let us build a new measure

p(At) = /s()\, t)dp(\,t), A € B(T). (2.13)
A
1t is obvious that p(-,t) € M. Thus, the functions ® and VU define, through equations
(2.9), (2.12) and equalities (2.11), (2.13), some measure transformation of type
“mapping + multiplication”:

M > p(-,0) — p(-,t) € M, te0,T]. (2.14)
The last step is to reconstruct L(t) from its spectral measure p(-,t),t € [0,T] by

solving the Inverse Spectral Problem. This can be done as follows.

Consider the following family of functions:
1 1
1, 2z, z=, 2°, 2= (2.15)
z z

Let us build the orthonormal basis
PO(th)u Pl,l(zvt)a P1,2(th)a P2,1(th)a P2,2(th)a e

in the space L*(T,dp(-,t)) (by using the standard Shmidt orthogonalization pro-
cedure). L(t) is the operator of multiplication by an independent variable in the
space L*(T,dp(-,t)). Thus, the solution can be represented as follows:

Lyos(t) = / AP s (D) Py (N, D)dp(A, 1),
T

Theorem 2.2. Let the coefficients p;(t),;(t) in (2.4), (2.5) be analytical functions
in the neighbourhood of the interval [0; T]. Then the solution of the Cauchy problem
(2.7), (2.8) is unique.

Corollary 2.3. Let ®(\,t) = 0, ¥(\, t) = A+ ;. Then we obtain the above-mentioned
Leonid Golinskii’s case (see [9]):

Proof. At ®(,t) =0 we have Q = ®(L(t),t) o D(t) = O, Q = ®(L*(t),t) o D(t) =
O, U(L(t),t) =L+ L* E=—-Q—Q* — U = - = —L — L*. Substitute this into
(2.7):

d 1

g L = (L(t), ) +[L(t), @+ [+ V] = [L, B],
where B =1+ ;¥ = (L+L*)_;(L+L*)+. O

Corollary 2.4. Let ®(\,t) = 0,V (N t) = A\. Then we obtain a two-dimensional
analog of the Toda lattice for the unitary case.

Proof. At ®(\,t) = 0 we have Q = ®(L(t),t) o D(t) = O, Q = O(L*(t), 1) o D(t) =
O, U(L({t),t)=L(t),E=-Q—-Q* -~V = -V =L,
Substitute this into (2.7):
d

1
dtL(t) = ®(L(t),t) + [L(t),Q+ T + 2\1/] = [L, 4],



Nonisospectral Flows on Block Jacobi Matrices 393

where
0  —coji0 —cot 0 0
1 ag;01 0 —b1,01 0 0
A=1+ 2\11 = 9 0 bl;lO 0 —C1;10 —C1;11
0 a0 G101 0 —b2,01
0 0 0 by 0

Note that A is not uniquely determined: the differential equation does not change
if we replace A with A 4+ 7T where T is an arbitrary operator commuting with L.
Now, if we rewrite A and L in terms of the Verblunsky coefficients,

Qo Q1po Pop1
po  —Qin  —Qpp1 0 0
L=C({an})=1] 0 agp1 —agon azpa  p2p3 (2.16)
p1p2  —Qip2  —O30p  —Q2pP3
0 0 Q4 pP3 —QQ3

then we obtain the “Toda” flow for the unitary case:

o (t) = (Jan]® = Day_1. (2.17)
There are many ways to prove this. The simplest one is to slightly modify [9,
Theorem 2]. Similarly, the next example is obtained. 0

Corollary 2.5. Let ®(\,t) = 0,V ()\,t) = \2. Then we obtain the analog of the
Kac-van Moerbeke lattice.

Proof. Recall that the classical Kac-van Moerbeke lattice for a self-adjoint L has
the following form:

Tn(t) = xp(Tpy1 — Tn_1), n=0,1,...; x_1=0. (2.18)
In our case, the Lax equation has the same form as that in the previous example

with A = T + 5\11 where U = L? and £ = —L2. In terms of the Verblunsky
coefficients, the Kac-van Moerbeke flow is:

o () = (1 = o |*) (ns18n0n—1 — ap_o + |an_1]*(@n + an_2)). (2.19)
The theory presented above provides a possibility ofbuilding many other difference-
differential flows. O

3. Some generalizations

3.1. Lattices generated by normal operators

For the case of a normal operator L of multiplication by an independent variable,
a similar result holds. L(t) has the following block structure:

bo(t) colt)

| owl) B e .
LO=1 "7 0) bl) o@ - | (3-1)
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an;0,0 Qn;0,1 QaAn;0,2 An;0,n—1 Gn;0,n
0 Gn;1,1  QAp;1,2 " An;1,n—1 Gn;1,n
0 0 An;22 - (n;2n—1 An;2.n
Ay = : . : . . . n+2,
0 0 0 Upin—1,n—1 OAnn—1.n
0 0 0 - 0 i
0 0 0 e 0 0
~ ~ —
n+1
Cn;0,0 Cn;0,1 0 o 0 0
Cns1,0 Cnsi1,1 Cns1,2 0 0
Cn;2,0 Cn;2,1 Cn;2,2 e 0 0
Cp = . . . . . . n+1,
Cnin—1,0 Cnn—-1,1 Cnmp—1,2 - °° Cnin—1,n 0
Cnin,0 Cnin,1 Cnin,2 e Cnsn,n Cnin,n+1 |
~ ~ ~
n+2
n;0,0 > 0; n;1,1 > 0; <oy ninn > 0;
Cn;0,1 > 0, Cni1,2 > 0,..., Cnin,n+1 > 0, n € Np.
The Lax equation is the same as that for the unitary case:
d

1
dtL(t) =®(L(t),t) + [L(t), Q2+ 1+ 2\1/].

It is necessary to note that, for the time being, the author cannot prove the unique-
ness theorem for the Cauchy problem in the normal case. Normal operators can
have quite a complex spectrum: there can be interior points. This is the main
source of difficulties in this case.

3.2. Difference-differential lattices on Fock spaces

There exists Projective Spectral Theorem (see [10]), which builds the unitary iso-

morphism between the Fock space F(H) = @ F,(H) and L?(H_,dp). Instead
n=0

of L(t), we have here a commutative Jacobi field (L(¢))ycn. Here H is a Hilbert

space.
It is well known that dim F, (H) = ("t4m A1),
IfdimH =1 (H =1R), we obtain the self-adjoint case, because
(dim F,(H))o2y = (1,1,1,...).
If dim H =2 (H = R?), we obtain the normal case, because
(dim F,, (H))p2 o = (1,2,3,4,...).

Completely new results can be obtained for higher dimensions: for H = R?, we
have
(dim F,,(H));2y = (1,3,6,10,15,...).
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And for H = R*, we have
(dim F,,(H))pZo = (1,4,10,20,35,...).

The corresponding investigations are to be carried out in the nearest future. For
details, see [11].

References

[1] M. Krein, Infinite J-matrices and matriz moment problem. Reports Ac. Sci. USSR
69 (1949), no. 2, 125-128 (in Russian).

[2] Yurij M. Berezansky and Mykola E. Dudkin, The direct and inverse spectral prob-
lems for the block Jacobi type unitary matrices. Methods of Functional Analysis and
Topology 11 (2005), no. 4, 327-345.

[3] Yurij M. Berezansky and Mykola E. Dudkin, The complex moment problem and direct
and inverse spectral problems for the block Jacobi type bounded mormal matrices.
Methods of Functional Analysis and Topology 12 (2006), no. 1, 1-31.

[4] Yu. Berezansky and M. Shmoish, Nonisospectral flows on semi-infinite Jacobi ma-
trices. Nonlinear Math. Phys. 1 (1994), no. 2, 116-146.

[5] Oleksii Mokhonko, Nonisospectral Flows on Semi-Infinite Unitary Block Jacobi Ma-
trices. Ukr. Math. J. 60 (2008), no. 4, 521-544.

[6] Yurij M. Berezansky and Oleksii Mokhonko, Integration of some differential-
difference monlinear equations using the spectral theory of normal block Jacobi ma-
trices. Func. An. and Appl. 42 (2008), no. 1, 1-21 (in Russian).

[7] Yu.M. Berezansky, The integration of semi-infinite Toda chain by means of inverse
spectral problem. Reports on Math. Phys. 24 (1986), 21-47.

[8] O. Mokhonko, Some solvable classes of nonlinear nonisospectral difference equations.
Ukr. Math. J. 57 (2005), 356-365.

[9] Leonid Golinskii, Schur flows and orthogonal polynomials on the unit circle. Math.
Coll. 197 (2006), no. 8, 41-62.

[10] Yu.M. Berezansky, On the theory of commutative Jacobi fields. Methods of functional
analysis and topology 4 (1998), no. 1, 1-31.

[11] Yurij M. Berezansky, Spectral Theory of Commutative Jacobi Fields: Direct and In-
verse Problems. Fields Institute Communications 25 (2000), 211-224.

Oleksii Mokhonko

Department of Mathematical Analysis
Mechanics and Mathematics Faculty

Kyiv National Taras Shevchenko University
01033 Kyiv, Ukraine

e-mail: AlexeyMohonko@univ.kiev.ua



“This page left intentionally blank.”



Operator Theory:
Advances and Applications, Vol. 190, 397-417
© 2009 Birkh&user Verlag Basel/Switzerland

Compact Extrema: A General Theory and
Its Applications to Variational Functionals

1.V. Orlov

Abstract. The general properties of compact extrema and the conditions for
compact extrema in terms of the compact derivatives in Hilbert space are
considered. The compact-analytical properties of and analytical conditions
for the compact extrema of variational functionals in Sobolev space W3 are
studied in detail.
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1. Introduction

The extremum problems for integral functionals play an important role in the
modern nonlinear analysis and its applications. Diverse methods are employed to
investigate these problems (see, e.g., [1]-[3]). One of the fundamental difficulties
in these questions for the case of a Hilbert-type space, such as the Sobolev space
W3, is an essential deterioration of the analytical properties of integral functionals
(see [4], [5]). Another aspect of the above problem is that the extrema of such
functionals are sought, as a rule, on some compact sets. These cases exclude an
application of the classical Fréchet conditions for local extrema.

Our investigations [13], [16], [18]-[20] (see also [14], [17], [21]) have showed
that both the analytical properties and extrema of variations on Sobolev spaces of
the Wi-type can be expressed in terms of subspaces of W4, spanned by absolutely
convex compact sets (with corresponding norms). This leads to the notions of
K-continuity, K-differentiability, K-extrema, etc. Such an approach allows us to
receive, for the K-extrema, analogs of both the general classical conditions for local
extrema and the well-known conditions for the extrema of variational functionals
on spaces of the C'-type.
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In the first two sections of this work, we consider the general properties of
compact (or K-) extrema in Hilbert spaces and the conditions for K-extrema in
terms of the K-derivatives. The following two sections deal with the K-analytical
properties of and the analytical conditions for the K-extrema of the main varia-
tional functional in W3 .

2. Compact extremum in Hilbert spaces

In this and subsequent sections of the work, we pay our main attention to the
compact (K-) extrema of functionals acting in Hilbert space. But the general
notion of a K-extremum (as well as those of K-continuity and K-differentiability)
can be introduced for an arbitrary complete locally convex space (LCS).

Definition 2.1. Let F be a complete LCS, ® : E — R. We say that the functional ®
has a compact extremum (or K -extremum) at a point y € E if for each absolutely
convex (a.c.) compactum C C E, the restriction ® to (y + span C) has a local

extremum at y with respect to the norm || - ||¢ in span C' generated by C.
Remark 2.2.
1) Tt follows from the well-known completeness criterion [6, I.1.6] that the spaces
(span C, || - ||¢) are Banach spaces.

2) The correctness of the above Definition 2.1 follows from the compactness of
conv(Cq | Cs) in the case of the compactness of both C; and Cs [6, 11.4.3].
So, ® does not have to simultaneously possess a (strict) maximum at y with
respect to (y + span C7) and a minimum at y with respect to (y + span Cs).

3) One can propose a more elementary form of the definition of a K-extremum:
® has a K-extremum at y € E if for each a.c. compactum C' C E, there exists
0 > 0 such that an extremum of the restriction ® to (y + span C') occurs on
(y+6-0).

4) In view of the boundedness of compacta, every local extremum is a K-ext-
remum as well. The converse of this statement is not true. Let us consider a
simple example.

Ezample 1. Let B be a closed unit ball in a reflexive Banach space C. If we pass
to the weak topology o(E, E*) in E, then B is compact in E,. Since, in addition
[7,8.2.2], any compactum C' C E, is bounded in E, then B D ¢ - C for a sufficiently

small § > 0. Set
lel, =€ B;
O(x) =
(@) {1—||x||, v ¢ B.

Then the restrictions @‘6_0(30)7 x # 0, are positive for a sufficiently small § > 0,
whence it follows that ® has a strict K-minimum at zero in F,. However, ® has
no local extremum at zero in E, because each zero neighborhood in E, intersects
both B\{0} and E\2B.
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Note that in the above case, each K-extremum in FE, is a local extremum
in F and, therefore, the theory of K-extrema in E, is part of the theory of local
extrema in E.

Let us pass to the case of Hilbert space. First of all, we state the fact that
(nondegenerated) compact ellipsoids in Hilbert space are universal compacta that
absorb all the other compacta. In what follows, H and H; are complete infinite-
dimensional separable Hilbert spaces.

Definition 2.3. A set C. C H, € = ()72, €k > 0, is called a (nondegenerated)
ellipsoid in H if, for some choice of an orthonormal basis (ex)72; in H,

22 <1). (2.1)

C.={z=
k=1

Remark 2.4. Note that the norm || - ||¢., generated by C. in span C,, is obviously
the Hilbert norm:

- |zk]? — TkUk
||CU||%*E = Z &2 ;o (T y)e. = Z &2
k=1 "k k=1 "k
Let us mention the known test (see, e.g., [8], [9]).
Theorem 2.5. The ellipsoid (2.1) is compact iff e — 0.
The idea of proof of the following theorem belongs to Yu.V. Bogdansky.

Theorem 2.6. A closed set C' C H is compact iff for an arbitrary choice of the
orthonormal basis in H, there exists a compact ellipsoid C. D C.

The proof is based upon two lemmas. The first one is the known statement
on number series [10] complemented by an estimate of the series sum.

Lemma 2.7. Let §1 an be a convergent positive number series, r, = ;O: ak,
n—= =n
n=1,2,..., S =ry. Then the series f:l(an/\/rn) also converges; moreover,
ne
> a ay
n
; s S Vs +2VS.

The second lemma is an analog of the known result on termwise integration
in Lebesgue integrals [11, Ch. III}; the proof can be found in [22].

Lemma 2.8. A convex set C C ly is compact iff

lim< sup Z|$k|2>—0

z=(zk)€C |
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Proof of Theorem 2.6. The proof of the necessity is obvious. Conversely, let C' be
compact in H. Let us choose an arbitrary orthonormal basis (ex)$2; in H and set

gi: sugZ|xk|2 (n=1,2,...), I—Zl‘k@kec MC—buP ]l
zTE k=1

According to Lemma 2.8, €, \, 0 as n — co. Set ¢ = (ex)72;. Then for z € C,
according to Lemma 2.7,

a:n Tn|? T >
= = \/Z |75 |? \/Z |75 |? et

_
k4|
whence C' C 3M¢ - C: = Csprg e ([l

+ 2f|z|| < 3[lzf} < 3Mo,

Corollary 2.9. For two arbitrary orthonormal bases in H, each compact ellipsoid
C:. relative to the first basis is contained in some compact ellipsoid C.: relative to
the second basis.

Corollary 2.10. Let A : Hy — Hy be some compact embedding of Hy into Hy. Then
the operator A transfers a unit ball of Hs into some compact ellipsoid of Hi.

In what follows, we denote by ec(H) the set of all compact ellipsoids in H.

Remark 2.11.
1) The result of Theorem 2.6 extends, obviously, to the compact ellipsoids rel-
ative to the orthogonal bases ()72, in H that satisfy the condition
O<m<lle]| <M< 400 (k=1,2,...).

2) Condition (2.1) for the compact ellipsoid C; € ec(H) is related to the degree
of convergence to zero of the Fourier coefficients for = € C.. In addition,
Corollary 2.10 allows us to choose a convenient basis in H. Let us demonstrate
this by concrete examples.
Ezample 2. Let H = L,[0;27], ey = e'**/\/21 (k € Z). Then wy, are the Fourier
coefficients of a function x = x(t) relative to the normed exponential system in
L5[0;27]. Since the degree of convergence of xy to zero determines, as is well
known [12, Vol. 2, Ch. XVIII], the smoothness class of the function, then Condi-
tion (2.1) is in fact the condition for the smoothness of x(t).

E.g., it follows from &, = O <|k:|Lm)7 m €N, that x, =o (\kl\m
x(m=1 ¢ BVI[0;2x]. Tt follows from &5 = O(¢l¥l), 0 < ¢ <1, that x; = o(q*)),
whence x(t) is analytical on [0; 27].

) , whence

Ezample 3. Let H = W}[0;27], e, = e* /\/27m(k2 + 1) (k € Z). Then xy, are the
Fourier coefficients of a function z = xz(t) relative to the normed exponential
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system in W3 [0; 27]. Hence, in this case Condition (2.1) is the higher condition for
the smoothness of z(t).

For example, it follows from e = O (Ik}m)’ m € N, that z = o (Ikli“)’

whence z(™) € BV[0; 27]. Analogously, it follows from e, = O (I k}m) in the space
H =W2}[0;27], p € N, that 2, = o (lklﬂlﬂ,), whence x(™*+P~1) ¢ BV|0; 27].

Let us pass to consideration of the K-extrema of real functionals in Hilbert
space ® : H — R. From Theorem 2.6 and Definition 2.1 it obviously follows

Theorem 2.12. A functional ® has a K-extremum at a point y € H iff, for each
C. € ec(H), the restriction of ® to (y + span C.) has a local extremum at y rela-
tive to the Hilbert norm || - ||c. generated by C..

Let us introduce, based on Corollary 2.10, the notion of local realization of a
K-extremum and check the possibility of such realization.

Definition 2.13. Let ® have a K-extremum at a point y € Hy. If for some
C. € ec(H) and some compact injective embedding A : Hy — Hj, the condition

A C span C; (2.2)

is fulfilled, then we say that the operator A carries out local realization in Hy of
the given K-extremum that corresponds to C..

Remark 2.14. As was shown in [13, Thm. 3], it follows from (2.2) that A transfers
a unit ball B C Hs into some multiple of C. : A(B) C ¢ - C.. Whence and from
Remark 2.2 (3) it follows that the composition ® o A has a local extremum at the
point A~!(y) € Ha.

Theorem 2.15. If ® has a K -extremum at a point y € H, then for any C. € ec(H)
there exists local realization of the given K -extremum in H that corresponds to C..

Proof. If € = (e,)72, and (ex);, is the corresponding orthonormal basis in H,
then it suffices to set

A(z) = Zskxkek for == Zxkek c H. O
k=1 k=1

FEzample 4.

1) It follows from Example 2 (p. 400) that the compact identical embedding
W3 [0; 27w] < Lo[0; 27], m € N, carries out local realization of the K-extrema

in Lo[0; 27] for e, = O (Iklg”rl)’ keZ.

2) It follows from Example 3 (p. 400) that the compact identical embedding
o m+p ob
Wo  [0;27] — W,[0;27]; m,p € N, carries out local realization of the K-

obP
extrema in W, [0; 27| for e, = O (‘kl‘m>, keZ.
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3. Compact extremum conditions in terms of
the compact derivatives

The general notions of K-continuity and K-differentiability are introduced for an
arbitrary complete LCS, although the applications to the K-extrema theory will
further be connected in preference to Hilbert spaces.

Definition 3.1. Let E be a complete LCS, ®: E — R. We say that the func-
tional ® is compactly continuous (K -continuous) [or compactly differentiable (K -
differentiable), twice K -differentiable, etc.] at a point y € E if for each absolutely
convex compactum C' C F, the restriction of ® to (y + span C') is continuous (or,
respectively, Fréchet differentiable, twice Fréchet differentiable, etc.) at y with re-
spect to the norm || - ||¢ in span C, generated by C. The corresponding compact
derivatives (K -derivatives) will be denoted by @ (y), % (y), etc.

Remark 3.2.

1) Note, by analogy with Remark 2.2, that the correctness of the definition of
K-derivatives follows from the compactness of conv(C; |JC2) together with
the compactness of C; and C5 in F.

2) For arbitrary a.c. compacta C, Cq, Cs in E, the definitions of the first- and
second-order K-derivatives can be written out explicitly as

Oy +h) — 2(y) = P (y) - h+ o([|hlle); (3.1)
(P (y+h) = P (y)) - k= Px(y) - (b, k) + o([[Bllc, - [Ellcs)- (3-2)

3) Formally, the linear functional ® (y) in (3.1) and bilinear form &/ (y) in (3.2)
are only K-continuous. But in the case of Hilbert space, as is shown below, the
K-continuity for linear and bilinear forms coincides with the usual continuity.

Theorem 3.3. Let F' be an arbitrary LCS. A linear operator A: H — F is contin-
wous iff all restrictions A: C. — F, C. € ec(H), are continuous with respect to
the norms || - ||c..

Proof. Denote by Hg the space H equipped with inductive topology generated by
the subspaces (span C¢, || - [|c.), Ce € ec(H). The continuous embedding of Hg
into H is evident. Let us prove the continuity of the inverse embedding.

Let, on the contrary, there exist a zero neighborhood U C H such that is not
zero neighborhood in H. Let By be a unit ball in H. Then, by assumption, for every

n =1,2,... there exists an element z,, € 41" Bi\U. Set C = abs. convy{2"zp, }nen-
Since ||2"z,| < . — 0 as n — oo, then C' is a compactum in H. Then, by The-

orem 2.6, C' is contained in some C; € ec(H). Since the embedding He, — Hg
is continuous, then C. and therefore C' is absorbed by the set U. However, the
embeddings 2"z, € C\2"U imply C\2"U # ), n € R, i.e., C' is not absorbed by
U, a contradiction.

Thus, Hx and H are isomorphic; this fact allows us to apply to the operator
A: Hg — F the well-known theorem on inductive limit [I1.6.1][6]. O
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Corollary 3.4. The K-derivatives ®%(y), ®%(y),... of a functional ®: H — R
are continuous forms on H.

Note that in the case of nonlinear functionals in H, the K-continuity can be
different from the usual one [14]. Let us pass to the K-extremum conditions in
terms of the K-derivatives. The classical necessary conditions for local extrema
in Banach space [15] lead, together with Definitions 2.1 and 3.1, to analogous
conditions for K-extrema.

Theorem 3.5. Let E be a complete LCS and ® : E — R have a K-minimum (or a
K-mazimum) at a point y € E. Then:
1) If ® is K-differentiable at y, then ¥ (y) = 0.
2) If @ is twice K-differentiable at y, then @} (y) >0
(or, respectively, D% (y) < 0).

To receive the sufficient condition for the Hilbert case, let us introduce an
auxiliary notion.

Definition 3.6. Let g be a bilinear continuous form on H. We say that the form
g is K-positive definite: g > 0 (mod K) if for an arbitrary compact ellipsoid C. €
ec(H), the restriction of g to span C: is positive definite with respect to the inner
product (-, -)c., generated by C..

Applying the classical sufficient condition for local extrema in Hilbert
space [15], together with Definitions 2.1, 3.1 and Theorem 3.5, we receive an anal-
ogous sufficient condition for K-extrema.

Theorem 3.7. Let a functional ® : H — R be twice K-differentiable at a point
ye H. If:
1) @ (y) = 0;
2) % (y) > 0(mod K) (or ®%(y) < 0(mod K));
then ®© has a strict K-minimum (or, respectively, a strict K-mazimum) at y.
Further, the case of a functional of two variables will be of special importance
to us. First, we formulate an auxiliary statement about operator matrices.
Lemma 3.8. ([16], Prop. 3.1) Let B = (B;; : Hj — H;)7 ;_, be a selfadjoint lin-
ear continuous operator in Hy x Hy (so, Bi1 = BYy, Baa = B3y, B1o = B3,). The
operator B is positive definite on Hy X Hy (B > 0) iff:
1) Bi1 > 0, Bey > 0;
2) A3(B) := Bi1 — Bz - Byy' - Bay > 0, AY(B) := By — Boy - Byy' - Bi2 > 0.
Application of Lemma 3.8 to the subspaces C: € ec(H) immediately leads to

a sufficient condition for the K-positive definiteness of a symmetric bilinear form
in H1 X Hg.
Theorem 3.9. Let g be a symmetric bilinear continuous form on Hy X Hs, and B

be a linear continuous operator associated with g and acting in
H1><H2, B:(BU_E[J—>]:I$)2

ij=1-
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If:
1) By > O(mod K), Bayo > O(mod K);
2) A2(B) > 0(mod K), AL(B) > 0(mod K).
then the form g is K-positive definite on Hy X Hy: g > 0(mod K).

It is obvious that the reversal of all signs in the above conditions leads to the
sufficient condition for ¢ < 0(mod K). Finally, applying Theorem 3.9 to the K-
Hessian (0;;x <I>)127j:1, together with Theorem 3.7, we obtain the sufficient condition
for K-extrema in terms of the second-order partial K-derivatives of ®.

Theorem 3.10. Let a functional ® : Hy X Hy — R be twice K -differentiable at a
point (y1,y2) € Hy x Ha. Suppose that:

1) O1x®(y1,92) = 0, o ®(y1,92) = 0;
) 611K<I>(y1,y2) > O(mod K), 622K<I>(y1,y2) > O(mod K)
) AlKCI)(yl, yg) = (811]{@ — O12K® - 8521[<q) . 821](@ |( >> O(mod K)

Ay ®(y1,y2) = (Do ® — D1 ® - Oy @ - Draxc ®) ’(yl,yz) > 0(mod K).
Then @ has a strict K-minimum at (y1,y2)-
The reversal of all signs in conditions 1)-3) leads to sufficient conditions for a

strict K-maximum of ®. Also, we represent here for references the corresponding
conditions for a local minimum (which we failed to find in literature).

Theorem 3.11. Let a functional ® : Hy x Hy — R be twice Fréchet differentiable
at a point (y1,y2) € Hi X Hy. Suppose that:

1) 01®(y1,y2) =0, 2®(y1,y2) = 0;
2) On®(y1,y2) >0, 022®(y1,2) > 0;
3) A%@(yl, y2) = (811<I> — 0120 - 8521@ . 821<I>)‘(y17y2) >0,
D3O(y1,y2) = (022 = On® - 01! - 012®)| 1> 0.
Then ® has a strict local minimum at (y1,y2)-
Note that any of inequalities 3) in Theorem 3.10-3.11 and, similarly, any
of inequalities 2) in Lemma 3.8 and Theorem 3.9 can be omitted. Note also, in
conclusion of this Section, that in work [17] both sufficient and necessary conditions

for the K-extrema of functionals of n Hilbert variables in terms of the second-order
partial K-derivatives can be found.

4. K-analytical properties of the basic variational functional
in Sobolev space Wy

It was explained in the 60-70ies of the last century ([3], [4]) that the Euler—
Lagrange functional

®(y) = /f(%y,y’)dw (4.1)
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in spaces with Hilbert integral metric possesses considerably worse differential
properties than those in the Banach space of the C*-type. An attentive analysis
of the variational situation in Sobolev spaces of the W3-type shows that the con-
ditions similar to quadratic ones in y’ for the integrand in (4.1) are necessary even
for the well-definiteness of the functional (4.1). For example, the functional
b
o) = [/)dz = (/)"
a
is only densely defined in W3 ([a; b], R), although f € C.
Further, the basic notion is one of pseudoquadratic mapping.

Definition 4.1. Let X be a compact space with finite Borel measure, Y, Z and F
be real Banach spaces, and f : X xY x Z — F be a Borel function. The mapping

f is said to be pseudoquadratic in z € Z: f € Ko(z) if it can be represented in the
form

f(fE, Y, Z) = P('T7 Y, Z) + Q(l’, Y, Z) : ||Z|| + R(‘rﬂ Y, Z) : ||Z||27 (42)
where, for each compactum Cy C Y, the Borel mappings P, (Q and R are essen-
tially bounded on X x Cy X Z in z € X.

At first, let us obtain the well-definiteness condition for the functional (4.1) in
W4. In what follows, E is a Banach space, f : [a;b] x Ex E — R, u = f(x,y, 2).

Theorem 4.2. If f € Ko(2), then the variational functional (4.1) is well defined
everywhere on Wi ([a; b, E).

Proof. Let us fix y(-) € Wi([a;b],E) and set Cy = y([a;b]). Using the nota-
tion (4.2), we see that f(z,y,y’) is measurable and

b b b b
B(y) = / fy ')z = / Pdu + / Q- [1y/lldx + / R |ly/|?dx,

where
|P(z,y,9")] < Mp, |Q(z,y,y")| < Mg, |R(z,y,y')| < Mg a.e.on [a;b]. (4.3)

Moreover,

b b b
\ [ PGyl < Mp- -0, ] [ @) W lds| < 2t [ 11

b
< Mg /0= ) Iylhags | [ Rlovs')- 1o/ Pas] < M- Tl
whence |®(y)| < oo for all y(-) € Wy ([a; b], E). O

The K-continuity of the functional (4.1) in W3 requires more severe con-
straints on f and the Hilbert space of the values of y(-).
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Definition 4.3. Let, in the preceding notation, f € K3(z) and be continuous in
(y, z). The mapping f is said to be Weierstrass pseudoquadratic in z € Z: f € WKy2)
if the representation (4.2) can be chosen such that the mappings P, @ and R are
uniformly continuous and bounded on X x Cy X Z for each compactum Cy C Y.

Let us demonstrate, in proving the theorem on the K-continuity, the methods
that are further used to prove the K-differentiability and the twice K-differenti-
ability of the variational functional in W3. Further, in the preceding notation,
E = H is a Hilbert space, f : [a;b] x H x H — R.

Theorem 4.4. If f € WK5(z), then the functional (4.1) is K-continuous every-
where on W3 ([a;b], H).

Proof. Let us fix y(-) € Wi ([a;b], H) and set Cy = y([a;b]). In the the notation
(4.2), we obtain:

b
Py +h) - 0(y) = /[P(% y+hy +h') = Pz, y,y)]de (4.4)

a
b

+ / Qg+ by + 1) -y K — Qo) - I/ [)de

b
* /[R(w, y+hy + 1)y + WP =Rz, y,y) - Iy]*]de,

a

where P, ) and R are uniformly continuous on [a;b] x Cy x H and the esti-
mates (4.3) hold. For an arbitrary § > 0, set

es = (B> +[W? > 8%), € =(nl <6, |[W| <d); (4.5)
in addition,
(||h||€V21 < 6%) = (mes < 6), and [a;b] = es U €. (4.6)

Let us fix € > 0, € < 1, and choose § = d(g) > 0 such that

/ Iy |2de < &% (z < ¢®) = (|AP| <=, |AQ| <=, |AR| < e) (4.7)
€s

Now, suppose that
Il < % (43)

Let us fix an a.c. compactum Ca in W ([a;b], H). By virtue of the Arzéla—
Ascoli theorem, Vo >0 3dn > 0:

(h€n-Ca) < ([hlles <n) = (|h(z)] <6, Va € [a;b]). (4.9)
Hence, in view of (4.7) and (4.3),
|AP| < 2Mp +¢, |[AQ| <2Mq +¢, |AR| < 2Mp +¢ (4.10)
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as ||hllca <, x € [a;b]. Whence, using the estimates (4.3), (4.5)—(4.6) and (4.10),

we obtain:
’/[P(:Lgy +h,y +h) = P(x,y,y)]dz| < / |AP|dx —|—/|AP|dm

a el es

<e-(b—a)+(2Mp+e)-e<(b—a+2Mp+1)-e=:C; = (4.11)
Next, using the identity
Qz,y+h,y + 1) - Iy + bl = Q= y,9) - IV
=AQ |y + 1|+ Qx,y.y") - Iy + 1l = lly'll)
and the estimates (4.3) and (4.6)—(4.10), we obtain:
b

’/[Q(ﬂf, y+hy + 1)y + 0 = Q. y) - [ly[l)da

a

b b

S/IAQI'IIy’+h’IIdx+/IQ|~|||y’+h’||—||y’|||dx

a a

/ AQ I + o+ / QL Iy + 1'ldo -+ / Q- 1o

<e-Vb—a)- (lyllwy + Ihllwg) + @Mg +¢) - V(b= a) - (e + [[Allwy)
+ Mg - /(b—a)- [|h]w;
<V =a) [e(lyllwy + %)+ 2Mq + &) - (e + 6%/2) + Mg - 6°/?]
<e-/(b—a)- (5Mq + [lyllwy +3) =:Cz-¢ (4.12)
Further, using the identity
R(z,y+hy +h')- Iy + 1|° = R(z,y,9') - [ly/]]?
= AR |y + 1[I + Rz, y,9") - (ly' + 11 = 1ly'1I*)
=AR-|ly' + 1'|* + R(z,y,y") - 2", 1) + ||W]]?)
and the estimates (4.3), (4.7)-(4.8) and (4.10), we obtain:

b
] 1Ry by 4 1) 4 WP = Reg)) - I

a

b
< [IARI W+ Pdn+ [ 1R 2l )]+ )
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< / AR - ||y + W|[?dz + / AR| - |1y + I|de
ed e

)
b b
w2 (IR | )ldo+ [ R0 2do

<20 (lulfy + Il + 20+ -2 [ 1P + 0l )

€s

+2Mp - lyllwz - [|hllws + Mg - ||h||%/vz}
<2¢- (lyllfy; +0%) + (AMg +2¢) - (2 + 6°) + 2Mpg - |lyllw; - 62 + Mg - &°
<e- (2||y||3%1 +2Mg - |lyllw; + 9Mg + 6) =0y e (4.13)
Finally, it follows from (4.4) and (4.11)—(4.13) that
[@(y +h) = @(y)| < (C1 +C2+C3) - €

as ||hllwy < 63,6 =6(c), ||hl|lcx < n=n(e). This means the K-continuity of ® at
any point y(-) € Wi ([a;b], H). O

Note that it was shown in [14] that there exist variational functionals that
are K-continuous, but not continuous in the usual sense (see Example 6 below).

Definition 4.5. Let, in the preceding notation, f be from C! in (y,2) and f €
W Ks(z). We say that f belongs to the class W1Ks(z) if the representation (4.2)
can be chosen such that not only P, @ and R, but also the gradients VP := V. P,
VQ :=V,.Q and VR :=V,, R are uniformly continuous and bounded on X x
Cy x Z for each compactum Cy C Y.

Theorem 4.6. If f € W1K,(z), then the variational functional (4.1) is K -differen-
tiable everywhere on Wy ([a;b], H). In addition,

b
0 0

a

The proof of Theorem 4.6 uses the “0-procedure” from the preceding proof;
this procedure becomes rather complicated when passing to the class W1 Kj(2).
Also, the following strengthening of the property of absolute continuity of the
Lebesgue integral is used.

Lemma 4.7. Let (X, ) be a finite measure space, and Ca be a compactum in
Li(X,u). Then Ve >0 35 > 0:

<65 C X, ples) <6, he CA) = <¥|h(m)|du < 5~!|h(m)|du>.
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Remark 4.8. Note that, without loss of generality, the representation (4.2) for
f € WK, (2) can be replaced by

f(@,y,2) = P(z,y,2) + R(z,y,2) - || 2
with analogous conditions for P and R. Indeed, consider this partition of unity in
H: 1= p1(z) + ¢2(z) where, for some M, >0, & > 0,
supp ¢1(2) C (||z]| < M=), suppp2(2) C (||2]| =2 Mo+e), 0<¢1<1,0<¢p <1
and o1, ¢}, @2, ¢4 are uniformly continuous and bounded on H. Set
P

2 T “
2[1* (=]l
Direct calculations show that 137 Vﬁ, E, VR are also uniformly continuous and

bounded on [a;b] x Cy x H for each compactum Cy C H. The same is true for
the classes W K»(z) (see above) and W2K»(2) (see below).

ﬁ=@+QWMH4%WWrw@%§=( +R>wﬂﬁ

Definition 4.9. Let, in the preceding notation, f be from C? in (y,z) and f €
WK, (z). We say that f belongs to the class W2 K(z) if the representation (4.2)
can be chosen such that not only P, VP, Q, VQ, R, VR, but also the Hessians
H(P):=Hy.(P), HQ) = Hy.(Q), H(R) :== Hy.(R) are uniformly continuous
and bounded on X x Cy x Z for each compactum Cy C Y.

Theorem 4.10. If f € W2 Ks(z), then the variational functional (4.1) is twice K -
differentiable everywhere on W3 ([a;b], H). In addition,

b 2f
@ (y)(h ) ‘/a2xyy (k) + o o @ W) + (B 1)
2f !/ !/
3 o (@, y,y") (W' k) | de. (4.14)

The proof is also based on the “d-procedure”, which becomes even more
complicated when passing to the class W2K3(z).

Remark 4.11.

1) In [5], it was first proved that the variational functional (4.1) in W3 is not
twice Fréchet differentiable at all, except for the pure quadratic case with
respect to 3.

2) If f € WK5(z), then the application of the Cezaro operator

= i/f(m,yvs)ds
0

leads to a function from W1!K5(z) and the repeated application of the Cezaro
operator leads to a function from W2Ky(z).
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5. Analytical conditions for the /K -extrema of variational
functionals in Sobolev space W

The main aim of this section is to describe both necessary and sufficient conditions
for the K-extrema of variational functionals in W3 in terms of the usual strong
derivatives of the integrand, like in the C'-situation.

In the situation under consideration, it is convenient for us to complement
the notion of a K-extremum, termed further a strong K -extremum, by the notion
of a weak K -extremum; the latter occurs only on some concrete types of compact
ellipsoids. Taking into account Remark 2.2 (3) and Theorem 2.12, let us give the
following

Definition 5.1. We say that the variational functional (4.1) has a strong K-ex-
tremum at a point y(-) € Wi([a;b], H) if to each compact ellipsoid C. in
Wi ([a; b], H), there corresponds 6 > 0 such that an extremum of ® occurs on
(y+6-Co).

We say that ® has a weak K -extremum at y(-) € Wi ([a; b], H) if to some fixed
(nondegenerated) compact ellipsoid C., in W3 ([a; b], H), there corresponds dp > 0
such that an extremum of ® occurs on (y + g - Ce, ).

Note that ® can simultaneously have both a weak K-maximum and a weak
K-minimum that correspond to two different compact ellipsoids with zero inter-
section. Now, let us consider examples of strong and weak K-extrema.

Ezample 5. Define p(t) =t as0<t<1—-90,p(t)=2—-tas 14+ <t < o0,
o/ on [1—48;1], ¢\, on [1;1+ 6], where § is small enough, ¢ € C?[0, +0c0). Set

1

/@ 24 y)de, () € WE(0: 1], R). (5.1)
0

Direct estimates show [18] that:

1) @ has a strong K-minimum at the point yo(¢) = 0.
2) ® has no local minimum at yg.

Below, we shall also prove the existence of this K-minimum with the help of the
sufficient conditions for a K-extremum.

Ezample 6. Define ¢(0) = 0, p(t) > 0as 0 < t < 67, ¢(t) < 0 and (t) \, as
t > 6m, p(t) = O*(t?) as t — +o0, p € C?[0,+00). Set

47
sz/ﬂwmywﬁw;ymewﬂmw@c»
27

where 0 < § < 1.



Compact Extrema: A General Theory 411

Direct calculations show [13] that:

1) @ is well defined in W3 ([27; 47], C).

2) For the orthonormal basis {€**/\/2m (k2 + 1)} ez, the following estimate of
lower and upper bounds for the semiaxis lengths of the compact ellipsoid C;
realizing a minimum of ® holds:

2 2
AoVk? + 1 e 4y/2m(k2 +1)

12 12 (0 < Ao < V2m, k| > 2).

Here, the lower estimates confirm the weak K-extremum of ® at zero and the
upper estimates confirm that the this extremum is not a strong K-extremum.

Let us pass to the description of the extremals for strong K-extrema. First,
Theorem 3.5 (1) immediately implies

Theorem 5.2. If f € W'K5(2) and the variational functional (4.1) has a strong
K -extremum at a point y(-) € Wy ([a;b], H), then ®(y) = 0.

Whence, by analogy with the derivation of the classical Euler-Lagrange equa-
tion, it is not difficult to obtain the equation for a K-extremal ([18], [19]).

Theorem 5.3. Let f € W2Ks(z), y € Wi([a;b], H), y(a) = y(b) = 0. Then, for the
variational functional (4.1) in W3 ([a;b], H), the equality ®(y) = 0 is equivalent
to the generalized Fuler—Lagrange equation

0 d [0
o @) = o | )] 0 (5:2)

The last two results allow us to refer to the solutions of the equation (5.2) as

K -extremals of the functional (4.1) in space Wy ([a; b], H). Further, let us consider
an analog of the necessary Legendre extremum condition. The main difference
between our approach and the classical one to proving the above-mentioned nec-
essary and below sufficient conditions is the use of the density points instead of
the interior points. Let us demonstrate this with the proof of Theorem 5.4.

Theorem 5.4. Let f € W?Ks(z), y(-) be a K-extremal of the functional (4.1) in

Wi ([a;b], H) and the function aa:aJ; (z,y,y") be absolutely continuous on [a;b]. If
the variational functional (4.1) has a strong K-minimum (or a K-mazimum) at
a point y(-), then

2

2
0 f(ac,y7y’) >0 (07", respectively, g J;(a@y,y’) < 0) a.e. on [a;bl. (5.3)
z

0z2
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Proof. Let us transform the expression (4.14). For this purpose, we use Theo-
rems 4.6, 5.4, and integrate by parts the second summand on the right of (4.14):

b
oy @ N+ 0tz = [ vt b

a a

b
9% f ; |
/dm (aya o M)) (h, k)da

= 9y0. " VY ) (o
b
= (under h(a) = h(b) = 0, k(a) = k(b) =0) = — / ddx ((;Zafz (m,y7y’)> (h, k)dz.

a

Then (4.14) takes the form

b
)b k) = / <[_ d(i (863/(;; (I’yﬂ')) + Zyjzc (%yw’)} (h, k)
. J;(ﬂf Yy )(hﬁk’)) dv.  (5.4)

Now, let us assume that (5.3) is not fulfilled and that there exists k3 > 0
such that the inequality
2

O vl @) (ko ho) < K3 <0 (x € A}

holds true for some A} C [a;b], mA{ > 0, and some fixed hg € H.
Let us choose a set A2 C [a;b], mA} +mA2 > b— a, such that the inequality

d ([ 0? 52
{— da (6y8fz (z,y, y/)> + ay{: (, yw')} (hoyho) < C3 < oo (x € A2)

holds true.
Then the set Ag := A} [ A3 is also of a positive measure. Now, let zo be an
arbitrary density point of Ay. Choose a neighborhood Os,(x) such that

(Ao N Os(20))
20
as § < dg. Define the function

\/5( ”””30), as x9—0 <z <uzp;
h(z) =9 V6 (1—","), as zg<z<mo+6;
0, otherwise.

>1—¢g (0<egp<1)

Then for « € (xg — d; 29 + J) we obtain
1

W) =

h2(z) < 6. (5.5)
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Taking into account (5.4), we obtain for h(z) = h(z) - ho:

¥ 0) (. 1) = /b (o

a

AN
v @)} + o L] (o) )

b
[0 L) @), W (@)

a

zo+0 ) ,
B / [_dﬂi (%gﬁa%y’)) + 2y§<x,y7y'>] (ho, ho) - h*(z)dx

:E()—(;
I0+5a2f
+ / 922 (1‘7 Y, y/)(ho, hO) . h/2($)d.’b

wo—5
Taking into account (5.5), we see from here that
1
s
for sufficiently small & € (0;8o). It follows that @ (y)(th,th) < 0 for all t € R\{0}.
Since <I>’K(y)(tﬁ7 th) = 0, it immediately follows from the second-order Taylor for-
mula for the line R-h that ®(y+th)—®(y) < 0 for sufficiently small £ and, therefore,
® does not realize a minimum on each compact ellipsoid C. C W ([a;b], H) for
which C. {R-h} # {0}. Hence, ® has no strong K-minimum at y, in contradiction
with the hypothesis of Theorem. O

- (y)(h,h) < C2-6-264[(1—e0)-26]- - (=k?) = 20362 +2(1—0) - (—k?) <0

To obtain an analog of the Legendre—-Jacobi sufficient condition for the K-
extrema of variational functionals in W, we need to investigate preliminarily in

Wi ([a; b], H) the quadratic functional
b
B() = [ (PO ) + Qb)) do (5.6)

where P(z) and Q(z) are bilinear continuous forms for every = € [a;b] and the
mappings P and @ from [a;b] into the space (H,H)* = (H,H) of the bilinear
continuous forms over H are also continuous. Let us introduce the Jacobi condition
for the functional (5.6).

Definition 5.5. Define a Jacobi equation
d
— 5. PU)+QU A0, Ua) =0, U'(a)=Iy. (5.7)

in the class of the mappings U € W4 ([a;b], L(H)). We say that the functional (5.6)
satisfies the Jacobi condition if, for each solution U(x) of the equation (5.7), the
operators U(x) are continuously invertible as a < x < b.
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Remark 5.6. It can be obtained [Rem. 2.1][20] that the solutions of the equa-
tion (5.7) belong, in fact, to class C!. In particular, U’(a) is well defined.

Theorem 5.7. Let P(x) > 0 for a <x <b and the Jacobi condition from Defi-
nition 5.5 be fulfilled. Then the quadratic functional (5.6) is positive definite on

W ([a; b], H).

The proof can be found in [Thm. 2.1][20]. Now, let us formulate a K-analog
of the sufficient Legendre—Jacobi extremum condition.

Theorem 5.8. Let f € W2Ky(z) and the assumptions of Theorem 5.4 be fulfilled.
If for a K -extremal y(-) € W ([a;b], H),
1) (02f)02°)(z,y,y') > 0 everywhere on [a;b] (a strengthened Legendre condi-
tion);
2) for the quadratic functional @ (y) (see (4.14)) the Jacobi condition is ful-
filled, i.e., for each solution U(z) of the Jacobi equation

d a2f INT T/ d a2f / a2f / a.e.
~du (822(x,y7y)U> + [—dm (ayaz(%y,y)> + ay2(sw;,y)}U =0
in the class W4 ([a;b], L(H)) with initial conditions U(a) = 0, U'(a) = Iy,
the operator U(x) is continuously invertible for all a < x < b.

Then the Euler-Lagrange functional (4.1) has a strict K-minimum at y(-).

Proof. By virtue of Theorem 5.7, the quadratic functional (4.14) is positive definite
on W3 ([a;b], H). Here, in view of (5.4),
*f d (0*f °f
P _ / _ / .
@ = e Q@ == (o7 @)+ 5 L)
Hence, % (y) > 0 at the K-extremal y(-). Whence, by virtue of Theorem 3.7, ®
has a strong strict K-minimum at y(-). O

The Legendre—Jacobi condition for a K-maximum can be obtained, obviously,
by changing the sign in condition 1) of Theorem 5.8. Let us give an example of
application of Theorem 3.7.

Ezample 7. Consider once more the functional (5.1) from Example 5. In this case,
the variational Euler-Lagrange equation (5.2) takes the form

2

d d
ey =20 Sy W) =0, (5.8)

Thus, the function y(z) = 0 satisfies the equation (5.8), i.e., it is a K-extremal for
the functional (5.1). Direct calculation shows that

0 d? d 2 d? 2 & d
f_ 0 p Of @ O°f _ 4450 o ode

2
2 = 5.9
Oy? d2 Y + dt’  Oyoz a2V 922 dt? dt’ (59)
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whence (9% f/0y?)

=2 > 0 on the K-extremal, and the Jacobi equation takes, on
the K-extremal y(z) =

0, the form
U’'-U=0; U©)=0, U(0)=1.

The solution U(x) = shx to this equation is not zero on (0;1], i.e., it satisfies
the Jacobi condition in the class W3 ([0; 1], R). Hence, by Theorem 5.8, the func-
tional (5.1) has a strong strict K-minimum at zero. As was noted above, this
minimum is not local.

Let us give one more sufficient condition for a strong K-extremum of the
variational functional (4.1) in W3, based on Theorems 3.7 and 3.11.

Lemma 5.9. Let f € W2Ks(z) and y(-) be a K-extremal of the functional (4.1)
in Wi(la; ], H). If f"(z,y,y') >0 (in (y,2)) for all x € [a;b], then the func-
tional (4.1) has a strong strict K-minimum at y(-).

Proof. According to the well-known positive definiteness test (see, e.g., [15]), for
every x € [a;b] there exists a(x) > 0 such that

o’ f o’ f

"’ " ((hi, ha), (h1,ho)) = hi,h 2

f (9C7y,y) (( 1, 2)u( 1, 2)) 8:1/2( 1, 1)+ 8:1/62’

> afx) - ([h]|* + [|h2|?)
for all (hy,hy) € H?. Using the compactness of [a;b], we can choose a > 0 such
that o does not depend on z. In particular,

82f 82f ’ / /
o, (@) + 2, 1 (o), @)+ L (), )

> a(x) - ([A@)[* + |7 (2)]*)

0% f

(h1,h2) + 922

(h2,h2)

for all z € [a;b] and h(-) € W ([a;b], H). It follows from here and (4.14) that

b b
V() (hh) > - ( [in@eas+ [ ||h'<x>||2dw) = o [|h(@) 3

that is ®% (y) > 0. Whence, by Theorem 3.7, ® has a strong strict K-minimum
at y(-). O

Theorem 5.10. Let, under the assumptions of Lemma 5.9, the inequalities

1) (0%1/0y*)(x,y.y') >0, (0°f/02%)(z,y,y') > 0;

2) AYf(z,y,y) >0, Agf(z,y,y') > 0;
be fulfilled on the K-extremal y(-) for all x € [a;b]. Then the variational func-
tional (4.1) has a strong strict K-minimum at y(-).

Proof. According to Theorem 3.11, the assumptions 1)-2) of Theorem 5.10 provide
the positive definiteness of the form f”(x,y,y’) for all z € [a; b]. It remains to apply
Lemma 5.9. (]
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The reversal of all signs in inequalities 1)-2) of Theorem 5.10 leads, obviously,
to conditions for a strong strict K-maximum.

Note also that assumptions 1)-2) of Theorem 5.10 can be applied to the
variational functional (5.1) (see Examples 5-7 above). Here, in view of (5.9), on
the extremal y(z) =0,

92 2 2
f:2’ (9'][:07 af:27
Oy? Oydz 022
and hence A?f = Alf = 2 > 0. This confirms again the existence of a strict
K-minimum of ® at zero.

Final Remarks

1) In the work [17], a nontrivial generalization of Theorem 5.10 to the case of
variational functionals of several variables is obtained. The analogous neces-
sary conditions for K-extrema are also considered in there.

2) The notion of local realization of a strong K-extremum (see Def. 2.13) can be
extended to a weak K-extremum. In particular, the estimates (2) (Example 6)
make possible local realization of the weak K-minimum from Example 6 in
Sobolev space W3.

3) In most cases, the results of this paper can be extended to mappings taking
values in locally convex spaces from a rather extensive class of so-called semi-
nuclear spaces (see [21]).
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On Extremal Problem for Algebraic
Polynomials in Loading Spaces

B.P. Osilenker

Abstract. We consider discrete loading spaces under the inner product

= /Rf(x)g(x)du(x) + Z M; f(z;)g(2;)

(M]' 20, Zj eR (j:1727'~"m))7

where p be a finite positive Borel measure such that the moments are finite
and support is an infinite set. In this spaces we study the problem of finding

inf {(HW H<T> (r) E anz”® + E aga:k},
aQ,a1;-- AN —p
k=N-—r+1

where a% > 0,a%_1,...,a%_,,1 are fixed real numbers. The extremal poly-
nomials are also constructed.

Mathematics Subject Classification (2000). Primary: 41A10; Secondary: 33C45.

Keywords. Extremal problems, Orthogonal polynomials, Loading spaces.

1. Introduction

Let ®(z) be a positive linear functional on the linear space P of polynomials with
real coefficients. Define by

() =kMam +EM 2t B S0 (neZy)
polynomials orthonormal with respect to (w.r.t.) the linear functional ®:
D(Grms Gn) = Omn(m,n € Z).

Define by §R§\T,) a class of all polynomials Iy (x) € P of degree N with r-fixed
coefficients:

N N—r
§R§\T,) = {H%),H%)(Jr) = Z a?xj + Z ajx?,a% > O},
J=N—r+1 7=0

0,0 0
where ay,an_q,-..,ay_, ., are fixed real numbers.
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We expand polynomial H(T)(x) by the system {G,}(n € Z4) :

Z o;"is(a
As in [1], one gets the following statement.

Theorem 1.
i) The following representation

N
Jnf efI @)y = Y [P
My eRy j=N—r+1

holds, where the coefficients ong)’O(s =N-r+1,N—-r+2,...,.N—1,N)
are the solutions of the system

N

Zl%gﬂaf\” =a?(s=N—-r+1,N—r+2,...,N—1,N);

j=s

it) extremal polynomials is

N
r),extr N),0 ~
(@) = > % (@),
Jj=N—r+1

We consider this extremal problem in a discrete loading space. On the space
P we introduce a discrete loading inner product

0.0) = [ pd)inte) + 3 Mip(a)a(es) (g € P)
Jj=1
where p be a finite positive Borel measure on R whose moments are finite and
whose support is an infinite set, M; >0, z; € R (j =1,2,...,m). In what follows
we assume that support of measure g without the discrete part.
Completion of P w.r.t. the norm || f||? = (f, f) we will call a discrete loading
space S w.r.t. the inner product

9= [ 1@@)in(e) + M, fa))a(a). (1)

Let gn(z)(n € Z4) be the polynomials orthonormal w.r.t. the inner product
(1.1):
<Qma CITL> = 5m,n-
We will call their a discrete loading orthonormal polynomials.
Space S and polynomial system {¢,}(n € Z,) have attracted the interest
of many researches. They play an important role in some problems of functional
analysis, function theory and mathematical physics [2]-[6].
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Polynomial system {g,}(n € Z4) is used in some investigations of boundary
problems with spectral parameter in the boundary conditions; differential equation
with discontinuous coefficients; the loading integral equations.

Example. (A discrete loading Jacobi polynomials).
First, we remind some properties of the classical Jacobi polynomials pLes )(3:)
orthogonal on interval (-1,1) w.r.t the Jacobi measure
I'a+5+2)
d pr—

M8 (%) = gatpriT(q + 1)0(B + 1)

(see [7]).
By the Rodrigues formula

(1—2)*(1 4 2)dx (o, B> —-1) (1.2)

PO @y = DT (1) (1 )P ) )
. (z e (—1,1);ne€Zy).
One has 1 T@en+a+p+1)
n+a
PPe) = n12n D(n+a+ B+ 1) SR
For classical orthogonal Jacobi polynomials the values at the points +1
(a+1),

O
n:

Pr(zaﬁ)(_l) _ (_l)n (ﬂ ‘;'I)n7

where “shifted factorial” (Pochhammer symbol) is defined by

I'(n+a)
I'(a)

The squared norm of classical Jacobi orthogonal polynomials is
1
1PN, = [ (P9 @) dia (o)

-1
1 INa+8+2) Tn+a+1In+F+1)
n+a+B+1T(a+1)I(B+1) nl'n+a+p+1)

(a)p =ala+1)(a+2)--(a+n—1)= (n=1,2,...), (a)o=1.

Let P\ )(x) be polynomials orthonormal on the interval (—1,1) w.r.t. the mea-
sure dpiq g(x) (see (1.2)). Then

P08 (1) — F(a+1)F(6+1)1\/2n+a+6+1

P (I)—\/ Fatfra) o §
_ F@2n+a+4+1) o~
VIn+a+1)I(n+B+1)I(n+a+p+1)

We consider the inner product

(1.3)

(f:9)ap = /_1f(x)g(x)dua,a($)+Lf(1)9(1)+Mf(—1)9(—1)7 L, M=0. (14)
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and define by P>#L-M (3)(n € Z, ) polynomial system orthonormal w.r.t. the in-
ner product (1.4). These polynomials were introduced by T. Koornwinder [8]. Tt
is called the loading Jacobi polynomials (or generalized Jacobi polynomials). It
should be noted that the loading Jacobi polynomials have some properties other
than the classical Jacobi polynomials (behaviour at the points 41; linear differen-

ﬁr(la,ﬁ;L,M)(x)

tial operator, for which polynomials are eigenfunctions and so on;

see [9]-[12]).

2. Extremal problem for algebraic polynomials
in a discrete loading space

Let
pa(z) =312t 1M >0 (n e Zy) (2.1)
i=0
be the polynomials orthonormal w.r.t. the measure p:
(rnspa) = [ P @)pa (@)a(2) = (o € 22) (22)
R
and let
gn(@) =Y kMt BV >0 (neZy) (2:3)
s=0

be the polynomials orthonormal w.r.t. the inner product (1.1).
We expand polynomial g, (z) by basis {p,}(n € Z):

an(z) =Y alVp, (). (2.4)
s=0

Using (2.1)—(2.3) and comparing the coefficients at 2™ in the relation (2.4), one
obtains

o = [ @@l @) (s =0,1...on=1) (2.5)
R
and
k)
o) =" = / 4 (@)pn (@)du(z) (n € Zy), (2.6)
Substituting relations (2.5) and (2.6) in (2.4) ,one gets
Qn(x) = l(n) pn(x) - Zl M]Qn(xj)Dn—l(Ij7x)7 (27)
n 1=
where

i=0

is the Dirichlet kernel of the system {p,} (n € Z4).
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Taking into account (2.7) at the points x; (i = 1,2,...,m), one has
k(")
[]. + M;D,,_ l(xzaxz)]Qn ‘rz Z M D, _ l(xjvfz)Qn(xj) (n) pn( z)
Tt In (2.8)

(i=1,2,...,m).

Denote by
]D)nfl - ]D)nfl (Ila T2, ..., xm)
T, T2, ..., Tm
Dy_i(z1,21) Dp_i(xz2,21) ... Dp_1(Tm, 1)
_ Dy_1(x1,22)  Dp_i1(x2,22) ... Dp_i(xpm,x2)
Dn—l(Ihxm) Dn—l(x2axm) Dn—l(xwuxm)

Note that the m x m matrix D, _; is symmetric and positive definite.
Similarly we put

P, = (pn(xl)apn(xQ)v s 7pn(~73m))Ta Qn = (Qn(xl)a QTL(J;2), s 7qn(Im))T7
where T is transposition, and

M = Ch&g(]\fl7 MQ, vy Mm)

Then the system (2.8) one can rewrite in the form

(n)
r1, X2, ey Iy k
{I—HD)"_l (acl. To, ..., gcm> }Q" o l(n Pn, (2.9)
where [ is the identity matrix of order m. Denote by
Ap_y = I +Dyp_y (Il’ T2 xm) M. (2.10)
T1, T2, ..., Tm

It follows from (2.9) by Cramer’s rule

k.(” A ‘)1
(T " 2.11
o) = @.11)

where Afﬁl is a determinant was obtained from A,,_; by substitution j-column
by column matrix P,.

Theorem 2. For a loading orthonormal polynomials qn,(x) the following represen-

tation holds
An—l (s)

n = n MAY D, _ s T). 2.12

ante) = /50t - MLIA“;I: OiDpalane). (212

Proof. We expand polynomial p,(z) by basis {¢,} (n € Z):

palz) = b g;(x). (2.13)

Jj=0
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Then, as above

= ) = g (n € Z) (2.14)
and A
1) n—1
Pa(®) = (o) an() + Z 0" g;(a).
Taking into account (2.6) and by definition ojf the inner product (1.1), one has

ki

[ = /an (@)pn(@)dp(z) = (pu, an) = D Mian(x)pn(a;).

j=1
It follows from (2.14) that
kY &

o = o 2 Midn @i )pa(z;).
n n j=1
By (2.11) one obtains
i 1 kW m )
PRCOR NS () [An—l +;My‘pn(%)ﬁn_1 : (2.15)
We show that .
Dnoy Y Mipn(a)A) ) = A, (2.16)
j=1

It is not difficult to see from (2.10) that
An = |I+anlM+anlM|7

where
B =B (G0 )
P2 (1) pu(z)pn(z2) . po(z1)pn(zm)
Pn(T1)pn(72) pi(x2) oo Pu(2)pn(Tm)
P@)Pn(@m)  Pa(@)pn(Em) ... PR(Em)

Consequently, using properties of the determinant, one gets (2.16).
Taking into account (2.15), one obtains

WY Ay kY

Then
A
k() :\/ A M (nezy). (2.17)

Finally, substituting expression (2.11) and (2.17) in (2.7), one obtains (2.12). The-
orem 2 is completely proved. O
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Corollary 1. For the coefficients of a loading orthonormal polynomials q,(x) (n €
Z.) (see (2.3)) the following representation

() _ [Bn-1,(n) (s)
ky _\/ AL ¢An A ZMAn 1Zps )l (2.18)
(22071,...,n—1)

holds, where lgn)(i =0,1,...,n — 1)are the coefficients of polynomials p,(x) (see
(2.1)).

Corollary 1 follows from (2.1), (2.3) and (2.12) by comparing the coefficients at

2t (i=0,1,2,...,n — 1). In particular, one obtains
A . 1 n—1 o o
kY, = \/ el > MAD s ) |15 2.19
n—1 An n—1 \/An—lAn — j=n1D 1( ]) n—1 ( )
and

n n n—1
Ky z< ) i

n—1
pm [ZM A pa- 1(%)} o (2.20)
Using Theorem 1 and (2.7), (2.19), one gets

Corollary 2.For the monic polynomials

N—2
H(l) =N+ Z (N-1),. s Hf,)(x) — 2N N1 4 Z ng72)xs
s=0
(0 is a fized real number) the following assertions are valid:
- W @O oy Ay 1
i) KN : ng;%relm§;>< N> N> An_1 (ZEVN)P»
(2.21)
(1),extr o AN 1 .
ii) (Zolotarev’s problem in the metric of a discrete loading space S):
2
k'(N)
@ o @@y Ay 1 Ay 1 { Nfl}
T ey TV A o T avea e 7T 4
and

(N)
(2),extr o AN 1 AN—l 1 k
Iy (@) = \/AN e N>qN( z) = \/ANz 1 {a+ kY )}QN 1(x).

Using relations (2.19) and (2.20) one can calculate £\, £ and TI{*" (z),

Hg\?),extr(x).
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Remark. It should be noted that one can calculate the determinants using the fol-
lowing formula [13]: determinant

a1 +1 a12 o A1n
a1 ax+1 ... an
an1 an2 Gnn + 1
is equal to
n
1+ E Sk,
k=1
where Sk(k=1,2,...,5,) are sum of main minors of order k for
ail a12 co. Qlp
a1 a22 Q2n
Gnl  An2 Qnn

Example. A discrete loading Jacobi polynomials. We put x1 = 1,29 = —1. Then
for Dirichlet kernel D,,(t, ) we have the following representation (see [7]):

D(aﬁ)(l 1= A2 Pn+a+1)n+a+p+1)
nel AT e BHT (o + 1T (o + 2) T'(n)L'(n+ B) '
Da”@)(—l 1) = A2 Fn+B+1)I(n+a+5+1)
nol b T 9ak B (B + 1B + 2) L'(n)I'(n 4+ «) '
o.8) @B g 1y (=1t L(n+a+6+1)
Do) =Dn b ) = gaipiir e )rg+1)  Tn)

s 2059400 + DI(5 + 1)
Ma+5+2)
Substituting last formulas in (2.10) for

A DEPan DD,
et 1,-1) 1+D>P(1,-1)

Dnoi[la) 7_;'
we obtain
_ A3 LM F(ﬂ+ 1) F(n—|—0¢+ 1)F(n—|—0¢+ﬂ+1)
N I(a+1) F(n+ﬁ+1)F(n+a+/@+1)M
L(6+2)T(a+ [ +2) L(n)I'(n+ «)

1
T+ 1)B+ )2+ B+2)
y Fn+a+B+)I(n+a+B+2)

I'(n—1)[(n) LAL
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It follows from (1.3) and (2.17) that

1 [Ta+DI'@B+1)2n+a+5+1)

VAL MNa+8+2)'(n+1)

y F'2n+a+p+1)
VIn+a+1)I(n+ B+ 1) (n+a+p+1)

]37?7,6’;L7M(I)

;LM
A%767 ,

n
pesiL T
n—1

X

By (2.21) we obtain the following solution of extremal problem for a discrete
loading Jacobi space.
Theorem 3. The following representation
_ T(a+p+2) 22N NI
@0 T(a+1)I(B+1)2N+a+3+1

PN+ at B+ DIV +a+ DEW + 5 +1) ASEM
22N +a+ [ +1) A%GBLM

inf (1), )

holds. In addition, equality in the last relation is realized on the following polyno-

mial

Ma+DI(B+1) V2N +a+8+1

y VIN+a+ 1IN+ B+ 1IN +a+B+1)
F2N +a+p+1)

H(1)7eztr o \/ F(Oé + 6 =+ 2) 2N\/N'
N =

Aaﬁ;L,M
N ﬁa,B;L,M(x)

AO‘7B§L7M N ’
N—-1

where ﬁﬁﬁ?L’M(I) is a polynomial system orthonormal w.r.t. the inner prod-
uct (1.4).
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On Coxeter Graph Related Configurations
of Subspaces of a Hilbert Space

N.D. Popova, Yu.S. Samoilenko and A.V. Strelets

Abstract. For a Hilbert space H, we study configurations of its subspaces re-
lated to Coxeter graphs Gyu,4, which are arbitrary trees such that two edges
have type 4 and the rest are of type 3. We prove that such irreducible config-
urations exist only in a finite-dimensional H, where the dimension of H does
not exceed the number of vertices of the graph plus the number of vertices of
the subgraph that lies between the edges of type 4. We give a description of all
irreducible nonequivalent configurations; they are indexed with a continuous
parameter. As an example, we study all irreducible configurations related to
a graph that consists of three vertices and two type 4 edges.

Mathematics Subject Classification (2000). Primary 46C07; Secondary 46K10.

Keywords. Family of subspaces, Coxeter graph, Temperley—Lieb algebras,
#-representation.

Introduction

One of important and fruitful directions of M.G. Krein’s original mathematical
work was a development of algebraic methods in functional analysis and operator
theory.

The main object we study in this paper is a family S = (H;Hi,..., H,) of
subspaces Hy, ..., H, of a Hilbert space H. For any family of subspaces S there
is a unique collection of orthogonal projections Py, = Py, , which are orthogonal
projections of H onto Hy, k=1,...

A family S = (H;Hq,... ,Hn) is unitarily equwalent to a family S =
(7:( Hi, ... Hn ) of subspaces Hi, ..., Hy of a Hilbert space H if there exists a uni-
tary operator U acting from H onto 'H such that U maps Hj, onto Hy, k= 1,...,n,
that is, the corresponding collections of the orthogonal projections Py and Pk,
k=1,...,n, are unitarily equivalent.

A family S = (H; Ha, . .., Hy) is irreducible if the identity [A, Py] = 0 satisfied
for all k = 1,...,n, where A € B(H), implies that A = A, where A € C, I
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is the identity operator on H, that is, the collection of orthogonal projections
Py, k=1,...,n,is irreducible.

Irreducible pairs of subspaces exist only in one- or two-dimensional Hilbert
spaces H. A list of such subspaces, up to unitary equivalence, is the following:

1. H=CH
(€40,0),  (Cchcho), (Cho,Ch), (ChChLCh;
2. H=C? = (e1,ea) (lex|| =1, k = 1,2; e1 Les),
(C?; (e1), {cos ey + singes )),

(¢ € (0, 7) is the angle between the subspaces (e; ) and (cos pe; +singes )).
Denoting Py = Pe,y, P2 = P cos pei +sin pes ) WE have

PiPP = TP,
PP Py = 1P,

where T = cos? p € (0,1).

For any pair of subspaces S = (H; H1, H2) there is a spectral theorem, — the
space H can be decomposed into a direct sum, or an integral, of irreducible pairs of
subspaces that are equivalent to pairs of subspaces listed in 1 and 2 above, see [2].

The problem of describing irreducible n-tuples of subspaces,

S =(H;Hi,..., "),

and a similar problem of representing n-tuples as a direct sum, or an integral, of
irreducible ones for n > 3 is a x-wild problem. The problem of describing triples
of subspaces, S = (H; H1, Ha, Hs), such that Ho LH3 is also x-wild [3,4].

It is thus natural to study n-tuples of subspaces H1, ..., H,, with a condition
on the angles between the subspaces H;, H; for i,j = 1,n,7 # j.

Configurations of subspaces, Sr r 1, related to a simple graph I' with edges
labelled with 7 = {7;;}, where 7;; € (0;1), are studied in [5,9] and others. (By
a simple graph we mean a finite non-oriented graph without multiple edges and
loops.) In the configuration St - i, the number of subspaces coincides with the
number of vertices in the graph, and if vertices ¢ and j are not connected with an
edge, the corresponding subspaces are assumed to be orthogonal,

P,P; = P;P; =0,

and if there is an edge, then we fix an angle between H; and H;, ¢;; € (0,7),
(cos? ¢;; = 7ij, where 7;; € (0, 1) is the number located above the edge connecting
the vertices 7 and j), that is, we have

PinPiZTijPi andePin:anj.

Since the subspaces corresponding to vertices in different connected compo-
nents are orthogonal, we always assume that I" is a connected graph.
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The problem of describing the configurations St - | can be reformulated in
terms of *-representations of corresponding *-algebras T'Lr ; | that are defined as
follows:

*

TLrr1=C{p1,....pn|P} =p; = pi;
pip; = pjp; = 0, if the vertices 7, j are not connected
with an edge;
PiDjPi = TijPi, DjPiPj = TijPj, otherwise ).
Note that T'Lp -1 are the quotient algebras of introduced in [1] generalized
Temperley—Lieb algebras (which are, in their turn, quotient algebras of the Hecke
algebras related to I).

The dimension and the growth of these algebras do not depend on the num-
bers 7;;, see [8], namely, the algebra T'Ly ; |

e has a finite dimension equal to n? 4 1 if T is a tree, where n is the number of
the vertices;

e has linear growth if I' has exactly one cycle;

e contains a free subalgebra with two generators if I' has more than one cycle.

If we fix a graph I', then for each collection of the parameters 7;; there is
a finite number of irreducible unitarily nonequivalent configurations Sr - | if and
only if the graph I is a tree, see [7,9]. The dimension of the space H does not exceed
the number of vertices, and the dimensions of the subspaces are not greater than 1.

If the graph I' has one cycle, i.e., it is unicyclic, then there is an arrange-
ment 7 of numbers at its edges such that there exist infinitely many irreducible
nonequivalent configurations Sr -, . The dimensions of the subspaces do not ex-
ceed 1, and the dimension of the whole space is not greater than the number of
vertices in the graph [9].

A more general case is obtained by not fixing the angles between the subspaces
but allowing them to assume values from a fixed finite set. Hence, we come to
configurations Sg ¢, 1, where G is a Coxeter graph with the vertices corresponding
to subspaces, and g is a collection of polynomials that define permissible angles
between the subspaces.

By a Coxeter graph G we mean a finite non-oriented marked graph without
multiple edges and with no loops. We will write G = (V, R), where V = {1,...,n}
is the set of vertices, R is the set of edges. The edge between ¢ and 7 will be denoted
by vi; (we take 7v;; = 7;;). All edges of a Coxeter graph G can be subdivided into

different types,
o0
R=||R..
s=3

The corresponding edges will be called Rs-edges, R4-edges, etc., or we will say
that the edge has type 3, 4, etc.

Let g be a mapping that assigns a polynomial g;; to each edge v;; € R,
s=2k+0 >3, keN, o e {01}, such that degg;; < k — 1 and g;;(0) = 0
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if 0 =0,
k—1
g: R — Rlz] vy — gi(a Z W™ € Rlz].

The number of subspaces in a conﬁguratlon SG% 1, as in the case of a simple
graph, coincides with the number of vertices in the graph. If vertices ¢, j are not
connected with an edge, the corresponding subspaces H;, H; are considered to be
orthogonal,

P;P; = P;P; =0,
and if there is an edge of type s = 2k+0 > 3, k € N, o € {0, 1}, then the following
relations hold:

(PP Py = gij(PP)) Py and  (PR)* Py = gij(PP)Py.  (0.1)

It is convenient to reformulate the problem about the configurations Sg g, 1
in terms of finding *-representations of the corresponding *-algebras T'Lg g4, | -

Definition 0.1. T'L¢ 4,1 is an associative *-algebra over C, with an identity e, and is
defined by generators and relations determined by the graph G and the mapping g,

TLg,g1 =C(p1,....pn|P; =pf =pi; pipj =pjpi =0, if vij & R;
(pip)"p{ = 95 (ivi )0, (030:)* P = 955 (pi0i)p]
if vij € Re, s=2k+o0>3,0€e{0,1}).
0.2)

For an edge v;; € Rs, s = 2k + 0, and a polynomial g;;, we will also consider
the polynomial f;;(z) = 2% — g;j(x). Then relations (0.2) can be rewritten in the
form fi;(pip;)p{ = fij(pjpi)p = 0.

If an edge ;; has type 3, then the corresponding polynomial is ¢;;(z) = 75,
and the relations satisfied by p; and p; will be

PiPjPi = TijPi, PjPiPj = TijPj-

If an edge v;; has type 4, then g;;(x) = ;2 and the relations satisfied by p;

and p; will be
(pipj)2 = TijDiPj, (pjpz')Q = TijDjDPi-

The dimension and the growth of the algebras T'Lg 4,1 were studied in [6].
The dimension and the growth of the algebra T'Lg 4,1 depend on the type of the
graph G, which can be a tree, an unicyclic graph, a graph with two or more cycles,
and on the type of its edges, but do not depend on the way the polynomials g;;
are positioned at its edges. Let us give here brief formulations of the results. To

this end, we introduce the following notations: IA%T = szir R, and sg > 3 denotes
the index s such that R,, # @ and Ry = @ if s > sg.

Theorem 0.2. Let G be a tree. Then we have the following.
0) If |Ra| =0, then dimTLg,, 1 = |V|* 4+ 1.



On Configurations of Subspaces of a Hilbert Space 433

1) If|R4| = |Rs,| = 1, then G consists of two Rs-connected components Gy and
Ga, and

m|V|? +1, if sg =2m+1,

dimTL =
o {<m SOV R+ VB2 1 i se = 2m.

2) If |Ra| > 2, then dimTLg 4 1 = co. In the case where |Ry| = 2, the algebra
has polynomial growth if |R6| = 0, and contains a free subalgebra with two
generators if |[Rg| > 1.

3) If|R4| > 3, then TLg,4 1 contains a free algebra with two generators.

Theorem 0.3. Let G be a connected Coxeter graph.

0) If G contains a cycle and |Ry| = 0, then dimTLg, | = oo. If also there
s precisely one cycle, then the algebra has linear growth, and if G has two
cycles, then the algebra has a free algebra with two generators.

1) If G contains at least one cycle and |]§4| > 1, then TLg 4,1 contains a free
algebra with two generators.

The authors in [7] studied *-representations of the algebras T'Lg g, 1. They
gave a description of all irreducible x-representations of the finite-dimensional alge-
bras T'Lg,q4, 1 on a Hilbert space. In particular, it was shown that, if an irreducible
pair of projections P; and P, satisfies relations (0.1), then at least one of the roots
A € [0,1] of the polynomial fi5(x) satisfies the relations

P1P2P1:AP1 andP2P1P2=/\P2, A#O,
PP, = P,P, =0, A=0.

Hence, using roots of the polynomial fi2(x) we can define admissible angles be-
tween the subspaces. There was also proved a theorem stating that only graphs that
are trees with no more than one edge of type s > 3 define algebras of finite Hilbert
type, i.e., the algebras that have a finite number of irreducible x-representations on
a Hilbert space for all values of the parameters.

In this paper, we use *-representations of the algebra T'Lg, , 4,1 to study
configurations of the subspaces, Sg, ,,¢,1, that are related to the Coxeter graph
Gy4,4, which is an arbitrary tree with exactly two edges of type 4 and others are
of type 3. As Theorem 0.2 shows, this is the simplest case where the algebra is
already not finite-dimensional but still has polynomial growth.

In Section 1, we give necessary definitions and introduce notations; we also
introduce the notion of a proper *-representation of the algebra T'Lg, ,g, 1.

Section 2 gives a construction of a family of irreducible proper *-repre-
sentations m, of the algebra T'Lg,, g 1. This family is parametrized with a pa-
rameter v running over a subset ¥g,,, of the interval (0,1). It is shown that
x-representations corresponding to different values of the parameter are not uni-
tarily equivalent.

In Section 3, we show that any irreducible proper *-representation 7 of
the algebra T'Lg, , 4,1 is unitarily equivalent to one of the *-representations m,
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constructed in Section 2, which finishes the description of all irreducible proper
x-representations.

As an example, in Section 4, we study all irreducible x-representations of the
algebra T'Lg, ,,4,1, Where the graph Gy 4 consists of three vertices and two edges
of type 4.

1. Definitions and notations
A path of length m in a Coxeter graph G,
! :l(Zo) = (i07i17"'7im)7 Vik—1,ik € R’

will be called a path without repetitions if iy, # i; for k,j = 0,...,m, k # j. The
path [ = (ig) is considered as a path of length 0 without repetitions, and it is

convenient to consider the path [ = () as “empty”. For a path | = (ig,1,...,%m),
define I* = (im,tm-1,---,%0). A union of paths l1 = (ig,...,ik—1,1k) and lo =
(ik, i1 - - -, 1¢) is defined to be the path I3 Uls = (ig, ..., %k—1, 0k, tkt1,---,0t). 1O
any path I = (ig,41,...,%m), we make correspond the product II; = p;, ...p;,, in

the algebra, to the “empty” path, we set II; = e.

By Gy,4, we will denote a Coxeter graph, which is a tree having two edges
of type 4 and the rest of edges are of type 3. We index the vertices in such a way
that the edges 70,1, Ym—1,m are of type 4 and the vertices 1, m — 1 are connected
with the path (1,2,...,m —1),

It is natural to split the graph into three parts,

namely, any two different vertices in each part are connected with a path consisting
of type 3 edges.

Denote by [ the path (m,m — 1,...,1,0), and by P the set of all paths
I = (io,%1,...,0) such that II; is a normal word that does not have II;, ; as a
subword. For normal words, Groebner bases, the composition lemma, we refer to,
e.g., [10]. For the algebra T'Lg g4 1, normal words are precisely the words that do
not contain, as subwords, the leading words of the defining relations (0.2) of the
algebra T'Lg,g, 1, see [6]. That is, a normal word should not contain, as subwords,
the following words:

P, i€ V;
piDj, Dibi, if vij € R;
(pip)*07, (pjp)*p]. if vij € Rs, s=2k+0 >3, 0 €{0,1}.
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It is clear that the set P consists of two parts containing paths [ € P without
and with repetitions, denoted by S and L', respectively. The set £’, in its turn,
can be slitted into two more parts containing the the paths [ that do or do not
have II; as a subword of II;, and are denoted by £ and Lo, respectively. We set

P=SUL.
Proposition 1.1.

1) For each path 1 € L there exists a unique vertex j € {1,...,m — 1} and a
unique collection of paths without repetitions,

ls = (i0,%1,---,7),
le="(,j—1,...,0),
I =@j+1,...,m),
such that | =1, U Ul and I* U le = I. The identity
w(l)=1sUl,

defines an injective mapping w : L — S.
2) There are naturally defined bijective mappings ¥, : V. — S and @, : Vi, — L.
We also have w(p«(j)) = ¥« (j) for any j € Viy.

For any

I = (igyi1,-..,0) € P\{¥.(0)},
define a truncation operation, 7, of the path [ by

n(l) = (i1,...,0).
For a *-representation 7 of the algebra T'Lg, , 4,1, denote P; = m(p;), i € V.

Definition 1.2. A *-representation 7 of the algebra T'Lg, ,,4,1 Will be called proper
if none of the following relations is satisfied:

PyPy =0, (1.1)
P 1Py =0, (1.2)
PPyP, — 191 P, =0, (1.3)
PP Pt — Top—1.mPr—1 = 0. (1.4)

If some of relations (1.1)—(1.4) are satisfied, this would mean that the *-repre-
sentation 7w is a lift of a certain x-representation of the algebra obtained by
taking the quotient with respect to an ideal generated by a corresponding rela-
tion. All such quotient algebras are finite-dimensional, and their *-representations
were studied before, see [9], [7]. Thus, a complete description of all irreducible
x-representations of the algebra T'Lg, , 4,1 require a description of all irreducible
proper x-representations.

For each v € Xg, , 4, we will construct an irreducible proper *-representation
7y, where ¥g, , ¢ is a subset of the interval (0,1). An exact definition of this set
will be given later. Let us note that, in general, this set could be empty. This means
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that the algebra T'Lg, , 4,1 does not have proper *-representations. On the other
hand, for any Coxeter graph G4 4 there is g such that g, , 4 contains an entire
interval [7]. It will be shown that *-representations m,, and m,, are not unitarily
equivalent if v1 # v5. The fact that for every irreducible proper *-representation
7 there exists v € Xg, ,,4 such that 7 is unitarily equivalent to m, finishes the
description of all irreducible proper *-representations.

2. The set >, , 4, proper *-representations 7,, v € Xg,, 4

Let L be a linear complex space obtained as a set of all formal linear combinations
of paths taken from the set P.

For each v € (0,1), introduce a Hermitian sesquilinear form Bg, ,  on the

linear space L by defining it on the formal linear basis P to be

BE,, .11 = 1€P,
Bg, ,,g(in(l) = BG“ﬂ(??(l) 1)
\/Tij, le 75\{¢*(0)7¢*(m)a @*(m - 1)}u
= \/VTm—l,m, l= ¢*(m),

\/(1 - V)Tm—l,ma l= ‘P*(m - 1)a
Bt,, () =0, Il €P, li #la, i #n(la), la #n(l),

where the paths [ and n(l) start at ¢ and j, correspondingly.

Let X, 4,9 be the set of all v € (0,1) such that the sesquilinear form Bg, , .
is nonnegative definite. For v € g, , 4, denote by H, the Hilbert space obtained
by equipping the linear space L/L,, where L, = {z|B{, ,  (z,z) = 0}, with the
scalar product (y1 + Ly, y2+ L, ), = BE, .9 (y1,92). Let p, be the linear mapping

viL—H,:y—y+L,.

By the definition of the form Bg, .. any l € P does not belong to L,. Hence,

there is a bijection between the set pu(P)={l+L,|l € P} C H, and the set P,
where the former generates a linear space H,,, however, if the form is not positive
definite, the set p,(P) is not a set of linearly independent vectors. Set

"Q/JZ”Q/JVZPVOZ/J*ISHHV,
p=¢py=pyopsi: L—oH,.

For an arbitrary vertex ¢ € Vj,, define an operator P, ; to be the orthogonal
projection onto the linear span of the pair of vectors ¥ (i), p(i) € H,, and, for
an arbitrary vertex i € V\V,,, the operator P, ; is defined to be an orthogonal
projection onto the linear span of the vector (i) € H,.
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Proposition 2.1. For any x € 'H,, we have the formula

P {<x (@) ) (D) + (,0(0) )upli), i€ Vin,

(z,9(i) )urp(i), i € V\Vin.
Proof. Tt is sufficient to notice that ( P, ;x, (i) ), = (x,1(i) ), for any i € V, and
(Puait, p(i))o = (,9(i) ), for any i € Vi, O

Lemma 2.2. For each v € Xg, ,,4, the mapping
7y : TLg, 4,90 — B(Hy) :pi— P
is an irreducible proper x-representation.

Proof. For the sake of brevity, set ¢(i) = 0 for ¢ € V\V;,. Then, for any i € V,
x € 'H,, we have

Poax = (@,9(i) (i) + (2, 0(i) v (9).
Let us show that 7, is a x-representation.
It is clear that for any « € H,, P} ,x = P, x, since (¢(i), (i) ), = 0.
Now, if the vertices ¢ and j are not connected with an edge, then for any
vector = € H,,

$(7) ) (d) + (2, () ) e()))

Do ({(), () )uib(i) + (P (), (i) (i)
))w((0(5), (@) ) b(@) + (i), (i) Jvp(i)) = 0.

Let now the vertices ¢ and j be joined with a type 3 edge. Then we can

assume that ¥, (1) = (1. (j)). Moreover, we have that either i,j € V\V;,, then
o(i) = ¢(j) =0, or i j € Vi, implying that one of the following two identities is

verified: if j € {27 ...,m— 1} then . (j) = n(p«(7)), otherwise ¢. (i) = n(p«(j)).
Hence, for an arbitrary vector x € H,,, we have

Py jPuiPyjz =Py Pi((2,9(5) v () + (2, 0() )be(d))
:\/7—23 u](< ( )> (Z +<I,§O(j)> ())
=75 ({2, (7)) () + (2, 0() Jvep(4))
:TijP,,JJJ.

It remains to check the relations for the orthogonal projections corresponding
to the vertices joined with edges of type 4. For an arbitrary € H,, we have

Py,OPu,lpu,Ox = PII,OPV,1<'T? ¢(0) >,,’(/)(0)
= v70.1b0,0(,%(0) ), (1)
= 10,1(2,%(0) ),¥(0)

=T19,1P,07,
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Py Pom-1Pom® = Py Pym—1(z,9(m) )u1h(m)
= VTn—1,m (2, 9(m) ) P (Vi (m — 1) + V1 = vp(m — 1))
= Tm—-1,m {2, P (m) )u (v + (L = v))h(m)
= Tm—1,mP,m2.
This implies that

P,oP,1P,oP,1=1,1P, 0P 1,
P,1P,oP, 1P, o =10,1P, 1P 0,
Pz/,mPu,m—lpu,mPu,m—l = 7—m—l,mf)u,mpu,m—la
Pz/,m—lpu,mpu,m—lpu,m = Tm—l,mpu,m—lpu,m-

It is easy to see that x-representation 7, is proper.

Let us show that the constructed *-representation 7, is irreducible.

Assume that an operator A € B(H,) commutes with all P, ;, i € V. Then,
A(ImP, ;) C ImP, ;. Consequently, there exists a number A € C such that Ay (0) =
AY(0). Then A,/7019(1) = AP, 1%(0) = P,1A4%(0) = A/10.1%(1). In a similar
way, it is easy to show that if Ay (i) = \)(i) and the vertices j and i are joined
with an edge, then Ay(j) = Ap(y).

Let us show that Ap(m—1) = Ap(m—1). It was proved before that Ay (m) =
Atp(m). Then, on the one hand,

Pu,mflAw(m) = )‘Pu,mflw(m)
= M/ Tt mt(m — 1)+ /(1= )71 mip(m — 1)),

On the other hand, we have also shown that Ay (m —1) = A(m — 1) and, conse-
quently,

AP, 1(m) = A(\/VTm—1,m(m — 1) + \/(1 — V) Tm—1,m@(m — 1))

= ATt mtb(m = 1) /(1= )71 A(m — 1),

So, Ap(m — 1) = Ap(m — 1).

Now, for any vertices i, j € V;,,, which are connected with an edge, the identity
Ap(i) = Xp(i) implies that Ap(j) = Ap(j). Indeed, P, ;Ap(i) = AP, jo(i) =
AyTig (i) = AP, je(i) = \/Tij Ap(d).

Thus, A = Al and, consequently, the x-representation 7, is irreducible. [

Lemma 2.3. The x-representations m,, and m,,, v1,V2 € Xg,,.q, are unitarily
equivalent if and only if v1 = vs.

Proof. Let us consider the operator

_ v v v v v v v vt v,
W, =U§ Ul Ul 3 Ul oy U UY g, Ul = 7
\/T%J
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It is easy to see that if the vertices i, j € V;,, are joined with an edge, then

Uil (1 () + p2e(d)) = payp(i) + pae(i).
and, consequently,
Wop(0) = Ug Ui g Up 1 i Upr 1 - - Us 190(1)
= U&lUf,z e vl;L—l,mUrI:z,m—ﬂ/’(m —1)
=VvU; Uy Uy ytb(m)
=/v Us Utg ... U,';l,z)m,l(\/l/@/}(m — 1)+ V1 —vp(m—1))
= VU (V1) + V1 - vp(1))
= v1)(0).

Assume that the -representations m,, and m,, are unitarily equivalent, that
is, there exists a unitary operator

V:iH, — H,
such that V', (a) = m,,(a)V for any a € TLg, , 4,1- Then
Wo, Vb, (0) = VW, 9, (0) = 11V, (0),

so that V), (0) is an eigenvector of the operator W,, with an eigenvalue v;.
Consequently, this vector belongs to ImP,, o, so that there is a number 5 € C\ {0}
such that V1, (0) = Bv,,(0). But, in this case,

WI/2 Vl/}lll (O) = 5WV2 ¢V2 (O) = 5V2¢V2 (O) = 5V1 wl/z (0)7
whence we get that v = vs.
We have thus shown that if vy, 15 € Xg, , ¢ are different, the *-representations
m,, and m,, are not unitarily equivalent. ]

3. A description of all proper x-representations of the algebra
TLG4,4797J-

Let now 7 be some #-representation of the algebra T'Lg, , 4,1 on a Hilbert space H,
P; = 7w(pi), i € V. Denote w = II;, ;, W = m(w). Note that W = (x(II;))* = (II;),
where 7(Il;) = P, Pp—1 ... Py, thus W is a positive operator.

Proposition 3.1. Let 7 be an irreducible x-representation, PyPy # 0, and
Pyn_1Py, #0. Then W #£0.

Proof. Assume that W = 0. Since PyP; # 0, there exists ¢ such that Pyxg = x,
P1 P()I() 7& 0.

Consider the linear span H’ of a finite set of the vectors {7 (II;)z¢}iep. It is
easy to see that H’ is invariant with respect to m and, consequently, it coincides
with H.

It is clear that 7(Il;) = 0. Moreover, 7(Il;) = 0 for any I € P such that II,
contains II; as a subword. Let us show that P, P, 17(Il;)zo = 0 for any | € P.
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Indeed, P,,,—17(II;) # 0 only if the initial point of I coincides with the vertex m —1
or is joined to it with an edge, and II; does not contain II; as a subword. There
are three cases possible,

Dili=m-1,m-2,...,0),

2) l=(m-2,...,0),

3)l=0Um—-1,m-2,...,0),
where j is any vertex distinct from m — 2 and joined to the vertex m — 1 with
an edge of type 3. In the first two cases, P, Pp—17(Il;) = 7(II;) = 0, and in the
third one, Py, Py—17(Il;) = 7jm—17(Il;) = 0. Hence, Py, P 1H = {0} and this
contradicts to P, Pp,—1 # 0. (Il

Since we are interested in proper *-representations of the algebra T'Lg, , 4,1,
in the sequel we will consider only *-representations 7 such that W # 0.

Proposition 3.2. Let 7 be an irreducible x-representation of the algebra T'Lg, ,.g,1
such that W # 0. Then there exist £ € (0,1] and 0 # xg € H such that Poxg = o
and Wxg = Exg.

Proof. Consider the linear subspace L = ImW # {0} invariant with respect to
the operator W. If some = € H satisfies W2z = 0, then

0= (W?z,2)=(Wa,Wz) = [Wz]?,

that is, we have shown that Im W N ker W = {0}.

Denote by 7 the *-representation of the generated by an element w commu-
tative subalgebra of the algebra T'Lg, , 4,1 on the Hilbert space H = L, which is
defined by

Fw) =W =W|yg.

If 7 is irreducible, then dimH = 1 and W = & € C. Moreover, since W is a
nonzero positive operator with the norm being less or equal to one, we see that
€€ (0,1]. Take 0 # x¢ € H. Then Wazo = £xo, Poxo = 0.

Assume that 7 is reducible. Then there are nonzero subspaces ﬂl and 7:(2
of the space H that are invariant with respect to the action of # and such that
H=H,® Ho. SlnceW;AO thereex1st07&$€H10Land07ﬁy€HgﬂL

Let Ho be the closure of the linear span of the vectors {m(II;)x};cnr, where
N is a set of paths [ = (ig, i1, ..., 0) such that II; is a normal word. It is clear that
Hy is invariant with respect to m and, hence, H = Hy. Then, for any [ € N,

(yr(M)a) = Y A ly, w(ly)z),
I'eNy

where Ny = {l € N | iy = 0}.
For any I’ € Np, the monomial II;; can be written in one of the following
forms:

Do, Popipo, w",n €N
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To show that (y, w(Ily )2 ) = 0, it is sufficient to prove that 7 (Il;/ )z € H,. It is clear

that Poox =« € Hl, Wnx e H1 Now, Py P Pox = 19,17 € Hl, since x € Im W.
Hence, (y,7(Il})x) = 0, that is, y € Hy = 7'[l and, consequently, y = 0,

which contradicts to y # 0. O

Fix 9 € H and & € (0, 1], which exist by the previous proposition. Every-
where in the sequel, we consider ||zo| = 1. Denote

_g(HTi_lyi)_l >0, (31)
=1

and introduce

= {\/Ti,j7 Yij F Ym—1,ms
’ VVTm—1,m, Yij = Ym—1,m-
For a path | = (ip,141,...,i), let us introduce
P, if k=0,
W= PoPin  PuFia Pi,k’lpik, otherwise.
iQ,i1 Tiyig Tip_1i

Proposition 3.3. The following identity holds:

i+ uit0 = X0-

m 2 m 1
Proof. We have W, .x¢ = (Hi:l Tl{fl)i) Waxg = (I/HZ-:I Ti_u) Erg = 1.
O

Proposition 3.4. The linear span H' of the vectors {VVlch}leﬁ is tnvariant with
respect to an irreducible x-representation .

Proof. For any [ such that II; is a normal word, W coincides with m(II;) up to a
numeric coefficient. Let us show that, for any a € T'Lg, ,,4,1 and any lg € P, the
following identities are verified:

m(a)Wi,xo = Z A (I))xg = Z N Wixg = Z/\l Wiz = Z/\l”VVla:o,
leN leN leP leP

where A is a set of paths [ that end in the vertex 0 and such that II; is a normal
word. To prove the identity before the last one, it will suffice to note that any
I € N can be represented as

I=ru@*ulbu---u(*ul), k>0,
N k times
where I’ € P. To prove the last identity, we note that, for I € Ly,
Wizo = WiWo,1,00Wis jito = Wi Wi 20 = Wi o,
where I’ € S. O

Corollary 3.5. If m is an irreducible x-representation of the algebra T'Lg, 4,1,
then H = "H' and dimH < |V| + |Vin|.
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Proposition 3.6.
1) Foranyl € S,
(Wizo, Wizg ) =1
2) For anyl € L,
(Wizo, Wyyzo ) =1,
(Wizo, Wizg ) = vl

Proof. 1) It is clear that (Wy_(o)zo, Wy, (0yZo) = (20,70 ) = 1. Now,

P1P0 P1Po PP, PP,
(W, 1)zo, Wy, (1)To =< o>=< : Wi. ”3307330>
¥ (1) ¥ (1) 7_0 . TO . T(/Ll 7—6,1 I*ul
<P0P1 P1P0 POPIW >
- ’ : U L05 L0
TO 1 7'6)1 n(l*ul)
Py P
= < y 1 n(l*ul $0,$0> = <W[*Ul”.1‘0,xo> =1,

(W, myTo, Wy, (myZo ) = (Wll”lefcw =(W;

l*Ui$O7x0 > =1

Let I € S\{¥+(0), ¢¥«(1),¢.(m)}, and j, 7/ be the initial points of the paths [
and (1), correspondingly. Assuming that ( W, ;yzo, Wy,qyzo ) = 1 has been proved,
we have

<W15L'0, Wixg > = < 1:—]{}%], Wn(l)ﬂfo, ‘I:—J/PJ, Wn(l)l'o >
33" 33"
= (Wawzo, Wyayzo) = 1.

2) Let | =1, UlUIl € L, w(l) = I, Ul,, see Proposition 1.1. Then

(Wizo, Weyzo ) = (Wi, WiW;zo, W, Wi, 20 )
= (Wpxo, Wy Wi z0)
= <W[5L‘07W[5L'0> =1

Now, consider | = ¢, (m — 1). Then 5(l) = [ and

Pn_1Pn P 1Py
<W1I07W1Io>=< , ' " Wizo, ! WI0>
m—1,m m—1,m
Pum—l Pm—lpm Pum—l
= . . W .- W-
< Tvlnfl,m 7—1/71717171 7—1/71717171 n(l)x()’ ZIO>
1 Pum—l
= g Wi

=v Y Wixo, Wizo ) =v .
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Let now I € L\{w.(m — 1)}, and j, 5/ be initial points of the paths [ and (1),
correspondingly. Assuming that (W, zo, W)z ) = v~! we have

P; Py P; P;
(Wizg, Wiz ) :< 2 T Wawo, Wn(l)$0> = (Wyayzo, Wywmo ) = v
3.3’ J»3’'
This finishes the proof. O

Let us recall that 7 is an irreducible *-representation of the algebra T'Lg, , ¢, 1,
and the number v is given by the formula (3.1).

Proposition 3.7. The parameter v belongs to the interval (0,1]. Here, if v = 1,
then melpmpmfl = Tmeumfl and dim 'H < |V|

Proof. It follows from (3.1) that v > 0.

Consider [ € £ and calculate the norm of (W; — W )0,

(Wi = We@)zoll* = (Wizo — We,qyzo, Wizo — Wogyzo) =v~ ' =12 0.
Hence, v < 1.

If v = 1, then (W) — W,,;y)x0 = 0, that is, Wixg = W, )@o. This shows that
the linear span of {W;x¢}ies coincides with the linear span of {Wixo},.p and,
consequently, dim H < |V, see Proposition 3.4.

Let us show that in this case, Pp,—1 Py Pr—1 — Tm—1,mPm—1 = 0.

Indeed, P,,—1W; # 0 only if the initial point of [ € S coincides with the
vertex m — 1 or is joined to it with an edge. There are four cases to consider,

Di=¢Y(m—-1)=(m-1,m—-2,...,0),
2) l=v.(m—-2)=(m—-2,...,0),
3) l=1=1t.(m)=(mm—1,m—2,...,0),
Hil=uv.(j)=0G,m—-1,m—-2,...,0),
where j is any vertex, distinct from m — 2, joined to the vertex m — 1 with an edge
of type 3. For the first case, we get

(Prn-1Pn Pt — T 1,m P 1)Wizo = Tm—1,m(Wo, (m—1) — We. (m—1))Z0 = 0.
For the second case,
(Pr—1PmPm-1 — Tm—1,mPm—1)Wixo =
Tm—1,mTom—2.m—1(We, (m=1) = Wy, (m-1))%0 = 0.
In the third case,
(Pr-1PrmPr1 — T 1,mPr—1)Wizg =

1
melpm(melpm - Tmem)Ww*(m—l)xO =0.

m—1m

For the fourth case,

(Pm—lpmpm—l - 7-m—l,mf)m—l)VleO =
/

Tm_lyj(Pm—lmem—l - 7-m—l,mP)m—l)VVw* (m—1)T0 = 0.
Hence, we have shown that (P,—1PpPrn—1 — Tm—1,mPm—1)H = {0}. O
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Corollary 3.8. If w is a proper x-representation, then v € (0,1).
Definition 3.9. For any [ € P, define
Wizo, les,
n= {m (Wi~ Wo)a. 1L
Recall that H' denotes the linear span of the vectors {Wizo}, 5.
Proposition 3.10. The linear span of the vectors {yi},.p coincides with H'.

Proposition 3.11. The following identities are satisfied:

1. for any 1,I' € P such that their initial points do not coincide and are not
joined with an edge,

(yi,y0) = 0;
2. (a) foranyle P,
(yy) =1
(b) foranyle L,
(Y, %00y ) = 0;

3. (a) foranyl e 75\{¢*(0)},

\/V\/Tmfl,mu l :w*(m)v
<yl7y7](l)> = \/]-_V\/Tmflmfm l :(P*(m_]')V
Vi’ otherwise,
where j and j' are initial points of | and n(l), correspondingly;
(b) for any L € L\{pu(m— 1)},
<y7](l)a Yo (1) > =0, <yla Yo (n() > =0.
Proof. 1. In this case, the proof is clear.

2. Let 1 € S. Then (y;,y;) = (Wizo, Wizg ) = 1. Now, for any [ € L,

14
(yu) = 1 V<Wz$o - Wowyzo, Wixg — Wy )

- 1zy(y—1—2+1):1.

Hence, (a) is proved for [ € P. Let us now prove (b) for I € L,

(UL Yoy ) = \/1 z V<Wll‘o — Womywo, Wu@yzo) = 0.
3. Let I € S\{1.(0)}, and 7, 7/ be initial points of the paths I and 7(l), respectively.
Then
(Yt ymy ) = (PiWizo, Py Wygyzo ) = (Wizo, Py Py Wygyxo )
= TJ’»)jl(WZxo, Wixg ) = TJ{J/.

Before proving (a) for I € £, let us prove (b).
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Let | € L\{p«(m — 1)}, and j, j/ be initial points of the paths | and (1),
respectively. Then

12
L V(Wzﬂ:o = Y ()s Yu(n(1)) )
12

L (( Wizo, Yoo(nw) ) — Tijf)

y P, P,
- << PyPy- T W %0, Yuoiny) > - TJ",J")
7.3"

v
\/1 —v (< Wn(l)(EOa Yw(n(1)) > — 1) =0;

v

1—

< Y, Yo (n(1)) > =

(Un()> Yot1) ) <Wn DT0 — Y (n(1))s Yo(l) )

v

1 ( n(1)T05 Yw l)> Jj/>

14
1 (P Py WyayTo, Yoy ) )

T] J’ \/1 _ (< Wizo, Yuw (1) ) — > 0.

Now we prove (a) for [ € L.
Consider [ = @, (m —1). Then n(l) = 1.(m) =1, n(I) = w(l) = P.(m — 1),

J
J
V
y
-
-l

and

v v
(Y ;) = \/1 L Wiwo = yowy ) = \/1 _V<<WZI07WI0> T lm)
Py_1P, P_1Py,
Tr—tm \/ ! (< , ' " Wixo, ") ! Wiz > - 1)
' 1-v Tm—1,m Tm—1,m

1—-v \/
/
= 1— m—1,m-
7-m—l,m\/ v ( V)T 1,

Let I € L\{p«(m — 1)}, and 7, 7/ be initial points of the paths I and n(l),
correspondingly. Then

12
(Y ymwy ) = \/1 B V(Z/z, Wi o = Yun)) )

v

= _ V<Wll‘o — Yu()s WnyTo )

14
1_ V<Wz$o = Yoy, Bj Py Wyayxo )
’ 14

= Tii g _ V<Wlx0 — Y(), Wio ) = 7} jr- 0
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This implies the following.

Lemma 3.12. If 7 is a proper irreducible x-representation, then v € Xg, , 4. More-

over, the unitary operator V. : H, — H : p,(I) — y, | € P, defines a unitary
equivalence between the x-representations m, and .

Proof. It is clear that for any [,1’ € P, we have Bg, , o "y = (y;,yr ). Hence, V
is a unitary operator and the form Bg, ., g(-, -) is nonnegative definite.
The operator V intertwines the s-representations 7, and 7. Indeed, for any
j € Vi, and any [ € P,
VPuyjpu(l) = (pu(1),9(1) ) V(3) + (pu (), (5) ) V(d)
= (pu(1),%(4) >vyw*(j) + (pu(1),(j) >V3/<p*(j)’
BiVpu (1) = Piye = (4o Y. ) W) + (U0 Yo () VWi ()
For any i € V\V;, and any [ € P, we similarly have

VEByipu(l) = (pu (1), 9(@) )y Vb (i) = (o (1), 9(2) )v . i),
PiVpu(l) = Piyr = (Yus Yo (i) )Y (i) - O
This proves the following theorem.

Theorem 3.13. There is a one-to-one correspondence between the set g, , 4 and
the set of classes of unitarily equivalent irreducible proper x-representations of the
algebra T'Lg, 44,1 -

4. A description of all irreducible *-representations of the algebra
TLg,, 1 generated by three projections

As an example, we consider the case where the graph G4 4 consists of precisely
three vertices and two edges of type 4, that is, V = {0,1,2}, R = Ry = {701,712},
goi(z) = mz, gra(x) = mx, 7, € (0,1), j € {1,2}. It is clear that V;,, = {1} and,
consequently, the dimension of proper #-representations does not exceed 4.

4 A

0 1 2

Theorem 4.1. All irreducible *-representations of TLg, , ¢,1, up to unitary equiv-
alence, are as follows:

a) four improper one-dimensional x-representations,
Py=0, P=0, P,=0;
Ph=1, P =0, P,=0;
Po=0, P=1 P, =0;
Pob=0, P=0, P=1;
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b) two improper two-dimensional *-representations,
1 0 T1 \/Tl(l—Tl) 0 0
Py = P = Py = ;
0 (0 0)’ ! (\/71(1—71) 1—m 27 \o o)’
00 T V72(l —72) 10
Py = P = Py = ;
0 (0 0)’ ! (\/72(1—72) 1-7 )72 \0 0)°

in the case where 1 + 7o = 1, there is a third two-dimensional improper
*-representation,

_(1 0 _ T1 V/T1T2 (0 0Y)
PO_(O 0>7P1_(\/7172 o >7P2_(o 1)’

¢) one improper three-dimensional *-representation, if 71 + 1o < 1,

1 00 I \JeTr JTiT2
Po = 0 0 O s P1 = \/CTl & \/CTQ s P2 =
0 0 0 \/T1T2 \/CTQ T2

o OO
o OO
= o O

where c =1— 1 — Ty;
one proper three-dimensional *-representation m,,, if 71 + 72 > 1,

1 00 1 r(c,m1)  r(T1,72) 000
Py=10 0 0),P=| r(e,n) c —r(c,m2) |, P=(0 0 0],
0 0 O r(m,m) —r(c,m) T 0 0 1

where ¢ =2 — 11 — 1o, T(x,y) = \/(1 —z)(1—y),

2 1 1
oo " (r1,72) _ ( _ 1) ( B 1) =
1T 71 T2

d) a family of four-dimensional proper x-representations m,(-), where v € (0,1),
ifr+m<l,andve 0,w), ifn+m>1,

1 0 0 0 00 0 O
00 0 0 00 0 O
Po=10 00 0| |00 0 of
00 00 0 0 0 1
T1 \/CTl 0 \/VTng
Jern e+ ”(1—CV)722 _ \/d(l;”)’”2 b\{/ucrz
P = 0 \/d(lfl/)l/‘l'z d \/d(l*IJ)TQ )
- c c Ve
VVTIT2 W\/DCT2 \/d(i/_cum T2

whereb=1—1 —To, c=b+ (1 —v)m, d=b+ (1 —v)1170.
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Proof. With respect to the formal linear basis

75 = {¢(0) = (O)v ’lﬂ(l) = (170)5 1/’(2) = (25 170)5 4,0(1) = (1725 170)}7

the matrix of the sesquilinear form Bf g will be

1 VT 0 0

V/T1 1 VT2 0
0 v 1 V(I —v)m
0 0 VI-v)n 1

For the form to be positive definite, it is necessary and sufficient that
1—7m7 >0,
l—Tl—T2+(1—I/)T2 > 0,
l—-m—m+{1—v)nm >0.
It is clear that the first inequality holds, since 71 € (0, 1). Moreover, if 71 +72 <
1, then the second and the third inequalities hold for any v € (0,1). Hence, if the
condition 71 + 7 < 1 is satisfied, then ¥g,, 4 = (0,1) and dimH, = 4 for any
v e (0,1).
Let now 7 + 7 > 1. It is clear that
1—7n >].—T1—T2-|—(].—I/)T2 > 1—T1—T2+(].—V)T1T2.

Now, the third inequality can be rewritten as

1 1
1/<< —1) ( —1> = 1.
T1 T2
This shows that (0,19) C Xg, ,,¢, and dim’H,, = 4 for any v € (0, vp).
It is also clear that 1 — 71 — o + (1 — V)72 < 0 for v > vy. If v = vy, we get
1-— T > 0,
l—m—7m+ (1 —vy)m2 >0,
1—n —T2-|—(].—I/0)T1T2 =0.
Hence, ¥g, ,,¢ = (0,] and dimH,,, = 3.

Let v € ¥g, ,,4 be such that dimH, = 4. Then, using the system of vectors
¥(0),9(2),9(1), (1) we get an orthonormal basis yo, y3,y1, y2 such that

¥(0) = yo,
P(1) = /Tiyo + Veyr + VT3,

o) ==V Vv

¢(2) = Y3,
whereb=1—-1 —m,c=b+ (1 —v)ro, d=b+ (1 — V)7 70.
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It is clear that P, o and P, o are orthogonal projections onto the subspaces
generated by the vectors yog and ys, correspondingly. Let us calculate P, ; on the
basis vectors by the formula P, 1y; = (vi, (1) )9 (1) + (yi, ©(1) )p(1),

P, 1yo = Tiyo + Venyr + JrTniTeys,
v(l — )72 Tor/d(1 — v)v by/vT:
R N NV (S Y
c c Ve
mo\/d(1 — v)v d V(1 —v)m
c

+ + ,
Y1 Cy2 \/C Ys

b d(1 —
P, 1ys = /vTimayo + \(/VCT2?J1 + \/ (\/c I/)szQ + vT2Y3.

P,y = \/Cﬁyo + (C +

P,y

Similar calculations give the tree-dimensional proper *-representation for
mn+71>1, v=u.
By writing all irreducible *-representations for the quotient algebras
TLGy 49,1 /{P1POP1 — T1D1 ),
TLgy 9,0 /{P1p2p1 — T1P1)

and

TLg, ,.g,1/(PoP1,P1P0, P12, P2P1 ),
we obtain all improper *-representations of T'Lg, ,,q,1 |
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Abstract. In the introduction we give a short historical survey on the theory of
correlation functions of intrinsically stationary random fields. We then prove
the existence of generalized correlation functions for intrinsically stationary
fields on R? as well as an integral representation for these functions. At the
end of the paper we show that intrinsically stationary fields are related to
unitary operators in Pontryagin spaces in a similar way as stationary fields
are related to unitary operators in Hilbert spaces.
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1. Introduction

Let (92, A, P) be a probability space and denote by La(£2, A, P) the corresponding
complex Hilbert space. Let further G be a commutative topological group, we will
write the group operation as addition. A second-order (complex) random field Z
on G is a mapping

Z: G La(Q, A, P).

If Ly(£2, A, P) is replaced by the real Hilbert space L5(€, A, P) generated by real-
valued square integrable functions then Z is said to be a second-order real random
field. In both cases, (-, -) will denote the inner product in the corresponding Hilbert
space:

(X7Y):/QX~YdP:IE(X-Y).
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Here the symbol E stands for expectation. We will also use the notation || - || for
the Hilbert space norm:

IX1 = V/(X, X).
If G = R then the term random field is usually replaced by random process. A
second-order field Z is called continuous if
Jim [ Z(2) = Z(a0)| = 0

holds for all g € G. The field Z is said to be second-order stationary, or simply
stationary', if E (Z(x)) does not depend on z and E (Z(x) - Z(y) ) is a function of
T —y:

(Z(x), Z(y)) =Clz—y) x,yeq.
We call C' the correlation function of Z. Correlation functions are positive definite
in the sense that the matrix

(Clxi —=;));,

ij=1
is nonnegative definite for an arbitrary choice of n and x4, ..., 2z, € G. Indeed,
2
n n n
> Clai —zj)cic; = Y (Z(wi), Z(x;))eic; = || > Z(xj)e;|| >0
ij=1 ij=1 j=1

for all ¢; € C.

The so-called correlation theory of stationary processes started with A.IL
Khintchin’s paper [9]. Using Bochner’s theorem [2] on the integral representa-
tion of positive definite functions he proved that a continuous real-valued function

C on G = R is the correlation function of a continuous real stationary process on
R if and only if

Ct) = /OO cos(tz)dpu(x), teR

— o0
where y is a finite, nonnegative measure. Replacing here cos(tx) by e we obtain
the general form of correlation functions in the complex case.
Closely related results were obtained by J. von Neumann and I.J. Schoen-
berg [19] during the second half of the 1930’s. They called a continuous mapping
[+ R+ H, where H is a real Hilbert space, a screw function of H if the distance

of f(t) and f(s) depends on t — s only:
If(t) = f(s)| = F(t—s), t,seR.

Since the space H is real this condition is equivalent to the independence of r of
the inner product

(fE+7r) = f(r), f(s+7) = f(r)).

1n the literature the term homogeneous field is used as well.
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Neumann and Schoenberg proved that the class of screw functions F' is identical
with the class of functions whose squares are of the form

 sin? tx
Po= [ )
0 T

where p is a nonnegative measure on [0, 00) such that

1 e
1
/ 1du(z) < oo, / , du(z) < oo.
0 1z

We remark that by well-known results?, for an arbitrary mapping f : G — H
where H is a real (complex) Hilbert space there exists a second-order real (complex,
respectively) field Z on G such that Z(t) is gaussian, E (Z(¢t)) = 0 and

(), f(s) = (Z2(1), Z(5)), t,s€d.

Using this probabilistic setting, von Neumann and Schoenberg obtained results
about, as we now call them, processes with stationary increments. However, in
[19], von Neumann and Schoenberg did not mention any relation to processes.
This class of processes is the invention of A.N. Kolmogorov. In the papers [10] and
[11], he considered the following problem. For each t € R let L; be an operator in
a complex Hilbert space H such that

(1) L5+t = LsLt (t, s € R),
(ii) Lih = ay + Uh (b € H) where U, is a unitary operator and a; € H;
(iii) lims |Lih — Lsh|| =0 (s € R, h e H).

Fix hg € H and define f: R — H by
f(t) = Lihy, teR.
If a; = 0 (t € R) then
(f(t), f(s)) = (Ut-sho, ho)

so that this special case corresponds to stationary processes. In the general case f
has stationary increments in the sense that the function B defined by

B(t,s)=(f(t+7r)— f(r),f(s+71)—f(r), t,s,reR

does not depend on r. Kolmogorov proved, among others?, that B admits an
integral representation

B(t,s) = /OO (e'® — 1) (e — 1) du(x) + cts

— 00
2See, e.g., Chapter II, §3 in the book [4] of J.L. Doob.
3For example he treats the special case
Blt,s) =c- |t +s|" —[t—s]], 0<e 0<y<2.

Note that the case v = 1 corresponds to the Wiener process.
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where ¢ € C and p is a nonnegative measure such that

/ 22 dp(r) < oo, 1dp(z) < co.

|z]<1 || >1

Motivated by problems posed by Kolmogorov?, M.G. Krein ([12], [13]) obtained
solutions of the extrapolation problem for stationary processes and for processes
with stationary increments from a finite time interval®.

The general theory of processes with stationary increments of order n was
developed independently by A.M. Yaglom and M.S. Pinsker who published the
first results in the joint paper [24]. Denote by Ay the backward difference operator
defined by

Auf(s) = f(s) — f(s—1), steR
where f is an arbitrary function on R with values in a Hilbert space. For each
nonnegative integer n we then have

n
. In .
ar1(s) =17 (1) s = .
— J
7=0
A second-order process Z on R is said to have stationary increments of order n if
the following expectations do not depend on s:

EA}Z(s) = c™(t), EAPZ(s+1t) AR Z(s) = D" (t;ty,t2).

Yaglom and Pinsker showed that for continuous processes there exist ¢ € C and a
finite nonnegative measure on R such that

(1) = et”

and

oo . . 1 2n
D(n)(t;thtz) _ / L (efltlw _ l)n . (eltzw _ 1)77, . +2‘: du(m)
o T

Moreover, it can be shown that Z admits a spectral representation

Z(t) — /_1 eitw 1l —ftw— e — ((I;W_)nl_)' dY(w) (11)

+/ ™ AY (w) + Xo 4+ Xqt + -+ + X"
|z[>1

Here the X;’s are random variables and Y is a random orthogonal measure with
some additional properties. We refer to Section 24.3 of Yaglom’s book [23] for more
details. K. Itd [8] and I.M. Gelfand [6] obtained analogous representations for the
so-called generalized processes with stationary increments of order n.

The theory of (ordinary) processes with stationary increments of order n was
further developed and applied to geostatistical problems by G. Matheron, see, e.g.,

4In [13] Krein notes a letter of Kolmogorov to him.
5Sections 11 and 12 of the (unfortunately) unpublished manuscript M.G. Krein-H. Langer [16]
contains a survey of results about the extrapolation problem.
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[17]6. To formulate some of Matherons definitions denote by M; = M;(G) the
set of all finitely supported complex measures on G. Each element ;1 of My can

be written as .
p=Y e
i=1

where ¢; € C and ¢, denotes the one-point or Dirac measure concentrated at x.
We define the measure i by
n
=Y,
i=1

and the convolution p * g by
pegt) = [t —a)du() = Y eiglt - m), teG
i=1

where ¢ is an arbitrary function on G with values in a Hilbert space. If v =
Z;’;l d;d,, € My, then

n* vV = ZZcidjéeryj.

i=1 j=1
Matheron called a second-order real (complex) process Z on R an intrinsic random

function of order k or a k-IRF, if the process t — p* Z(t) is stationary for all real
(complex, respectively) measures p € M¢(R) such that

/acld,u(ac)zo, 1=0,...,k7

Since AF*1z!l =0 (0 <1 < k), a k-IRF has stationary increments of order k + 1.
On the other hand, the spectral representation (1.1) can be used to show that
every continuous process with stationary increments of order k 4+ 1 is a k-IRF.
To formulate a more general definition of Matheron, let F(G) denote the set of
all complex-valued functions on G. For an arbitrary translation invariant linear
subspace F' C F(G) we write

F*r={ueM;:puxf=0foral fcF}.

A second-order field Z on G is called F'-stationary if the field pu x Z is stationary
for all € F*+. Matheron notes that the most important case is when F is finite
dimensional. In this case we will say that Z is intrinsically stationary. We empha-
size that this definition is only essentially but not exactly the same as Matherons.
Moreover, he considered only the case G = R,

6At present, technical reports and manuscripts of G. Matheron are available for free in PDF
file format from the home page of the library of the Center of Geostatistics, Fontainebleau. An
overview of geostatistical applications can be found in the book [3] by J.-P. Chiles and P. Delfiner.
"We remark that Matheron gave also another version of this definition in which a k-IRF is not
defined on R but on a certain set of measures. However, we will not use this version in the present

paper.
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In the case of an IRF-k on R the subspace F' is the set of all polynomials
of degree at most k. In general, a finite-dimensional translation invariant linear
space of continuous functions on R is spanned by exponential polynomials, i.e., by
functions of the form = +— p(z)e® where ¢ € C and p is a polynomial (see Section
5.4 in [21]).

A complex-valued function K on G is called a generalized correlation of an F-
stationary field Z if

(*Z(x),v*Z(y)) =p*vxK@—y)

holds for all j, v € F*L. Note that this equation implies that K is conditionally
positive definite in the sense that the inequality

o [L * K(O) = Z K(.Z‘j — a:i)cicj Z 0 (12)

holds for all = >"" | ¢;d, € F*L. Matheron proved the existence of the general-
ized correlation function for continuous k-IRF’s on R? and for continuous intrinsic
stationary fields on R and gave integral representations (see [17] and [18]).

In the present paper we prove the existence of intrinsic correlation functions
for continuous intrinsically stationary fields on R%. Actually, the method of proof
can be extended to arbitrary locally compact abelian groups with a denumerable
basis of the topology but we will not consider this general setting here. We will
give an integral representation for these functions which shows that they have a
finite number of negative squares.

Recall that a hermitian function f on G is said to have k negative squares,
where k is a nonnegative integer, if f(—z) = f(x) (x € G), and the hermitian
matrix

A= (f(z; - xi))zj‘:l

has at most k negative eigenvalues (counted with their multiplicities) for any choice
of n and z1,...,x, € G, and for some choice of n and z1, ..., x, the matrix A has
exactly k negative eigenvalues. We denote by Py (G) the set of all functions on G
with k negative squares while P¢(G) denotes the set of continuous functions f €
Py (G). It turns out that functions f € P, (G), where G is an arbitrary commutative
group, are definitizable in the following sense: There exists a finite-dimensional
translation invariant linear space F' of functions on G such that p* fi* f is positive
definite whenever 1 € F*1 (see Section 5.5 in [21]). This fact shows an obvious
analogy to intrinsically stationary fields, which we will explain more detailed in
the second part of the paper.

Functions with a finite number of negative squares are the invention of M.G.
Krein. In [14] he proved the definitizability of real-valued functions in P;(Z), where
Z denotes the set of integers, and Py (R) and gave integral representations for these
functions. The definitizablitity of functions in Py (Z) has been proved by Iohvidov
[7]. In [15] Krein proved that for every function f € P¢(R) there exists a polynomial
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Q of degree k such that the inequality®

/_Z /_Z He =y <_i ddy> h(y) Q (—i ddx) h(z)dydz >0

holds for every infinitely differentiable function A with compact support. Using
this, he obtained the integral representation

=0+ [ o0y

where p is a hermitian solution of the differential equation

a(-ig)e(-ig )=  (en-am)

Qo is a polynomial that obtains by deleting the non-real zeros of @, S is a reg-
ularizing correction compensating for the real zeros of @), and u is a nonnegative

measure satisfying
/ h ! du(t) < oo
oo (L)

where m denotes the degree of QQp. The definitizability of a function f € Px(G)
where G is an arbitrary commutative group has first been proved in [20]. Chapters
5 and 6 of [21] contain an introduction to the theory of functions with negative
squares and of definitizable functions. More historical remarks on these functions
can be found in the Notes to Chapter 6.

du(t) (1.3)

2. Definition and some basic properties

In this section G' denotes an arbitrary commutative Hausdorff topological group.
We will use the notations M; = M(G), F = F(G) and F** introduced in the
previous section but we repeat the basic definitions for the sake of clarity.

Definition 2.1. Let I’ be a translation invariant linear subspace of F. A second-
order random field Z on G is said to be F'-stationary if the field p* Z is stationary
whenever p € F*+. If F is finite dimensional then any F-stationary field is called
intrinsically stationary.”

Assume that Z is F-stationary and for an arbitrary u € F*L denote by Cu
the correlation function of p x Z. We then have

(vrpxZ(x),vepuxZ(y) =v*svxCule —y) (2.1)
for all v € My, =,y € G. In particular,
(uxZ(x),px Z(y)) = Culz —y), peF. (2.2)

8This inequality is the integral version of (1.2).
91t would be possible to distinguish between weak and strong intrinsically stationarity as in the
case of stationary fields but strong stationarity plays no role in the present paper.
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From (2.1) we conclude that

vk Cy=p*ixC,, p,veF*t (2.3)
Equation (2.3) plays a key role in Section 4 where for continuous intrinsically
stationary fields on R? we prove the existence of a complex-valued function K on
G such that

Cu=p*jixK, pe Frt,

This motivates the following definition.
Definition 2.2. Let Z be an F-stationary random field on G. A complex-valued
function K on G is called a generalized correlation of Z if it is hermitian, i.e.,
K(—z) = K(z), and

(n*Z(@),v*Z(y) =pxv* K —y)
holds for all y,v € F** and z,y € G.

The generalized correlation function is not unique in general. Indeed, if K is
a generalized correlation of Z then so is the function L = K + P for an arbitrary
function P satisfying
wxvx P =0 (2.4)
for all pu,v € F*%. Conversely, if L and K are generalized correlation functions of
Z then P := L — K satisfies the equation (2.4).

Recall that a non-zero complex-valued function v on G is called multiplicative
if y(z +y) = v(z)y(y) holds for all z,y € G. Note that for a multiplicative
function v and for a measure p € M/ the equation p * v = 0 holds if and only
if [y(—z)dp(z) = 0. Continuous multiplicative functions on R? have the form
v(z) = e*°) with some ¢ € C? where (-,-) denotes the Euclidean inner product.

The next theorem follows immediately from Theorem 5.4.10 in [21].

Theorem 2.3. For every intrinsically stationary field Z there exist positive integers
ki, ..., kn and multiplicative functions y1,...,vn on G such that pxZ is stationary
for all measures p of the form

B= [ Kk gy K K fp] Ko K gk, (2.5)
where pi; € My and pi;xv; =0 for j=1,...  k;; i=1,...,n.
The set of all measures of the form (2.5) will be denoted by
My, ka5 vm, K.
If all functions «y; are continuous then
Mec(yis ks 5vm, k)

denotes the set of all measures of the form (2.5) such that all factors p;; are
compactly supported finite Borel measures.
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Definition 2.4. A second-order field Z on G is called stationarizable!® if there exist
positive integers k1, ..., k, and multiplicative functions ~1,...,7, on G such that
w7 is stationary for all measures

e Myp(v, ki, k).
We denote by
Sy ke k)

the set of stationarizable fields Z on G for which p * Z is stationary whenever
€ Msp(v1, k155 Yn, kn). The set of continuous fields in S(v1,k1;...;Vn, kn) 1S
denoted by S¢(v1,k1;...;9n, kn). We say that a field Z € S(y1, k1;...;Vn, kn) has
a singularity of order k; at ~y; if

Z ¢ S, ks vk — 100 v, k).

Here we omit the term «;,k; — 1 if k; —1 = 0 and agree that S() consists of all
stationary fields. When dealing with G = R? and identifying the multiplicative
function €'(+?) with z € C% we will also write

S(z1, k1. s 2n, k) or Myg(zi, ks 20, k)
and speak of singularity at z; € ce.

Lemma 2.5. If the functions ~y; are continuous then
My = Me(yi, ki 59m, kn)

is a dense subset of
M. = Mc(v1, k155 Yns kn)
with respect to the weak topology.

Proof. Let p € M., p # 0. Since p is the convolution product of finitely many
compactly supported measures 5, its support, which we denote by K, is compact.
By continuity, the functions v; are bounded on K. In view of Proposition 3.5 in [1],
there exist nets {vf;} in My converging weakly to p;;. Let 9 € K be arbitrary.
Since

lién vii * v;(xo) = lién/vj(aco —x) duf‘j(ac) = pij *vj(x0) =0

the nets

a_

piy = vig = g *73(20) - ds
converge weakly to ;5 for all 7, j. Moreover, ug; + v; = 0. By Corollary 3.4 in [1],
the convolution product of these measures converges to . (]

10Note that the terminology stationarizable has been used by W.A. Gardner [5] in a different
sense. In spite of this fact, we suggest this terminology because of its analogy with that of
definitizable functions (see Chapter 6 in [21]).
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Corollary 2.6. If Z € S°(v1,k1;...;Vn, kn) where the ;s are continuous then p*Z
is stationary for all

ue M, = Mc('Vla kq;... s Yns kn)
Moreover, the analogue of (2.3) holds:
v xCy=pxp*xCy,, p,ve M. (2.6)

3. Auxiliary results

We will need some technical results on the Fourier transform
i) = [0 dua), ye R
Rd

of compactly supported complex (Borel) measures p. The first lemma is a special
case of Lemma 6.4.3 in [21].

Lemma 3.1. For every y € R? and every neighborhood V' of y there exist a com-
pactly supported complex measure p such that

) =0 and @) >, v ¢V

Proof. Let ¢ be a continuous positive definite function such that 0 < ¢ <1, ¢(0) =
1 and supp(y) C V —y and denote by v the probability measure satisfying & = (.
Choose a compact set K C R? such that v(K) > 2 and put

1
7T um) K

where v denotes the restriction of v to the set K. We have

. 1
sup |p(z) —6(2)| < v ol <
zER

and hence |6(z)| <} for all z ¢ V — y. Setting
du(t) := @Y d(6) — o)(t)
we have fi(z) =1 —6(z — y). Thus, pu(y) =0 and
. R 1
(@) 21 —lo(@—y)l = ,, 2 ¢ V. 0

Lemma 3.2. Let yy,...,ym € R? be mutually different, ki, ..., kn be positive inte-
gers and V' be an open set containing {yi,...,ym}. Then there exist a measure

1€ Me(yi ks Yms k)
and a positive number § such that

i(e)| = 6, w¢ V.
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Proof. By (3.1) there exists a compactly supported complex measure p; such that
f1;(y;) = 0 and |fi;(z)| >} for © ¢ V. The measure p = pk s ook pke has the
desired properties with § = 2~ k1t +km) O

Lemma 3.3. Let y1,...,ym € R? be mutually different and ki, ..., k., be positive
integers. For each x € R? and for each j = 1,...,m there exist a neighborhood
V =V; of yj, a measure

= o € Myp(yr ks ym, k)
and § = 0y, > 0 such that the inequality

)| =6 [(z,y —y)|¥, yeV
holds.

Proof. Without loss of generality assume that j = 1. Let yo € R? be such that
(yo,yi —y1) # 0 for all ¢ = 2,...,n and choose a neighborhood W =W, of y; so
that

l(z,y =)l <7, yeW. (3.1)
Setting iy := 6o — €' (*¥1)4, and p; := 6y — € @o¥)§, (i > 1) we have fi;(y;) = 0
foralli=1,...,m and fi;(y1) # 0 if ¢ > 1. Using the inequality

2

1 —cost > —rm<t<m7

72’
and (3.1) we obtain

1

@) = |1 =) = 2. (1= cos (@, — )]

2
> W-I(wyy—yl)ly yew.

Now it is not hard to see that the measure p = u’fl % - % pFm has the desired
properties. (|

Lemma 3.4. Let z1,. .., z, € CI\R? be mutually different and ky, . . ., k,, be positive
integers. Then there exist a measure

7 GMf(Zl,kl;...;ZnJ{n)

such that
li(z)] > 1, zeR%

Proof. Since z; ¢ R? we can choose x; € R? so that |el(®i2)| > 2. We write
pj = 8o — e(@i2)§, . Then p; * (%) = 0 and

i (z)| = |1 _ei(mjyzj)e—i(fﬁjvf” >1, xeR?

and hence the measure y = ,u’fl % - -+ pfn has the desired properties. (]



462 7. Sasvari

Lemma 3.5. Let yy,...,ym € R? be mutually different and 1y, ... 1, be positive
integers. A nonnegative Radon measure o on R? satisfies the condition

| latwldoty) < o (32

for all p € Mc(y1,l1;. .. Ym, lm) if and only if

R4\ V) < 00 (3.3)
for every open set V' containing {y1,...,ym} and
L
lAHy—dedw<aa (3.4)

for each j and every relative compact neighborhood V; of y;.

Proof. Assume that (3.2) holds. The validity of (3.3) follows immediately from
(3.2). By Lemma 3.3, the function y ~— |(z,y—y;)|¥ is for each x € R? p-integrable
in a certain neighborhood of y;. Let {e1,...,eq} be an orthonormal basis of RY.
Then the function
d
v Y ewy =yl = lly — w7
k=1

is p-integrable in a neighborhood of y;. Relation (3.4) follows now from the fact
that all [,-norms on R are equivalent.

Suppose that (3.3) and (3.4) hold and let € Mc(y1,01;- -5 Ym, lm). Since
ft is bounded it suffices to show its integrability in a neighborhood of y; (j =
1,...,m). This follows from the fact that the inequality

[o(y)| < D - |ly — vjll2

where D is a suitable constant, holds in a neighborhood of y; for any compactly
supported measure v such that ©(y;) = 0 (note that © is continuously differen-
tiable). 0

Lemma 3.6. Let y1,...,y, € R? be mutually different and 1y, ..., 1, be positive
integers. Choose mutually disjoint bounded neighborhoods V; of the y;’s and com-
pactly supported continuous functions d; : R? — R such that dj(y) =1 onV; and
dj =0 on Vi, k# j. Then the function

= Zei(m7y'j) : Qj(xay)7 T,y € Rd

j=1

where

- xy y;)]!
Qj(w,y Z !
1=0
has the following properties:
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(i) P is continuous and for each x the functiony — P(x,y) has compact support.
(ii) For each y and j the function x — Q;(z,y) is a Hermitian polynomial of
degree at most 1;.
(iii) There exist a constant M such that

1Y) — P(a,y)| < M- |(z,y —y;)[PH, yeVy, xR
Proof. Properties (i) and (ii) are trivial while (iii) follows from the fact that

P(z,y) = Tk]‘ (i(x,y),i(x,yj)), y e ‘/J

where
b1
Tk(Z, Zo) = e Z I ' (Z - ZO)Z
1=0
denotes the Taylor polynomial of order k£ at the point zy of the function z +—
e*, ze€C. O

4. Existence of generalized correlations

In this section we prove the existence of generalized correlation functions for sta-
tionarizable fields on R? as well as an integral representation for these functions.
The proof goes along the same lines as the proof of the integral representation for
definitizable functions (cf. Theorem 6.4.7 in [21]).

Theorem 4.1. Any random field Z € S(y1, k1. .. Yn, kn) on R? has a generalized
correlation.

Proof. Without loss of generality assume that y; is a singularity of Z of order k;.
We enumerate the singularities y; in such a way that y; € R7if 1 < j <m, y; € C¢
if m < j <n and write

M = Mc(y1, k15 Yns kn).

By Corollary 2.6, the field p * Z is stationary for an arbitrary p € M. Let C), be
the correlation function of p *x Z and denote by 7, its spectral measure, i.e.,

Cu(x) :/ el®y) dr,(y), z€R%
R4
From equation (2.6) we conclude that

o(y)I* dru(y) = |ay)* d7o(y), p,v € M. (4.1)
By Lemmas 3.2 and 3.4, the family

Op:={yeR": i(y) #0}, peM
is an open covering of R% \ {y1,...,ym}. On each set O, we define the Borel
measure o, by
1

Wu¥) = )

5 d7u(y).
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In view of (4.1), the measures o, satisfy the compatibility condition of Theorem
1.18 in [1]. Consequently, there exists a (nonnegative) Borel measure o on R? \
{y1,...,ym} such that the restriction of ¢ to O, is equal to o,,. We extend o to a
measure on R by setting o({y;}) =0 (j = 1,...,m). It follows from the definition
of 0, that

L iwrarw = [ laraom = [ 1w <o @2

Op
for all p e M.

Let now P be the function from Lemma 3.6 with [; = 2k; — 1. Define the
function K by

K(z) = /Rd @Y — Pz, y)do(y), = eR™

That the integral exists follows from (4.2), from Lemma 3.5 with [; = 2k; and
from the properties of P.
We now show that
Co=pxp*xK, peMyspy,ki;s...;Yn, kn)
By Theorem 5.4.10 in [21], p* fi * P(-,y) = 0, y € R%. Using this we obtain
peive Kia) = [ 0 Ja)P doty) = [ e dn ) = Cuta)
completing the proof. O

Theorem 4.2. Let Z € S(y1,k1;-..;Yn, kn) be a random field where y; € R? if
j<m andy; € CT\R? if j > m. Then

K(z) = /]R ) @Y _ P(x,y)do(y), =eR? (4.3)

is a generalized correlation function of Z, where:

(1) P is the function from Lemma 3.6 with l; = 2k; —1;
ii) o is a certain nonnegative Borel measure on R? such that
(it) o({y;}) =0 (i =1,...,m);
(iv) o(RY\ V) < oo for every open set V containing {y1, ..., Ym};
) Each y; has a neighborhood V; such that

2k
/ ly — w3112 do(y) < co.
Vj

The measure o is the only Borel measure on R? satisfying (4.3) and having the
properties (1ii)—(v).
If

| =l doty) = o (14)

i

for every neighborhood of y; then Z has a singularity of order k; at vy;.
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Proof. The integral representation (4.3) and the properties (i)—(iii) have already
been established in the proof of Theorem 4.1. Properties (iv) and (v) follow from
(4.2) and Lemma 3.5.

Let 1 be a Borel measure on R satisfying (iii)—(v) and such that

/ e!@¥) — P(z,y) do(y) :/ @Y — P(z,y)dv(y), «eR%
R R4

By the same argument as at the end of the proof of Theorem 4.1 we conclude that

L iR as) = [ 6 R av)
R4

Rd
for all p € My = My¢(y1, k15 .. Ym, km). Thus,
(y)* do(y) = |a(y)* dv(y), ne My. (4.5)

Since My is dense in M, = My (y1,k1;...; Ym, km) we see that the above equation
holds for all 1 € M.. Applying Lemma 3.2 and (iii) we see that v = o.

To prove the last statement assume that (4.4) holds for some ¢ but the order
of the singularity at y; is less than k;, i.e.,

Z € Sy k-3 v ki — Lo 5 Ym, Ym)-

Then, by what we have already proved, we obtain another integral representation
of K of the form (4.3) with some measure v and with k; — 1 instead of k;. Hence,

k;—
/O ly - el 252 du(y) < oo

for some neighborhood O; of y; and therefore o # p. The function P correspond-
ing to this representation still satisfies p * fi x P(-,y) = 0 for all p € My and
hence equation (4.5) holds. We conclude again that o and g must be equal. This
contradiction completes the proof. (I

Remark 4.3. Tt follows from Theorem 5.4.10 in [21] that u* 7 % P(-,t) = 0, t € R?
if v e My = My(y1,ki;...;Yn, kn). Using this, from (4.3) we see that

pk i K (3 — ) = /R 0 ) 5(e) o) (4.6)

holds for all p, v € Mj.

Theorem 4.4. For every function K of the form (4.3) there exists a random field
Z € S°(y1,k1;- -3 Ym, km) such that K is a generalized correlation function of Z.

Proof. Without loss of generality we may assume that the order of singularity at y;
is equal to k;, i.e., relation (4.4) holds. Let ¢ be a nonnegative, continuous, bounded
function on R such that q(y) = ||y — yj||§j for all y in some neighborhood of y;
and ¢(y) > 9 holds for some § > 0 and for all y not contained in the union of these
neighborhoods. We define the nonnegative measure o, by do,(y) = ¢(y)* do(y).
In view of (4.2.v), this measure is finite. Multiplying ¢ with a suitable constant we
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may assume that o, is a probability measure. Consider now the probability space
(R4, B(R?), 0,,) and define Y () by
: 1
Y (x) = [®) — P(x,)] - , TeER?
q()
where - indicates the variable w € Q = R? and P is the function from Lemma 3.5

with [; = k; — 1. By the properties of P and o, the random variable Y (z) is square
integrable with respect to o4. It is easy to check that

pxY(x) =p)Y(2), peM=M;y ki ..;ym km).
Using this and (4.6) we obtain that

(n#Y(2),v+Y(y)) = /Qﬂ(w)Y(x)ﬁ(W)Y(y) dog(w)

= /Qei(wfy’“)/l(w)l?(w) do(w) =pu*v* K(z —y)

holds for all u,v € M. As we mentioned in the introduction there exists a second-
order random field Z on R such that Z(x) is gaussian, E (Z(x)) = 0 and

(Y(2),Y(y) = (Z(2), Z(y)), ,y€R?
completing the proof. O

Remark 4.5. Using the notations of the preceding proof but setting

. 1
Y (z) = @) , zER?
q(-)
we obtain a random variable which is not necessarily square integrable. However,
1Y is square integrable for each p € M and the equation

(Y (@),v+Y(y)=pxv+xK@-y), preM

still holds. If in the definition of a stationarizable field we drop the condition that
Z be of second-order and only require that p* Z is of second order for all u € M,
we obtain a wider class of random fields. Several results, e.g., the existence of the
generalized correlation, could then be proved in the same way.

Theorem 4.6. Let Z be as in Theorem 4.2. There exist ordinary continuous corre-
lation functions C,, (n =1,2,...) and exponential polynomials

Qn(z) = Zei(z’yj) “Pjn(z), zeR?
j=1
where Pj,, is a hermitian polynomial with deg (P;,) < 2k; — 1, such that

K(x) = nhig) Cn(z) + Qn(z), x€R?

is a generalized correlation function for Z and the convergence is uniform on
compact sets.
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Proof. Choose an arbitrary compact subset F of R Let K be as in (4.2) and for
each n let O,, C R? be a union of disjoint open balls with centers at the y;’s, the
radii tending to zero as n tends to infinity. We also assume that the open balls
with center y; are contained in the set V; of Lemma 3.6. In view of (iii) of Lemma
3.6, there exists a constant My such that

i(z k;j
) — Pla,y)l < Mp- ly =y, g€V, z€F. (47)

Using that the restriction of o to R?\ O,, is a finite measure we obtain
K@) = [ e = Pa.g)day
Rd

:/O el@y) _ P(z,y)do(y)

w[ oy [ Play)doty)
RO, RAOn

Inequality (4.7) shows that the first integral on the right, as a function of z, tends
to zero uniformly on compact sets. The second integral on the right is an ordinary
correlation function while the third one is, by the definition of P, a hermitian
polynomial of degree at most 2k; — 1. O

Corollary 4.7. Continuous generalized correlation functions on R¢ have a finite
number of negative squares.

Proof. Let C,, and Q,, be as in Corollary 4.6. Since deg (P;,,) < 2k; — 1, it follows
immediately from Lemma 3.11 in [22] that there exists an integer k such that the
dimension of the linear space spanned by all translates of ), is less than or equal to
k for all n. Thus, @,, has at most k negative squares. Since C,, is positive definite,
we conclude that K = lim, (C,, + @, ) has at most k negative squares, as well. The
proof is finished by noting that any other generalized correlation function of the
given field can be obtained by adding an exponential polynomial to K. O

5. Connection to Pontryagin spaces

In this section G denotes an arbitrary abelian group and f € Py (G) is a function
with k negative squares. We will construct intrinsically stationary fields having f as
generalized correlation. These fields will be obtained as projections of trajectories
of a unitary representation of G in a Pontryagin space. We refer to Appendices
A and B in [21] for basic facts on Pontryagin spaces and on unitary operators
in these spaces. Recall that a unitary representation (U,) of G in a mg-space IIj
is a mapping x + U, such that U, is a unitary operator in Iy and U,y, =
U.Uy (z,y € G).

The construction is now as follows. By Theorem 5.1.7 in [21], to the function
f there corresponds a mg-space I (f) with inner product (-,-) such that elements
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of II(f) are complex-valued functions on G and the linear span of all translates
of f is dense in II;(f). Moreover, setting

Uz9)(y) =gy — ), gellk(f), 2,y €G

we obtain a unitary representation of G satisfying

g(‘r):(guUwf); QGHk(f)v "EEG

In view of Theorem B.7 in [21], there exists a k-dimensional, non-positive, (U,)-
invariant subspace F' C Ix(f). Let H be the closed linear subspace of II(f)
generated by all functions of the form yu * f, u € F*+. By Theorem 5.5.1 in [21],
the function p * i x f is positive definite implying that H is nonnegative. Let
Hy = H N H* be the isotropic subspace of H. Both subspaces H and Hj are
(U, )-invariant and, by the definition of H,

prf=Y cUn,f€H (5.1)
J

holds whenever p = Zj cjlz; € F*L. Since H and Hy are (U,)-invariant, we
conclude that

Uz(w+Ho) =U_,w+ Hy, weH

defines a unitary representation (U,) of G in the Hilbert space H := H/Hy. Let
now P be a linear projection of Il onto H. For each x € G we define Y (z) € H
and Z(z) € H by

Y(z)=PU_.f, Z(z)=Y(x)+ Hp.

Choosing ;1 as above and using (5.1) and the fact that PU_,h = U_,h for all
h € H and = € G we obtain

wxY(x)= Z Y (x—x;) = Z ¢;PU_zis, f
j j
=PU Y ¢;Us,f=U_0)Y c;Usf.
j j

Therefore
p* Z(x) =Ugh,, x€G, peFt
where h, = Zj cjUs; f + Ho. This shows that Z can be identified with an intrinsi-

cally stationary field. If y =3, ¢;d,; and v =}, d;é,,; are two measures in Frt
then

(/~L * Z(l‘)ﬂ/ * Z(y)) = (Uwhm Uyhu) = (Z CjijfwﬁZdeyjfyf)

=Zcidjf(3:—y—a:¢—|—yj):u*ﬁ*f(x—y).
]

Thus, f is a generalized covariance for Z.
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Inverse Problem for Conservative
Curved Systems

Alexey Tikhonov

Abstract. Conservative curved systems over multiply connected domains are
introduced and relationships of such systems with related notions (functional
model, characteristic function, and transfer function) are studied. In contrast
to standard theory for the unit disk, characteristic functions and transfer
functions are essentially different objects. We study possibility to recover the
characteristic function for a given transfer function. As the result we ob-
tain the procedure to construct the functional model for a given conservative
curved system.
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0. Introduction

In order to present the main result of the paper, we need to start with some
background. On the whole, the well-developed and well-known theory of unitary
colligations [1, 2] and related topics [3, 4, 5] can be represented by the following
diagram (see details in the above-mentioned references).

Fis

Sys ~">Tm

A A

~7:snz ]:7715 ]:tc ]:ct (Dgr)
v

= Cfn

V cm
Mod <

me

The research for this article was supported by INTAS grant, project 05-1000008-7883.
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Here Sys is the class of all simple unitary colligations (or, in terminology of systems
theory, conservative controllable observable linear systems), that is, 20 € Sys iff

A = rn ceLHONMHDM), AA=1 AA* =T
M L
and T is c.n.u. contraction [1], where H, 9, 9 are separable Hilbert spaces.

Classes of transfer Tin and characteristic Cfn functions coincide with the Schur
class of analytic contractive-valued functions

S={0ec H®D,LOM): |0 <1}.

The class of functional models Mod is a class of all pairs IT = (7, 7_) of operators
7y € L(L*(T, M4 ), H) such that

(i) (rime) =1;
(i)y (727 )z = 2(7imy); (i) P-(r my)Py = 0;
(iii) Ranmy VRanm_ =H,
where 914, H are separable Hilbert spaces, P, is the orthoprojection onto the
Hardy space H2, and P_ =1 — P,.
The transformations Fis, Fem, Fet, Fte are defined by formulas
Y(2)=L+2zM(I—2T)"'N, @=n"n,, T=07,
where ©7(z) := O(2)*. The transformation 2 = Fj,, (II) is defined by formulas

fEC(IC@) ff::Z/lf—mr]\/J\f;

— — 1

M e L(Ke,N4) Mf = 5 /(Wj_f)(z) dz;
™ JT

N e L(M_,Ke) Nn := Por_n;

LeLMm_, M) L = (7" 7.)(0)",

where f € Ko := RanPg, Po := (I —myPy7’ ) (I —m_P_7*), n€ M_, and the
unitary operator U/ with absolutely continuous spectrum is uniquely determined
by conditions UmL = 7Lz.

The transformation II = F,,,5() can be obtained on the standard way of
constructing of unitary dilation for the unitary colligation 2 and mapping the
dilation space to functional spaces with the aid of Fourier representations [1].
Note that the isometries 7+ are adjoint to that Fourier representations.

The construction of the transformation II = F,,.(©) can be found in [1, 4]
(see the so-called Sz.-Nagy-Foiag’s transcription of functional model).

Remark 0.1. Note that colligations 2 and Fy,, Fpns(2() are unitarily equivalent.
This is a reason to regard unitary equivalent colligation as equal in this theory.
Similarly, models I1, Fy, s Fem (I1), and FppeFepm (IT) are unitarily equivalent and we
regard them as equal. With this remark the above diagram becomes a commutative
diagram.
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Remark 0.2. Note also that any Schur class function © can be represented in
the form of orthogonal sum © = ©, © ©, of pure operator-valued function ©,
and unitary constant ©,. The unitary constant O, coincides with unitary part
L, = LM, of the operator L from the corresponding unitary colligation, where
N, = {n € N:||Ln|| = ||n||}. Note that a unitary colligation 2 can be recovered
from the part L, and the operators T, M, N. The latter observation explains some
details of our further constructions.

Thus one may start from any vertex of the diagram and obtain all information
relating to other vertexes. A starting point depends on object area of a researcher.
For instance, one of approaches in mathematical physics is the study of an operator
by means of its functional model which is unitary equivalent to the initial one [6].
On the other hand, from point of view of systems theory it is interesting to study a
conservative system knowing only its transfer function and vice versa [3]. In turn,
some researches restrict themselves to study only the vertex Mod and this ap-
proach gives a nice opportunity to connect operator theory and function theory in
a very deep and fruitful manner [5]. In the latter case corresponding authors avoid
to use the word “model” and say about restricted shift. Thus the term “model”
can be interpreted as some enough simple operator acting in functional space.

At first sight the functional model is a universal tool to study any contraction
(and therefore any linear operator in Hilbert space), but on the very early stage
of development it was discovered and noticed that the functional model is efficient
and useful mainly for operators that are closed to unitary ones. For general op-
erators the functional model is not very informative. For instance, it is possible
to construct Sz.-Nagy-Foiag functional model for the operator of multiplication by
the independent variable in L?(0,1). Obviously this operator is a c.n.u. contrac-
tion, but its Sz.-Nagy-Foiag functional model brings almost nothing in regard to
its spectral analysis. The standard Spectral Theorem for self-adjoint operators is
a lot more informative and natural tool for this operator.

We are not so arrogant to suggest a model that pretends to study efficiently
every operator. Our intentions are:

1) to modify the definition of Mod with purpose of more convenient studying
operators with continuous spectrum on a curve;
2) to develop corresponding links and reveal changes for other vertexes and
arrows of the diagram (Dgr).
Thus our approach is model-centric and we will consider constructing of any trans-
formation from the vertex Mod as a direct problem and towards Mod as an inverse
one, respectively.

Let G4 be a finite-connected domain of the complex plane C bounded by a
rectifiable Carleson curve C, G_ = C\ clos G4 and co € G_. We shall consider
pairs Il = (74, 7_) of operators 74 € L(L*(C,M4), H) such that

(i) (mimy)z = z(mhime); (i) mhime >>0;
(i1 (1 m)z=2(nimy);  (i)s Po(xlm )Py =0 (Mod)
(iii) Ranmy VRann_ =M,
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where D4, H are separable Hilbert spaces; A >> 0 means that 3 ¢ > 0 such that
Vu (Au,u) > c(u,u); the (non-orthogonal) projections Py are uniquely deter-
mined by conditions Ran Py = E?(G4,My) and Ker P = E?*(Gx, M) (since
the curve C is a Carleson curve, the projections Py are bounded); the spaces
E?(G4,M) are Smirnov’s spaces [7] of vector-valued functions with values in
M. ; the operators 771 are adjoint to 7y if we regard 7y : L?(C,Z+) — H as op-
erators acting from weighted L? spaces with operator-valued weights 24 = 74y .
In this interpretation 7+ are isometries. For such pairs II = (74, 7_), we shall say
that IT is a free functional model and write II € Mod . A reader interested in moti-
vation of this definition of functional model can found corresponding explanations
and discussion in [8].

It can easily be shown (see, e.g., [8]) that there is an one-to-one correspon-
dence (up to unitary equivalence of models) between models IT € Mod and char-
acteristic functions © = (07,2, =) € Cfn from weighted Schur classes

SE = { (9+,E+757) : @+ EHOO(G+7E(‘.TI+,‘.TL)),
V(eC VneN, [[0F(Onll-¢ <lnll+c},
where 911 are separable Hilbert spaces and =, are operator-valued weights such
that 24,25 € L(C,L(M4)), E+(¢) >0, (€ O, ||n||+.c == (E«(On,n)/2, n e
M. Note that again (see Remark 0.1) we regard unitary equivalent models as
equal. The transformation © = F,,(II) is defined by the formula

(Ctn)

O =(rlny,mimy, 7w )€ Ss. (MtoC)

The construction of the inverse transformation IT = F,,.(0) can be found in [8].
We cannot give independent definition for extension of notion of conserva-

tive systems to this new context and have to make use of the above-introduced

functional model. First we define the transformation £ = Fyp, (IT). We put

i = fsm(H) = (fa M\aﬁ7 @uaé;’(:@7m+am—)

with R R .
TeL(Ko), Tf=Uf -7 Mf, fe€Ko;
— — 1
M e L(IKo, ML), Mf .= ./ﬂ'T z)dz;
Teclon),  Wf=,. [ s,
Ne LM _,Ke), Nn:=Pom_n, neMN_;
== (Mg, mEm_);

where Ko := RanPg, Po := (I — 7r+P+7rT+)(I — 7_P_xl); the normal opera-
tor U, which spectrum is absolutely continuous and lies on C', is uniquely deter-
mined by conditions U7y = w4 z. Since, in general, we cannot define the operator
L = (7* 7,)(0)*, we content ourselves with the “unitary part” ©,, of the charac-
teristic function (see Remark 0.2 and explanation of meaning of the unitary part
of weighted Schur class function in Section 1). In the sequel, we shall refer S as
the model system and the operator T as the (main) model operator.
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A coupling of operators and Hilbert spaces ¥ = (T, M, N, ©,,,Z; H,N, M)
is called a simple conservative curved system if there exists a functional model II
with 91 =, M_ = M, and an invertible operator X € L(H, Kg) such that

S = (T,M,N,0,,Z; HNM S = F,,(II), (Sys)

where we write X X Yo if

XTh =TX, M =MX, NiX=N;, O1,=0y,, =Z=E.
In our theory we shall regard similar systems 4 X Yo as equal.

Passing on to transfer functions, again at first we define the transformation
T = Fis(2),

T = (Y(2), Ou, Z) , where Y(z):=M(T —2)"'N. (StoT)
T is called the transfer function of a curved conservative system . Within func-
tional model the transformation F;. := Fis 0 Fem © Fme can be computed as
_ _ [ 01() -0t (2)7, zeGinp(T);
1) = FeNe) ={ 8 oo (CtoT)

where the operator-valued functions ©7 (z) are defined by the formulas
O, (z2)n:= (PO n)(z), 2€ Gy, neN_;
07(¢) = (Thm-)(Q) = E+(0) 'O (¢)"E-(¢). CeC.

Remark 0.3. Note that, in terminology of [9], the relationship (CtoT) means that
the transfer function T “corresponds to the function” ©T. It should also be noted
that the class of models considered by D. Yakubovich in [9] is a particular case
of our class Mod. In fact, he studied models with Z-inner (in our terminology)
function © for which 2, = I and Z_ = (61©7*)~1  though he did not introduce
the weights =1 explicitly. From the point of view of operators, this means that
the absolutely continuous spectral component of the main operator T is trivial.

Thus we arrive at the following diagram

fC

Mod < > Cfn
]:5771 ]:tc (Dgr)
v \
Sys P e Tfn

The main problem which arises here is to invert arrows Fi., Fis, and Fgp,. It is
sufficient to invert only the arrow Fi., that is, to recover characteristic function
for a given transfer function. We emphasize that, in contrast to standard theory,
now characteristic functions and transfer functions are essentially different objects
and therefore our main problem is to solve the equations (CtoT). Note also that
actually the projections Py are singular integral operators and one can regard
(CtoT) as a system of (non-linear) singular integral equations with unknown O+
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and given YT, =4 . The main result of the paper is the uniqueness of a solution of
the equations (CtoT), which is expressed in the following theorem.

Theorem A. If ©1,0, € Cin and Fi.(01) = Fie(02) € N(GLUG_, L(M_,Ny)),
then ©1 = 0O5.

Here N(GLUG_, L(M_,M,)) is the Nevanlinna class of operator-valued functions
that admit representation of the form Y(z) = 1/6(z) Q(z), where 6 € H>* (G4 U
G_)and Q € H*(GL UG_, L(M_,M,)).

Analyzing the proof of Theorem A, one can obtain a procedure of recover-
ing the characteristic function for a given transfer function. Then we are able to
construct functional model system for a given conservative curved system.

We also consider a problem how to determine whether a conservative curved
system 3 = (T, M, N, ©,,=; H, M, M) is similar to the system & = (Fa, 0 Fpne)(O)
for a given characteristic function ©. Here we extend results from [9] to our more
general context. In [9] D.Yakubovich calls this problem “to establish that two 2-
systems are dual with respect to the function © ”. Note that namely using that
procedure he obtained generalized Sz.-Nagy-Foiag functional model for generators
of systems with delay [9, 10]. We refer a reader to [9] for this and many other
interesting examples of conservative curved systems. In fact, we take a next step
in this direction. Combining all the above, it is possible to give intrinsic description
of simple conservative curved systems with known weights =, but not with known
whole characteristic function © = (07,2, =_) as it was assumed in [9].

It should also be noted that, in the case when the domain G is simply
connected and the weights =1 are scalar, i.e., Z4 = d1 I, the problem to describe
all conservative curved systems was studied in [11]. Therein it was established that
any simple conservative curved system is similar to a system of the form

(p(To), Mop+(To), ¥—(To)No) , where A= ( ]\7})0 JI\JTS >

is a simple unitary colligation, ¢ : D — G is a conformal map, ¥ = /¢'/(ns o
©), b=/ (n_o),and ni,ni" € H*®(G,) are scalar outer functions such
that [n+|? = 6+. The form of this representation give us justification and additional
reason to use the specifier curved conservative for our class of systems.

The latter result (with Z; = |¢/|I and E_ = ‘;,‘I) plays important role
in [12] where it was shown that any trace class perturbation of normal operator
with continuous spectrum lying on a smooth curve can be represented as a special
form of perturbation of conservative curved system. This allowed us to apply all
power of machinery of Sz.-Nagy-Foiag-Naboko’s functional model [13, 14] to solve
the problem of duality of spectral components [12].

The paper is organized as follows. In Section 1 we summarize (without proofs)
relevant material to categories Mod, Sys, Cfn, Tfn. We introduce morphisms (which
are determined by transformations <I>77X ) in these categories and show that F,.,
Fems Ftey Frs, and Fgpy, are covariant functors. We use the language of categories
and functors for short and because of its more systematic character (anyway we
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need some notation for our classes of objects and their transformations). Note
that by means of the functors F,.c, Fem, Ftes Fts, and Fg,, we can translate
relationships from some category into language of parallel category. For instance,
it is possible to give a complete description of the spectrum of a model operator T
in terms of its characteristic function. Another example is the existence of the one-
to-one correspondence between regular factorizations of a characteristic function
and invariant subspaces of the operator T [8]. The transformations <I>ff are useful
when we want to transfer an object to another object of more simple form, e.g., we
can pass to a circular domain or get rid of weights on some connected component
of the boundary. For simply connected domains, in such a way we can reduce our
problems to the case of the unit circle and Z4 = I (see, e.g., [11, 21]). Besides, in
this section we explain and clarify some subtle points of the theory.

In Section 2 our main results in regard to inverse problems (see the above
discussion) are stated and proved. We use notation and basic facts from Section 1
and some results from theory of operators over multiply connected domains and
related topological facts [15, 16, 17, 18, 19, 20].

The author is grateful to D. Yakubovich for interesting and useful information
and J. Ball for initial stimulating questions.

1. Categories and functors

In this Section we survey (without proofs) basic facts relating to the categories of
functional models Mod , characteristic functions Ctn, conservative curved systems
Sys, transfer functions Tfn, and corresponding functors.

1.1. Category Cfn

Objects of the category Cfn are defined by the condition (Cfn) from the Introduc-
tion
Ob(Cfn) := {O : © satisfies the condition (Cfn) },
ie, ©® = (6T, 2, ,Z_) € Ob(Cfn) are weighted Schur class functions. For short
we shall often use the notation © € Cfn.
To define morphisms in the category Cfn, we need to introduce an important
class of transformations

®y™ : Ob(Cfn) — Ob(Cfn),
which are defined by the formula
Oy = 7™(01) := (=1 (OF o™ )y, L (Erp 00 e, T (Er- 0@ o).
These transformations are parameterized by class CM,), where n = (¢,n4,7-) €

CM,, iff ¢ is a conformal mapping of the domain G4 onto Ga4 and ni,nf €

H>®(Goy, LML) . It is clear that
Cfn : Cin Cfn Cin n
(I)id - ldCfn ’ q)ﬂrsz °© (I)nm = <I)713207]21 ? ((I)gf )

where 732 0 921 1= (P32 0 Y21, M3+ * (N2 © P35 ), Ma— - (N2— 0 p35)) -
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We define morphisms in Cfn by the following rule. Let ©1,0, € Cfn. We
shall say that a triple me,0, = (01,02,7) is a morphism in the category Cfn if
Oy = <1>§fn(®1), n € CM,. In other words,

Mor (01, 02) := {me,e, : An € CM, Oy = @an(@l)}
The basic property of morphisms me, e,= me,o0,°me, e, casily follows from (®,)).

Remark 1.1. The above procedure is a pattern for definition of morphisms in
other our categories and in the sequel we shall restrict ourselves only to definition
of corresponding transformations ®,* : Ob(X) — Ob(X) and verification of their
basic property ®X o ®X = X where X € {Mod, Cfn, Sys, Tfn}.

732 721 73207217

In the Introduction we mentioned that any Schur class function can be de-
composed into the orthogonal sum of its pure and unitary parts. We have no
such a decomposition for an arbitrary weighted Schur class function, but using the
transformations @gf“ one can consider an analogue of it.

Let x+ be outer operator-valued functions such that x4 x+ = =4 . If the do-
main G is multiply connected, these functions can be many-valued and character
of their multivalence is completely determined by some unitary representation a of
the fundamental group of domain G 4. Recall [15, 19] that any such function can be
lift to the universal cover space D of the domain G and there is one-to-one corre-
spondence between many-valued functions on G and their character-automorphic
one-valued liftings on . Note that we shall use the specifier character-automorphic
for many-valued functions on G too.

A characteristic function © € Cfn is called Z-pure if the (possibly many-
valued character-automorphic) function ©F = X_G)*x;l satisfies the condition

V2EGLVReNL, n£0  ||0f(2)nllo_ <|nllo, -
© € Cfn is called a Z-unitary constant if @~ = (01)~! € H>®(G,,L(M_,N,)).

It can be shown that for any © € Cfn there exist n4, n3' € H*(G, L(M4))
such that the characteristic function fbgf“(@) can be represented in the form
PI™M(O) = (Of ® OF,Epr @ Zuy,Ep- @ Ey), where O, is E-pure and O, is
a ZE-unitary constant. If @S,fn(@) = (@;I ®e; =, ®E,,, B, @I, )is another
such representation with some 7., then the functions 1+ = ny'n’. admit the de-
compositions Y = ¢¥f @Y ML @NY — NL @NY. If we take into account the
latter remark, we see that pure-unitary decompositions for a characteristic func-
tion are consistent and therefore we can consider different characteristic functions

with equal Z-pure ( E-unitary) “parts”. In this sense we shall consider Z-unitary
part ©, of an arbitrary characteristic function ©.

1.2. Category Mod
Ob(Mod) := {II : II satisfies the condition (Mod) }

and we regard two models II;,IIs € Ob(Mod) as equal if there exists an unitary
operator U : H1 — Hs such that moyr = Umy4 .
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Transformations ®}°¢ are defined by the formula
H2 = @nMOd(Hl) = (7T1+C¢77+7 7T170¢777)7
where the operator C,, : L*(Cs, M) — L?(Cy,MN),

(Cof(NQ) = Ve (Of(@(C), ¢€Co, feL*CaM)

is unitary. It is easily checked that
Mod __ : Mod _ gMod Mod
(I)ido = idmod CI)VI:;Z °© ¢7]2(1) = cbnfizonzl : ((I)%/IOd)

1.3. Category Sys
Ob(Sys) :={X: X ~ s, Se Ran(Fsm) }

and we regard two systems 1,39 € Ob(Sys) as equal if 37 ~ ¥o. Hence any
conservative curved system ¥ € Sys is similar to S = Fsm/(II) for some IT € Mod
and Ob(Sys) is a quotient set with the similarity as relation of equivalence.

Note that the main operator T can be computed on the following way (see the
Introduction for the definitions of objects using below). Let D1 := Ran 7T+P+7TI_
and H, := Ran (I —7_P_7'). It is easily shown that

D+CH+CH and UD+CD+,UH+CH+.
Moreover,
VzeG. (U-2)"'DycDy, U—-2)"'"HyCH,.

This means that the operator U/ is a normal dilation of the operator T= PolU|Ke.
Straightforward computations lead to the formula T f=Uuf— mJTl\ f, where M :
Ko — L?(C,M,). Taking into account that Ker P, = E?(G_) and co € G_, we
get M : Ko — 914 and the explicit formula for M is

Mf = (xhuf)oo) = /C (! )(2) dz.

2mi
Using the dual model (see the ending of this Section) we can define N by
(Nn,g) = (n,]/\i\*g), g€ Ko, neMN_
and therefore Nn = Por_n, neMN_.

Remark 1.2. Note that it is possible to consider the functional model under more
weak assumption, when the projection Py is any projection (including the ortho-
projection) onto E?(Gy,M,). But casting away the property Ker Py = E?(G_,9.)
we lose the most part of computing power of our functional model. Note that we
intensively make use of these computing abilities, especially in expressions for the
resolvent of 7' in both the domains G4 and G_.
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Remark 1.3. Note that we have only H, = Kg+D, while in the case of the unit
disk and =4 = I we have H, = Ko & D,. Thus we can also consider the subspace
Ko=H+OD;. Let fo = PoU|Ky, where Py is the orthoprojection onto Ky. Recall
that in the unit disk case the inclusions YDy C Dy, UH, C Hy with some
unitary in H operator U provide an alternative characterization for the class of all
contractions in a Hilbert space [1, 4]. Therefore in our case the operator To is an
analogue of contraction. We claim that the operators T and fo are similar. This
fact follows from the observation that operators 75 and T3 are similar if they are
entries in the triangular representations of an operator T'

. T1 * o Tl *
T—( 0 T2> and T—( 0 T3)7
where H = H,+H> = H,+H; and the subspace H; is invariant under the opera-
tor T.

Transformations <I>§]ys are defined by the formula
N = BPY(8y) = (To, Ma, Na, Oy, n)
where

Ty =

(Tl)
Myf =— /\/90 ) 4 (@(Q) MM (Ty — )7 f]-(¢) dC

Nig=-, /%0 (©) INF(T — ) ] (¢) d,

oy = Ui(ili o M) ns
and it can be checked that

Sys __ . Sys Sys _ &Sys Sys
(I)id - ldSyS ’ (1)7732 cI)’f721 - (I)VI3207721 : (CI)TI )

1.4. Functors F.y Fincy Fsm

The corresponding transformations is already defined on Ob(Mod) and Ob(Ctn).
It just needs to note that F.,, is well defined, i.e., if models II; and II; are unitarily
equivalent, then F.,,(Il;) = Fep,, (I12). To verify that Fepm, Fine, Fsm are functors
we must show that they are consistent with compositions of morphisms. This easily
follows from (<I>77M"d)7 (@gf“) (<I>§7y5) and the identities Fg,, o <I>M°d <I>Cf“ o Fem,

Fme 0 ®JM = @Mod o - and Fiyy, 0 @Y = 055 0 Fy,, Wthh in turn can be
verified by straightforward computatlons (see albo [11] for the latter identity).

Remark 1.4. Note that it is possible to obtain (<I>Cf“) and (<I>§]ys) from (@i\]/“’d),

Fom 0 ®Mod = 350 0 F, - and Fop 0 @M = @Sys o Fom .

Remark 1.5. Actually, models (Fpnc0 ®5™)(0) and (©)°Y 0 7, ) () are unitarily
equivalent. Systems (Fgy, o @EI/IOd)(H) and (<I>§]ys 0 Fsm)(II) are similar. This is one
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of the reasons to use quotient spaces for Ob(Mod) and Ob(Sys). Another reason
is the following similarities from [8] : Fepn(Il1) » Fom(l2) ~ Fe (111 - Iy) and
Y1 (X2 23) ~ (31-X2) - X3. Note that the observation from Remark 1.3 explains
all the above similarities. For yet another reason see Remark 1.7.

1.5. Category Tin and functors F;., F;s
Again, coming back to the Introduction, we have

Ob(Tfn) := {Y : T € Ran(F;s) = Ran(F.) }.
We will not define transformations ®1™ explicitly and put
(7™ 0 Fie)(©) := (Fre 0 @5™)(0),  © €Cfn .

The transformations @Ef“ are well defined (at least for ¢’ € U,~1LP(C1)) since
one can show that F.(©1) = F(02) = ]-"tc(q)gf“(@l)) = ]-"tc(q)fff“(@g)) .
Similarly to Remark 1.4, it is easily checked that

Ttn __ Tfn Tfn __ 5Tfn Tfn
g = idrn , q)nrsz °© (I)nm - <I)713207]21 ’ ((I)fl )

Therefore the transformations F;. and F;s are functors.

The most simple case when we can present explicit formulaes for the trans-
formation ®I™ is boundedness of Y(z), z € G_ (recall that T(z) is bounded
whenever the boundary of G is a simple closed C?*¢ curve and the weights =+
are scalar and C'*¢-smooth [21]). The desired formula looks like

T2 (2) = (2, (T1)(2) = (P-[1+ ()" T1- (¢ H(O-(OD(2), ze€G-,
where Y1 (-)+(¢) are the angular boundary values (in strong operator convergence)
of T1(z) from the domains G . In the general case, Y(z) ¢ H>*(G_), but it be-
longs to the class of strong H2-functions (see, e.g., [5, 9]), that is, Vn € M_ Y(2)n €
E?(G_,M,). In this case we have to decompose the above transformation into com-
position of two transformations of the form F, ,(u)(2) := [P (n(¢)(uop™1)(¢))](2).
Taking into account that P_ is actually a singular integral operator, we see that
the transformation F;, , is defined for ¢’ € Up>1LP(C1) and u € Ng=1 L9(Cy,M).
So that

To(2) = A3 (),  A(Z)m = Fy~ (AT () m)-)(2),
AM(z)n=F -1 _((T1()n)-)(2), z€ Ga_ .

Recall that A~ (z) = A(2)*.

Remark 1.6. If n({) = 1, G_ is simply-connected, co € G4, and ¢ is normed at the
infinity, the transformation F;, , is the well-known Faber transformation [22, 23].

To calculate Yo(2) for z € Goi, we need some additional assumptions. It
suffices to admit existence of boundary values of operator-valued function ©7 (2)~*
a.e. on C7. In this case T2(z) is the analytic continuation of

T2(0())+ = T2(0(O) = + 13 (0(0) (T1()+ — T1(O)=)n-(¢(C)), (€ Cu

into the domain Goy .
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In terms of the transformations ®}™ one can define E-pure transfer func-
tions. Under the assumption p(7') N G4 # 0 we shall call a transfer function
T € Ob(Tfn) E-pure if Y € CM, Yn € M &I™(T)(2)n =0 = n = 0. This
definition agrees with the corresponding definition for characteristic functions and
therefore there exists a decomposition of transfer function T = T, ®0 in the same
sense as in Subsection 1.1.

1.6. Duality

In the language of categories and functors duality means existence of the transfor-
mation F.x : Ob(X) — Ob(X) such that F.xo®X = &) oF.x and F2y =idx,
where n_, = (@N,nf’l,n:’l). This transformation can be extended to mor-
phisms and therefore F.x is a contravariant functor in the category X. For
X € {Mod, Cfn, Sys, Tfn}, the following formulas define the corresponding func-
tors

0, = Fe(©) = (0T7,E.), Ex =271,
I, = Fan (1) : (f, mugv)py =< b frv >c, f€H, ve L2(C,Ng);
Y, =Fus(B) = (T*,N*, M*,0,,Z,);
T, =Fa(Y):=(T>,07.5,),
where < u,v >ci= 1 [, (u(2),v(2))mdz , ue L*(C,MN), v e L(C,N).
For Femy Fsm, Fic, the identities Foy Fyx = FyxF.x can easily be checked.

Remark 1.7. In fact, we have Fys(Fem (1)) ~ Fom(Fum (1)) and this is an addi-
tional reason to use a quotient space for systems.

2. Inverse problem

Our aim is to construct the functional model for a given conservative curved system
¥ =(T,M,N,=).

2.1. Uniqueness theorem

We divide the proof of the main uniqueness Theorem A into parts, which we

arrange as separate assertions. We start with following elementary lemma.

Lemma 2.1. Suppose L € L(Hi,Hs), L™' € L(Ha,Hy), and ||L|| < 1. Let
L =|L|U be the polar decomposition of L. Then |L| = (B*B), where

1
B=L"1'—L* and (z)= 2\/2+z—\/z2+4z

Besides, U*|Ran(I — |L|*) = B(|L|=* — |L|)~ | Ran(I — |L|?).

Proposition 2.2. Suppose © € Cfn and ©F(¢)~! possesses boundary values a.e.
on C. Then the operator-valued function A1 (C) := (I —O1(()O7(())Y? can be
expressed in terms of the transfer function Y(z).
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Proof. The identity ©~({)—07(()™* = T({)L—T(¢)_, ¢ € C easily follows from
(CtoT). Then, taking into account that ©~(¢) is adjoint to ©F(¢) : My ¢ — N_ ¢,
it remains to make use of the above Lemma. O

For © € Cfn, we introduce the Hilbert space
Hyr = L*(C,Z4) @ closATL*(C,Z_), (NF)

which is endowed with the inner product (fr,gx)r2(c,z,) + (fr,97)r2(c,=_)- Let
II = Fne(©) and 74 := ((AF)"L(xl —@ﬂri))f Then the pair (ﬂ'if, Tif) defines
a unitary operator Wy p : H — Hyp. The inverse operator can easily be calculated
Wﬁ};(fﬂ,fT) = myfr + 7 fr. It is clear that Wypld = 2Wxp. We define the
subspaces

Kenr :==WnrKo, Hnri =Konpr+(E*(G4,Ny) @ {0}).

The subspace Hyp4 is invariant under the operator of multiplication by the in-
dependent variable z. Therefore z|Hyp+ is a subnormal operator with the nor-
mal spectrum on the curve C. By [15], there exists a unique generalized Wold-
Kolmogorov decomposition of the space Hypi = HY'py & HR%, with respect
to the operator z. Note that HY'., = Wypr_E*(G4,M_). Now we are ready to
state and prove the following assertions.

Proposition 2.3. Suppose ©1,0, € Cfn; ©7(¢)71,05(¢)~! possesses boundary
values a.e. on C, and Fi(01) = F1.(©2). Then Kionr = Keonr.

Proof. Tt can easily be calculated

T zZ) ’]T]L z z o2l
(T—2)"'f = U—2)"Y(f—msn). n:{@ﬂ) Wl f)z) 2 e Gynp(T)

(7L £)(2) L zeG_ ’
where f € Kg. We will consider family of vectors
Tpe = (T —2)"'Nn, neMN_, z¢epT). (RK)
For model systems we have
N =R o @Jr(z)’ln o
Prz = (T—Z)ian: { Pors (== v 2 EG+ﬂp(T) .

Pom_ Cﬁz , ze€G_

In the space Konp this family looks like (see [21])
_ A+
G Q- =TEn g =ATOn

T, =
+/nz C_Z ’ +'nz C_Z

Since T1 = Fie(01) = Fie(©2) = T3, and using Proposition 2.2, we get
WiNFT1in: = WonpTon,. To complete the proof it remains to recall that
Ve pyine = Ke if Gy N p(T) # 0. The condition Gy N p(T) # 0 follows from
existence of inverse operators ©F (2)~! for some z € G ;. g
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Remark 2.1. Recall [8] that we call a curved conservative system ¥ simple if

p(T)NG4+#0  and ﬂ Ker M(T — z)~! = {0} .

z€p(T)

Note that if for a model system p(T) N G, # 0, then 3 is simple and this is
equivalent to the completeness V_ EP(T)TM =Keo.

Proposition 2.4. Let ©1 = (0] ,Z) and O3 = (05 ,Z). Let x+ be outer (possible
character-automorphic) operator-valued functions such that x% x+ = Z4 . Suppose
Kionr = Kaonr . Then there exists an unitary operator U € L(M_) such that
X-03x; =Ux-6fx3".

Proof. Since Wyp my = I, we have Winypmi4 = Wonpmay. On the other hand, on
account of the uniqueness of the generalized Wold-Kolmogorov decomposition of
the space Hypy = ’Cl@NF+(E2(G+a Ny) @ {0}) = ’C2®NF'5‘(E2(G+7 0.) @ {0}),
we get for the pure part HNFJr =Winrm_E?(G4,MN_) = Wonpme_ E?(G,M).
Let a be the unitary representation of the fundamental group of domain G, which
is associated with operator-valued function x_. Then we have

Winrmi-X_"E2(G+,M_) = Wonpmo_x_'E2(G4+, M),

where E2(G4,M_) = x_E?(G4,M_) is the subspace of character-automorphic
functions corresponding to the representation . In view that Winpme_x_', k =
1,2 are isometries, by the generalized Beurling theorem [15], there exists an unitary
operator U € L(M_) such that Winpmi—x_' = Wonpma_x_ U and therefore we
have

X3 X = xomf maxit = (mexTh) g
= (WonpWinem—Xx_' U™ ) Wy pWinpmie Xy
= U(m-x=")'maxy' =Ux-rl_mxy' =Ux-0{xy'. O
Proposition 2.5. Suppose ©1,0, € Cfn; ©7(¢)71,05(¢)~! possesses boundary
values a.e. on C, and Fie(01) = Fi1c(O2). Then 01 = O4.

Proof. First we note that
Fre(®37(01)) = €M (Fie(©1)) = 0™ (F1e(©2)) = Fre(@5,(02))

and, since we can take the parameter n such that @gf“(@l) = O1) ® Oy, with-
out loss of generality one can assume that the transfer function YT = F.(01) =
Fet(O2) is Z-pure.

By Propositions 2.3 and 2.4, we have y_©OF x+ = Ux_07f x+ We can
rewrite this identity in the form X_IUX, = 0765~ ! Hence x“'Uyx_ is one-
valued and therefore the operator U commutes with the W*-algebra W*(«) gen-
erated by the unitary representation a. By the theorem of Bungart [17], the ana-
lytic vector bundles corresponding to the operator-valued character-automorphic
function y_ is trivial with respect to the group of invertible operators G(«a) of
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the algebra W*(«). That means there exists a character-automorphic function
x(z) with values in G(«) such that this function trivializes the analytic vector
bundle. In particular, Uy = xU. It is also clear that n_ = yZ'x is one-valued
and n_,n"' € H®(G,,M_).

Let 7 = (2,1,17-), ©1, = & ™(01), and Oy, = ®™(03). Then (see
the beginning of this proof) the transfer function Y, = Fi(O1,) = Fic(O2y)
corresponds to both the characteristic functions ©1, and ©2,. We have

Uer, =Un='e7 =Ux 'x-0ixi'x+
=x (Ux-O X7 )x+ =x 'x-03x;:'x+ =n_'6F =03, .
Since Zi,— = Zgy— = x"x and Ux*x = x*xU , we get
0,U" =210l " xU* =21 (U6],)*X"x
= Ef@;n*x*x = @;,, .
Then, taking into account (CtoT), we have Ya,(2) = Y1, (2)U. Since To,(2) =

T1,(2), it follows that YT, (2)(U —I) = 0 and it remains to recall that Yo, is
=-pure. Hence U = I and therefore ©f = 05 . O

1n

Remark 2.2. In the above proof we made use of the fact of triviality of any ana-
lytic vector bundles over multiply connected domains [18, 17, 15]. Note that this
assertion is equivalent to similarity of the bundle shift z|E?(G4,0) to the triv-
ial shift z|E?(G4,M) [15] (see also the scalar case in [16]). Generally we prefer
to deal systematically with the trivial shift z|E?(Gy, M) only and hide possible
multiple-valuedness using the technique of operator-valued weights = as adequate
replacement of the traditional uniformization technique or analytic vector bundles.
Our axiomatics for category Mod is a typical example of this approach.

Note that it is possible to show that F.(©) € N(G+ UG_, L(N_,N;)) =
O € N(Gx, LM, Ny)) = (0N € NGy, LM_,N,)) and therefore
existence of boundary values of (©F)~! a.e. on C. Thus we arrive at the following
important theorem.

Theorem A. If ©1, O3 € Cn and Fe(01) = Fur(O2) € N(GLUG_, L(N_,MN,)),
then @1 = 92 .

2.2. Procedure of recovery

Analyzing the proof of Theorem A, we can obtain a recovery procedure of the char-
acteristic function ©@ = (01, =, Z_) for a given transfer function Y= (1 (2), 0, Z).
Below we present such a procedure, which is effective at least in the case when
dimMN; = dimMN_ < oo. We keep on the assumption that ©F(()~! possesses
boundary values a.e. on C.

Let a be the unitary representation of the fundamental group of domain G,
which is associated with operator-valued function x_ defined by the factoriza-
tion x* x_ = Z_ and E2(G.,M_) = x_E?(G,,M_). If the domain G has n
boundary components, there exists a scalar inner function ¥ on G4 with precisely
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n zeroes (see, e.g., [20, 24]). Define the unitary operator ¢ = 9(z) on the space
L?(C,M_) and the wandering subspace M, = E2(G4,N_) © IE2 (G4, M_), for
which we have

L*(C,Mm) QB Mo, EL(G,N QB s
k=—o0
Let My = E?(G4,MN_) © IE*(G,M_). Taking into account the vector rep-
resentation of scalar Hardy spaces for multiply connected domains [20], it can
easily be shown that dim9ly = n - dimM_. Since M, = (x*) Mo, we get
dim M, = n-dim MN_. Now we take an arbitrary unitary operator V,, € L(IM"™,9M,,)
and define a wave operator W, : L2(C,M_) — L*(T,N") by

Z Zvipg 97k f, fe L*(C,m),
k=—o0
where Poy,, is the orthoprojection onto 9, and Z is the operator of multiplication
by the independent variable in L?(T,N" ). The operator W, is unitary, for which
we have W, E2(G1,M_) = H>(D,N") and W9 = ZW,,.

In the same way as in the proofs of Proposition 2.3 and Proposition 2.4, we
have Hypy :]CQNF—F(EQ (G+, ‘It+)€B{O}) C Hyr, where Conp=V Ep(T)WNFT"Z
Consider the unitary operator ¥y = ¥(z), where z is the operator of multiplica-
tion by the independent variable in Hy . Since the subspace H g4 is invariant
under the unitary operator ¥y, the operator 9y p|Hy p+ is an isometry with the

wandering subspace 9 = Hyp+ © UnpHypy. For an arbitrary unitary operator
V e L(M™, M), define a wave operator W : Hxp — L?(T, ") by

+oo
Wf= S ZW 'Ppiyhf, feHnr,

k=—o0
where Py is the orthoprojection onto 1. The operator W* is an isometry with
Ran W* = Ran Wy pm_. Besides, we have

W*(H?(D,N")) = HR' 5, = Wypm_E* (G4, M_) = Wypr_x_'E2(G+, M)
and Wiy = ZW. Hence we see that
WXH?(D,M") = E2(Gy, M) = x_7! Wi pW*(H?*(D, "))
and [Wyx_m! WNFW*]Z Z[WQX_WT_W;QFW*]. By Beurling theorem, the uni-
tary operator Wax_ﬁLWN W™ is an operator of multiplication by unitary con-

stant, that is, there exists a unitary operator V,, : 7" — 9" such that
WNFﬂ'_X:I = W*V,,W,. Then we have

WV, Waz = WNFﬂ'_X:12’ = ZWNFﬂ'_X:1 = 2W*V,, W, .
Thus, the linear equation
WV Weaz| M, = 2W*V, W4 |, (V)

have at least one unitary solution V,,.
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Let V,, be another solution of (Vy). The identity (V,) can easily be ex-
tended to the whole space L?(T,M"). Since we have W*V, W, (E2(G4+,M_)) =
WV, Wo(E2(G4,M_)), by the generalized Beurling theorem [15], there exists an
unitary operator U € L(91_) such that Wpr_x_' = W*V,W, = W*V, W,U.
Further, since 7' = X WEVEW Wy e and w1 = Wi, we get

OFf =y = \TIWIVIW = xTHUWIVEW = x MU O,
where OF = X:IW; ‘77;‘ W. By Proposition 2.5, the unitary operator U is uniquely
determined by the condition T = ftc(leU*x,G)Jr). Since for the adjoint operator

we have ©7 = (xLx4+) 'OT*(x* x-), the identity (CtoT) can be rewritten in the
form

()= Ot (e) X TUx- =T(2), 2€Gy

(X)) O (X UX)]-(2) = T(2), z€G-
Hence we have obtained linear equations (U) with respect to unknown operator U.
These equations have a unique unitary solution.
Thus to recover characteristic function © from a given transfer function YT
we need to fulfill the following steps:

(U)

e find the inner ¥ function with precisely n zeroes;

e find the outer functions x4+ from the factorizations xix+ = Z+;

e construct the wave operator Wy;

e construct the space Hyp4 and the wave operator W

e find any unitary solution V,, of the linear equation (Vy,);

e find any unitary solution U of the linear equations (U).
As result we obtain ©F = x T U*WIVIW.
Remark 2.3. If clos AT(¢)9_ =9N_ a.e. on C (that is, the absolutely continuous
spectrum of the operator 7' is rich enough), we do not need the above procedure

of recovery and the characteristic function ©F can be easily restored from the
relation

01(Q) -0 () =T - T-(¢), CeC

using the last formula from Lemma 2.1.

2.3. Constructing functional model for a given system

We pass to the problem to construct the functional model for a given simple
conservative curved system ¥ = (T, M, N, ©,,,=). So, we can consider its transfer
function Y. If T(z) e N(GLUG_, L(M_,94)), then, by the above procedure, we
are able to restore the corresponding characteristic function © .

Remark 2.4. Note that for Y(z) € N(G+ UG_, L(M_,Ny)) it suffices to assume
T-Ue&, UU=UU*o)CC,ouT)CC, M,N €&y, and C'** smooth
of the curve C' (see [12, 25]).
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Knowing the characteristic function ©, one can easily to build the corre-
sponding functional model. We can merely take H = Hyp, 7. = (I,0)T €
,C(L2(C, E.;,.), HNF) and 7_ = (@_, A+)T S ,C(L2(C, E_), HNF)-

Let X € L(H,Kg) be an invertible operator, which realizes similarity of the
system ¥ to the model system S3. Then it can be calculated that

(Xf)m = =[M(T =) f]-,
(X[f)r = (A)OH(M(T = )7 fl4 = [M(T = )7 f]-)

where f € H and [M (T — ¢)~! f]+ are the boundary values of M (T — z)~! f from
the domains G, respectively.

(Sim)

2.4. Test (T, M, N) to be a system

In conclusion we consider the following problem. Let Y(z) = M(T — z)~'N and
T = Fi.(©) for some characteristic function ©. Note that the transfer function
Y (z) can admit other realizations in the form Y (z) = M (T —z)~1N and the triplet
(T, M, N) have not to be a curved conservative system. That is, we want to know
how to determine whether ¥ = (T, M, N, ©,,,Z; H, M, M) is similar to the system

S = (Fsm © Fme)(©). The following assertions answer this question.

Proposition 2.6. Suppose a triplet (T, M,N) is simple and there exists © € Cfn
such that ©%(2)~1 possesses boundary values a.e. on C and Fu(0)(z) = Y(z) =
M(T—z)"'N. Suppose thatVf € H there exist [M(T — ()~ f]+ a.e. on the curve
C and an operator X : H — Kg is defined by (Sim). Then

S = (T, M, N,©,,Z) € Sys
if and only if
|| X]| < oo and || X7 < oo.

Proof. By straightforward computations it can be shown that Xr,, = 7,,. It

remains to recall that Vaep(r)Tnz = H and \/zep(f)fnz =Keo. O

More symmetric variant of this assertion can be formulated if we take into
account the dual model.

Proposition 2.7. Under the hypotheses of Proposition 2.6, let an operator X, :
H — K.o be defined by formulas those are dual to (Sim). Then

S = (T,M,N,©,,=Z) € Sys

if and only if
[ X]| <oo and [|X.]] <oo.

Proof. Additionally to the identity Xr,. = 7. we need to make use of the identi-
ties XuTunz = Tanz and (X7, XaTwmw)n = (Pnz, Temw ), Which can be again ob-
tained by straightforward computations. Considering X and X, as operators acting
into H, we get XX = I and therefore Ker X = {0} and closRan X =Ran X. 0O
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